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Appendix A: The LDP-OLS Algorithm for Linear Contextual Bandit

In this section, we provide the detailed algorithm for single-parameter setting with the LDP OLS
update in Algorithm 9 and Algorithm 10, whose privacy guarantee is analyzed in the Appendix C

and regret is analyzed in Appendix D.

Algorithm 9: LDP Epoch-Greedy Algorithm with OLS
Input: Privacy Level ¢, §; Exploration Schedule Ts; Confidence Level i and regularization

¢, as in Proposition 5.
1 Initialization: Setting 6, = 0.
2 for t—11t0T do
3 The server sets B; = 1{t € Ts}
4 The server sends (é,_l, B;, €, 06) to the user-side terminal
5 The user-side terminal executes the subroutine in Algorithm 10 with input 0,_1, B, &,6)
and generates (‘7,,5,).

6 The server receives the user feedback (\7,, Z,) and updates 0, via

-1

ét<— Z ‘7,'+Cnt1 Z Ei.
|

ieTsN[t i€TsN[t]

7 end

In Algorithm 9, only observations from exploration rounds are used for estimation. For the purely
greedy algorithm, we set B, = 0 and update the estimator at every round. This gives Ts N [t] = [¢]

and n; =t in the update above.
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Algorithm 10: Local Decision Subroutine for OLS

Input: Current Estimator 6,_;; Exploration Criterion B,; Privacy Level €, 6;

1 Take action

argmaxae[K]gb(Xt, a)Té,_l if B,=0
a ~ UniformDist[ K| if B;=1

ay =

Receive the reward r;

2 Generate the sufficient statistics
‘2:¢(Xt,a,)¢(Xt,a,)T+W,, Etzfp(xt,at)”z"‘wt- (19)

3 return (V,, Z,)

The noises W; ~ Wigner(0, O'VZV) and w; ~ N'(0,0°21;) are drawn independently at each round,

with scales from Proposition 5, where 0 <e <1l and0< ¢ < 1.

Appendix B: The LDP-UCB Algorithm for Linear Contextual Bandit

In this section, we give Algorithms 11 and 12 for the single-parameter setting, with ¢; from
Proposition 5, 7 = @, and R; from (25).

Algorithm 11: LDP LinUCB Algorithm
Input: Privacy Level ¢, §; Confidence Level a € (0, 1).

1 Initialization: M, =0, 6y =0, Co = C31, and pg = C3.

2 fort—11tTdo
3 The server sends (éz—1 ,Ci_1,€,0, p;—1) to the user-side terminal.
4 The user runs Algorithm 12 and returns (\7;, E).

5 The server receives the feedback (\71, E) and updates

_ (M + ¢,1)? R

1 T

t t
M,:Zv,-, b, :(Mr+ct1)‘12b,-, C
1= 1=

¢ end
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Algorithm 12: Local Decision Subroutine for UCB
Input: Current Estimator 0,_; Confidence Parameters Ci-1, ps—1; Privacy Level €, 6.

1 Take UCB action

ar € argmax {¢(X,, @) 0p-1 + pr-1 9K @)l |
a€[K] ”

Receive the reward r;.
2 Generate (V;, b;) according to (19).

3 return (V,, E,)

Appendix C: Proof of Privacy Guarantee

In this section, we prove the e-LDP guarantee of Algorithm 1, Algorithm 3 and the (&, 6)-LDP
guarantee of Algorithm 9, Algorithm 11.
We would first introduce several background results in local differential privacy, then prove the

&-LDP guarantee and the (&, §)-LDP guarantee in the next two sections.

C.1. Background Results for LDP

We first recall two well-adopted LDP mechanisms in previous literature, which are also used in our

algorithm design.

LEMMA 5 (Gaussian Mechanism (Dwork et al. 2006a, Dwork and Roth 2014)). Ler 0 <e <1
and 0 <6 < 1. Forany f: X — R", let 0.5 = %supx,x,exllf(x) — f(X)2v/21In(1.25/6). The
Gaussian mechanism, which adds random noise independently drawn from distribution N (0, O'i sIn)
to each output of f, ensures (&,8)-LDP.

LEMMA 6 (Private Releaser for /,-ball (Duchi et al. 2018)). For any R>0and € >0, let ro 4 =
VT dr(41)

2 e-1T(4+1)
Yor: B;‘é — Sr;; of generating Z, as follows. For x # 0, first generate a random vector X = (2b—1)x

where T is the Gamma function. For any x € B, consider the mechanism

where b is a Bernoulli random variable with success probability % + %. Next, generate a random

vector Z, via

Unif {zeR4: 27X > 0, ||z|l2 = re.q} with probability e? /(1 + %),
Unif {zeR4: 27X <0, ||z|l2 = re.q} with probability 1/(1 + e?).

