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Prerequisites

We recall some properties of conditioning over Gaussian vectors (X,Y) € RV "X where X € RY
and Y € R¥ with respective means py and p, and covariance matrices Xxx and Xyy. Denote
by ¥ xy the cross-covariance between X and Y. The conditional distribution of X given Y =y

remains Gaussian, with conditional mean given by
EX|Y=y]=px + Sxy Zyy (y — py) (EC.1)

and conditional variance

VIX|Y =y]=3xx — Zxv 2;; E)T(y- (EC.2)

The Woodbury matrix identity (Hager (1989)) will be used repeatedly: let 3 € R¥*N and Q €
RE*E be invertible, and U € RV*E | 'V € REXN Then

(Z+UQV) =z '-s'U@'+VvsT'U) v

EC.1. Section 3 — Proof of Proposition 1

The proof of the proposition can be split into two parts: We first derive the drift and volatility
of the conditional log-returns process, then use these expressions to show that the process can be
written as a solution of a Stochastic Differential Equation (SDE). Finally, we derive the SDE of

the conditional price process using It6’s Lemma.

EC.1.1. Conditional Mean and Covariance of the Log-Returns
The price process S(t), log-returns X(¢) and views Y (0,7") are given by equations (9)—(10), respec-
tively. The investment horizon is T" and Assumption 1 is assumed to hold.

The vector (X(¢),Y(0,7")) is then Gaussian with

(o) () )

where the covariance matrix M € RWHK)X(N+K) j5 positive definite with block form

o tZ tEP’
~\UPET(PXP +Q) )"

Since the log-returns vector and views are jointly Gaussian, the distribution of any subset of the
log-returns given any subset of the views remains Gaussian, fully specified by its conditional mean
and covariance.

By (EC.1), the conditional mean is
E[X(t) | Y(0,T)=y] =E[X(t)] + Cov(X(t), Y (0,T)) V[Y(0,7)] - (y —E[Y(0,7)])

(EC.3)
=tp® +t8,(y-TPpu"),
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where
1 -1
=_3P" (PXP'+Q) .
Bi=7ZP'( +9)
By (EC.2), the conditional covariance is
V[X(t) | Y(0,T)=y] =V[X(t)] — Cov(X(t),Y(0,T)) V[Y(0,T)]" Cov(Y(0,T),X(t))
t? -1
=t - —3P" (PXP' +Q) PX.
" sp7 (PEPT 1 0)
A similar argument shows that for ¢,7 < T, the conditional covariance between X(t) and X(7)

given Y (0,7) =y is
t _
Cov(X(t),X(r) | Y(0,T) =y) =min{t,r} £ — %EPT (PSP +Q) ' PX.
We now use these expressions to derive the distribution of the conditional dynamics
dX(t) | Y(0,T)=y.

EC.1.2. Conditional Dynamics
Consider an increment of the process X(t) over [t,t+ dt] given the history {X(7),7 <t} and views
Y(0,7)=y:

X ()| (Y (0,T) =y, {X(7)r <) = lim (X(t+dt) = X(0)) | (Y(0,T) =y, {X(7),<}).

Since the log-returns vector is driven by a Brownian motion W(t), it is Markovian and the infor-

mation contained in the historical data {X(7),7 <t} is all stored in the last state X(¢), thus
(X(t+dt) —X(8)) | (Y(0,T) =y, {X(r)r<}) = (X(t+dt) — X (1)) | (Y(0,T) =y, X(1)).

Since X(¢) and Y(0,T) are Gaussian, (X(¢t+dt)|Y(0,T) =1y, X(t)) is also Gaussian and fully
identified by its mean and covariance matrix which we derive next.

Mean of the conditional dynamics. Consider the random variable Z(t) = (X(¢),Y(0,7))7,
and its realization z = (x,y)". The vector (X(t+ dt),Z(t))" is jointly Gaussian. By (EC.1) the
conditional expectation of the log-returns at time ¢+ dt given Z(t) =z is

E[X(t+dt)|X(t) =x,Y(0,T) =y| =E[X(t+dt) | Z(t) = z]
=E[X(t+dt)] + Cov(X(t+dt), Z(t))V[Z(t)] " (z — E[Z(t)])

where the covariance matrix of Z(t) is

(EC.4)

t% txP’
Viz®)]= <tPZ T(PEPT + Q),)

the covariance between X(t + dt) and Z(t) is

Cov(X(t+dt),Z4(t)) = ((t + CZ§EPT>
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and

2= 5l20] = | |

We now derive the explicit expression of the inverse of the covariance matrix (EC.4). By Lu and

Shiou (2002), the inverse of a 2 x 2 block matrix R is

Ri_(AB - (A—-BD-'C)"! —(A—-BD"'C)~'BD"!
~\cp) “\-D!'c(A-BD'C)! D!+D'C(A-BD!C)'BD"!

where R has size N4+ K x 2N, A and B are N x N, C and D are K x N, and D is a non-singular

matrix. The Woodbury matrix identity gives
(A-BD 'C)'=A"'"-A"'B(D+CA'B)CA "

Letting A=B=tX, C=tPX, and D=T(PXP" + ), we have

V[Z(t)] = V[Z(t)] = (tiazz T(PtEEPPTT—F Q))

and hence
Cov(X(t+dt), Z(t))V[Z(t)]
= [Iy—dtZIPT((T - t)PEP' +TQ)"'P, dtXPT((I'—t)PXPT +TQ)"'].
It follows that the conditional mean is
E[X(t+dt) - X(t) | X(t) =x,Y(0,T) =y]
— dt (;ﬁ P ((T—t)PSPT +TQ)"'P(X(t) — tu”)
+3P' (T -t)PEP' +TQ) ' (y —TPu")). (EC.5)
Woodbury’s matrix identity gives
SPT((T—-t)PEPT+7TQ)" = (Iy +tB,(t)) B,
where
B, = %EPT(PEPT +Q)!
and
B,(t)=P" (T —t)PEP" +TQ) 'P. (EC.6)
Recalling (EC.3), it can be shown after a bit of algebra that (EC.5) and hence the drift of the
conditional process dX(t)|Y(0,T) =y is
E[X(t+dt) - X(t) | X(t) =x,Y(0,T) =y]| = dt(u" + By(y — TPu") — By (t)(X(t) - E[X(t) | ¥])),
where E[X(¢)|Y(0,7) =y] =tp” + B,(y — TPu"). Since X(t) is continuous and has finite incre-

ments, by taking the limit as dt — 0, we obtain

E[dX(t) |X() =x,Y(0,T) =y] = dt(u" + By (y — TPu") — B (t)(X(t) —E[X(t) |y])). (EC.7)
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Covariance of the conditional dynamics. A similar argument shows that the covariance of

the conditional dynamics is

VIX(t+dt) | X(t) =x,Y(0,T)=y] =V[X(t+dt) | Z =2
=V[X(t+dt)] — Cov(X(t+dt),Z)V[Z] ' Cov(X(t+dt),Z)"
=(d)X — (dt)? - P ((T —t)PZP' +TZ)"'PX
= (dt)Z + o(dt).

By taking the limit as dt — 0, we get
V[dX(t) | X(t) =x,Y(0,T) =y| = (dt) X + o(dt). (EC.8)

Since X(t) has finite increments, equations (EC.7) and (EC.8) are well defined and they charac-
terize the drift and v olatility of the conditional process dX(t)|(X(t),Y(0,7) =y). We now derive
the SDE that is satisfied by the process X(¢)|Y(0,7)=y.

EC.1.3. SDE of the conditional log-returns process
We now show that the conditional process X(¢)|Y(0,7') =y is the solution to an SDE with drift
(EC.7) and volatility (EC.8). We first define

Ba(t) =t (17 +B,(Y (0.T) ~ TPu") ) - / B(5)(X(s) —E[X(s)| Y/(0,T)])ds, for t € [0, T].

By showing that
W(t) = X(t) - Bs(t)

is a Brownian motion in the enlarged filtration FY¥ :=o(F; V(Y (0,T))), we obtain
dWY(t) =dX(t) |y — dBs(t), fort €[0,T]

which gives the SDE representation of X(¢)|Y(0,7)=y.
To prove that W¥(¢) is a Brownian motion in the filtration F;', we refer to Levy’s Characteri-

zation of a Brownian motion (see for example Durrett (1996;2018;)).

THEOREM EC.1 (Levy’s characterization of a Brownian motion). Let the stochastic
process WY = (W} ..., WZ) be a N-dimensional local continuous martingale with W¥(0) = 0.
Then, the following is equivalent:

1. WY is a Brownian motion on the underlying filtered probability space with WY (t) NN(O,tZ}).

2. WY has quadratic covariations [W/ (t), W/(t)] =3t for 1 <i,j < N.
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Since X(t) and 34(t) are both continuous, W¥ is also continuous. Now we show that is it a local

martingale in the filtration F,Y, that is for s <t
E[WY(t) — W¥(s)| FX]=0.

We first have
E[X(t) - X(s) | F¥] 2 E[X(t) - X(s) | X(s), Y (0, )]
& (t—s) (" + By (y — TPu®) — B,(s)(X(s) — E[X(s) | Y(0,T)]))
where (a) follows from the Markov property of X(¢) and (b) is derived from (EC.5). It follows that
E[W? () - WY (s)| F¥] = E[W" () - W (s)| X(s), Y (0,T)]
E[X(t) — X(s) | X(s), Y(0,T)] ~ E[B,(t) — B5(s) | X(5), Y (0,T)]
= —(t - 5)B,(s) (X(s) ~ E[X ()| Y(0,T)])

RHS,

+IE[/ By (u)(X (u) — E[X (1) | Y(0,T))du| X(s), Y (0,T)] .

