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Electronic Companion to “A General Framework for Importance
Sampling with Markov Random Walks’ by Cheng-Der Fuh, Yanwei Jia,
and Steven Kou

EC.1. Regularity Conditions
EC.1.1. Some Terminologies

A Markov chain {X,,,n > 0} on a state space X is called Harris recurrent if there exist a recurrent set

R € B(X), a probability measure ¢ on R, a A > 0 and an integer n, such that
P{X,eRforsomen=>1|Xy=x}=1, P{X,, cA|X,=u1}=>p(A), (EC.1)

for all x € R and A < R. It is known that under (EC.1), X,, admits a regenerative scheme with i.i.d. inter-
regeneration times for an augmented Markov chain, which is called the “split chain;” cf. Meyn and Tweedie
(2012). Assumption EC.3 guarantees that the Markov random walk (X, S,,) admits a similar regenerative
scheme.

Denote 0, (0) = o, and let {04(7),j = 1} be the times of consecutive visits to a recurrent state a € X''. Let
0 = 0, be the first time (> 0) to reach the recurrent state a of the split chain, and define u(«, () = E,e*%e=¢¢

for ( € R, where v is an initial distribution on X'. Assume that
W :={(a,() : u(, () < o0} is an open subset on R (EC.2)

Ney and Nummelin (1987) shows that D = {« : u(a, () < oo for some (} is an open set and that for o €
D, the transition kernel P, (x, A) = E,{e®Y11x,c4;} has a maximal simple real eigenvalue e*(*), where
A(a) is the unique solution of the equation u(a, A(«)) = 1, with corresponding eigenfunction r(x,a) :=
E, [exp{asS, — A(a)o}].

A Markov chain {X,,,n > 0} on a state space X is called V -uniformly ergodic if there exist an invariant
probability measure 7, and a measurable function V : X — [1, 00), such that { V' (z)7(dz) < o0, and

B = 0] — he)r(de)| v(x)
1 h<vi—0, supE, .
ti sup { e < vi=o spr T <o

EC.1.2. Regularity conditions

ASSUMPTION EC.1. (i) © is an open set containing 0, such that for a given 0 € O, E[e‘gTYl\Xo =
x, X1 =1a'|<ooforall z,x’ € X.

(ii) H is an open set containing 0, such that for a given ne H, E,[e*®X1M] < o forall z € X.

(iii) When X is general (unbounded) state space, for all (0,n) lying in a compact set, the functions
U(z,x',0),k(x,2',n),¢(x,n) and their partial derivatives %’(m ' 6) (x x',\n), ?ﬁ( n) all have
linear growth in x,x'. There exist positive constant L,Cy > 0 such that for any { < L, E, [ E‘Xl‘] <

eCot0+1eD) for any x € X, and E, [e“XO‘] < 0.
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Assumption EC.1 (7) and (i) are necessary to guarantee the existence of two “cumulant generating func-
tions” and hence necessary for the feasibility of the exponential tilting. This assumption is common in expo-
nential tilting literature. The condition (47) is the growth and moment condition needed for (unbounded)
general state Markov chain to guarantee the finiteness of quantities in our methods.

Next, we state two assumptions commonly imposed in the Markov random walk literature.

ASSUMPTION EC.2. The underlying Markov chain {X,,n = 0} is aperiodic, irreducible and Harris
recurrent (i.e., (EC.1) holds).

Assumption EC.2 is a standard assumption of the underlying Markov chain {X,,,n > 0}, cf. Ney and
Nummelin (1987), which also guarantees the existence of the stationary probability measure 7. The Harris

recurrent condition is defined in Section EC.1.1 (cf. Meyn and Tweedie 2012).

ASSUMPTION EC.3. When the additive part does not degenerate, i.e., Y,,| X, _1,X,, is not determinis-

tic, there exists a measurable function h : X — R and a probability measure 1 on X x R? such that
§axpp(@,da’)p(ylz,2")dy = h(z)u(A x B).

Assumption EC.3 is often called “minorization condition” (see, e.g., Ney and Nummelin 1987). It is a
common assumption in the study of Markov random walk, and together with Assumption EC.1(7) implies
that {(X,,,S,),n = 0} is Harris recurrent and admits a regenerative scheme. More discussions on this
assumption can be found in E-Companion EC.1.1. The validity of Assumption EC.3 may affect the theoret-
ical properties of the algorithms but not the implementation of algorithms.

The next assumption is necessary for all LD-based importance sampling methods that require the exis-

tence of the eigenvalue and eigenfunction.

ASSUMPTION EC.4. The solution to eigenvalue-eigenfunction problem (4) exists. Moreover, the positive

eigenfunction r(x, «) is finite and analytical.

There are sufficient conditions to ensure Assumption EC.4; see, e.g., (EC.2) in E-Companion EC.1.1,
under which, Theorem 4.1 and Lemma 4.5 in Ney and Nummelin (1987) show that the eigenvalue-
eigenfunction problem (4) has a simple maximum eigenvalue whose eigenfunction is positive, finite, and
analytical for x in a “full” set of X'. Sufficient conditions to extend the existence to all z € X" are given in
Chan and Lai (2003). However, we choose to directly state it as an assumption because finding eigenval-
ues and eigenfunctions is not required to implement our algorithm, and we only need this assumption to

establish the linkage to existing LD-based, exponential tilting methods.
ASSUMPTION EC.5. The solution to the Poisson equation (14) exists.

Assumption EC.5 is required to establish the optimal link function in Theorem 2. A sufficient condition

for Assumption EC.5 is Assumption EC.2 and that the Markov chain {X,,,n > 0} is V-uniformly ergodic
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(to be defined in Section EC.1.1), cf. Theorem 17.2 in Meyn and Tweedie (2012). For the examples we
considered, either one can always find an explicit solution to the Poisson equation (14), or we do not
need to solve (14). Typically, Assumption EC.5 is a weaker condition than Assumption EC.4, as will be

demonstrated in Lemma 3.

ASSUMPTION EC.6. The eigenfunction in (4) satisfies limsup, oE,[r(Xo,a)?] < oo and

liminf, ,¢infcy r(x, ) > 0.

Assumption EC.6 is required in Theorem 3 to show the proposed importance sampling method has loga-
rithmic efficiency under asymptotic normal regimes. Commonly used sufficient conditions for Assumption
EC.6 can be found, e.g., in Collamore (2002, Remark 2.3) and Chan and Lai (2003, Example 1). Note that

Assumption EC.6 is mild because only the behavior at the neighborhood of e = 0 is needed.

EC.2. Optimal Tilting (but not practical) under Exponential Martingale for
Diffusion Processes

Consider the stochastic model dX; = b(X;)dt + o(X;)dW,;, X, = zy, and we want to estimate

E,,[F(Xr)]. Let f(t,x) = E[F(Xr)|X: = x|, which satisfies a partial differential equation (PDE) by the

well-celebrated Feynman-Kac formula:

%4—1) (x )£+7trace(aa a—”];) 0, f(T,z)=F(x).

We introduce the exponential martingale defined as dL; = LtUtT dW;, Lo = 1, where U, determines the
associated change of measure, defined as %| 7p = Lp. U, will be treated as a control variable. Under Q,
wWe=w, - S(t] U,ds is the standard Brownian motion, and dX, = [b(X,) + o(X,)U,]dt + o(X,)dW2.
Then E, [F(X7)] = EZ [F(Xr)z-] Applying Itd’s lemma to f(t, X;) -, we obtain

T T
F(XT)LlT—f(XO) Lth[Z:J; (t, X,)o (X)) — FUT]AWE.

If we do importance sampling under ), the variance of the estimator becomes

1 | 0
Var‘go (F(XT)L—T) :EmO[L L%|0T(Xt)a£(t,Xt) — fU?dt].

Hence the optimal control has the form of U™ (t,2) = : o (x)%(t, z), is a function of time ¢ and state
,x) ox
x only. For our approximation, we only consider it as a function of z that lies in a linear space spanned by
some basis function of z.
On the other hand, for a stopping-time event associated with a first passage time 7+ = inf{t >0: X, ¢ I'}

for some region I', the value function becomes independent of ¢, i.e., f(x) = E[F(X,.)| X, = x], satistying

2
b (x )%+§trace(aa a—J;) 0,Vxel, f(z)=F(x),Vredl,
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where 01" stands for the boundary of the region I'. The rest of the derivation is similar.

Recall in Section 4.2, the optimal g* actually depends on the value function of the event of interest, i.e.,

flt,x) =E[F(X,)|X; = x]. In particular, g*(t,z) = f(tlw) %(t’ x). Hence, the proposed approximation of

the tilting family B(z)n can also be viewed as an approximation to (tlx) o L(t,x).

Given this approximation, an unbiased estimator is given by

EL" {F(XT) exp { Z —n" BT (X, ) Xs+n"BT(X;_1) (Xio1 +b(Xi1) At)

i=1

1
+ §At77TBT(XZ-,1)O‘UT (Xll)B(le)T]}] .
The resulting tilting parameter 7 is chosen to minimize

B2y P20 exp ] 3T BT (6o X4 BT (X0m) (Xt +0(X0m0) A1)

i=1

+ ;AtUTBT(X¢—1)UUT(Xi—1)B(Xi—l)n}] :

EC.2.1. Conventional Small-Noise Regime and Subsolutions to a Stochastic Control
Problem

The conventional regime to study the large deviation in diffusion processes is to scale “dW,” by
“y/edW,”, and to consider the SDE: d X, = b(X,)dt + +/ec(X;)dW,. Suppose that we want to estimate
elogE,, [exp{*log F(Xr)}] and define f(t, ) = E[exp{Zlog F(Xr)}|X; = x], which satisfies

2
of +b" of + = trace(UUT%)

L@ =0, J(T,) = exp{ - log F(z)}.