~

Forx =0, draw Z, ~ Unif(Sf;;). Then W g is e-LDP and E[Y¢ g(x)]| = x. In addition, by Stirling’s

. . RVd
approximation we have rg g < == for € < 1.
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C.2. Proof of <-LDP Guarantees

Proof of Proposition 1.  Firstly, since the server only accesses X; through g;, it is sufficient to
show that g, is e-LDP by the post-processing property. Now if conditions (i) to (iii) of Assumption 1
are satisfied, it is guaranteed that ||V f;||> < R. Thus, applying Lemma 6 leads to the desired claim.

O

Proof of Proposition 3. As in the proof of Proposition 1, since the server only accesses X;
through {g; 4 }ac[k), it is sufficient to show that {g; . }.c[k] 1S &-LDP by the post-processing property.
Now if conditions (i) to (iii) of Assumption 2 are satisfied, it is guaranteed that ||V f;||>» < R. When
B; =1, condition on the uniformly drawn arm, which is independent of D. It is therefore e-LDP by
Lemma 6.

When B; =0, fix the historical observation D before round ¢. Let pp(g1,...,gk) be the output
density under D. All unselected arms return independent vectors uniformly distributed on § f; i By
the construction in Lemma 6, we have then for any D, D’,

po(8t.---.8k) _2e°/(1+e%) .
ppr(g1s---,8x)  2/(1+e€%)

This gives the desired e-LDP guarantee. O

C.3. Proof of (¢,6)-LDP Guarantees
PROPOSITION 7. Algorithm 11, with the noise scales in Proposition 5, is (&,6)-LDP in each

user’s data.

Proof of Propositions 5 and 7. Since in both Algorithms 9 and 11 the server accesses X; only
through (V, b;) in (19), it suffices by post-processing to show that this pair is (&, §)-LDP. This result
follows directly from Theorem 2 of Zheng et al. (2020). O

Appendix D: Proof of Regret Guarantees

D.1. Regret Analysis of Algorithm 1
We first provide the following general error bound result of the projected stochastic gradient descent

for later reference.

LEMMA 7. Let {F,}n>0 be a filtration, and let ® C Bf be a nonempty closed convex, Fy-measurable

set containing 6* almost surely. Let 0 € Bfl be Fo-measurable and, for n > 1, set

A A G A
0, =1le|0p-1 - — s en=0,— 6*,
m(n+1)



e-companion to Han et al.: Online Decision Making with Local Differential Privacy ecS

where G, is F,-measurable. Suppose m >0, r > 2m, and
|G.ll2 <, (en-1,E[Gp | Fn1]) = mlle,1 ||% almost surely.
For any integer N > 1 and 0 < a < 1, with probability at least 1 — «, simultaneously for 0 <n < N,

64r2 2N
||en||%$min{4 o }

, log —
m(n+1) LS

Proof. Puth=r*/m? A=64hlog2, V, = |le,ll3, and Z, = (E[G, | Fa-1] — Gy, €n-1). Nonex-
pansiveness of projection and the conditional gradient bound give

V,<|(1 2 Vi1 + 2Zn + h
" n+1) "t mn+1) (n+1)2

Multiplying by n(n + 1) and summing yields

2 n
n(n+1)V, < —ZiZi+hn. (20)
m i=1

Letp=inf{n>1:V,>A/(n+1)} and S, = X", iZ;1{p > i}, with Sp = 0. The indicators are
Fi-1-measurable, and V;_; < A/i on {p > i}, including i = 1 since V) <4 < A. Conditional on %;_1,
S; — Si—1 has mean zero and lies in an interval of length at most 2rVAQ. If p =n, (20) implies
Sp>mn(A — h)/2. Azuma-Hoeffding’s inequality therefore gives, for 1 <n <N,

”(A—‘h)z} <Al @

P{p:n}SeXp{_4hA(n+1) N

where we used A >2h andn/(n+ 1) > 1/2. Finally, noticing that V,, < 4 for all n > 0 by the projection,

taking union bounds over n then gives the desired result. O

D.1.1. Proof of the SGD Estimation Error Result in Epoch-Greedy Algorithm
Proof of Proposition 2. For simplicity of the notation, we first focus on the case n; =, and let
¥:-1 contain all information before observing X;. Then, by unbiasedness of the mechanism as shown

in Lemma 6, we have

E[gtT(ét—l - 9*)|(ft—1] =E[(ﬂ(¢(X,,at)T0At_1) —ﬂ(¢(Xt,at)TQ*))¢(Xt,at)T(ét—l - 9*)|9L-t—1]
>(E[[¢(Xs,an)" (8i-1 = 0*) 2| Fiz1] = Lk llfi—1 — 617,

where the last inequality is from the condition (iv) of Assumption 1. Moreover, notice that ||g;|| = 7 4.