RHS,

By Fubini’s theorem, the second term of the right-hand side
RHS, = /: Ba(wE| (X(u) ~E[X(w) | Y(0,7)] ) [ X(5), Y(0,7)] du

= [ 820 (BIX ()| X(5), ¥(0.7)] ~ E[X() [ ¥(0.7)] )

9 [ o (-4 0 98,09 (X05) - B[X() V0.7

[ a0 (13 0= 98,09} (x06) - X ) ¥00.7)
where (¢) can be obtained (after a bit of algebra) from
E[X(1) | X(5), Y(0.7)] = X() + (u— s) - (" + B, (y ~ TPu") — B,(s)(X(s) ~ EX(s) | Y(0.T)))
and

EX(u) [ Y(0,T)=y]|=up”+B,(y - TPp").

By showing
Bo(u)(In + (u—5)B,(s)) = By(s), Yu>s

we will have RHS; + RHS; =0 and hence

E[WY(t) - W¥(s) | F] =0
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and WY(¢) will be a local martingale in F,¥.

Recall from EC.6 that
Bo(u) =P (T —uw)PEP" +TQ)"'P, Yu>0.
It follows that for 0 <s<u<T
By(u) =P (T —s)PEP" +TQ — (u—s)PZP")"'P.
Woodbury’s identity implies

Ba(u) = By(s) + (u—5)Ba(s) Iy — (u—5)Ba(s)) ™' Ba(s) = Ba(s) Iy — (u—5)Ba(s))
which gives
Bo(u)(In + (u—5)B,(s)) = By(s), Vuzs

and hence

E[WY(t) - WY(s)| FX]=0, V0<s<t<T,

so WY is a local martingale in the filtration F,Y.

It follows from (EC.8) that the quadratic variation of WY satisfies
[Wzy(t)a I/V]y(t)] =X;;t, for1<i,j<N.

Thus, by Theorem EC.1, W¥ is a Brownian motion with respect to the filtration F,Y.
It follows from (EC.7) — (EC.8) that

X(t) |y =W?(t)+Bs(t) |y,
and
dX(t) |y =dW?(t) +dBs(t) |y
— dt (1 + By (y — TP") — Bo() (X (1) |y — E[X (1) y])) + AW (1)

EC.1.4. Conditional Price Process

The stock price process can be obtained directly from the log-returns by noting that
S(t) | (Y(0,T) =y) =8S(0)exp (X(t) | (Y(0,T) =y)). (EC.9)
We apply It6’s lemma to (EC.9). For i € [N], we have

1
dS;(t) |y = $;(0)e™ O VdX;(t) |y + 55,(0)e ™1 (dX; (1) |y)?

=S,(t) |y - (dXi(t) |y + (dXi(t) |y)?),
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with
(dXi(t) |y)* = (dW?(t))* = o}dt.

Therefore, the conditional dynamics of asset prices are

aS(1) Ly = D(S()|y) (dX (1) |y +  din(Z)r)
= D(S(1)|y) (@t X ()| y)dt + AW (1)),

with drift

fi(t,%) = i 4+ By (v ~ TPu) — By(1) (x — EIX(1) |y]) + 5 dia()
=p+B8,(y —TPup") — By(t) (x —E[X(¢) | y]).

This completes the proof. ]

EC.1.5. Novikov’s condition

For (14) to define a change of measure we require Ep [92] =1. A sufficient condition is Novikov’s

condition (see, e.g., Lemma 8.6.2 in Oksendal (2003))

exp(;/OT |k(t)]2dt>] < 0.

Ep

Define

X (t) := XY (t) — E[XY(t))].
From (11), X(t) satisfies the SDE
dX(t) = —B,(t)X(t)dt +dW (t), X(0)=0. (EC.10)

Moreover, since

B,(t) ==P7 ((T PP + TQ) p

is bounded on [0,T7], there exists a constant M > 0 such that
1B,(t)| <M, Vtel0,T].
Thus, we get
k(O <28, (y = TPu) [ +218,(0)* X (1)* < 200 [X (1)

The Novikov condition reduces to showing that

Ep [exp(M2 /OT|X(t)|2dt)] < 00.
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The solution to (EC.10) is given by

X(t) = exp(— /Ot B5(s) ds) /Ot exp(/oS B5(r) dr) dW (s),

which shows that X(t) is a zero-mean Gaussian process with uniformly bounded variance (see,
e.g., Oksendal (2003), Revuz and Yor (1999)). Thus, the quadratic function fOT X (t)|2 dt admits

finite exponential moments. Thus, we conclude that

exp /()T|k(t)]2dt>] < o0,

which verifies the Novikov condition. O

Ep

EC.2. Section 4
EC.2.1. Proof of Proposition 3

Let W (t) € R be a standard Brownian motion with variance V[W (¢)] = ¢ and initial value W (0) = a.
At time t = 0, we observe a sample y of the random variable Y (0,7) = W(T') + ¢ where € ~
N (0,Tw?) is independent of W. The following result shows that the conditional process {B(t) =
(W(t)|Y(0,T)=y),t€1]0,T]} is a restriction of a Brownian bridge from a to y with hitting time
T =T(14w?) to the interval [0,7].

From Proposition 2, a process B(t) is defined as a Brownian bridge from a to y with hitting time
T =T(1+w?) if it satisfies

1. B(0)=a, and B(T) =y (with probability 1),
{B(t),t € [0,T]} is a Gaussian process,
E[B(t)]=a+ £(y —a) for t€ 0,7,
Cov (B(t), B(s)) = min{s, t} — ;f, for s,t€[0,T7,
With probability 1, t — B(t) is continuous in [0, T].

We now prove that B(t) = (W (t)|Y (0,T) =y) satisfies the above properties for ¢ € [0, T].

We first have B(0) = W (0) = a, and since the vector (W (t),Y(0,7)) is jointly Gaussian, the
conditional process B(t) = (W (t)|Y(0,7)) is normally distributed and satisfies 2. It is therefore

DA e B

fully identified by its mean and variance, and we have

E[B(#)] =E[W(#)[Y(0,T) =y]

=E[W ()] + Cov(W(#),Y(0,£))V'[Y(0,T)](y — E[Y'(0,T)])
=a+ ;(y—a), for t € [0, 77,
with T'=T(1 +w?). Thus, B(t) satisfies 3. Now let s,t € R with s <t, we have
Cov(B(t),B(s)) = Cov(W (t),W(s)|Y(0,T) =vy)

=E[W ()W (s)|Y(0,T)=y] —E[W(s)|Y(0,T) = y]E[W(t)|Y(0,T) = y],
(EC.11)
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by the law of total expectation we get
E[W ()W (s)|Y(0,T)=y] =E[W(s)E[W(t) | W(s),Y(0,T) =y]| Y (0,T) =y].
Since W (t) and Y (0,T") are jointly Gaussian, we write

E[W(t) [W(s),Y(0,T) =yl =E[W(t) | W(s)]
+ Cov(W(1),Y(0,T) | W(s)) V[Y(0,T) | W(s)] '
[~ B 0.0 W)
t—s
T +o?) — s (v — W(s))
T—t t—s

= = Wi(s) + =
T—s () T—sy

=W(s) +

Therefore, the conditional expectation of the product W (¢)W(s) is

E[W (W (5)|Y(0.T) =y] = = BV () [Y(0.T) =yl + ="y -EW(5) | Y (0.7) =y}

-5 T—s
(EC.12)

It follows (EC.11) and (EC.12) that

Cov(B(t), B(s)) = min{s, t} — STt for ¢ € [0,7),
and B(t) satisfies 4. This implies that V[B(T)] =0 so by 3, B(T) =v. Since W (t) has continuous
sample paths, so too does B(t) and hence 5 holds. Therefore, { B(t) = (W (¢t) | Y (0,T) =y),t €[0,T]}
is a restriction of a Brownian bridge from a to y with hitting time T'=T'(1 + w?) to the interval

[0,T]. This concludes the proof. O

EC.2.2. Example 2: Detailed calculations
Let Wi (t) and Ws(t) be two standard Brownian motions with correlation p € (0,1]. It can easily
be shown that there exist a standard Brownian motion Wj(t) such that:

1. Ws(t) is independent of Wi (t),

2. Wa(t) = pWi(t) + V1 — p?Ws(2).

Given a view y, sampled from Y3(0,7) = W5(T') + € where € is zero-mean Gaussian and with
variance w? and independent of W»(t), we show that the two processes B (t) = (Wi(t)|Y2(0,T) =
y2) and Bs(t) = (W2(t)|Y2(0,T) =y) are Brownian bridges restricted to the interval [0,77]. The
latter is directly deduced from Proposition 3, where By(t) = (Wy(t) | Y2(0,T) =y,) is a restriction
of a Brownian bridge from 0 to y, with hitting time T = T 4+ w? to [0,T]. Here, we prove the same
for {B(t),t €[0,T1]}.
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We start by showing how the view y, of the Brownian motion W5(7T') can be transformed to a
view y; about the Brownian motion W;(T'). Consider the random variable Y;(0,7) derived from
Y5(0,7T) such that

Y4 (0,T) = ;YQ(O,T).

We have

Y1(0,T) = =(Wa(T) + )

1
p

(@) V1—p?
p

© Wi (T) +

1
Wg(T) + ;6
- W1 (T) + E,

where (a) follows from the decomposition of the Brownian motion Ws(t) into Wi(t) and Wis(t),

and
Wi+ (1-pHT
0?

is the noise term in the view Y;(0,7"). Therefore, we have

e~N(0,

)
By (t) =Wi(t) | (Y2(0,T) = y2)

=Wi(@®) [ (Y1(0,T) = ).