Then by introducing ¢(t,z) = elog f (¢, z), we can derive that g satisfies

ag

2
2 +b"(x )ﬁg + 1(09) JaTa—g + ftrace(aaT(x)Q) =0, g(T,x) = F(x).

or 2 0x or o0x?
Its leading order is a first-order nonlinear PDE:

ou +o0u 1 0u ou
—+b

N (z)" 8x+2(é’x) oo’ (z )(9:1: 0, u(T,z) = F(x). (EC.3)

Hence, u ~ g. From the conclusion in the optimal change-of-measure, the optimal control in this case should

be
Ve of _LO_Txig l‘%ia x&u .
f(taw)a M )&U(t x)_\@ ( )ﬁx(t7 ) Ve N )ax(t )-

The existing theory on the subsolution approach to the importance sampling for diffusion processes (e.g.,

U*(t,x) =

Fouque and Tullie 2002, Dupuis et al. 2012) assert that it suffices to find a subsolution to (EC.3) (still

denoted as u(t,z)) and the above approximation would yield efficient importance sampling estimators.
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Similarly, for a stopping-time event associated with a first passage time 7 = inf{t > 0: X, ¢ I'} for some

region I', the value function becomes independent of ¢, i.e., f(z) = E[exp{ F(X,.)}| X, = z], satisfying

of L O%f 1
b (z )a—x+7trace(ao 87) 0,Vzel, f(x )—exp{gF(x)},VxeéI‘.
Following the similar derivation, we obtain a first-order PDE:
ou 1 0u ou
Ti —_— = F = F F. E .4
b(x) 8x+2(8 )Too <$)6x 0,Vzel, u(zx) (x),Vzed (EC.4)

EC.2.2. Proposed Link Function in SIRD Model

Recall that in Section 4.2, for general diffusion models (without requiring small-noise regime), we suggest
the link function that equivalently approximates the tilting family by U*(¢,z) ~ o " (x) B(x)n. This seems
to imply we choose 2“(t, ) = B(z)n. Then a natural question is, is it a natural subsolution to (EC.3) or
(EC.4)?

In the SIRD model in Section 6.1, for simplicity, we denote ¥(z) = 0o ' (), and it is straightforward to
verify that 3X(X,) is strictly positive definite with probability one. We use the form B(z) = X! (z) M (z),
where M (x) € R3*5, In particular, we notice that there exists a 79 = (o, @, 3,7, 3) " such that M (x)n, =
b(x).

We plug-in the form $(¢,2) = B(z)n to PDE (EC.4), and obtain

@75+ %(Zi;)
When 7 = ény with § € R, we have b(z) " 2% + 1(2%) Too " (2) 4 = 6(1 + 30)ng M (x) TS~ (2) M ()10
Moreover, for SIRD model, the stopping time is the exit time to the region I' = {(S,I,R) e R : I < ¢},

T (@) 9 =g M) S @) M @)y + g M(@) 57 (@) M (@),

and the boundary condition is F'(x) = 1{sy=c}» Where x, stands for the second entry of the vector x =
(S,1,R). It is possible to construct a subsolution that satisfies 2“(¢,2) = B(x)n for a certain 7. Since the

importance sampling method only requires £ (t x), we do not give the construction for u.

EC.3. Notions of Logarithmic Efficiency

Conventionally, in the study of rare event simulation, the properties of bounded relative error and logarith-
mic efficiency are often used as criteria. More specifically, let {A(«)} be a sequence of events of interest,
indexed by o € R, or av € N, assume that z(a) = P (A(a)) — 0 as a — 0, and for each « let Z(«) be an
unbiased estimator for z(a), i.e., E[Z(a)] = z(a).
A sequence of estimators {Z(c)} is called to have logarithmic efficiency if
. Var <Z (a))
P e

for all € > 0. See Asmussen and Glynn (2007, Chapter 6) for more introduction to these concepts.

(EC.5)

Note that, we often call the event “rare”, because we implicitly consider the limiting behavior of a
sequence of events, whose probabilities tend to zero. Only when z(a) — 0, the notion of the logarithmic

efficiency makes sense.
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EC.3.1. Motivation for Definition under the Asymptotic Normal Regime

Fixed-time events. We consider the simulation of the probability of a fixed-time event in the form of
{S, > ¢, }. Under the large-deviation regime, the sequence of events of interests typically have the form of
A(n,0) = {22 — ;s> ¢}, indexed by n. Under the original probability P, 2= — 1, — 0 almost surely. Hence
z(n,l) =P (A(n,f)) — 0, as n — oo for any fixed ¢. Therefore, it naturally fits in the framework of rare
event simulation. In contrast, under the asymptotic normal regime (see Definition 2), the sequence of events
of interests have the form of A(n,/) = {\ﬁ 2o — ;) > ¢}, indexed by n. Under the original probability
P, /2 (22 — p) — N(0,1) in distribution for some o > 0. Therefore, z(n,£) = P (A(n,{)) — ®(—() €
(0,1), where ®(-) is the cumulative distribution function of a standard normal distribution. In other words,
events under the asymptotic normal regime do not directly fit into the conventional framework of rare event
simulation because the limiting probability is not zero. Consequently, the concept of bounded relative error
and logarithmic efficiency are not discussed in the literature of moderate-deviation simulation, e.g., Fuh and
Hu (2004).

The above discussion motivates us to redefine bounded relative error and logarithmic efficiency in simu-
lation under the asymptotic normal regime by letting £ — oo (after first taking limit n — c0) to have a truly
rare event. More precisely, a family of estimators {Z(n, £)} is called to have logarithmic efficiency if

Var ( Z(n, E))
limsup ———— =0,
t—0,n—0,0/yn—0 (P(—F))
forall e > 0.

First-passage-time events. Finally, we examine the simulation of the probability of another typical event

involving the first-passage time in the form of {7, < T'}. In particular, under the asymptotic normal regime,

NG
w>0,b>0.Itis well known that z(b,¢) = P(A(b,£)) — ®(¢) as b — oo for any given /, e.g., see Fuh

the sequence of events of interests have the form of A(b,¢) = {7, < l’:—;ﬁ + %} ={ < ¢}, with

(2004). In this case, we are motivated to call a family of estimators {Z (b, £)} to have logarithmic efficiency
if )
Var <Z(b, €)>
lim sup —————= =0,
£——00,b—00,0/v/b—0 ((I)(E))
forall e > 0.

EC.3.2. Recovering Large Deviation Regime

Fixed-time events. We consider the following limiting regime: n — o0, ¢ — 00, ¢/+/n — ¢ > 0 for the fixed-
time events. Under these regimes, we say a family of estimators {Z (n,£)} has logarithmic efficiency if
Var (Z (n, E))

lim sup ———— =0, (EC.6)
£—00,n—00,4/1/n—c (Z(n,f))Q
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for all € > 0.
First-passage-time events. We consider the following limiting regime: b — 00,/ — —00,£/v/b — ¢ < 0
for the first-passage-time events. Under these regimes, we say a family of estimators {Z (b, ¢)} has logarith-

mic efficiency if
Var (Z (b, E))
limsup ——— =0, (EC.7)
Eafm%baoo,é/\/gac (Z(b7£)>2
for all € > 0.
Under stronger conditions, we can show that the importance sampling estimator proposed in Theorem 2

has logarithmic efficiency in the above limiting regime. For simplicity, we make the following assumption.

ASSUMPTION EC.7. There exists k€ N, Cy > C; > 0, and a probability measure ;1 on X x R? such that
Cip(Ax B) <, pp(x,dz’)p(yle,2’)dy < Cou(A x B).

Note that Assumption EC.7 is called the uniform recurrent conditions, which imply Assumptions EC.3 to
EC.6. The reason why we need a uniform condition because the limiting point of the ratio £/+/n (or £//b)
could lie anywhere, and we still need to guarantee that the eigenfunction at this point is bounded from both

below and above.

THEOREM EC.1. Suppose Assumptions EC.1, EC.2 and EC.7 hold. Then the importance sampling esti-
mator proposed in Theorem 2 has logarithmic efficiency in the sense of (EC.6) and (EC.7).

EC.4. Calculation Details Related to the Tilting Probabilities in the Examples
EC.4.1. Heston Model

2 —KkAt —KkAt
. .. 1— K . . .
For simplicity, we denote C' = Z ( 42 ), c= Uﬁfie_ﬂ a7y and d = 4:—2“ in this subsection. Then

th+1 |th ~ CX3 (Cth) :

We choose the link function as k(z,2’,n) = na’, and then the resulting tilting probability is

dPy ,
df; L= eXp{&mk,-{-l + 77th+1 - ¢(tha77) - w(thathﬁ_pg)}v
where
cCnx d
=——— ——log(1l—-2
¢la,n) = 1— nC 2 og(1—2nC),

Y(x,x',0) = ([,u — %x - gm(a —x)|At + g(x/ - x)) 0+ %x(l — p*)Ath?

are two cumulant functions. More precisely, under the proposed sampling distribution Py ,,, the transition

probability and conditional distribution are given by

d 1 cX,,
Xty | Xy, ~ CGamma(;, - —nC, ﬁ

22 ))
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1 4
}/tk+1|th+l’th NN([,LL_ §th pu (Oé th)]At+ (th+1 th) +6th(].—pQ)At,th(l—pQ)At> y
where we use Gamma(a, 3, 9) to denote a “non-central” Gamma distribution, which has the same distribu-

tion as Gamma(a + N, 3), with N ~ Poisson(2).