The projected update in (5) has step size i, = [{ko(t + 1)] ! for these exploration updates. Since
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red > R> 2LC§ > 2{kep, we can apply Lemma 7 with ® = B‘ll, m={_ke, r=rgqand N =T to
obtain 5
641’8’ d 2T

—log—}, 0<r<T.
2
g (t+1) @

19, — 6*|5 < min {4,
Substituting . 4 < RVd /e gives the stated rate.
Finally, when n; # ¢, the result holds directly with ¢ replaced by n; in RHS since the estimator

remains unchanged between exploration steps. This finishes the proof of Proposition 2. O

D.1.2. Proof of Theorem 1
Proof of Theorem 1. Fix T >1 and 0 < a < 1. Note that for every 7', we have

Reg(T)< . | max p(8(Xi@)T6%) — u((Xi,a)T6%) | +2LCsITs N [T]
reirnrs <)
By our selection Ts = {t; : t; = t;_y + [Vi],to = 1,i € N}, n, = [Ts N [¢]| < 3¢*/3. At an exploitation
round #; <t <t;.1, wehaven,_1 > jand <1+ Z{: [Vi] < 3(ns—; + 1)3/2. On the other hand, since
a; is the greedy action for ¢ ¢ T, we have

max (1(¢(X;a)"0%) = (¢ (X ar)T0%) <2L max |¢(X;,a)T(6* = 0,-1)| <2LCp]|0,-1 = 0*|2.
ac[K] ac[K]

1)
This follows by adding and subtracting the two estimated rewards, using the greedy choice and
Lipschitz continuity. Proposition 2 and its proof imply, with probability at least 1 — @, simultaneously

at all exploitation rounds up to 7',

16LCgr, 1 2T
max 1((X,,a)T0%) — (X, ar) ) < OLCE" ’d\/ log 2L
ac[K] {Kko ne_p+1 a

.31/3 /
(Ko a
Since 377, =13 < (3/2)s%/3, on this same event,

8rea [ 2T
1+ Tod log—)szB, 1<s<T.
{Kko a

Taking o = T2 and using 7, 4 < RVd /e gives the desired result. O

Reg(s) <6LCp
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D.1.3. Proof of the SGD Estimation Error Result under the Diversity Condition

Proof of Lemma 3.  As in the proof of Proposition 2, we have

Elg, (6-1—6%) | Fizi]
=E[(u(o(X:, Clt)Tét—l) - u(o(Xs, at)TG*))¢(Xt, at)T(ét—l - 9*) | Fi-1]

> CEI(6(X,a) By — 62 Fio1] 2 L6, - 6% B,

where the last inequality is from the diversity condition in Assumption 3 and Markov’s inequality.
Thus then replacing «¢ by k;p./d in proof of Proposition 2 finishes the proof of Lemma 3. In
particular, Lemma 7 applies with m = (k;p./d and r = ro 4 > 2LC% > 2{k;p./d, including the
initial estimate. O
D.1.4. Proof of Theorem 2 and Theorem 4

Proof of Theorem 2. Since ¢(X;,a;) is selected using a greedy strategy, we have
w(d(Xe,a)T0,-1) > u(p(X;,a)7h,_1) for all r € [T] and a € [K]. Consequently we have the
following upper bound for the instantaneous regret at every time ¢,

10X, )" 0%) = (X0 0%) < 2LC 01 - 0"l < <, 2T o %

by (21) and Lemma 3. Summing over ¢ gives

32LCyd 2T
Reg(T) < =274 [T 1og =
99 @

with probability at least 1 — . Taking a = T~ proves the desired result. O
Proof of Theorem 4. Since ¢(X;,a;) is selected using a greedy strategy, we have

w(d(Xe,a)T0,1) > u(¢(X;,a)T0,_1) forall r € [T] and a € [K]. By the bounded-feature condition,
max |6(Xs,a) T (8,-1 — 6%)| < Cpllbi—1 — 6™])2.
Combine this with Lemma 3, using failure probability «/3, and (21). With

16LCpdreq | 6T .
U:= OB ed log—, h;:=min{2LCg,U/Vt},
KD« a

on an event of probability at least 1 — /3, we have max e[k t(P(Xs, a)760%) — u(Pp(X;,ar) T0*) < hy.
On this event, a positive regret implies A; < h;. Therefore Reg(T') < Zthl A;, with A; = h,1{A,; < h;}.
The A, are independent, with 0 < A; <2LCp and Var(A;) <2LCE[A;]. The local margin condition
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gives E[A;] < )7ht1 *£ for every t: if h; > b, then )7hﬁ > 1. Bernstein’s inequality therefore gives, with
probability at least 1 — /3,