From Proposition 3, the conditional process B(t) = (Wi (t)|Y1(0,7) = 1) is a Brownian bridge
from 0 to y; with hitting time T} restricted to the interval [0, 7], with
T1 =T+ V[E]
w4+ T
02
When p =0, notice that W;(t) and Y5(0,T") are independent,and therefore

By (t) =Wi(t) | (Y2(0,T) =y2)
=Wi(t),

this is also equivalent to having T} = co (notice that a Brownian bridge with infinite hitting time

is a Brownian motion). O

EC.2.3. Example 2: Plots

Figure EC.1a compares the hitting times of both Brownian bridges for a fixed level of view uncer-
tainty (w?=4). The hitting time of the Brownian bridge for asset 2 is Ty =T +w? = 14, and that
of asset 1 depends on the correlation between the two assets. When they are independent (p =0),
the hitting time 7T} is infinite because the view on asset 2 provides no information about asset 1.
In this case, the Bb for asset 1 remains a Brownian motion. As the correlation between the two

processes increases, the difference between the hitting times T} and T, diminishes because the view
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(b) p=0.5

Figure EC.1 Impact of the noise in the view and correlation on the hitting time of the Bb. Comparison of the
hitting times of the two Brownian bridges. (a) Varying correlation p with fixed noise w? = 4. (b) Varying noise w? with fixed

correlation p =0.5.

of asset 2 provides information about asset 1. When the two assets are perfectly correlated (p=1)
the hitting times are equal.

In figure EC.1b, we fix the correlation coefficient p to be 0.5, and compare the hitting times
of the Brownian bridges for varying degrees of uncertainty in the view (w? € [0,10%]). When the
view is certain (w? =0), T, =T as the terminal value of asset 2 is fixed. T} is always greater than
T due to the imperfect correlation between the two assets. As we increase the view uncertainty,
T, increases at a faster rate than Ty; The information about asset 1 disappears faster than the

information about asset 2 due to the correlation between the two assets being less than 1.

EC.2.4. Proof of Proposition 4

Let W(t) be an N—dimensional Brownian motion starting at a € RY with
W(t) ~ N (a,tX).
At t =0, we have Y(0,7) =y where
Y(0,7)=PW(T) +e,

P € RE*N is a linear mapping such that PL; # 0 for j € [N], and € is normally distributed
with € ~N(0,7€2). We define the conditional process B(t) € R" as the Brownian motion W (t)
conditioned on the forward-looking views Y (0,7) =y

B(t)=W()|(Y(0,T) =y), for te[0,T].
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Since the vector (W(¢),Y(0,7")) is Gaussian, the conditional process B(t) is also Gaussian, and
with probability 1, we have
B(0)=W(0)[(Y(0,T) =y) =a.

Additionally, the conditional expectation is
EB()]=E[W(#)[Y(0,T)=y]
=E[W(t)] + Cov(W(t), Y (0, 7))V '[Y(0,T)](y —E[Y(0,7)])
—aq %EPT(PEPT +Q)'(y—Pa).
For s,t € R with s <t, the covariance between B(t¢) and B(s) is
Cov(B(t),B(s)) =Cov(W(t),W(s)| Y(0,T)=y)
= Cov(W (), W(s)) — Cov(W (), Y (0,T7))V[Y(0,T)] - Cov(Y(0,7),W(s))
=53 — ‘%tz:PT(PEPT +Q)7'PX.
We define
H:= %(PL)T(PEPT + Q) 'PL e RV*N,

and recall that ¥ =LL", thus

Cov(B(t),B(s)) = sX — %EPT(PEPT + Q)7 'PXT
= L(SIN — stH)LT.
As the covariance matrices 3 and €2 are positive definite, and the linear mapping matrix P satisfies
the condition PL; # 0, for i € [IN], it is easy to see that for a non-zero vector z € RY, we have

1
z Hz = T(PLZ)T(PEPT + Q) 'PLz >0,

therefore, H is positive semi-definite®. Finally, as the Brownian motion ¢t — W;(t) is continuous for
every i € [N], and the view y is given at time 0 and expires at time T (the view causes no jumps
in the interval (0,7")), the process t — B;(t) = (W;(t)| Y (0,7) =y) is also continuous for t € [0, 7]
and i € [IV]. This concludes the proof. O

EC.2.5. Proof of Theorem 1
We define the stochastic process {B(t),t € [0,T]} as

where {B(t),t € [0,T]} satisfies the properties in Theorem 2. It is easy to see that

Tt is not positive definite as there can exist a vector z € RY such that z # 0 and PLz = 0.
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1. B(0) =0 (with probability 1),
2. B is a Gaussian process,
3. E[B(t)]=0, for t € [0,T],
. st
B B min{s,t} — =, if i =7,
4. cov(By(t), B;(s)) = T;

t
g i
5. With probability 1, t — B;(¢) is continuous in [0, 7] for i € [N].
It follows that each B, (t), where i € [N], satisfies Definition 1 and is therefore a Brownian bridge

from 0 to 0 with hitting time T} restricted to the interval [0,7]. Thus

A :Z/—Néi(t)

dB,(t) dt +dW?(t), forie[N].

However, these Brownian bridges are correlated with
_ _ +2
Cov(B;(t), B,(t)) = —E for i # j, t€[0,T]
so the SDE of the multidimensional B(t) is not obtained from “stacking” the marginals.
We now derive the SDE representation of B(t). As in the proof of Proposition 1, we first derive
the drift and volatility of dB(t), then show that it admits an SDE representation. Let V() =

[Vi(t),...,Vn(t)]" be a vector of N-independent Brownian motions with
V(t) ~N(0,tLy),

and consider the forward-looking views

Y (0,7)=(PL)V(T) +¢,
where € ~ N (O,TQ). It can be easily proven that the process B(t) has the same distribution as
the Brownian motion V() conditioned on the views Y (0,7) =0

B(+) L

B(t)LV(t)|(Y(0,T)=0).

Conditional on B(t) at time ¢

E[B(t+dt)|B(t)]=E[V(t+dt)| V(t),Y(0,T)=0]

- Iy ¢t(PL)T V(T
= ((t+dt)Ly t(PL)T) ((t+dt)PL T((PL)((PI);)T+Q)> ( é)>-
Further calculations show

E[B(t+dt) | B(t)] =B(t) — %(PL)T(Q - %)PEPT + Q) 'PLB(t).
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Defining

Bs(t) = %(PL)T((l — %)PEPT +Q)'PL

it follows that
E[B(t +dt) — B(t)| B(t)] = —(dt)B,(t)B(1),

by continuity of B(t) we get by letting dt — 0
E[dB(t) | B(t)] = —(dt)B,(t)B(t). (EC.13)

A similar argument shows that the covariance of B(t) is

V[B(t+dt) —B(t)|B(t)] = V[V (t +dt) | V(t),Y(0,T) = 0]

. tIN t(PL T ! 'L’IN
= (tIy t(PL)T) <(t +dt)PL T((PL)((PI)')T + ﬂ)) <tPL)
(dt) - In +o(dt),

thus, by letting dt — 0, we get
V[dB(t) | B(t)] = (dt)Iy + o(dt). (EC.14)

We show that B(t) is a solution to a Stochastic Differential Equation where the drift (EC.13) and
volatility (EC.14) using Levy’s characterization of a Brownian motion as in Proposition 1. Recall

that

Additionally, we can write
XU(t) =tp" + W(t) | (Y(0,T) =y)
=tp” +B(t)
SO

B(t) = L™ (X"(t) — E[X"(t))).

From (11), (EC.13), and (EC.14), B(t) satisfies
dB(t) = —dt - B,(t)B(t)dt +dV"(t)

where V¥(t) = L~'W¥(t) is a vector of N-independent Brownian motions, which concludes the

proof. O
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EC.2.6. Proof of Proposition 5
Consider the conditional process {B(t),t € [0,T]} satisfying (23), we showed in the proof of Theo-
rem 1 that each element B;(t), i € [N], is the restriction to [0,7] of a Brownian bridge from 0 to 0
with hitting time

T,=T((PL,)"(PXP T +Q)"'PL,;) ' >0,
Since X and € are positive definite, so too is (PXP ' + Q)~!. Furthermore, as we assume that
PL; # 0, for i € [N], it follows that T, < co. Now we show that the hitting times 7} are strictly

larger than the views horizon T.

For i € [N], we have

.1
' H;
where
1
H-= f(PL)T(PEPT + Q)7 'PL
o1
@ Iy L=+ PP

with (a) coming from the Woodbury matrix identity. Thus, the hitting time T, can be written as

L= (ISP )T,

where £, is the i"" row of L=, the inverse of the Cholesky decomposition matrix. Since (£~ +

PTQ'P)! is positive definite and £, " # 0 (because L~! is invertible)
HETHPTQUP) ()T >0

Therefore
L1 st praipyoip-ny ) o L
T_T(l ST L PTQUP) () )<T. (EC.15)

Since T; > 0 it follows that T; > T, for i € [N].

i

We now show that the hitting times are increasing in the covariance matrix 2. Consider two
positive definite matrices Q' and Q7 such that Q' > Q? (the matrix Q' — Q? is positive semi-
definite). Let 7' and T? be their respective hitting times. We first have (22)~' > (Q!)~!. Since =
is positive definite

(E 1+ PT(Q)P) = (S L+ PT(Q2)1P)!
and hence

IETHPT@)TP) )T 2 (2T +PT(QN)TIP) ()T, fori € [N].