EC.4.2. SIRD Model

Recall the notations from the main text Section 6.1. We further use b; to denote b(X;) and similarly to
l;t, o, B;. Moreover, let 2, = O'tO'tT ,and ét =%, ! (l;t —b;) = Byn. Under the alternative measure, the process

is sampled from

a_ S, T aSt, I
S, Sy = — AL /0 0
ay S, I «
e |7 | D+ (B = o0y = 1At [+ VAL S — /BT, —/AT, [
P+l Rfk + By 1, At 0 \/ B, 0
(EC.8)

The likelihood ratio is

dIP’9

T = exp{f, X, — 0/ b, — eT 54,0, =exp{n'B} X, ., —n"B] by, — ﬂyTB 3, Bin}
2

The importance sampling estimator is
Te—1
E* [1{TC<OO} exp{— Z (n"By Xo,,, —n' B by, — ﬂfBT Ethtkn)}]

Then the second moment of the importance sampling estimator is

Te—1

G(n) = Ep[l{fc<00}eXp{ o Z TBT th+1 - TBT btk - 777TB Zthtkn)}]
k=0

The tilting parameter 7 € R is selected by minimizing the above second moment (minimizing the variance)

G (n) of the estimator by stochastic approximation algorithm.

EC.4.3. VAR-GARCH Model
By taking {(y;, Hi4+1),t = 0} as the underlying Markov chain, {(y;, H;11,S:),t = 0} still belongs to the
general Markov random walk framework. The following is the eigenvalue problem which difficult to solve:
T
Ey07H1 [69 ylr(ylv HQ)]
1
= E[eeT("+”y0+H12 D+ pyo + Hl%e, A@Hl%eeTHl% +BOH,)] =7 (yy, Hy).

In contrast, the Poisson equation (14) has simpler form: E, p, [Y1] —E.[Y1] = p+ py —E[Y1] = pyo +
p—=E V1] = pyo+p—(I—p)~ 1= pyo—p(I —p)~'pu. The function g(y, H) = C1y with C, = p(I —p)~"

is a solution because

(I =Po)g(y, H) = Cry — Ci(pn+ py) = Cr(I — p)y — Crp = py — p(I — p) "' =E, u[V1] — E-[V1].
(EC.9)
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Therefore, the solution to the Poisson equation (EC.9) for this VAR-GARCH model turns out to be a linear
function of y, the first component of the Markov process (y;, H;,1). Thus, it suffices to use a linear link

function in ¢/, i.e., to take k ((y, H), (', H'),n) =n"y .

EC.5. Verification of Regularity Conditions

We use the same notations as in E-Companion EC.4.

EC.5.1. Heston Model

We first verify Assumption EC.1. (¢) holds because the additive part is conditionally normally distributed
and t(x,2’,0) exists for all 6. (¢i) holds when 7 < 5. (i) holds because v, k, ¢ are all linear functions
of (x,z"). The rest of the assumption in (7i7) also follows from (i¢). Assumption EC.2 holds based on the
properties of the CIR process; see, e.g., Jin et al. 2013. Assumption EC.4 holds because the eigenvalue and
the eigenfunction can be explicitly calculated. Assumption EC.5 holds because of Lemma 3 and Assumption
EC4.

We mimic the argument in Chan and Lai (2003, Example 2) to justify Assumption EC.3 holds. Consider
two compact sets Cx = [¢,1/¢], Cy = [—1/¢,1/e], with 0 < € < 1. Then for any subset By < Cy and
x,2' € Cx, we have

P(Y1eBy|Xy=z,X,=2") = f p(ylz,z")dy = p. meas(By ),
By
where meas(By ) stands for the Lebesgue measure of the set By, and p. = min, yecy yecy p(y|z,2") > 0.
Moreover, denote p, = min, ,ec, p(x,z") > 0, where p(z, 2’) is the density function of X; € dz'| X, = .
Then
P, ((X1,Y1)e Ax B) >J p(z, 2" )P(Y1€ BnCy|Xo=2,X; =2")da’

AnCx

meas(B N Cy) j N

ki it 94 d
meas(Cy)  Juncy LTI

meas(B n Cy) meas(An Cx)
meas(Cly) meas(Cx)

>p,. meas(Cy)

>1gecyyPepe meas(Cx ) meas(Cy )

Hence Assumption EC.3 holds with h(z) = Lizecy}pepe meas(Cx)meas(Cy), and p(A x B) =

meas(BnCy ) meas(AnCx)
meas(Cy ) meas(Cx)

Finally, let us verify Assumption EC.6. By the proof of Corollary 1, we know for this affine model, the
eigenfunction has the form of r(z,6) = e*(®)* where A(f) is the solution to an algebraic equation

cC(20+ A) [(_14_&
1-20(20+ A) 2 o

YOAL + %(1 —)e2at="Lo+ A
g

When 6 = 0, the above equation reduces to 2CA? + (¢cC' — 1)A = 0, where ¢C = e "' < 1 and C > 0.

(Recall that in the simulation, At is a fixed positive number) Hence it has a positive root. It implies that
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when 6 is sufficiently small, we can always find a root A(f) > 0, and hence construct an eigenfunction
r(z,0) =02,
In this example, the initial distribution is a fixed point so limsup,_,E, [r(X,,0)*] =

o2A(0)

limsup,_,, X0 < o0, i.e., the first part in Assumption EC.6 holds. Moreover, since the state space is

X =R, liminf,_¢inf,cxr r(z,0) = liminf,_qinf,>0 eA®* = 1, i.e., the second part in Assumption EC.6

holds.

EC.5.2. SIRD Model

Since the importance sampling for (21) is based on the approximation in Section 4.2, we do not need to

check Assumptions.

EC.5.3. VAR-GARCH Model

We first verify Assumption EC.1. (i) holds because the additive part degenerates to S; = vy,
ie., ¥(y,H,yH',0) = 0"y'. (i4) holds because we have chosen k ((y,H),(y',H'),n) = n'y/, and
Eyy ., [€" 1] = e Gtevortdn Han That is, ¢(y, H,n) = n" (1 + pyo) + T Hyn. (i) holds because

¥, k, ¢ all are linear function in (y, H,y', H'). Moreover, consider ¢,/ > 0, we have

.
E o, ar, [ 2] Sexp{ by (|l + [pllyol) + Co(IW] + B © Hi|)}Ex, waro,my [t 21 4511 ] < o0

as long as ¢y, ¢, are sufficiently small. When the above is finite, its logarithm has linear growth in y,, Hy, and
£1,¢5. Assumption EC.2 holds based on the properties of VAR-GARCH model (under suitable assumptions
on the coefficients p, A, B), e.g., see Meitz and Saikkonen (2008). Assumption EC.3 holds naturally since
the additive part degenerates.

Assumption EC.5 holds since we already find the solution to (14) for this model in (EC.9) explicitly.

EC.6. Two Additional Examples

We present two additional examples where the Poisson equation has an analytical solution. The first is
an affine process in an autoregressive model. The second one is a finite-state-space-affine process in a
Markov switching model. It is difficult to find the eigenfunctions for the second example; thus, the LD-based

simulation method cannot be applied easily.

EXAMPLE EC.1. Consider a discrete-time affine model as described in Le et al. (2010). {X; e R, ¢ > 0} is

the underlying Markov process whose transition probability satisfies
X 1 2,2
logE[e" 41| X, ] = (a4 BX)n + §(L +vX)oon®,
and the additive part {Y; € R, ¢ > 1} satisfies

1
10gE[€9Yt+l |Xt,Xt+1] = (CLlXt + agXt+1 + &3)0 + i(let + bQXt+1 + b3)20‘502.
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Then (X, S;) is affine, with ¢ (z,2’,0) = (a1 + axx’ +a3)0 + wai, (x,m) = (a+ Bx)n+

2
%ai. Suppose X; admits a stationary distribution 7, then under the stationary distribution, we have

E,[X:] = a + BE,[X,]. Hence E,[X,] = ﬁ In addition, E.[Y)] = a1E,[Xo] + aE.[X1] + a3 =

a(ai+as)
13 + as.

Consider the Poisson equation

9(x) = Ex[g(X1)] = Eo[V1] = Ex[Y3],

where E, [Y1] - E-[V1] = a12 + a:E.[ X, ] - 7(1(?_1;;2) = (a1 +azf)r — 7a(ai;26)-

We notice that the solution to the Poisson equation is also a linear function in the form of g(z) = Ax.
Given this form, g(z) — E,[g(X,)] = Az — A(a + ) = A(1 — B)x — Aa. Therefore, A = %
On the other hand, consider the eigenvalue problem:

E,[efV1r(X,)] = 2 Or(z).