T T T
3 3
D A <2 EB[A]+2LCglog = <270 " = (H2 421 Cplog =
(04 04

t=1 t=1 t=1

Intersecting the two events gives probability at least 1 —2a@/3 > 1 — . Finally,

T _
Z t_(l+ﬁ)/2 < log(eT)’ ﬁ - 1’
=1 2TU-B2/(1-B), 0<B<]1,

and substituting the expression for U proves the result. O

D.2. Regret Analysis of Algorithm 3
D.2.1. Proof of Theorem 5

Proof of Theorem 5. For each arm a € [K], we denote by n; , the number of times arm a has
been pulled during exploration up to time . Fix 7> 2 and 0 < @ < 1, and let #;_ contain the history
before observing X;. At an exploration update for arm a, its current estimate is determined before
observing the context, and the independent uniform arm choice leaves the context distributed as Pyx.

The conditional expectation calculation in the proof of Proposition 2 therefore gives
Elg) s (Br1a—6%) | Fiotiar =al = {kcllbi-10 = 02113 teTs.

The projected updates are counted separately for each arm, and all other rounds leave that arm’s
estimate unchanged. Since 7. 4 > R > 2LC123 >2{kc, Lemma 7, with failure probability «/(2K) for
each arm, and a union bound give, with probability at least 1 — /2,

64r§7d | 4KT
, 0
gzké(nt,a +1) ¢ a

|I9t,a—92||§Smin{4 } 0<t<T, aclK]. (22)

By #; there are at least i exploration rounds, with independent uniform arm choices. Thus
P{n;, « <i/(2K)} < e/®K A union bound over all arms and all i > 8K log(4KT /a) with t; <T
shows that, with probability at least 1 —a//2,

My + 12 : i>1,4<T, ac[K].

~ 8Klog(4KT/a)’

For smaller i this inequality follows from n;, , + 1 > 1. Intersect this event with (22).
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On the other hand, since a; is the greedy action for 7 ¢ T, if we denote a; = argmax ;¢ g 1(X,"67),

then

A

HOXT 0%) = (X0 < L (1X] (0% = ,01.00) | +1XT (01,0, - 03))

LCpr K 4KT
Bled = log ——, <t <ty
1 a

<2LCpmax (1014 - O3ll2 <
a

There are at most [ Vi + 1] — 1 < V2i such greedy rounds after ;. Each exploration round and the initial
round has regret at most 2LCg. Moreover, t; = 1 + Zi/zl V71> 1+232/3,s0 |Ts N [T]| < T*3.

Summing gives, with probability at least 1 — «,

T2/3,

reaVK = 4KT
log

Reg(T) < LCp (1 +
1406 a

Take @ =T~ and use 7, g < RVd/e for0<e <1 and re.d/({kc) =2 to obtain the result. O
D.2.2. Proof of Theorem 6

Proof of Theorem 6. Similar to the single-parameter case, we can first show an improved
estimation error result for ; , under the self-exploration condition in Assumption 5: Since the

gradient estimator in (10) is unbiased, Assumptions 2 and 5 give

Elg/ (610 = 0%) | Ficr] = LEL(X] (6110 — 05)) War = a} | Fio] = Lkpellfr-1.a = 65113
Since ||g;.all2 = re.q = 2L kp., apply Lemma 7 with ® = BY, m = «p.. and failure probability '/ (2K)
to each arm, and take a union bound. With probability at least 1 —a/2,

8re 4KT
fed Nlog 222, vi<r<T. (23)
KD @

max ||f;_1.4 — 0¥|lo <min{2, U/}, withU:=
a

The greedy comparison used above now bounds each round’s regret by 2LCgU//t, so Reg(T) <
4LCUNT.
Under the margin condition, a decision with positive regret has regret at least A;. On (23),

therefore,

T
Reg(T) < Z A, with A, = min{2LCp, 2LCRU /VE}1{A, < min{2LCp,2LCRU /V}}.
t=1

These thresholds are deterministic, so the A, are independent and belong to [0,2LCg], without
conditioning on the estimation event. The local margin condition extends to all positive thresholds

with the existing constant ¥ = max{y, b=#}, since yu? > 1 for u > b. Consequently,
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1. E[3, A;] <¥(2LCgU)*log(eT) for f=1.
>
2. E[3, A < ﬁ(ZLCBU)”ﬁT(“'B)/Z for0<B<1.
Applying Bernstein’s bound as in the proof of Theorem 4, we then obtain with probability at least

1-a/2,

T T
Z A <(e=1) ZE[A,] +2LCplog(2/a).
t=1 t=1

Intersecting the event on which this inequality holds with the estimation event gives the desired

regret bound. O

D.2.3. Proof of Lemma 4 and Theorem 8
Proof of Lemma 4. FixT>2,0<e<1,and put a = T72. Use U from (23), and choose

KcC 2
, soz(K )(nw+l).