It follows from (EC.15) that T)' > T2, for i € [N]. Furthermore, if Q! = Q2 (the matrix Q! — Q2 is
strictly positive definite) 7' > T2, for i € [N]. This concludes the proof. O
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EC.2.7. Proof of the Results in Section 4.3

Consider the log-returns process satisfying (8)
X(t)=tp"+Wi(t),
where W (t) ~ N (O,tE) a N—dimensional Brownian motion. Let y be the expert views vector
sampled from (10). Conditional on Y (0,7) =y, we have
X(t)=X(®)[(Y(0,T)=y)
=tp"+ W () [(Y(0,T)=y)
=tu” +B(t),

where B(t) satisfies (22). From Theorem 1, we can write

where B(t) is a zero mean stochastic process satisfying the SDE (23). Furthermore, we have
dXY(t) = (dt)p” + dB(t)
(a) x x P
) gty + (db)By (y — TP ") + LdB(1)

= (dt)(u" + By (y — TPu") = LB,(t)B(t)) + LdV*(t)
®)

= (dt) (1" + By (y — TPu”) — LB,(t)L 7' (B(t) — E[B(t)])) + LdV*(t),
where (a) follows from (23) and (b) from (22). Since
X¥(t) - E[X(t)] = B(t) - E[B(t)],

and
LBQ (t)L_1 = ﬁz (t)7

the conditional log-returns is a solution to the following SDE
dX(t) = (dt) (b” + By (y — TPu") — By()(X¥(t) —E[X¥(t)]) + LdV¥(t).
Since V¥(t) is defined by LV¥(t) = W¥(t) (see Equation (9)), it follows that

dX(t) = (dt) (k" + B, (y — TPu") = B(t)(X¥(t) — E[X¥(¢)]) + dW*(1).
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EC.3. Section 5

EC.3.1. Proof of Value function and Proposition 6
We show that the value function (29) with A(t) € R¥*N b(t) € RY, and c(t) being solutions of
(30)—(32) is the solution of the HJB equation (27).

The optimal policy is the maximizer in the HJB (27):

. V.V 1, - 1
™ (t):_zV2V2 Nt x) —rply) — Ny

V..V

where

at,x)=p+ B, (y — TPu") — By(t) (x — E[X(t)|y]))

=0y + Zntx
with i, : [0, 7] — RV*V ig
n= _E_I/GZ(t)
(EC.16)
=P (T-t)PEP" 4+ TQ)"'P
and oy : [0,7] = RY is
a;=p+ B (y — TPp") — En,E[XY(t)]. (EC.17)
Observe that m, is a symmetric matrix. From (29), we have
%Y _ (%XTA’(t)x+be’(t) L)Y,
vy o=t —v,
ViV =(A(t)x+b(t))V,
vgv _ _’7(22_ /)/) ‘/7
ViV =(A@t)+ (A(t)x+b(1))(A(t)x+Db(t) )V,
1—
V2V o= %(A(t)x—k b(t)V.
The HJB equation (27) becomes
1., 1-v 1 1
0= 5 A'(t)+ Tnth + ;(A(t)Zm +n,XA(t)) + ;A(t)EA(t) X
o 1- diag(=
+x ' {b (t) + S (n,+A(t))Xb(t) + 77 (n,+At))(ay —rply) +A(t) (0 — ‘3()) }
1 1— diag(X
() + (L=)ry + 5 Tr (A(D)E) + 77 (s —7p1y) = (o —rp1y) + (c — 1ag2( ))Tb(t)
1—7v T 1

with terminal conditions A(7) =0, b(T") =0 and ¢(T") = 0. It follows that if A(¢), b(¢) and c(¢)
satisfy (30)—(32), that (29) is the solution of (27).
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To see that A(t) is strictly negative definite when ¢t < T, consider the linear quadratic problem

T

- 1— 1

V(t,x)= min/ {x;r (—Vn:Znt> x; + utTZut} dt
t Y Y

u

where

1 1
dXt - *E’rltxt + 72“25
Y Y

Xy = X,

Since —PT”n:Znt >0 and X > 0 when t < T, V(t,x) >0 unless x = 0. It can be shown that

V(t,x) = —x" A(t)x which implies that A(t) is strictly negative definite when ¢ <T'.

Given (29), the optimal investment policy is

™ () = - (37t x) — L) + Ax + (D).

which completes the proof. 0

EC.3.2. Proof of Theorem 2
We derive explicit expressions for the ODEs (30), (31) and the hedging demand (35).

Explicit solution of Riccati equation (30). The following results will be useful.

LEMMA EC.1. Suppose Assumption 1 holds and m, is given by (EC.16). Then m, is symmetric
and negative semi-definite for t € [0,T] and

dn
ditt = —n,Xn,

ny = —PT(TQ)"'P.

If
1

—1
(T —)PEPT +Tn) P (EC.18)
S

Ct = _PT(

then
!
Ct + %Ctth =0
Cr="nr.
Proof 1t is clear that m, is symmetric and negative semi-definite. Additionally, for an invertible

matrix R(t) € RE*K

(EC.19)

— (R7(1)=-R7'(t) (R()R'(1). (EC.20)

If
R(t)=(T —t)PEP' +TQ € RF*K
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d L d

%T’t =-P @(Rfl(t))P
=PTR () (R()R™ ()P
=121,
The ODE for ¢, can be derived similarly. O
Let
A(t)y=¢, —n,. (EC.21)

Since A(T') =0 and
d

1
%A(t) = _;CtZCt +n,Xn,

=~ In =~ (A0S0, +0,2A0) - ~ADBAW)

it follows that the solution of (30) is (EC.21).

Now we show that

where
-1
M(t)=(y~ 1)1~ )P R P(5 7 + (1= DPTRP) e RVY, (BC.22)
Observe from (EC.21) that
A(t)=-P(C(t)"' —F(t)"")P,

where
Tt -
C(t)= ——PZP' +TQ,
Y
F(t)=(T - t)PEP" +TQ.

Since

C(t) ' = (1 “Yr PSP + F(t)) -

Pyt - F(t)*lP(m2*1 + PTF(t)’1P> O

where (a) follows from the Woodbury identity, it follows that
A(t)=-P'(C(t)"' —F(t) )P
—1
—P'F(t)"'P(———— ="'+ PFt)'P) PF{)'P
0P (g™ P FOP) PTRQ)
_ v -1 !

The Woodbury identity also implies that

v

-, <m2_1 +"t)71 =(v-1d- %)PTQ‘lP(vz—l +(1— %)PTQ—lP) -

= M(t)
(EC.23)

so A(t) =M(t)n,, where M(t) satisfies (EC.22).
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Explicit solution of ODE (31). The following result will be useful.

LEMMA EC.2. Let

s(t) = (ny(T_t)E‘l + m)

Then the matrices 1,2 € RN*N and n,s(t) € RV*N commute for all t € [0,T), i.e.,

1€RNXN

(. 2)(n,s(t)) = (n,s(t))(n, %), for t[0,T).

Proof We have
s(t)= (M2 4n,) e RV,

with A\, = m We can then write
n,s(t)n, X =n,s(t) (nt + 27— )\tE_l)E
=n,2(Iy — M7 's(t))
=1,Zn,s(t)
which completes the proof. O

‘We now show that
b(t) = M(t)Z]_l(at —7rly)

is the unique solution of (31). (Recall that A(t) =M(t)n,).
Since M(T') =0, b(T") =0, the terminal condition is satisfied. Differentiating with respect to ¢

b/ (£) = M/ ()= (s — 1) + M(t)E‘l%.

From (EC.17) and Lemma EC.1

dov

1 .
dt =-n,(a; — 3 diag(X)),

SO

(1) = M/(1) 5 ov— 1) — A1) (e — 3 ding ().
Therefore, we show b(t) satisfies (37) by showing
M/ ()5 (e, — 1y 1y) = _i(nt +A())Sh(t) - 1;7(77,5 FA®D) (e —rly).  (EC.24)

Define
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Observe s(t) is invertible and M(t) = —n,s(t) (EC.23). It follows that
M'(t) = —(m,s(t))’
S, — 0,8 (1)
20, S, +nys(0)(s™ (1))'s()
=n,31, - 1;71% (Iv —s(t)n,) B (In —mys(1)),

(EC.25)

where (a) follow from Lemma EC.1 and (b) from the expression of the derivative of the inverse.
Because of Lemma EC.2
1 1—7
MI(#) = = (n + M(#)n,)ZM(t) = ——(n, + M(t)m,)2

© _i(nt +A())SM(t) - 1;7(77,s +A(1)E,

where (b) from the definition of s(t) and (¢) from the expression of A(t). It follows that

M/ ()27 (o —7p1y) = —i(m +A(1))EMHE (a —rsly) = Tv(m +A(1)( —rsln)

— 1+ AW~ , + AL~ ryL)

which shows that (EC.24) holds and hence that b(t) is a solution of (31). Since (31) is a linear

ODE with coefficients that are bounded, this solution is unique.

Hedging demand (35). From (37) the hedging demand can be written

1
o () = (Ax+ (D)
- $<M<t>ntx+M<t>z-1<at )
@) i(M(t)E‘l(ﬁ(t,X) )
Mty (1),

where (b) follows from the definition of a; and m,, and (c¢) from the definition of the mean-variance

term

* 1 -1/~
Ty () = ;2 I(N(tax) - Tle)‘

EC.3.3. Proof of Corollary 1

From (39) in Theorem 2
99 _
ox
where M(t) is given by (EC.22). It follows from (38) that

() = ,ly(IN M) S (it x) — ryLy).

MH)E (@t x) —r5ly).
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Now we show that

(v +M@)=) o= %)PTQ*P)’1 + i(z —(Z (- %)PTQ*P)”)
= YpgL.

From (EC.23)

M(t) = —m(mz_l + T]t)71

v v

enE-n> Gena@-n>

=—Iy+

Since M(¢) is positive semi-definite when v > 1 (see (EC.22)), follows that Iy + M(¢) is positive

definite invertible. We can then write

(v +™M)=)

sy M)

_0-DT -t <<7_ 17 S —PT(T-t)PZPT +TQ)1P> 3.