We notice that one eigenfunction is given by e® with eigenvalue e*(), where A depends on 6 and solves a
quadratic function:

b,0%c02 b.0%0;

by0%c?
5 BA+ e+ — cilhg”

2
V0%

A=a19+ 9

)+ (A+ a0+

)%,

b3920'2 by 0205

7+ a(A+af + —; )+§(A+a20+

2 2
bo 6 oy )2
5 .

and A(0) = a30 +

This is because

20%(byx + by X, + b
Ex[eeylr(Xl)] =E, [exp {AX1+(9(CL1JI+CL2X1+&3)—|— Ty ( 1T 241 3)}]

2

202 202p o202
=E, [exp {(A + fas + in b2)X1}] pl0a1+ L)z tbag+ T2

292
o262%h 2 A+0 _|_"y0 b2y2
:exp{(A+9a2+ y2 2)(044—590)4-%( a; 2 )(L-l-’yx)
202D 20%p
+(0a1+0y2 1):17+l9a3+0y 3}

2p2
0262%b 026%b 02(A + fay + 2022
=exp o | far + =5 L B(A+fay+ 2y 4 ) «{ 22 7) x
202 202 2 a56%b2 1o
26%b3 0,0%by 102 (A+bay + 25—)

+ a(A+0Oay +

)+

9 Y
X exp asz + 5 5

—MO+ AT

EXAMPLE EC.2. Consider a general regime-switching AR (1) model:

Yier = w(Xep1) + B(Xes1)Ye + 0(Xig1) €41,
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where X, is an aperiodic, irreducible and positive recurrent Markov chain on a finite state space with
transition matrix P € R™*™ and stationary distribution 7, that is 7] P = 7. We use P|[z,] to denote the
x-th row in the transition matrix (which is a row vector). In addition, ¢;,; ~ A(0, 1) and is independent of
other variables. Moreover, we denote y, 3,02 by column vectors formed by arranging u(X), 8(X),0%(X)
accordingly.

First, under the joint stationary distribution 7, E,[Y;,,] = ] + 7} BE.[Yi,1]. Hence the stationary

N
mean for Y is B [Y1] = 75—,

Consider the Poisson equation
9(@,y) = Eoy[9(X1,Y1)] = B o [V1] — Er[Y1],

where E, ,[V1] — E.[Y1] = Plx,](pn + By) — =24, where P|[z,] denotes the z-th row of the transition

17w;B’

matrix.

We notice that the solution to the Poisson equation has the form of g(x,y) = g(z) + A(x)y, where as
a vector, A satisfies A — Pdiag{8}A = PJ3, and g satisfies g — Pg = Pu — 17_“;#5 + Pdiag{u}A. In
particular, when (3 is a constant that does not depend on X, then we can verify that A = (%, s %)T is

the solution, in which case A is also a constant that does not depend on X.

On the other hand, consider the eigenvalue problem:
E,,[e™r(X1,Y1)] = " @r(z,y).

When S is a constant that does not depend on X, we realize that the eigenfunction takes the form of

0p
r(x,y) = 7(x)eT7Y, and e*? is the largest eigenvalue associated with the matrix Pdiag{exp{ﬁ,u +

1_0?
2 (1-5)2

eigenvalue problem cannot be easily solved.

o?}}, and as a vector, 7 is the corresponding eigenvector. However, when £ is not a constant, the

EC.7. The Example in Djehiche et al. (2022)

We review the problem studied in Djehiche et al. (2022) as follows. We modified their notations and illus-
trate how this problem can be embedded into our framework, and contrast our approaches through the lens
of the link functions under our framework.

The original problem in Djehiche et al. (2022) concerns a (scaled by an index n) continuous-time d-
dimensional pure jump process X; € R, with X, = 0. The jump size takes values in { ey, - - -, Le,}, where
e; =(0,---,0,1,0,---,0)T, with only the j-th entry being 1 while others being 0; each has intensity that
is proportional to \;(X;) := a;(w; — Xt,j)ebztl”i:lxtwf, j=1,---,d. The total jump intensity is R(X;) :=
nebTi=1 Xt ijl a;(w; — X, ;). The event of interest is Po(7, < T'), where 7, = inf{t > 0: Z(;:l X ;= 2z},

with Z?zl w; =1and z€ (0,1).
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Djehiche et al. (2022) find the asymptotically optimal importance sampling estimator based on the sub-

solution and LD principle when the model is homogeneous with a; = - - - = a4 = a*. In particular, Djehiche
et al. (2022) suggest sampling under the distribution with \;(x) = \;(x) (1 + —sa >, and
a*(1-%d_, wp)e’ Hi=17¢

R(z) := R(x) (1 + e ;)ebﬁ:l =) for some ¢ € R that is determined by numerically solving a cer-
tain equation. When the model is inhomogeneous, Djehiche et al. (2022) still suggest the same form of the
sampling distribution by defining a* = max; <,<4{a,}, but there is no theoretical guarantee for such choices
under the inhomogeneous model.

This continuous-time problem can be equivalently embedded into a discrete-time Markov random walk

under our framework as follows. With abuse of notation, we denote X; € R? with X, = 0 as a discrete-time
Aj(z)

AREVIC))

variables Yy, -+ ,Y;, .-+, such that Y; 1| X; .1 = 2/, X; =  ~ Exp(R(x)), i.e., an exponential distribution

with intensity R(x). We define S,, = >, | Y;, then {(X;, S;),i = 0} forms a Markov random walk. Fur-

thermore, denote N = [nz], and we know Zj:1 Xyo1; ="t <zand Zj:1 Xy, = >z Thatis, X;

Markov chain, where P(X;,; =z + %ej | X, =) = . Moreover, we define a sequence of random

takes IV steps to exceed the desired threshold. Therefore, the event of interest is equivalent to Po(Sy < T).
Since Y; are all positive random variables, the event of interest can also be written as Py(tr > N), where
v =inf{i >0:5;, >T}.

Under our framework, we consider the duo-exponential family for the Markov random walk {(X;, S;),7 >

0} through a link function k(x,z’,7). That is, the sampling transition distribution of {(X;, S;),i > 0} is

Pgm(m’,s’|x,s) _ e@(s’—s)+k(x,x’,n)—w(;c,0)—¢($,n)P($/’8/|:L_’s)’

(z,z+le 1)
Y(z,0) _ R(x) #(z,m) _ d )\j(I)ek n ¢j
where e Fiw) g and e -1 S VT
This implies that under Py, Yi41]X;41 = 2/, X; = & ~ Exp(R(2) — 0), and Py, (Xi41 = ¢ + 2¢;| X, =
T) = 6}“(””’”%6“’7)7“5(’””)ZEIA]%%OCG’C(W”%GM))\]- (x). As a special case, when d = 1, the underlying
=1
Markov chain {X;,7 > 0} becomes a deterministic process X,, = %, thus, the link function becomes unnec-

essary.

Note that the suggested change-of-measure by Djehiche et al. (2022) is to multiply R(z) and every \;(z)
by the same function of z. Hence, the transition probability of { X;,7 > 0} is unchanged. Moreover, we note
that R(z) = R(x) + nc under a homogeneous model. This is equivalent to our duo-exponential family with
0 = —nc and k(x,2’,n) = 0, a trivial link function. Moreover, searching over c is equivalent to searching
over 6 while fixing the trivial link function.

In general, our approach allows us specifying a suitable link function, and we have several options. (1)
Using a trivial link function, then our tilting family includes the one suggested by Djehiche et al. (2022)
as a special case, and hence, optimizing over the unique tilting parameter ¢ should lead to superior finite-

sample performance than the method by Djehiche et al. (2022) (if the computational cost and error of
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the optimization stage are ignored). (2) Choosing the link function based on our Theorem 2 by solving a
Poisson equation. Note that in this case, since X; can only take finitely many values (at the grid points
that are multipliers of % in each dimension), the Poisson equation and the eigenvalue problem is associated
with a finite-dimensional matrix, but the dimension of this matrix grows as fast as O ((nz)d). Hence, it is
computationally difficult to implement this procedure. (3) Other heuristic choices that do not require huge
computational cost but may not have theoretical guarantee.

We implement the method in Djehiche et al. (2022) and ours based on a trivial link function, and the
results are presented in Table EC.1. We can see that with an optimization stage to search for the optimal
tilting parameters, our approach can slightly improve the variance reduction of the method in Djehiche et al.
(2022), and the overall efficiency is close. It suggests that a trivial link function can already induce compa-
rable performance to a sophisticated method while the potential computational costs can be tremendous if

a link function is involved.

Table EC.1  Numerical results of different methods. Estimation of Po(¢7 > N), where N = [nz], and
vr =inf{i >0:S; > T}. {(Xi,Si),i > 0} forms a Markov random walk with P(Xi11 =2 + L¢;|X; =) = ZdAj(;\EZ( 3
=1 "MT
Sm =", Yi, where Y1,---,Y;, -, such that Y 41| Xi11 = 2/, Xs =z ~ Exp(R(x)). Here,

A (Xy) :=aj(w; — Xt,j)ebm:l Xt j=1,---,d, and total jump intensity is R(X;) := nebZi=1Xe.; Zj;l a;(w; — Xt ;). In

the simulation, d = 2, n =125, T =5, b= 5, and a; = 0.01 and w; = 1/d for j = 1, 2. For each column, the sample size is
108,10°%,106, 107, respectively.

z 0.1 0.125 0.15 0.175
Plain MC mean 7.46E-02 1.36E-02 1.93E-03 2.18E-04
standard deviation 2.63E-04 1.16E-04 4.39E-05 4.67E-06
elapsed time 13.43 14.13 14.73 124.42
Djehiche et al. (2022) sd reduction ratio 2.35 4.07 7.97 16.04
time ratio 1.44 1.36 1.47 1.91
efficiency ratio 1.96 3.49 6.58 11.61
This paper sd reduction ratio 2.38 4.14 8.01 18.06
(trivial link function) time ratio 1.51 1.41 1.49 2.04
efficiency ratio 1.93 3.48 6.56 12.63
stage-1 time proportion  0.12 0.16 0.09 0.07