*

64C1%{(/<p*)2U2
2
Kch2

ny

Here s is the offset in the step sizes below. This choice gives n,, = O(log(2KT)) with the other
parameters fixed, so > 1, and 2U/+/so < h/(4Cp). During warm-up, pull each arm n,, times in a
fixed order with B; = 1 and the exploration step sizes in Theorem 5. For T > Kn,,, set B, = 0 after

warm-up and use (11) with
n=[{kpo(so+t—Kny)]™',  t>Kn,.

Since n,, < T, Lemma 7, applied to each arm’s warm-up updates with failure probability «/(2K),

gives with probability at least 1 — a/2,
S0 maax ||éKnW,a - 92”% < Uz'
Condition on a warm-up history satisfying this bound, and let

) A 2U
T =inf {t > Kn,, : max ||0,, — 052 > —} .
a Vso+t—Kn,,
For Kn,, <t <7, each estimation error at time ¢ — 1 is at most 4/(4Cg). On U,, the estimated

gap over every other arm is therefore greater than 42 —2Cp - h/(4Cp) = h/2, so greedy selects a.

Assumption 7 and the preceding conditional expectation calculation then give

Elg/0(Bi-1.0 = 63) | Fim1l 2 {xpellbim1a = 6515 on {721}
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Now, using the same telescoping and stopped Azuma—Hoeffding argument as in the proof of
Lemma 7, for each Kn,, <t <T, a union bound over arms gives

con) .

P{r =t w1 <K - <—.

A union bound over these rounds, combined with the warm-up bound, gives with probability at least

1-3a/4,
2U

\Vso+t—Kn,, ’
Since 59 > 1 and log(4KT /@) <310g(2KT), this proves the desired result. O

mjlxllé,,a—QlezS Kn,, <t<T.

Finally, for Theorem 8, the estimation bound in the proof of Lemma 4 allows us to repeat the
regret argument in the proof of Theorem 6 using failure probability «/4 for the margin bound.
Adding the warm-up regret, bounded by 2LCgKn,,, then gives the desired result.

D.3. Regret Analysis of Algorithm 9

D.3.1. Proof of Theorem 7 It suffices to establish the OLS estimation bound and apply the regret
arguments above. Use the update index n and features x, from (15), with 0 < & < 1, the parameters

in Proposition 5, and n = a € (0, 1). Write
A, =M, +c,ly, (24)

and define the Gram matrix, accumulated matrix noise, and its bound by

n

< 16T
G,,:ijij, En:ZW-, bW(n):4<TW\/n (dlog9+log7).
j=1

Jj=1

For the confidence region in Appendix B, set

16T
Rn:C123+ [120‘W+2\/§(0'W+2CB)] \/n (d10g9+10g—). (25)
a

In particular, R, < Riy/max{1,n}. Let ;_; contain the history before the context at the j-th update

is observed. We have the following concentration results.

LEMMA 8. Suppose E[xijT | Fi-1] = A for some A > 0. With probability at least 1 — a /4,

P! 8C2  4dT
Amin(Gp) = % for all TB log— <n<T.
«
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Proof. Since0=xx ijT = Céld, the matrix Chernoff bound for adapted matrices (see, e.g., (Tropp

2011)) gives P{Amin(G,) <nd/2} < dexp[—n/l/(SCé)]. A union bound over n < T gives the claim.

O

LEMMA 9. With probability at least 1 —3a//8, simultaneously for 0 <n <T,
”En”op <bw(n),

- 16T

ij szx/iaw\/n(dlog%logi), (26)
a

J=1

2

n

16T
ijefj < 4\/§CB\/n (dlog9 +log %)

Jj=1 2

In particular, under the above inequalities,
ca=Cp+2bw(n),  Ay=Gu+[Co+bw(Wls,  [[An(0,—0%)|l2 < Ry

Proof. The operator norm concentration result for symmetric Gaussian matrices (see, e.g.,
Corollary 4.4.8 in Vershynin (2018)) gives the first bound for each n with failure probability a/(8T).
For the second, apply the Gaussian tail bound to unit projections of >’ ; w;, which have variance
no2. For the third, apply the Azuma—Hoeffding inequality to vTx j€r;» Which has conditional mean
zero and lies in [-2Cp,2Cp] for every unit v, and then apply a standard 1/4-net argument. A union

bound over n proves (26).