Woodbury’s identity implies

1 1 t -1
P (T-t)PEP'+7TQ)'P=_——3'- S '+(1-)P'Q'P) X!

from which it follows that

N (=T —1)
((+m)s) =2 E(w—l)(T—t)

ey d (2—1 (- t)PTQ‘1P> B
Y g T
:EDBL'

STT-PT((T-H)PEZPT + TQ)‘lP) )

Therefore, we have

. 1 =
T (t) = ;ZD%BL(/J’(taX) - rle),

which completes the proof. O

EC.3.4. Single-Period Black-Litterman
From (8), the log-returns follow
X(t)=tu"+W(t),

where W (t) is a Brownian motion with covariance matrix 3. Then for 7' > ¢ we have
X(T)=X(t)+ (T —t)pu* + (W(T) — W(1)). (EC.26)
The investor’s views are modeled by

Y(0,7) =P X(T) +e,
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with € being independent Gaussian noise with 0 mean and covariance T'Q2. Inserting (EC.26) into

the view, we write
Y(0,T) = P(X(t) (T =t + (W(T) fW(t))) te (EC.27)
Since X(7') and Y (0,7) are jointly Gaussian, the conditional expectation is given by
IE[X(T) ‘X(t), Y (0,7) = y} - E[X(T) ’X(t)]
+ Cov (X(T), Y(0,7)| X(t))V[Y(O,T) | X(t)} - (y ~E[Y(0,T)| X(t)] ) . (EC.28)
Derivation of the Conditional Mean From (EC.26) we have
E[X(T) ‘X(t)} = X(t) + (T — t)p”.
It follows from (EC.27) that

E [Y(o, T) ( X(t)} —Pp <X(t) +(T - t)m) ,
V[Y(O,T) ( X(t)} — (T - )PP +TQ,

and
Cov (X(T),Y(O,T) ‘ X(t)) — Cov (W(T) —W(t), P(W(T) - W(t))) —(T-1)SP.
Substituting in (EC.28) it can be shown that
E [X(T) —X(t) ‘ X(t), Y(0,T) = y} = (T —t) i* (t, X (¢)) (EC.29)

where

pE(tx) = p” + By (y — TPu") + B,(1) (E[XY(t)] - x)
B, = %EPT(PEPT +Q)7

By(t) =XP" (I'-t)PEP' +7Q) P

Derivation of the Conditional Covariance For jointly Gaussian variables the conditional

covariance is given by
V[X(T) ’X(t), Y (0,7) = y] :V[X(T) ’X(t)]
~Cov(X(1), Y(0.7)| X(0))V [Y(0.7) | X(1)] " Cov (Y (0.7), X(T) | X(1)).
Since V[X(T) ‘X(t)] — (T — )%, and using the expressions

Cov (X(T),Y(O,T) (X(t)) — (T -1)SP, V[Y(O,T) (X(t)} — (T - PSP +TQ,
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we deduce that

-1
V[X(T) —X(1) ’X(t), Y (0,7) = y} = (T - )2 — (T —t)*SP" ((T —HPZPT +TQ> Ps.
(EC.30)
By applying Woodbury’s matrix identity to the right-hand side of (EC.30), we write

V[X(T) —X(t) ‘ X(t), Y(0,T) = y} = (T —1) (21 + <1 - ;) PTQIP> -

Thus, we define Sy, = (7' + (1 - £) PTQ'P) .

Optimal Portfolio Policy In the single-period setting, an investor with risk-aversion parameter

~ > 0 maximizes the objective

max w" E[X(T) - X(t)|X(1), Y0,7) =y + (1-7"1x)r,

™

- %WTV[X(T) —X(t) ‘ X(t),Y(0,T)= y} ™,

where 7 is the risk-free rate. Using (EC.29) and (EC.30), the optimal portfolio is

. 1 1~z
TrBL\t:;(EBL\t) 1(u (t,x)—rf1N>.

EC.4. Section 6

EC.4.1. Section 6.1
EC.4.1.1. Proof of Proposition 7 Recall that the state variable I(t) =Y7(¢;,T) is the most

recent expert view and

is the log-returns over the horizon [t;,t;41). The following result shows that X(¢) given the most

recent view I(¢) is independent of earlier views.

LeEMMA EC.3. Fort € [tj,t;.1), given the most recent view Y’ (t;,T), the process X(t) is inde-
pendent of all previous views Y*(t,,T), k€{0,...,5—1}.

The proof is given in Appendix EC.5.
From Lemma EC.3, it follows that

X(t) £ X(t) [ 7 =X (1) | 1(2).

At time t =t;, the investor receives the view Y7 (¢;,7) =y’ with covariance matrix Q7. It follows

from Proposition 1 that the dynamics of X¥(t) on [t;,t;,,) are given by

dXY(t) = <;ﬁ +B81(y" — (T —t;,)Pu”) + By (t) (EX¥ ()] — Xy(t))> dt +dW?Y(t) (EC.31)
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where
Bl = SPT((T—t;)PSPT + Q) e RV*K,
Bi(t) = SPT (T —t)PSPT +Q/) PRV,
E[XY(t)] = (t—t;) (" + B (y) — (T —t;)Pu”)).
This completes the proof. O

EC.4.1.2. Proof of Theorem 3 We show the value function is of the form
V(t7z7i7Y):U(z)eXp (gj(tuiay)) , te [tjatj-‘rl)
where ¢/ : R x RY x RE — R is quadratic in the log-returns vector x and views y
J(+ % — 2%V AI () %! J HJ _1 TCy Taj &I
7% y)=-x"A(t)x+x" (B (t)y+b’(t)) + 5y C y+y &) +&)). (EC.32)

We derive ODEs for the coefficients of this function using dynamic programming; specifically,
the value function solves the HJB equation in each interval (¢;,¢;11) with the terminal condition
V(t;1,%,y) determined from the value function for the next interval [t;,1,;,2] at time ¢, (48).
The terminal condition for the last interval [ty,, 7] is V(T,X,y) =0.

We begin with the last interval [ty, T] (j = M). Since V(T,X,y) =0, then ¢(T,X,y) =0, and

AM(T) = 0N><N7 BM(T) == 0N><K7 CM(T) == 0K><K7 BM(T) == ON, éJW(T) == OK, EM(T) == 0

For the last interval [tys, T], we can use Proposition 6 directly with the views Y (t,,,T) =y and
views covariance €7. It follows that AJ(¢) (j = M) is the solution of the Riccati equation (30),
Bi(t)y + b’ (t) satisfies the ODE (31), and

1 _ . .
5y Oy +y &)+ (1)
solves (32). That is, AJ(t) € RV*¥ is negative semi-definite with

. 1— . ) 1 . . . . 1 ) .
AT () + T”ngzng + (A () Sn! + niSAI (1)) + AT (1) =0 (EC.33)

where

n,=-P (T —t)PZP' +Q/)"'P;

Bi(t) € RV*X and b’(t) € RY are solutions of

B (1) +~ (nl + A (O)EB(0) + i)+ “A(ad() =0, (BC3)
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and
_ 1 . . _ . . . . . 1
B0+ 2+ AY(0) (S50 + ) — 1) 2 (0(0) ~ryL) 4 AT(0) (1~ ding(3) ) =0,
(EC.35)
where .
ol (t)=—SPT (T —t)PEPT + Q) € RV*K
ah(t) = p— (T — t)BIP" — (t—t,)Spl (" — (T —t,)B{Pp) € RV
and C’(t) e RE*K ¢&/(t) e R and & (t) € R are solutions of
/() — i (B/(t)+ 2)—104{@))T S(BH)+IZ ad(t) +ad(t) = al(t) =0, (EC.36)
y 1—v 1 ; 1
& () + 1L od (2 (ah(1) ~ L) + e (0)TB(0) + B (1L L ding(S)
. " ) | i (EC.37)
+ ;Bj )" (Zb/(t) + ad(t) —r;1y) =0,
and
. 1 : 1—v j Tl i
&)+ (1= + 5 (A (H)3) + o (ad(t) —r1y) =7 (ad(t) —7s1y)
. 1 . T_A 1—7 . T . 1 - T
+ | ea(t) - 5 diag(2) | b(t) + — (g(t) —rs1y) BI(t)+ ol (t) Xb(t) =
(EC.38)
For earlier time intervals [t;,t;41) (j =0,---, M — 1), ¢°(t,X,y) can be derived in a similar

manner by solving the dynamic programming equation over the interval [¢;,¢;,1]. This gives us
the same ODEs for A7(t), B’(t), bi(t), C’(t), & (t) and & (t) when j = M though with different
terminal conditions because they depend on the view Y?**(¢,,,,T) and the non-zero value function
V(t,z,%,y) at t;;1 through the Principle of Optimality (48). The following result computes the
expectation in (48). The proof can be found in Appendix EC.5.

LEemma EC.4.
V(t;+1,z,>_(,y) = E[V(tj41,2,0, YT XY (t ]+1) xI(t)=y], forje{0,...,M —1}
=U(z)exp (¢ (tj41,%,y)) €[t t541) (EC.39)

where
g (ti, %, y) = %iTAj(th)i X" (B (tj)y +b7(tj1)) + <—;}’T(_3j(tj+1)y+yTéj(tj+1) +Cj(tj+1)>
with
Clt1) =By (O () + 1 )T B,

& (ty1) =By (Cj+1(t )7 QJHM) (CJH( )T () — @)
& (L) = (L) + (B)) & (t11) — 551 TG (t50)B] +1n (det(IK + ‘jcj+1(tj+1))7%)

@+ (ty41) — CH () B) T ()7 4 G (t540)) (@ (E40) — CFH (540)B1),
(EC.40)

N | =

_l’_
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A.j (tj+1) - —PTCj (tj+1)P (EC41)
and
Bj(tjﬂ) = *PTéj(th)»
‘ ‘ (EC.42)
B/(tj1) =P C(t;11),
where

ah = (T —tj1)(¥ =) (T —t;,,) PIP T + ) “pur,
B =T — (0 — Q) (T —t;,,)PSPT + Q)
Bl = (T —t;11) (I — By) Py,
QI = (= ) (Tt )PEPT + Q) (T —1,1)PEPT + Q7+,
are constants.

For the interval [t;,t;41] (j=0,---,M —1) (EC.40) gives the terminal conditions for the ODEs
(EC.36)-(EC.38), (EC.41) for the Riccati equation (EC.33), and (EC.42) for the ODEs (EC.34)-
(EC.35). This provides us with enough information to solve the 6 ODEs (EC.33)—(EC.38).