EC.8. Optimizing Tilting Parameters via the Cross-Entropy Method

In the main text Section 3.2, we suggest a two-stage algorithm for duo-exponential tilting importance sam-
pling. The first stage is a “trial simulation” used to search for the optimal tilting parameters given a suitably
chosen link function. We suggest using the stochastic gradient descent algorithm or other stochastic opti-
mization algorithms to minimize the second moment of the importance sampling estimator G(6,7) in (10),
which effectively minimizes the variance of the importance sampling estimator. We describe the details for
incorporating the cross-entropy (CE) method by Rubinstein and Kroese (2004) into our duo-exponential

tilting framework in this part.



e-companion to Fuh, Jia, and Kou: Importance Sampling with Markov Random Walks ecl5

In short, the CE method aims to find the tilting distribution within the proposed fam-
ily that is closest (in the sense of Kullback-Leibler distance) to the zero-variance distribu-
tion. For illustrative purpose, we consider the fixed-time event where 7 is a deterministic
time. Then the density function of the zero-variance distribution is ¢*(Xy,---,X,, Yy, --,Y,) =
SF(S)v(Xo)p(Xo, X1) -+ p(Xr 21, X )p(Y1]| Xo, X1), -+ - p(Y7| X 21, X;), where C = E, [F(S;)] is an

unknown constant. The CE method minimizes

fg%}ljg*(l’o, sy Lry Y1yt ,yT)logg*(xo,- LYty 7y7')d'r0:7'dy1:7'

- Jlog [exp {Z HT%‘ + k;('riflaxivn) - w(xiflaxive) - ¢($z1777)}
1=1
V(xo)p(xmxl) o 'p(x‘r—l?xT)p(yl‘anxl)? o 'p(yT’xT—l7xT>:|g* (x07 Ty Y, ayT)de:Tdyl:‘r'

The objective function reduces to

rrelii?xj [2 HTyi + k(wi_l,xi,n) — ¢($i—1,xia 9) - ¢(1’i—1,77) F(ST)

i=1

V(ﬂfo)p(l’m »’51) e 'p(fcr—h 377)/?(?]1 ’«T07 1’1)7 o 'P(y7|$7—1, xT)d‘rO:Tdylz‘r

= n;%X]EV F(ST) Z (GT}/L + k(Xi—la Xi? 77) - w(X’i—la Xi7 0) - ¢(Xi—17 77))]
’ i=1
= n;%X]EV F(ST) <0TST + Z k(Xi—h Xi7 77) - Z w(Xi—h X’i7 0) - Z ¢(Xi—17 77)) ]
' i=1 i=1 i=1
=:max H (6,n).
0,m

Therefore, to incorporate the CE method into our duo-exponential tilting framework, it suffices to replace
ming ,, G(6,n) in the first stage in Algorithm 1 by max, ,, H (6, n). Moreover, when solving this optimization

problem, one may use a previously obtained tilting parameter to perform importance sampling, that is,

H(0,n) =E,

=1

P(s,) (eTsT # YR Xom) = Y (X1, X0) - 3 ¢<Xi1,n>>]

_E, [F(ST) (915; - Z k(X 1, Xi,m) — Z V(X 1, X;,0) — ZT] (X1, n))

i=1 1=1 i=1

e 07 Sr+E, —k(xi1,Xi,ﬁ)+w(xiI,Xi,é)w(xm,ﬁ)}
Y

where (5, 7) is any tilting parameter, and [P  is the distribution defined in (9). Therefore, one may use the
stochastic gradient algorithm to iteratively find the desired tilting parameter. In particular, our implementa-

tion follows the suggested procedure in De Boer et al. (2005).
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EC.9. Proofs

EC.9.1. Proof of Lemma 1

We provide a detailed argument for interchanging the order between the expectation and differentiation. To

this end, we present the following variant of the dominated convergence theorem:

LEMMA EC.1. Let f,,gn,h, € L' such that g, = 0,h, = 0 almost surely for all n. Suppose f, — f
almost surely, and |f,,| < g, + hy. In addition, we assume g,, — g, in L' and almost surely, and E[h,,] — 0.

Then f,, — f in L'.

Proof. By Fatou’s lemma, E[|f,|] <liminf, . E[|f.|] <E[|gew|] < o0, hence f,, € L.
Note that | f,, — fo| < gn 4y + | foo

0 and obtain

, hence we apply Fatou’s lemma again to g,, + A, + | foo| = | fr — foo| =

E [liTrLILiolc}f(gn +hy + | ool = | fn —fac|)] éligiogle[gn +hy + [ foo] = | fr = fool]-

That is,
E [ g+ o] + liminf b, | < E[g.o] + B[ fo]] — limsupE[| o, = o]

n—0o0

Therefore, limsup,,_, ., E[|f. — f»|] + E[liminf,, . h,] < 0. This proves E[| f,, — f»|] = 0, i.e., fn — fx
in L', |
The following moment estimate is also needed in the proof.
LEMMA EC.2. Under Assumptions EC.1, EC.2, and EC.3, for a fixed n, the following statements hold.
(i) When 0 lies in the interior of © and sufficiently small, E, [eGTS” \Snlq] < o for any q = 0.
(ii) We denote S,, =>""_| | X|. For any ¢ sufficiently small and any q > 0, E, [e/5"S9] < c0.
(iii) When 0 lies in the interior of © and 0, n sufficiently small, E, [e‘)TS"”g" <|Sn\q + gﬁ)] < oo for any
p,q=0.

Proof.

(i) When the additive part does not degenerate, by Proposition 1(i) in Fuh (2004), under Assump-
tions EC.1 and EC.3, and when 6 is sufficiently small, E, [¢//l*"] < oo. Hence P,(|S,| > ¢) <
E, [e?15n!] e=1°l_Then for any ¢ > 0,

w o
E, [|S.]7] —L gt7'P, (1S, | > t)dt < qE,, [emsn]L =1t < o,
Since 4 lies in the interior of ©, there exists v > 1 such that v8 € © and E,, [e”'e”sn‘] < 0. By Holder’s
inequality,
E, [¢515,17| < (B, [5]) " (B, [|5,17]) " < o

where%—i—%:l.

When the additive part degenerates, it reduces to (i7).
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(ii)) We only need to prove the case when X is unbounded. When ¢/ < ———L—— by Assumption

1+Co++Cf”
EC.1(iii), we have

B, [e] =5, e, [enn

& n
]:n—1” < %R, [eesn,ﬁ(ucomxn,l\] <..-<¢“E, [eZ(I+CO+...+CO)|XO\] 7

for some finite constant C'. Hence E, [eegn] < oo for any ¢ sufficiently small. Moreover, for any g > 0,
for the same reason, E[S¢] < co. Finally, E, [¢/» 5] < oo follows by Holder’s inequality.

(iii) The conclusion follows from (i) and (ii) by Holder’s inequality.

Fixed-time events We first consider the case of a finite-state Markov random walk.

G(@, 77) _ Ey[ﬂ{s >c}6—08n+2?:1 _k(Xifleivn)+7/’(Xi71-,Xiv‘9)+¢(Xifl»77)].

Fix a sufficiently small § > 0, such that {(¢',7") : |0’ — 0| + |’ —n| < 20} < © x H. Because X; only takes

finite many values, we denote

0 0 0
Cs= sup —(z, 2,0 v  sup —k(z,2",n')|v  sup —¢(z, 2’1
z,r’,|9’—9|<6’89 ( Y )‘ r,x’,\n’—n\<5‘an ( T )’ z,m’,\n’—n|<5|an ( T )’
v osup |z, 0" v sup  |k(z,2',n)| v osup  |o(x, 2’ n)].
z,x’ |0’ —0|<§ z,z’,|n —n|<d z,z’,|n’'—n|<d
We have

n

Z *k(XiflyXian + An) + k(XzthM?) + T/)(Xi—lan@ + AG) + ¢(Xi71777 + Aﬁ)

i=1

- 1/1(X1>17Xi,9) - ¢(Xi1777)‘
<nC5(2|An| + |A6)).

We consider the case where |Af] v |An| < 4n105 A 6. The difference has an estimate:

’]l{s - }e—(9+A9)Sn+Z?:1 —k( X1, X+ AN+ (X5 1,X;,0+A80)+o(X;_1,m+An)
n>C

o H{S >c}e*9TSn+Z?:1 —k(X;—1,Xm)+Y(X—1,X5,0)+o(X;-1,m)
n

— "o —k(X—1,X; X;_-1,X;,0 X;_
<1{5n>0}€ 93”"‘27,:1 ( i—1s 177])+w( i—1+,%4, )+¢( i 1777)

% { ‘e_AQSn _ 1‘ 62?21 —k(Xi—1, X m+An) +k(X; 1, X5,m) + (X1, X5,0+A0) +(X; _1,m+An)—h(X;—1,X4,0)—d(X;_1,m)

+ ‘62?21 —k(X; 1, X+ An) +h(X; 1, X,m) + (X —1,X5,0 +A0) + (X 1 ,m+An)— (X 1,X;,0)—d(X;—1,m) _ 1} }

<1{5n>c}eoanrSnCé{]]-ﬂAO|Sn|<1}C’A9||Sn| + Lyagsel=1y [e7 2% + 1] + nCC5(2|An| + |A‘9D}

<Ce 5 (1, +1) (|A0] + |An|) + Clyag) s, =1y [e" T2 e~
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Hence

1
- ]l c
[AG]+ |Ag| | 5=

0T S+ —k(X—1, X)) (X 1,X0,0) +H(Xi—1,m)

—(0+A0)Sn+X7 1 —k(Xi—1, X5+ A+ (X1, X5,0+A20)+¢(X;_1,n+An)

—ls,>c€

. C
< Ce % (|8, +1) + @ﬂ{meusnbl} [e=(0+20Sn 4 e=05n] (EC.10)

To analyze (EC.10), we first note that under Assumptions EC.1, EC.2, and EC.3, Lemma EC.2 holds,

then E[e=%" (|S,,| +1)] < 0. Next we need to show that - [1{ag|s, =1} [ T2 + 705 ]] -0

2
as A6 — 0.