Finally, to show the last three inequalities, noting that M,, = G, + E,, = —bw(n)l;, we obtain the
first two inequalities directly. And the last inequality then follows from the decomposition

n n

A0, —6%) = ijeTj + Z wj— (En+cnlg)0*.

Jj=1 Jj=1
|

In particular, this gives the following estimation error guarantee.

PROPOSITION 8. Under the condition of Lemma 8, with probability at least 1 — «, simultaneously
for1<n<T,

2R, - 2R

nd = Wn

16, = 6*12 <
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Proof. Intersect the events in Lemmas 8 and 9, whose total failure probability is at most
a/4+3a/8 < a. Above the threshold in Lemma 8, A,, = (Cé +nd/2)1,. Below it, the same bound

follows from Lemma 9 and

A 4dT
o2 < \/2C123/1n log — < by(n),
2 a

because A < Clzg and Proposition 5 gives o > C123 for 0 < £ < 1. Dividing the residual bound by
Amin(Ap) proves the claim. O

To finish the proof of Theorem 7, we consider the epoch-greedy case: under uniform exploration,
E[xijT | Fj-1] = ®x = kal4. Proposition 8 with A = k¢ therefore gives 10, — 0* 1|2 < Kii\/‘ﬁ. Bringing
this bound to the proof of Theorem 1 and taking & = T~2 for T > 2 gives a regret bound similar
to that in Theorem 1. The purely greedy case and the margin bound case follow from the similar

estimation results by replacing ke with ;p./d under Assumption 3 and applying the proofs of

Theorems 2 and 4.

D.4. Regret Analysis of Algorithm 11
D.4.1. Proof of Theorem 9

Proof. Using the same notation and parameters as in Appendix D.3, define G, = {||E,||op <

bw(n)},
H,=G,+ [C%;"'sz(n)]Id’ Ln=tr(H;1), CIn:X;|,—+1H;;2xn+1a

no = [12C5d* log(4T /@) / (kip.)]-
We first show that L,, = O(1/n) uniformly for no <n < T with high probability, then combine this

fact and the OLS estimation error bound to control regret. Under G,, M,, = —bw(n)I; and (24) give
An=H,+E,. Since ||H, E,||op < 1/2, we have

20 - -
SNl <114, o <201 Hy 5]l 27

For the feature X4 corresponding to the greedy action at the n + 1-th round, the UCB rule gives

A xur1ll2 = ||A; %41 ]l2. Thus (27) and Assumption 3 imply

KiPx
9d?

Elgn | ] = S22 tr(H;2) > 2Lx 2

~ 9d
over G,,. As by (n) is nondecreasing and H,, = Clzgld, we have

1 1
Ln_Ln+1 > %, n

(28)
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Define Z, = q" g, + ';’52 1g¢. Since g, < CiL% and G, is F,-measurable, 0 < Z, < C3 and E[Z, |

Fnl = kips/ (9d2). The conditional Chernoff bound (Tropp 2011) gives, for n > ny,

2 TP | o [ 2P
= “ T8z [ © 72d*Cy,

a

< I

Taking a union bound over n < T, and taking intersection with the events in Lemma 9, we have with

probability at least 1 —a, Z; =g/ L?. Summing (28) then yields

This gives the desired bound for L, . It remains to control the regret. Under the same event, combining

Lemma 9 and (27) gives

max ¢(Xos1,a) 0% ~ ] 0% <2R, || A, xns1 |2 < 4R/

a€|K] n+l

For T > ny, (28) and the bound on L,, imply

T-1 T-1 2
d-1 T
E ngn <2noLy, +2 E L, < ﬂ.
n=n, = Kip«
0 n=np+1

Using R, < Ry+/n for n > 1, Cauchy—Schwarz and the 2Cp regret bound for the first min{7’, ng}

Tl T T1 T
Reg(T) < Cpmin{T,ny} +R1d\/ES Rld\/E.
Kipx« KD«

For T < ng, the first term alone bounds the regret. The last inequality uses min{7,no} < VT ny,
kip« < Cg, and Ry > Cz+/log(4T /). Taking @ = T~* and substituting (25) gives the claimed
5(613/2\/?/(8\/K1p*)) rate. Finally, A, = H,/2 = (2L,)~'I, on the same event, so for n > n,

rounds give

16, — 6*|12 <4L2R2 = 0(1/n), 16, = 6*113 <2L,Ri=0(1).