The terminal condition for A’(t), B/(t) and b’(t) suggest that it might be possible to express
the solutions of their respective ODEs in terms of C7(t) and &’(t). The following result shows that
this is indeed the case, so only 3 of these ODEs instead of 6 need to be solved numerically to
compute ¢’(t,X,y) on [t;,t;11]. The proof can be found in Appendix EC.5.

LEMMA EC.5. For t € [t;,t;41) and j € {0,...,M}, let A(t) € RV*N, Bi(t) € RV*K | and
Ci(t) € RE*E be the solutions of (EC.33), (EC.34), and (EC.36), respectively, with boundary
conditions specified in Lemma EC.4. Then,

Al(t)=—P C/(t)P, for teltjtj1), j{0,..., M},
B/(t)=P"Ci(t), for telt;,tjs1),j€{0,...,M}.
Furthermore, if b?(t) and & (t) are the solutions of (EC.35) and (EC.37), respectively,
b/(t)=—-PT&/(t), for teltjtjs1),j€{0,...,M}.
It follows that

¢ (t,x,y)= %‘TAj(t)i +x" (B/(t)y +b’(t)) + <;yT(_3j(t)y +y e (t) + cj(t)>

1 ) . .
=5 (Px—y) O (1)(PR—y) — (Px—y) & (1) + & (1
and the hedging demand is
10g’ ; ; ©i
L0 1xy) = £ (MR + B0y + /(1)

P (Ci(t)(y —Px) —&/(t)).

D=



ec28 e-companion to Abdelhakmi and Lim: Dynamic Black-Litterman

Hence, the hedging demand depends only on two coefficients, C’(t) and &’ (¢) obtained by solving
(EC.36)—(EC.37) with boundary conditions (EC.40).

The following result shows that C’(¢) and & (¢) admit explicit solutions, which we derive. The
proof can be found in Appendix EC.5.

LEMMA EC.6. Let Ci(t) € RE*X and & (t) € R¥ be the solutions to (EC.36) and (EC.37),
respectively, with boundary conditions (EC.40). Then
C/(t) =M/ (t)P 7],
&1(1) = N (1) (5 (= 1) + (T — )P /P ")
where
N (t) = — (7 — 1)(T—t)(ﬂj)*1P(72’l + (T—t)PT(Qj)’1P>_1 e REXN,
It follows from Lemma EC.6 and (EC.32) that

10g’ 1

S ox (%)= PHC(1)(y —Px) - &(1))
= iPTMj(t)El (& (t.%,y) —rsly),

where M7 (t) = —PM(t). The optimal policy is

1 1 0g’

(X, y) = 52*1(ﬁj(t,>_c,y) — rle) + ;ﬁ(t,i,y), for t € [t;,t;s1),
where
B (t,%,y) = p+ BL(y — (T — t;)Pu) + B4(1) (B[XY(1)] %), for t € [t;,1;41)
is the drift of the conditional asset price. This concludes the proof. O

EC.4.2. Section 6.2
EC.4.2.1. Proofs of Conditional Market Dynamics
Proof of Proposition 8. Assume views {Y?(T},T;.1), j €{0,..., M}} satisfy (51)—(52). Let

Xy(t) éX(t) | (YO(O?Tl)v ce 7Yj(Tj7Tj+1)) AS [ijTj+1)

be the conditional log-returns and refined views {Y?(T},T}.1), j € {0,..., M}} be defined by (54).
It follows that

Y (T, Tj) | (X(T5), X(Tj40)) = P (X(Tj1) — X(T))) + € ~ N (P (X(Tj0) = X(T5)), 97°).
Since {€/°, j € {1,...,M}} are independent and X(¢) has independent increments,

{YT;,Tjs1) |5 €40,..., M}}
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are mutually independent. Let
X(t) = X(t) - X(T)), te[L,Tin)

denote the log-return between the time of the last view 7; and the current time t. Since the

increments of X (¢) are independent, X (t) is independent of
{Yk(TkJTk:-i-l) | ke {07 s Jj - 1}}

It follows that
X(t) ] (YO(O,Tl), .. ,Yj(l“j,l”jJrl)) :)_((t) \ (YO(O,Tl), .. ,Yj(Tj,TjH))

X(t) [ YT Tisa).
This concludes the proof. O
Proof of Proposition 9. From Proposition 8, we have X¥(t) = X(t) | Y (T}, T;11) is the log-
returns at time ¢ conditional on noisy views (56).
This setting is analogous to that in Section 3 except: (1) The horizon is now [T}, T;.;] instead

of [0,7], (2) the log-returns are given by X(t) instead of X(t), and (3) the views vector is

Y/ (T;,T;4+1) =¥’ instead Y (0,7) =y. It follows from Proposition 1 that
ARV(0) = (1 15" = (Tyen = TP + BY0) (BIK ()] - KN(0) ) e AW, for ¢ €17,
where §/ =y’ — 37 ®'(yi~' — PX'~7), and
Bl = SPT((Tj;, — T))PEPT + Q0) " ¢ RV*K|
Bi(t) = SPT (T4 —t)PEPT + @7°) 'P e RV,
E[X(t)] = (t = T;) (1" + B1(¥ — (Tj1 — Tj)Pp®)).
This completes the proof. ]

EC.4.2.2. Proof of Theorem 4 The overall structure follows closely the proof of Theorem
3. For each j € {0,...,M} we consider the control problem on the interval [7},T},,) while the

transformed view Y7 (T}, T},,) is fixed.

Assume
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On the last interval j = M, the terminal condition g™ (T,-) =0 forces AM(T) =0, BM(T) =0,
CM(T)=0, bM(T) =0, &M(T) =0, and " (T) =0.

Substituting (EC.43) into the HJB equation gives exactly the six coupled ODEs (EC.33)-(EC.38)
after replacing T by Th41 and QM by QM0 Because these equations coincide with those solved
in Appendix EC.4.1.2, their solution is not repeated here.

For j < M, continuity of the value function at t =T}, and independence of (X(t), Y7(T},Tj+1))

across quarters imply

V(T5y,2,%,5) =E [V(TjH, 2,0, Yﬂ'“)} = U(2)expg/(Ti11,%,5). (EC.44)
The Gaussian conditional expectation is similar to Lemma EC.4 and yields the boundary values
A/ (Tj11) =B (Tj11) = C(Tj11) = b (Tj11) =& (T}11) = 0,

while the scalar term satisfies

y 1 . . .
&)+ (1 —y)ry+ 5 Tr(A7(H)X) + —77 (ad(t) - rle)T S (e (t) —ryly)
, 1. T 1— . T_. |
+ | ad(t) — 3 diag(3) b’ ( )+ T (a%(t) — rle) b’(t) + ij (t) Xb’(t) =0.
(EC.45)
with terminal condition
~1/2

¢ (Tj41) =Indet (I + Q7T C/H(T)1))
+ (@ (M) — G (Tp)@ ™) (CTH (1) 4 Q9 T (@7 (1) — C7 (Th) @)
41 la +1TCJ+1(T+ Y& 3+1+a]+1T(c7+1( Tjt1) — C/ YTy, )a(gﬂ) +5j+1(Tj+1)a
(EC.46)
where @t = (T2 — Tj41)Pu® and Q7 = (T) 5 — T ) PEPT + Q410
As in Theorem 3, we can prove that A’ = —PTC/P, B/ =P"C/, b/ = —P"&’/. Therefore only
C7,&7,¢’ remain to be integrated.
Following the same steps as in the proof of Lemma EC.5, we can show that C’(t) and &’ (¢) are
given explicitly by
C/(t) =M (t)P" 7],
&(t) =M ()] (= 1y 1) + (L0 — )P 7/ Ppe?]
where
- 1

M (1) = — (= 1)(Ty 1~ (@) P [y (T, ~)PT (@) P| i = —PT (T, ~)PEPT +07°) P,

Using these expressions in (EC.43) one obtains

g t.%y)=—3Px-y) C't)(Px-y) - (Px—¥) &)+ ().
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Hence
. 1 . 1 . .
Tl'J*(t,)_(,}_/) = ;Eil(ﬁ’] (taiv}_’) - Tf]-N) + ;PTM] (t)zil (ﬁ’] (taiv}_’) - Tf]-N)7
with MY (t) = —(y — 1)M/(t) and
i (6,%,5) = p+B1(5 — (T —T)Pu) + B5(1) (EX(1)] —%).
This completes the proof. O

EC.5. Proofs: Results in EC.4.1

Proof of Lemma EC.3. Revised views (41) satisfy
Y (t;,T) [(X(t;), X(T)) = P (X(T) = X(t;)) + € ~ N (P (X(T) - X(t;)), )

where log-returns X (t) = tpu” + W (t) from (9) has independent increments. For each j € {1,..., M}
and t € [tj,t;,1) (with tyy, =T) define X(t) = X(¢) — X(¢;). Since X(¢) has independent incre-
ments, X (¢) is independent of {Y°(0,T),...,Y’~!(¢;_1,T)}, which concludes the proof. O

Proof of Lemma EC.4 From the Principle of Optimality

V(t;+1,z,)_(7y) =Evyin [V(th,Z,O,YjH)

Z(t;

j+1

)=z, XY(t;.