Here we have

1
A" [Tgaosa>ye” """ ] <E [Lyaois, 1] Sale™ "] =0
due to E[e=?9"|S,,|] < o0 and the monotone convergence theorem.

The last term requires to estimate the probability P <|S | > A 9|> Under Assumptions EC.1, EC.2, and
EC.3, from the proof of Lemma EC.2, it is known that P <|S | > \MI) ~ e 5 for some K > 0. Then by

the Holder’s inequality,

1 B 1 T \\" 1
ME [H{\Sn\>|T1m}e (9+A9)Sn] <\A0\< <|5 | > ‘A9‘>> (E [e I)(9+A9)Sn]) p’

where % + % = 1. We may pick p > 1 but sufficiently close to 1 such that —p(6 + Af) € © for any |Af| < 6.
Hence \A9|E []]_“Ag‘|Sn|>1}€_(9+Aa)Sn] — (0 as A — 0.

When the state space of the underlying Markov chain is unbounded, we have Assumption EC.1 (ii7) on
the growth condition.

Note that on the event {S }, we have

< FiG, TAGTAD)

- k(Xi—laXian + An) + k(Xi—la Xwn) + w(Xi—hXh 9 + Aa) + ¢(Xi—1777 + An)

- @Z}(XiflyXiv 9) - ¢(Xi—1,77)
<3Cs(n +25,)(|A0] v |An]) < 3nCs(|AG] v |An]) +6C5S,.(|A0] v |An|) <1
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We consider the similar estimate on the difference:

’]1{5 >C}e*(9+A9)Sn+ZL1 —k( X1, X5 m+AN)+Y(X;-1,X;,0+A0)+ (X, —1,m+An)
n

v no_ ) ) ) ) )
_:[]-{Sn>c}e 0 Sn+21:1 k(Xzfl7X1177)+w(X1717X179)+¢(X1717"])

n . . . . .
<1{8n>c}6*93n+2i:1 7k(Xz—17Xz"'7)+'¢’(Xz—1 aXz:0)+¢(Xz—1s77)

% { |€—A05n -1 62?:1 —k(Xi_1, X m+An) +E (X1, X5,m) + (X1, X4,0+A0) +¢(X; 1 ,n+An)—(X;—1,X4,0)—d(X;_1,m)

+ ‘62?:1 —k( X1, X5 m+AN)+E(X;—1,X5,m) (X -1,X5,0+80)+¢(X;—1,m+An) —P(X;—1,X5,0)—d(X;—1,m) _ 1) }

<1{5n>c}€_95”+3"0‘5+60‘5sn{H{AmSn<1}C|A9HSn’ + 11a0)|5,]>1} [C_MS" + 1] }

+ H{Sn>c}e—asn+2?:1 k(X1 X +9 (X1, X3,0)+(Xi—1.m) }3005(71 + 2§n)(|A9| + A7)

<1
'S 21T, (RO F1AT)

_ n _ . . . . .
+ﬂ{sn>c}€ 95n1{5n> . 1| | ‘)}‘621:1 E(Xi—1,X5m+An) +¢(X;_1,X;,0+A0)+6(X;_1,n+An)
24C, ([AO[+1A0])

— izt —R(Xim 1 Xim) (X 1,X3,0)+ $(Xi—1.m)

<Ce=05n+6Cs5n <\Sn\ +8, + 1) (1A0] + |An]) + CLyag)s, =1y [e-CFAD5 4 =050 ] 8Cs5n

~|—C'11{5n> e 05nebC%sSn

%}
2405(\A9|+|An\)
It suffices to show

E [6‘95”6065" (|Sn| + 8, + 1)] <o,
and when |A|,|An| — 0,

1

1
|A9|E [1{|5n|>ﬁ}

—(0+260)Sy | ,—0Sn GCaﬁn] 0 7IE[]1~
7 TR | =0 g T [N st

o—05n eﬁcésn] 0.

The first expectation is finite due to the Holder’s inequality and Lemma EC.2. The second limit holds by

the same argument for the finite state-space case. The last limit holds because

1

- - ~ —08n ,6C55n | < [ )
|A'9|+|A77|E[ﬂ{s">m}e € ]\2405E Lz,

1 }§n6_03"66c‘55”] —0
24Cs(JAO[+]AnD)

by the monotone convergence theorem and the fact |E [S’ne_"sn e8¢ S”] < 0.

First-passage-time events To make the derivation transparent, we first consider the i.i.d. case. Note

that for given i > 0, the second moment has the form
G(0) = E[ﬂ{7b<T}e’(’S*b””w(0)] — E[1{7b<T}efaR(b)yrbw(g)]e,gb,

where R(b) = S, — b is the overshoot.
Define G(6) = E[1(,, <rye O] Tt suffices to show

@(0) = E[(—R() + 70 (0)) Lsyrye” MO0,
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for each 6 such that 6, —6 € ©.
For a given constant C; > 0, we consider d > 0 such that for any 0" € B; (), [(0") —¢(6)| < C1]0" — 0|,

and [y (0')] < Ch[y(0)].

Assume |Af| < 0, and consider the difference

1 - T - T
25 |1, <ye” OTANBOMVO+80) _ g o=0RO) 70|

gmlmﬂ gy O T0) |~ BORD) [0+ 50)-0(O] 1]

<®1 rp<y€ ORDFTVO) {|((=AIRO) _ 1) nolw(6+A0=bO)]| | |grolo(+A—vE)] _ 1|}

1

<120 1y, <rye (ROHTVO) |=A0RD) _ 1] (Crla0 4 |erlv(@+a0)-4(®)] _ 1]}

<Lry<rye OO LG N orpyi<t, morjaoi<iy {R(0)e’ + CCimy }

+ 2 1iry <1 L(A0R®) 51, or 7,0y 20151} ‘e—(0+A9)R(b)+7—bw(0+A9) _1_6—9R(b)+7—b1/;(9)’
<H{Tb<T}€_9R(b)+wa(9) {R(b)6016 + CClTb}
‘6*(9+A9)R(b)+7b7¢(9+A9) +

—OR(b) +7,0(0)|
+ 1 a0R®B)>1, or 7y C1 |A0]> 1} Lz, <7} Y]

e

—(6+A0)R(b) 4 e—GR(b)’

| A9

le

<Ce PO [R(D) + 1] + CLyaorm)|>1, or ryCy |20]>1}

| A0

e~ (0+AOR(D) | ,—OR(D) |
It suffices to prove E [e %) [R(b) 4 1]] < o0, and E | 1ja0r(b)[>1, or ry 12011} -

0 as Af — 0. For the latter, we also need to estimate the probability

P (|AOR(b)| > 1, or 7,C,|AG] > 1)

1 1
—P o
<R(b)> Ad’ or 7, > CﬂAH!)

1 1
<P (R(b) > |AH|> +P (Tb > 01|A9|>
<|Af)? (IE[R(b)2 + 012%2]) )

Next, we consider the case of a finite-state Markov random walk. For given p > 0,

G(9777) — Eu[1{7b<T}€7GST”+ZZEI 7k(Xi—1’Xi7"7)+¢(Xi—1’Xia9)+¢(xi—lv7l)]

=E, []l{Tb<T}e—9R(b)+ZZil —k(X;—1 7Xi»7l)+¢(Xi717Xi79)+¢(Xi71Jl)]e—%'

Fix a sufficiently small § > 0, such that {(¢',7') : |6’ — 0| + |7’ —n| <20} = © x H. Because X; only takes
finite many values, we denote
Cr= swp  |2y(@e,0)v  swp  |ek@ma)lv s g
v o—oj<s 00 sl =<5 O walfy—nl<s O

v osup |z, 2 0)| v sup  |k(z,2',n")| v sup  |o(x, 2’ 1)

@2/ ,[0/—6] <5 @ I/ —n| <8 @2l /| <5
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On the event {7, < T'}, we have

b
Z _k;(Xifleian + An) + k(XiflaXivn) + w(Xithiv 9 + Aa) + ¢(Xi71777 + An)

i=1

— (X1, X;,0) — ¢(Xi—1,m)| < TC5(2|An| + |AG]).