Together with p, = R,,/Vn + 1 < Ry, this gives the desired result. O

D.5. Regret Analysis of Algorithm 7

To prove Theorem 10, first define

=E[¢(Xt,a,)¢(X,,at)T | ?(m—l)w], (m-1D)W<t<mW.
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Conditioning on the history at each epoch’s start, Hoeffding’s inequality and the Gaussian operator
norm bound used in the proof of Lemma 9, together with a 1/4-net argument and a union bound

over epochs, give, with probability at least 1 — 1/(472),

- [2v [v K
2 T T 0
”Vm_q)mHopSCB W+40’w WSE

simultaneously for every tested epoch, by the choice of W and vr. On this event, a passed test implies
®,, = koly/(4d). Conversely, under Assumption 3 with k;p. > kg, we have ®,, = (k;p./d)1y, so all
tests pass under this condition.

Proof of Theorem 10. Based on the above covariance concentration result, we first bound the
parameter estimation error, then control the regret before and after switching.
Control the Parameter Estimation Error. Using the error notation e, from Lemma 7, for each

complete epoch before switching set &,, = gn — E[&n | F(m-1)w]. The same calculation as in the

proof of Proposition 2 gives, whenever ®,, = xol;/(4d),

_ {Ko _ _
e;yr,_l(gm —ém) 2 ﬁ”em—l ”%, 1gm _é:m”% < chzge,;_l(gm —&m)-

Since ||g:||2 = r¢/2,4, conditional Hoeffding bounds give

2.2 2
- ST p.allully
Ble™ " | Fnoiyw] < exp(—‘”zw

for every #(;n—1yw-measurable u and s € R. The same net argument gives Emll? < 8r§ 12.4VT /W
uniformly over these epochs, with probability 1 —1/(87?).
For updates satisfying the covariance bound and m > 8LC123d /(L ko), we have nmLCf3 <1/2, and

therefore
m
llem ”% < m llem—1 ”% - znm€;_1§m + 277;%1”(51% ||%
Apply the stopped Azuma-Hoeffding argument of Lemma 7 to this recursion using the refined 1/W

bound of ¢. With projection controlling the earlier epochs and 7" | i ~I <log(eT), a union bound

over epochs gives, with probability at least 1 — 1/(472),

) LC%d ri/z,ddsz log(eT)
llemlls < 1+ +
m+1 Cko 2

simultaneously for all updates m before switching for which the covariance bound has held

throughout.
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Control the Regret before Switching. On the covariance event established above, this controls
the estimate used in every played epoch, including the failed and final incomplete epochs, since all
preceding updates passed their tests. By (21), the first epoch costs at most 2LCg min{W, T'}; summing
the remaining bounds uses W Z,,Afzz m~12 <2V/WT, with an empty sum if W > T'. Substituting W
and rg2.4 < RVd /e, and using min{W, T} < VWT, gives regret before switching 0 (d*NT /e) with
the other model parameters fixed.

Control the Regret after Switching. After a switch, condition on its history and apply the uniform
bound in the proof of Theorem 1 with horizon bound T and failure probability 1/(47?). The restarted
algorithm has the same model conditions, an initializer in B‘ll, and privacy budget &, so its additional

regret is

0

LCpRVd T2/3) |
{KkpE

The total failure probability is at most 3/(47T?), proving the general claim. Under diversity there is

no switch, leaving only the first bound, which implies the stated bound since e <1. O

Appendix E: Proof of Lower Bounds

E.1. Proof of Theorem 3

In this section, we give a proof of Theorem 3 by combining the argument in Han et al. (2020) and

the divergence contraction inequality in Duchi et al. (2018).

LEMMA 10 (Lemma 8 in Han et al. (2020)). Ler x;; — x;2 = Ryu; with R; > 0, ||us||, = 1. For
0< A<, let Qo be uniform on ASf‘l, and define

dQ, 9) = ((x1,1 —Xz,z)T9)+’ @(9) _ (G _xt,l)T9)+’

dQo Z dQy Zo
where Zo =Eg,[((x;1 —x:2)T0)+] =B, [((x;2 —x:1) T0)+] and (x); = max{x,0}. Then 6 ~ Q; if
and only if 0 —2 (u] 0) u; ~ Q.

Moreover, we have

-1

a| d
i—; , if d is even

d/2 R:A

ZOZR[A = s

[ od-1 5Vd
3d , ifdisodd

(d-1)/2

and
,  2A?