We now evaluate this expectation. Recall that
V(tj+1a Z, 07 y) = U(Z) €xp (gj (tj+17 )_(7 y))

1 , , . EC.47
~ U@ exp (3 Oty ¥ S ) + ) ) (EAD

From (41) — (42), the random variable Y7 (t;,1,T) | (X(t;,,) =%, Y’(t;,T) =) is Gaussian with
conditional mean and covariance
P = a) - By(PR—y),
QT = (7 — Q) (T — ;1) PEPT + ) (T —t;1,)PSPT 4 Q)
where
&= (T — ;1) (¥ — Q) (T = 1,,)PEPT + Q) Py,
Bo=Tx— (¥ - ((T—t;,)PSPT +Q7) .
It follows that

Z(t:

V(tjjrh Z,P_QY) = EY]'+1 |:V(tj+1,Z7O7Yj+1) T

)= =X (1) =% Y (1;,T) =y |
_ . 1, . . . _ . . . . .
- / (2m) "/ det(Q7F 1) exp <‘2<Y”1 — @)y “>> V(ty41,2,0)dy’"
_ . : 1, . . ; _ . , . . .
= U(2) [ (2m) P det(@4110) 2 exp (- 5 (37 ) T(@D) - @)

1 ) o y |
—55’””0] (t)y T YT () + 2 (H41)) ) dy?
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where the last equality follows from (EC.47). By rearranging the terms in the exponential
V(t5,1, 5% y) = U(z) det (Ty + @ (1;,1)) " exp (e(y, X)) (EC.48)

x / (2m) 572 det (0 119) /2 exp (—;(yﬁ’“ =TT Q) T rﬂ'“”)) dy’*!
where
e(y, %) = — = ; (Px—y)" By (C7F (tyn) 4+ PH ) T B (PR —y) (EC.49)
_( % —y) By (C/F (tyen) ™+ Q) T (O (ty00) T (40) — &) + co,
€0 = % (&) = C M (ty )@ ) (CFH () + T )71 (& () — Cj+1(tj+1)5‘%)T
+

1 ) . )
5 a) C (el + &)’ (&7 (tj41) — C7 M () @d) + & (ti4a),

and
Qitlli ((Qy‘ﬂ\j)—l +Cj+1(tj+1))7l € REXK,
A = (@7 () — O (t) (o - B (PR —y))) + BT € RE.

Notice that the term inside the integral in (EC.48) is the density function of a multivariate Gaussian

random variable with mean &’ 13 and covariance 917 o it integrates to 1. It follows that

V(t5, 5% y) = Ulz)det (Ty + 1 (1;,1)) " exp (e(y, %)) (EC.50)

where €(y,X) given by (EC.49). We now derive the boundary conditions of the ODEs (EC.33)—
(EC.38). From (EC.50)

V(t;+1vzv}_(7Y)
1 | _ 1 y -
= U(z)exp <2>_<TAJ (tj+1)x+ X" (B (t;01)y + b (t;41)) — §yTCJ (ti)y +y & (tj1) + (tj+1))
1/2

= U(z)det (Iy + QT CT 1 (t,11)) " “exp (e(y,X)).

It follows that

%iTAj(th)i +x" (B (tj11)y + b (tj41)) — %YTCj(th)y +y &(t11) =€(y,X) — €, (EC.51)

and
exp (¢ (tj41)) = det (Iy + Q7 CIH (2,14)) e exp (€o) . (EC.52)
It follows from (EC.51) that
Al(ty) = P73 (C7 (tyn) 4+ QIH11 )71 3P

(ti)=P 73 (C/H () +QPTHY )_1,3%7
C/(tj41) = B (C7 ()t + Y )715?;7

(42 = —PT By (G (t00) "+ )T (O (1540) & (100) — ).

(tan) =By (C7F (1) "+ Q) (O (140) 187 (t4) — &) -
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Thus, we have Aj (tj+1) = —PTCj (tj+1>P, Bj (tj+1) = Cj (tj+1)P and l_)j (tj+1) = —PTéj (tj+1). Addi-
tionally, from (EC.52) we directly get

& (1) = (t0) + (B) & (t541)

1 —; ) . _ -
—5B O 1)L+ In (det(Lic + DO (1,0)) )

1, , T e , -1 , .
+§( I (ti41) — C7 (t41)87) ((QJH 4 CJ+1(tj+1)> (&7 (t41) — C7 (t41)B7).
This concludes the proof. ]

Proof of Lemma EC.5
From Lemma EC.4 the matrix A7(t) € RV*N (t € [t;,t;41), j €{1,...,M}) and BI(t) € RV*K

are solutions of

y 1-— ; 1 ; . . . 1 . )
A (1) =TS (A 4 m A () + AR A () =0,

5
Al(tj1) =-P'CI(t;41)P, (EC.53)
AM(T)=0nxn,

and

i’ Lii A j 1=y 5 Lo
B (1) + (i + AY(0) BB (0) +—Tnjed () + A (e (1) =0,
Bj(th) = PTCj(thrl)a (EC.54)

BM(T) - 0N><K7

respectively, where
al(t)=-SP7 ((T PSP + QJ‘),
n=—P7 ((T PSP + Qj>P =S lal(t)P.
By direct substitution, it is easy to show that
Al(t)=-B/(t)P, fortelt;,tin], j€{0,...,M}. (EC.55)
is a solution of (EC.53). It follows that (EC.54) can be rewritten as

M 1 . , , 1-— o 1. )
BY' (1) + — (n! - BI()P) S B/(1) + —niad (1) - ~BI ()P (1) =0,
‘ Y ‘ v v
B(tj11) =P C(t;41), (EC.56)
B]M(T) - ON><K'
Next, from Lemma EC.4 we have that C’(t) € RE*¥ is the solution of

y 1 : ; T , , ; ;
()~ = (B-7 (t) + 2-1a{(t)> > <B-7 () +2'ad (t)) tad(t) =l (t) =0 (EC.57)
with boundary conditions given by (EC.40) and C™(T) = 0k It is easy to show that

B/(t)=P"C/(t), telt;,tjm], j€{0,...,M}.
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is a solution of (EC.56) and hence by (EC.55), that A’(t)=—-P",C/(¢)P.
Similarly, recall from Lemma EC.4 that

B (6)+ & (il + AT()) (EB7(8) + @ (t) — L) = ml (@ (t) — 7 1)
FAI() (rf 1y — %diag(E)) —0,

b/ (tj41) = —PT& (t;11),

bM(T) =0,

(EC.58)

with
(1) = (T~ 1,)BIPw" — (¢~ 1,)En} (u* — (T~ 1;)B{Pu") €RY.

If & (t) is the solution to

, 1— , , 1 . _ A 1
&' () + L () (af(t) =y Ly )+~ () B () + B (1) (s Ly — 5 ding(%)
71 7 (EC.59)
+ ;Bj(t)T<EBj(t) fad(t) —r; 1N) —0,
with terminal condition ¢ (T") =0, then

Bj(t):_PTéj(t)v te[tjvtj+1]7j€{07‘--7M}‘

is a solution to (EC.58). This completes the proof. O
Proof of Lemma EC.6. Recall from Lemma EC.5 that C7(t) € RE*K j € {0,..., M} satisfies

the Riccati equation
i1 L=y Toj L j Tl | i T Ly T
C’(t) - — 7, PXP '] + — (CJ PP '7] + 7 PEP ' CY (t)> ——C/(t)PXP'C/(t) =0,
Y Y Y

o ) _ . ) -1 _ .
Ci(tjp) = 3y (C]H(tjﬂ)_l + QJH") By,

(EC.60)
where
. N —1
il = —((T—t)PEPT +QJ> :
. . . =t
B =T — () — Q) ((T —t;11)PEPT + QJ) ,
QLI — (QF — Qi) ((T ;1 )PSPT + QJ) ((T —t,,)PEPT + QJ“).
The terminal condition is given by CM(T') = 0 rr. We first show that
(Tt -
C/(t)=m] + (fyPEPT +QJ’) (EC.61)

is a solution of (EC.60). To begin, observe that 7] satisfies the ODE

dm;

o = PP
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It follows that C’(t) = 7] + Q7(t) is the solution of (EC.60) if a symmetric matrix Q7 (t) € R¥*¥
for j ={0,---, M} such that
Q1) - *Q]( JPEPTQI(t)=0
) . — . N —1 =4
Q’ (tg+1) -, . +8; (CIH () + QU ) B

with terminal condition Q™ (T") = (M)~ can be found. To establish (EC.61) we show that

(EC.62)

1
Qi(t) = (T;tPEPT +nﬂ'> . (EC.63)

First, it can be easily verified that

d

RalleY, l

a20-5

therefore, (EC.63) satisfies the differential equation in (EC.62). We now show that (EC.63) satisfies
the required terminal and boundary conditions. We can see from (EC.63) that QM (T) = (£27)~*

the terminal condition is satisfied so (EC.63) is the solution of (EC.62) and CM(t) =7 + QM (t)

T—t N g
——PEPT4Q) =-Q(HPEPTQ(®),

on the interval [ty T].
Suppose there is a j € {0,---, M — 1} such that Q7*!(¢) is the solution of (EC.62) on [t;;1,%;42]

and hence
Cj+1( ) —J+1 QJ+1( ) [tj+1,tj+2]. (EC.64)

Using (EC.64), the definitions of 777, Q/+'7 and Bg, and the Woodbury identity
. —iT ) _ =1 =4 T —t.: . -1 .
4B (O ) ) B = (TEEPERT ) — Q)
o (EC.63) is the solution of (EC.62) and C’(t) 4] + Q’(t) on [t;,t;41]. It follows from induction
that (EC.63) is the solution of (EC.62). Finally, it follows from the Woodbury identity that

C/(t) = M/ (t)P "],

-1

where MU (t) = — (v — 1)(T — t)(Qj)‘lP('yZ_l (T — t)PT(nj)—lp) , which completes the first
half of the proof of Lemma EC.6.
For the second half, recall from Lemma EC.5 that for ¢ € [t;,¢;41), & (¢) is the solution of

) 1—7

& (1) -7 P () — 1) + }yﬁ{PEPTéj(t) LoiwpsrTen + L 0P adt) - ri1y)

Y Y
, 1
+C/ (P (s Ly — 5 diag()) = 0,

& (tjp) = Bo (C7 ™ (tja) + Qjﬂ‘j)_l (CIH (tjn) &I (tyg0) — &)
(EC.65)
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where C/(t) = MV (t)P T4, and
ay(t)=p+ (T —t) P Py,

G = (T —tj) (¥ = Q) 73] P,

_ ) ) -1
M() = (7= 1)(T = £)(@) " (1=~ + (T - )PT () 'P) .
with the terminal condition ¢ (T) = 0. It can be shown that
(1) = NP0 (= 1)+ (T— 1) C () Py = NP (1) (S (= 1) + (T — )P 77/ Pe?).

is the solution of (EC.65) by a direct substitution of this expression into the differential equation

and boundary conditions. O

EC.6. Extension — Views over Different Time Horizons

We now explore a scenario where the expert gives forward-looking views with varying horizons.