We consider the case where |A0] v |An| < ﬁ A 6. The difference has an estimate:

’ﬂ{ <T}67(0+A0)R(b)+2£1 —k(X;—1,X,m+An)+(X;—1,X;,0+A0)+¢(X;—1,n+An)
b

v oo ) ) ) ) )
_H{Tb<T}e 0 R(b)+2i:1 k(X;—1,X5,m)+9(Xi—1,X,0) +(X;—1,m)

<1{7b<c}6*93(b)+2i21 —k(Xi_1,Xm)+(X-1,X5,0)+0(X;_1,m)

% { |€—A9R(b) _ 1| 62,-21 —k(X;—1,Xim+An) +k(X;—1,X3m) +(X3-1,X:,0+A0) + (X —1,n+An) —p(X;—1,X4,0) —H(X;—1,m)

+ ‘6221 —k(Xi—1, X m+AN) +E(X;—1, X, m) + (X —1,X4,0+A0) + (X —1,n+An) —(X;—1,X;,0)—(X;—1,m) _ 1’ }

<]1m<T}€GR(bHSTC‘s{ﬂ{A0|R<b><1}C|A9|R(b) + Tgaoirms1y [e7 2 + 1]+ TCCs (2| Ay| + !MI)}
<Ce ™" (R(b) + 1) (|A0] + |An]) + CLyasirpys=1y [e”OTANFO) + 70RO

Hence

1 H]]_{ cpye” CHADROIFIIL, —h(Ximy Xitrt M)+ (Xi 1. X6+ A0) +0(Xim1 1+ A7)
[AQ]+ | An| 11

OR(b)+370 ) —k(X;1,X;,m) +9(X—1,X;,0)+$(X;_1,m)

—Lr<me”

~ C
< Ce RO (R(D) +1) + MH{W'R“’N} [e-(OHANRD) 4 e=0RON] (EC.11)

To analyze (EC.11), we first note that under Assumptions EC.1, EC.2, and EC.3, by Lemma 2 in
Fuh (2004), we have sup,., E.R(b) < E.(S{)?/E.S:, which implies that E[e~*F®) (R(b) +1)] < c0.
Next, we will analyze the second term in (EC.11). By Markov inequality, we have ﬁ[?’ <R(b) > ﬁ) <
E.R(b) < oo, via Lemma 2 in Fuh (2004). Applying Holder’s inequality, we have, under Assumptions
EC.1, EC.2, and EC.3, for 6 > 0, A0 > 0, (351 E [1qja0ir(p)>1) [eOTADFO) + e RO ] — 0 as AG — 0.

When the state space of the underlying Markov chain is unbounded, we have Assumption EC.1 (#ii) on
the growth condition.

Q 1
Note that on the event {7, < T, Sy < m}, we have

b

2.

i=1

—k(Xio1, Xi,n+An) + k(X 1, Xiyn) + (X1, Xi, 0+ A0) + ¢(Xi1,m + An)

- w(XiflyXia 9) - ¢(Xz'—1a7l)
<3C5(T +2S57)(JAG] v |An|) < 3TC5(|A0| v |An|) +6CsSr(JA] v |An|) < 1.
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The difference can be bounded by

’]l{ <T}e_(9+A9)R(b)+Z¢El —k(Xi—1, X m+AN) +Y(X;_1,X;,0+A20)+¢(X;—1,n+An)
h

_oT > . . . . .
_H{Tb<T}€ 0 R(b)+zi:1 k(X'L—l7Xzy77)+'¢)(Xz—1:X170)+¢(Xz—1y"7)

b . . . . .
<]]-{Tb<c}e_9R(b)+Zi:1 —k(X;—1, XM+ (X —1,X4,0)+(X;—1,m)

% { ‘e—A9R(b) -1 62121 —k(Xi1, X m+An) +k(X; 1, X5, + (X1, X5,0+A0) + (X _1,m+An)—h(X;—1,X4,0)—d(X;_1,m)

n ‘62221 — B X+ An) AR (X 1, X m) (X1, X0+ A0)+6(Xi_1,m+An) (X 1,X;,0)~$(X;1,m) _ 1‘ }

<1{7b<T}€9R(b)+3TC,s+GC,s§T{]l{|MR(b)<1}|A9|R(b) + 11{\A0|R(b)>1} [eonR(b) + 1] }

_ (X ) . . . ~
+ 1y omye OR(D)+3; 2 —k(Xi—1,Xem) + (X1, X5,0)+6(Xe—1m) }SCC'(;(T—FQST)(\AG\ +|An))

1
Sr<gie;qaerram

R(b)

+ ]l{q—b<T}€_0 1{§T> 21 —k(Xi 1, X+ An)+ (X1, X5,0+A0)+ (X 1,mn+An)

b
1 }‘ezl_l
24Cs(JA6[+]An])

—e i1 k(X1 XM+ (Xi—1,X4,0)+(X5-1,m)

éée_gR(b)+6C‘5§T (gT + R(b) + 1) (|A0| + |A7]|) + é]l{|A0\R(b)>1} [6_(6+A9)R(b) + e—@R(b)] 6605§T
+ éﬂ{3T> efeR(b)thC(;ST.

SN D
24C 5 (JAO[+]An])
It suffices to show

E [efeR(b)+6C5§T (R(b) + S’T + 1>] < 00,

and when |A|,|An| — 0,

1

Nk [0
! _E |15

|AG]+|An| L 157> zacasereaan)

} [6—(0+A9)R(b) i 6—0R(b)] eecééT] -0,
e—@R(b)€605§T] 0.

The first two conditions hold due to the same argument as above and the Holder’s inequality.

The last limit holds because

1

_ . —0R(b) ,6C5ST .
| A8 + \AHIE [H{SPm}e € ] S 2461 [H{ST>

) e—@R(b)eGC(;ST] -0
2405 ([AGTH A7)

by the monotone convergence theorem and the fact E [S’Te_“’R(b) 5% gT] < o0, by Lemma EC.2.

EC.9.2. Proof of Theorem 1

Under Assumption EC.4, r(x; «v) is non-zero and well-defined.
Recall that {(X,,, S, ),n > 0} is a Markov chain, for any classical exponential tilting probability Py, the
transition probability is given by (6). Moreover, based on the definition of the eigenvalue and eigenfunction

in (4), we have

6A(9*)T(az, 0*)=E, [eG*Tylr(Xl, 0*)] =E, [T(Xl, 0*)E, [eG*Tyl |X1]] =E,[r(X,, 0*)6“’@’){1’0*)].
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With k(z,2',n) = ¥(x,2',n) + logr(x’,n), let us compute
¢(x,1) = log E, [e?@-X1:mHloerXm] — A(n) +logr(a,7).
Therefore, the transition probability Py ,, defined in (9), with 6 = n = 6%, is
Py g+ (dl'/,d8/|{[,‘, S) _ elogr(Xl,«9*)+9T(s'—s)—A(@*)—logr(x,e*)p(l,,dx/)p(s/ _ S|$,$/)d8/.

This coincides with (6). ]

EC.9.3. Proof of Corollary 1

Here, we consider the affine model and directly verify the proposed forms are the eigenvalues and the
associated eigenfunction. Hence only Assumption EC.1 is required.
Under the affine structure, r(z,0) = A(f) "z is an eigenfunction if and only if
E, [GQTYIT(Xl, 0)] = E.[r(Xy,0)E, [eaTYI 1X,]] = E[SA(G)TXI+Do(9)TX1+D1(9)T:c+D2(0)]

_ole1 (404000 +01)] 42 (40)+Do(0)) +D2(0) _ 20) pa0) T

This is equivalent to Cy (A(8) + Dy (0)) + D1 (6) = A(0) and C5(A(8) + Dy () + D2(6) = A(6). For any
given 0, D (6), D1(0), D2(0) are three constants, and C (-), Cs(+) are two functions. Solving this system of
algebraic equations leads to the eigenfunction and eigenvalue.

Moreover, in this case, the classical exponential tilting family is
Py(da’,ds'|x, s) = eA(‘g)T(mlfz)*A(g)JreT(s/*s)p(x, dz")p(s" — s|x, 2")ds’.
On the other hand, the duo-exponential tilting distribution with link function k(z,2’,n7) =n'x’ is
Py, (da’,ds'|z, s) = en' @407 (/=) =Ca(m) Ta=Ca(m)~Do(®) " /*Dl(e)T“Dﬂe)p(x, dz")p(s' — s|z,2")ds’.

By direct comparison, we could see that when 1 = A(6) + Dy (0), probability Py ,(dz’, ds’|z, s) coincides
with Py(da’, ds’|x, s). Therefore, the proposed duo-exponential tilting family contains the classical expo-

nential tilting as a proper subset. O

EC.9.4. Proof of Lemma 2

First, under Assumption EC.1, we claim ¢ (z, 2, §) and ¢(z,n) are convex functions of # and 7, respectively,
and hence © and H are both convex sets. This is a well-known result for cumulant generating functions.
For example, it can be proved by Holder’s inequality: for given ¢ > 0

eH@im+(1-m) __[elm+(1=0m) k@.X1)] Z | [(em F@X1)r(gnd FaX1)y1-]
S(Ew[enﬁu,xl)]y (E, [engfvu,xl)])l—b — ert@m)+(1-0)d(z.m)
Hence ¢ (v + (1= t)m2, @) < té(z,m) + (1 —)$(x,m2). That is, ¢ is convex in 7).
Therefore, inside the expectation, for any trajectory, F'(X,, S, )exp{—0"S. +>,_, —nTl;(Xl-_l, X))+
d(Xi—1,m) + ¥(Xi;_1,X;,7m)} is a composition between exponential function and a convex function and

hence remains convex in terms of (6,7). After taking the expectation, G(6,7) is also convex. O
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EC.9.5. Proof of Theorem 2
We first present a lemma about the optimal log-likelihood ratio for a joint normal distribution.