2
Eo, (u, 6)" =Eg, (u 6)" = ——
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Proof of Theorem 3. Consider the two-arm stochastic contextual bandit environment: for each
d-dimensional context i =1 or 2, x;; ~ N'(0, %Id) independently. If action a; is chosen at time ¢,
the reward r, is generated via r; = xzaﬁ + ¢ with € ~; ;.. N(0,1). Given any fixed £-LDP bandit
algorithm 7 with £ < 1, we denote its decision at 7-th step by a,. Besides the current X, this decision

can use only the private observations
St = (Ml(Xl7a1’r1)’ ... ’Mt—l(Xt—19at—17rl‘—]))a

where each e-LDP mechanism and each action rule may depend on earlier private observations. We

denote the distribution of S, by Q’, and we have

Eo-~0, [EQ’Q [(xra; = xt,a,)T9|xt,1 . X12]]

(29)
= E9~Qo [((xt,l _xt,Z)T9)+Qt9(at(St’ X;)=2)+ ((xt,z _xt,l)T0)+Qt9(at(St’ X)) =1)].

Here Qo, 01,02, Zp are as in Lemma 10, with A > 0 to be determined later. Denote R; = ||x;1 —x;2]|,

u; =Ry ! (x,1 —x:2). Then the right hand side of (29) is lower bounded by

Zo(Q10Qp(ai (S, X;) =2) + Q20 Q(a, (S, Xy) = 1))
>(@) Zo(1=TV(Q100f), 020 Qp))

() 2 exp(~Dk1(Q1 0 041020 0})

=0 2 expl-Dir (01001010 Q) )

Zy
Z(d) 7 exp{_EQl [DKL(QIQHQ;_Z(MITQ)MI)] }9 (30)

where D (-]|-) denotes the KL-divergence, TV (-, -) denotes the total variation distance and Q; o O,
means Eg-g,[Q}]. The (a) inequality comes from the fundamental limit of two-point testing (see,
e.g., Section 15.2 in Wainwright (2019)), and the (b) inequality comes from Lemma 2.6 of Tsybakov
(2008), the (c) equality comes from Lemma 10 and the (d) inequality comes from the joint convexity
of KL-divergence.

Given the same private history H before round s, let P; (- | #) denote the distribution of (X;, ay, 7s).

The conditional action rule is the same for every parameter. We have

1 166113

Dgr(Py(- | WPy (-1 h)) = %E[(XI% (6—6))*1H;] < y

N |

2
D Bl (0-0))] =
a=1
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Applying the chain rule and the divergence contraction inequality in Theorem 1 of Duchi et al.

(2018) then gives
2(ef = 1)%(t-1)
d

Applying the formula for Eg, [ (1, 6)?] in Lemma 10 gives

Di1(QyllQ) < 16 =615

16(ef —=1)*(t—1HA> 1

ot 4
EQIDKL(QQHQQ—z(utTG)ut) = d(d+1) : 4

with the selection A = min {1, L}.
8(es—1)VT
Thus (30) is at least e~1/4Z;/2. For every 6 € AS‘I*H, the Gaussian contexts give (x;1 —x;2) "0 ~
N(0,2A%/d), hence ExZy = A/Vrd. Averaging over the current contexts and summing under the

same prior Qg yields

~UATA T VdT
e
sup EgReg, (T;0) > > min{ —, :
l16]l<1 i 2Vnd Vd e -1

Since e? — 1< (e —1)e for 0 <& <1 and T > d?/&?, this proves the regret lower bound. O

E.2. Proof of Proposition 6

Proof of Proposition 6. Since our focus is the rate with respect to ¢ here, we use the noise

-
variance and ¢, as in Proposition 5, with Cg = 1. Consider the case that 6* = e; := (0 1) and

.
o(X;,a;) =ey = (1 0) , and for simplicity we can assume no observation noise is added, i.e.,

re = ¢(Xs,a;)T6* =0, then with
! t
Mt:tele—]r+ZWi7 Al:M['I'C[I, é[:At_IZW“
[ i=1

i=1

it holds that

t 1
16— 6*13, = (A7 D wi—e2) "A(47' D wi—en)
i=1 i=1

t t t
= (Z w,~)TA,_1 (Z w;) +e;A,e2 - 26;(2 w;).
i=1 i=1 i=1

>0

Since ¢; > 1 — Anin(M;), we have A, = I, so the first term is non-negative. For the last two terms,

we have
t t

eJAer=) Wm+er  y (Won~N(O.00),
i=1 i=1
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and 2e,) (Xi_,wi) =23 wia ~ N(0, 4021), ey Ajer — ¢ — 26;(2;21 w,-) ~ N (0, ((T&, +402)t).
That implies

t

P{eZTAtez —2e, ( Z w,') > (o + 4o'vzv)t} >0.15,

i=1
because ¢; > 0 and for a standard normal variable Z ~ N'(0, 1), we can verify P(Z > 1) > 0.15 for
the standard Gaussian distribution CDF. On this event, ||§, — §*||4, > (O'VZV +402)/4¢1/% Thus, at
t =T, any pr <T” with v < 1/4 is smaller than this error for all sufficiently large 7. This gives the

desired claim. O
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