EC.6.1. Views Model
At time ¢t = 0, the investor receives a vector of K views on future log-returns, where each view
J € [K] is a noisy observation of the log-returns vector X(¢) at time ¢ = Tj. Specifically, conditional

on X(T}), we assume
Y;(0,15) | X(T3) = p X(T)) + v/ Tye; ~ N (p; X(T), Tjwy;), 5 € [K], (EC.66)

where p; € RY is a linear mapping from log-returns to the j-th view, and w;; > 0 is the view’s noise
variance.

Non-expired views. Without loss of generality we order the views by their respective time horizons
(T; <T; for i <j), and denote T, = 0. Thus, on the j-th interval [T;_;, T}], we consider the non-

expired views j,j+1,..., K. Let
5 T
YJ(O7TJ'¢K): (Y;(O7TJ)>7YK(O7TK))

be the vector of these non-expired views during the j-th interval [T;_;,T;], with
Tjx:=(T},...,Tx)T € RET and € := (¢, -+, eK)T ~ N(0,97), the associated noise vector.
Q€ RIE—IHDUX(K=i+1) ig positive-definite, its entries wyy, for i,k € {j,..., K}, represent the covari-
ances among the noise terms ¢; and ¢y,.

Figure EC.2 illustrates the discrete-time Bayesian network in which the views {Y;(0,7})}, are
observed at ¢t = 0. Each Y;(0,7}) is a noisy observation of X(7;) and, via the Markov property
of X, it is also an observation about all earlier states (e.g. Y2(0,73) is an observation of X(77)).
Therefore the views vector Y7(0,T}.x) = (YJ 0,73),..., YK(O,TK))T, is a noisy observation of past

returns and we can directly use Proposition 1 to obtain the posterior dynamics of the log-returns.
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X} (it} —{xm)—- —(xm

1

}G(O,Tl) }/2(07T2) YK(OaTK)

Figure EC.2 Bayesian network of the Dynamic Black-Litterman model with Different Views Horizons. The
figure shows a discrete time version of the problem where ¢t =0,..., Tk, and the noisy views Y;(0,7}) of the log-return

X(T;) for j € [K] are revealed at t =0

EC.6.2. Market Dynamics Under Expert Views
The following Proposition shows how views from different time horizons can be transformed into

views regarding the same time horizon.

ProposiTION EC.1. Consider a stock price following equation (8), and expert views following
(EC.66). For j € [K], define the transformation

Y/(0,7;) = Y/(0,Tj.x) — B/ (T}, Tyixc) (EC.67)

where @7 (T}, Tj.x) € RE=IT1 with elements
(T, Ty.xc) = (T, = Ty)p; w*, forie{j,...,K}.
Then, conditional on the true realization of X(T}), the views vector Y7(0,T}) is Gaussian with
Y7(0,7))X(T)) = P;.x X(T}) + & ~ N (P;.x X(T), T;S¥),
where P = (pj,...,Px) | € REZIFIXN"qnd O is positive definite with
=P, WV (P,x)" +Q"

(PR

. 1
W .

T Qjtiz1jn-1, and (" = min{7} ;1 —

J J

where forike{l,..., K —j+1}, Q) =
T, T — T} i1 k-

Furthermore
X ()| Y7(0, Ty ) =X() [ Y7(0,T}), forte[T;—y, T, je K]

The conditional dynamics of the log-returns follow directly from Proposition 1.
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CoRrOLLARY EC.1. Suppose that the price process satisfies (8) and expert views Y (0,T) satisfy
(EC.66). Assume that PL; # 0 for j € [N]. Conditional on Y (0,T) =y, the log-returns X(t) satisfy

ax2(0) =4 B = TP ) + Y0 (BX(0)] - XI(0) e+ AW (0) (BC.08)

where §7 is sampled from the transformed views vector (EC.67), with
1
T

J

Bl = (Pix) (PixZ(Pik) " + Q) e RV,

Bi(t) = EP,x)T (T — )Pk B(Px) " + ) Py e RN,

EX'(t)] =t (u* +B1(¥ — T;Pjxn”))
is the expected log-return over the horizon [0,t] given Y (0,T) =y. W¥(t) ~ N(0,tX) is a
N —dimensional Brownian motion adapted to the filtration FY .

Corollary EC.1 shows that having access to views with varying time horizons affect the condi-

tional dynamics solely through the covariance matrix €2.

EC.6.3. Optimal Policy

Let T'=Tx be the investor’s investment horizon, and

V(t,z,x)=maxE[U(Z(T))|X(t)=x, Z(t) =z, Y1(0,T1) =v1, ..., Yx(0,Tx) = ys]

weA

her value function at time ¢ € [T;_1,7}), where the wealth process Z(t) satisfies
dZ(t)=Z(t) <rfdt + ()" ((t,XY(t),§7) —rply)dt+ Tr(t)TdWy(t)) ,
with
B (t,x,57) = p+ B1(F — TP jxp®) + By(6)EX! ()] - x), t € [T)-1,T)).
The log-returns X¥(t) satisfy (EC.68).

ProproSITION EC.2. Suppose v > 1. For j € [K] and t € [T;_1,Tj), the solution to the HJB

equation is
21

V(t,Z,X) = 1

exp(gj (t,X)), te [Tj—lﬂTj)

where
g (t,x) = 5x A (O)x+x"B (1) + (1), L € [T, T;).
The matriz A’ (t) is symmetric negative semi-definite for t € [T;j_1,T;) and satisfies a Riccati equa-
tion
" 1-— : o1 ; . 1 . )
A (1) + S+ (A0S0} +n]SA D) + A ()BA (1) =0,
AI(T,) = A7),

(EC.69)



e-companion to Abdelhakmi and Lim: Dynamic Black-Litterman ec39

with terminal condition AX(T)=0, and
M =—Pix) (T = )P;xE(Pjx) " + T ¥) " Py, t€[Tj1, T). (EC.70)
bl (t) solves a system of linear ODEs

b (1) + i(nz - A1) Shi(1) + 1;”(nz + A1) (o — r1y) + AT(1) (o] — = diag(S)) =0,

2
b/ (T;) = b (T}), (EC.71)

with terminal condition bX(T) =0, and
. 1 . N .
o = p+ = Bi(F ~ TiPxp’) — EmEXY(2)].
J
A (t) is the solution of

’ 1 : 1—7y, : 1 :
() + A=)+ 5 Tr (A7(H)Z) + Wy(ai —rly) =N e —rly) + (af — 3 diag(2)) b (1)

L=y, T Lo j
—_— —rily) b))+ —Db' ()b (t) =
el —r10) B0 + BT (OB (6) =0,
¢ (Ty) = ().
(EC.72)
with ¢®(T) = 0.
There exists a unique optimal allocation policy
g ol . 19g’ .
0 (t,x,57) = ;E (B (t,%x,5) —r1n) + ;a—x(t,x,yj), teT;_1,T;), (EC.73)
where 4
og’ L , A
&(t,X,}’J) = Aj(t)x—i—bj(t), te [1}_1,1—}').

EC.6.4. Proofs of the results
Proof of Proposition EC.1. As views are ordered according to their horizon, let k, j € [K]
such that k > j, we can write
X(Ti) = Tip" + W(T;) + (T = Tj) " + W(Ty) - W(T})
=X(T;) + (T, = Tj)p" + W(Ty) = W(Tj).

Adjustments
It follows that for k € [K], the view Y, (0,T}) can be transformed to a view about the log-return

realization at time T <Tj,
Y3 (0, Th) = o X(T) + (T3, Tyxe) + €.,

with
(T, Tj.x) = (T — Tj)pj 17,
& =p, (W(Ty) — W(T}))) + / Trex.
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Now given the views horizons vector T,.x = (1},...,T %) € RE=+1 and the linear mapping

Px=(Pj,---,Px)' € RE—I+DXN we can write
Y/(0,T;.x) = Pyux X(Ty) + (T, Tjoxc) + €,

where & € RE-7F1xK=7+1 jg Gaussian with & ~ AN (0,7;€2), and the covariance matrix Q7 takes
the form

&7 OVi Wi T

Q=Q"+P,; Q" (P, k),

_ TiviaTiip_
where for i,k € {1,....,K — j + 1}, we have Q) = - Tl —
J

W _
Qjric1jrr—1, and Qf =

1
? min{TjH_l — 1},1}+k_1 — E}Ej-i-i—l,j—i-k—l' It follows that

J

Y/ (0,7;) =Y/ (0, Tx) — B (T}, Tjic) = Py X(T)) + & ~ N (P X(T;), T; ).
Furthermore, since Y7(0,7}) contain the same information as Y7(0,T}.x), it follows that
X(O)Y(0,Tjx) =X() | Y(0,T;), t€([Tj,Tyl.

O

Proof of Proposition EC.2. The proof of this proposition is straightforward. We apply the

results from Section 5, substituting the horizon 7" with 7; and the view y with §/ for each j €

[K]. This directly leads to the derivation of ODEs (EC.69)—(EC.72). Furthermore, the boundary

conditions are established by the continuation of the value function and the Principle of Optimality.

Therefore, A7(T;) = A7t (T;), b/ (T;) = b’ (T}), and ¢/(T;) = ¢/ **(T}). This concludes the proof.
O
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