LEMMA EC.3. Under the LAN family and asymptotic normal regime, the second moment of the Monte-

Carlo estimator (10) is asymptotically equivalent to E[F?(N)e %], where (N, N;) follows a joint normal

()~ () (%) )

Then the minimum of E[F*(N)e~ "] is achieved when o2 = X[ \ X 'S .

distribution. Suppose

Proof. First, we note that under the LAN family assumption of the likelihood ratio and asymptotic nor-
mality of the statistic of interest '2(.S,), by using a standard joint central limit theorem, we have that the
second moment of the Monte-Carlo estimator (10) is asymptotically equivalent to E[F2(N)e "¢]. (3.6)
and (3.7) in Fuh and Hu (2007) presents the simple case in finite state Markov chains. Second, since N; is
the limit of a log-likelihood ratio, E[e"?] = 1. It means 115 = —3072.

We calculate the objective by conditioning on N first. Since

N3N ~N (5 + S nER (N — pn), 02 — S EN Son)
we have
E[F2(N)e Ne] = E[F*(N)E[e™ |N]] = E[F?(N)e Siny (V) erf ~hoiny o

Hence it is a decreasing function in UH%, and the joint normality implies that a]}% >3] v Iy By This proves
our claim. Moreover, when aﬂ% =2 v Iy 2L, there exist a vector § and a scalar ¢, such that Nz = TN +c.
[

Now let us first prove an intermediary result. We use the following notion to denote the log-likelihood

ratio up to time n induced by our proposed change of measure (9):
Z [07Y: + k(Xi1, Xim) — (X1, X3, 0) — 6(Xi1,m)]

LEMMA EC.4. Under Assumptions EC.1, EC.2, and EC.5, the asymptotic optimal tilting distribution
within the LAN family for an event in the asymptotic normal regime is achieved by choosing the link function

according to k(x,z',n) = ¥ (x,x',n) + n' g(x'), where g satisfies (14), and the tilting parameter satisfies

0= O(L). 1= (L), and §—n = o ).

Proof. Assumption EC.1 guarantees the existence of ) and Assumption EC.5 assumes the existence of g.
Given this link function k(z, 2',n) = ¥ (x,2',n) 4+ 1" g(2’), based on the definition, the cumulant function

is

eP@m) — ]E[ek(XO’XI’”)|X0 — x] — E[6¢(X0,X1,n)+nT9(X1)‘XO - x] — E[enTY1+nTg(X1)|XO — x]
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Therefore, 2 (x 0) =E,[Y1+g(X1)]. Since g solves (14), g(z) —E,[¢g(X1)] = E.[Y1] —E.[Y1], we obtain
52(x,0) = g(z) + Ex[V3].

Now let us check the log-likelihood ratio when 6 =7 = — %:
6 0 07 " 2
LR" e e B Y+ z , —
éT n a¢) 1 n _ azd) 3
=——)> Y X)) — —(Xi_ - — T (X, 1
ﬁ;[ i+ 9(X0) (9?7( i-1,0)] 2n;9 5, i 008+ o(1)
__aiz”l[er (Xi) —g(Xi—1) —E [Y]]—LEHJH_T@(X 0)0 + o(1)
= \/ﬁ 4 4 g 4 g i—1 |11 m P (}7]2 i—15 o
éT T éT 1 n B (92(Z5 B
=—— Y, —E.[V1]| — —=[9(X,) —g(Xo)] — — T (X, 1
\/ﬁ;[ i 7r[ 1]] \/ﬁ[g( n) g( 0)] 271;0 (’)7]2( i 1,0)94—0()
g7 o7 1 & _T(92¢
*_%(Sn_nEw[Yl]) _%[Q(Xn)—gofo)]_%;@ ?(Xl_hO)G—I—o(l)
central lil‘lﬂ‘llft theorem :j() ~

~
law of large numbers

By the central limit theorem in Theorem 17.5.3 of Meyn and Tweedie (2012), Assumption EC.2, and Slut-
sky’s theorem, LR,,(— T f) converges to a normal distribution.

Next, we check the asymptotic mean and variance of the log likelihood ratio. For simplicity, we
denote by m € R4, C € R™? the asymptotic mean and variance of S,,. In particular, m = E,[Y;], C =
lim, ¢+ = Var,(S,). The asymptotic mean of LR,,(— f’ f) is determined by the law of large numbers
term that converges to —%éTEﬂ[W(Xo, 0)]6. The asymptotic variance of LR, (6,0) is determined by the
central limit theorem term, which equals to #" C6. It remains to verify C = E, [‘;272’ (Xo,0)].

Denote M,, = S, + g(X,.) — nm — g(Xo) = X, zi, with z, =Y, + g(X,,) — g(X,,—1) — m. Notice
that M,, is a martingale under any P,, and E,[M,] = 0. Hence Varm(ﬁMn) = 130 E.zz]] =
Ly E, [92 (Xi-1,0)]. Recall that =M, — N(m,C) in distribution under any P,. Therefore
Varx(ﬁMn) — (' as n — oo for any z. In particular, we take x follows the stationary distribution and
obtain E . [;27‘5 (Xo,0)] = C. This proves that our tilting family also belongs to LAN family.

Moreover, this normal distribution is a linear transformation of .S,,. Therefore, by Lemma EC.3, the pro-
posed tilting probability is asymptotically optimal within the LAN family. This is because the joint normal
distributions for the log-likelihood ratio and the event considered in Lemma EC.3 are exhaustive for the
limiting distributions of all twisted probabilities in the LAN family (see Definitions 1 and 2). Lemma EC.3
shows that the proposed tilting probability minimizes the asymptotic variance and hence is asymptotically

optimal within the LAN family.
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and lim,,_,, 0, = lim,,_,, 77, = 6 < o0. In this case,

ec26
Lastly, we relax the condition to § = — %, n= _T’
the log-likelihood ratio becomes
0, 7
LR,(——=,——F%)
no\/n
R (C. 1 3 Te AN A P o B ISR/ AL BTID S A 18
- \/ﬁi=1 i g 2 e i—1> \/ﬁ e \/ﬁ 2 i—1> 79 \/ﬁ i—1, [X] \/ﬁ
7T n n — 7T 7T n
_ T N Ty O T oy O
_ \/ﬁ;[mw(xz)] ;¢(X1_1, N ;[Y (Xi1, X,,0)]
1,1 0% ~ 1 0% 1
_§;[ﬁ02%(X1—17XL70)0n_7 2692 (—Xz 17X170>77n+0( )]
=2.[1+IQ+I3,
where
1= = T Y+ (X)) = Y o(X )
ﬁi:l =1 \/ﬁ
—T n —T n 2
T _ _ _i J@iqb )
- \/ﬁlzzl[}fl ETF[}/l]] \/ﬁ[g(Xn) g(XO)] 277,; na Q(Xz—lao)nn+0(1)
S E ] - () g0 - = 18T (X, 0+ o)
= ni:l i T 1 \/ﬁ 9 n g 0 2n ~ 2 i—1
by the above argument
0, =y \ o T T
I, =— Tn ;[Yz— 20 (Xi1,X,,0)] = (0, —1,)0(1) = 0(1),
and
1 -0 1
7T w(Xz 17X170)77n+0(n)] 0(1)

821/1
:_72 n 062 Xz luXwO)g U 892
]

Combining all the above together, we show that asymptotically LR,, ( _T" ’77) converges to the same

distribution as LRn(—% %) The proof is completed.

Finally, let us prove Theorem 2. Recall that Assumptions EC.1, EC.2, and EC.5 guarantee the existence

of ¥ and g.
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Given the link function (13) with 6 = — %, n = —-L, the log-likelihood ratio is

*
0 7
LR,(-—,——F=
( NG \/ﬁ)
0" z 0 a0 7
=T T /—=®n - Xi— 7Xi)_7 Xz 7Xu0 A XMO Xi— y T T —
o7 no T —T ad) 77T —T 8425
:—7Sn )(Z ,XZ,O AX;‘,O A z 70
1 0% + 0% 1
67 X, 1,X,,0)0 — X,;_1,0)7 -
2n[ 692< L X0~ G 5 (X, 0]+ o()
Z{ 0V (07— 0) (X, X 0) - T ACXL0) T (X, ,0))
00 on
*Y _ 0% _
o7 X1, X 7R X 1).
2n [9 602( i—1y 170)9 a 2( ? 170)77]+0( )
In this case,
E,[e" |3 (X0 XL0+AXLON = gdlem) | E[e V1| X, X,] = eV Ko X1.0),
hence
0 0
B[S (X0, X1,0) + AL, 0)] = 2220, B[V Xo, X1] = 90 (X, X,,0).
00 on 00
Varm[aw(XO X1 >+A(X1 O)] = j( ) Var[Yl‘Xo Xl] 2/(/) (XO Xl 0)
89 Y Y Y an Y 892 ) Y
Under the stationary distribution 7 of the underlying Markov chain, then jointly, {(X;_;, X, }Q) >0}
is also a Markov chain. Following the similar argument in the proof of Lemma EC.4, LR, (— 0 NGE %)
converges to a normal distribution. Moreover, we can find the asymptotic mean of LR, (—\}, \if)
is —1E,.[67 ‘:9? (X0, X1,0)0 + nTa ¢(X0,0) 7], and the asymptotic variance is E [0 ae‘f (X0, X1,0)0 +
0’ 92 (XO, 0)7]. This proves that our tlltlng family also belongs to LAN famlly
In particular, by choosing 6 = n = f’ we will claim that LR, (— f, —T) LR, (- %) +o(1),
where .
TR T / PSPV
LR,(0)=0"[S, —nA'(0) + ) (A(X;,0) - (Xi,l,()))]—§9 A”(0)6.
=1
To see this, consider
0 0. — o . 1 _
LR,(———=,——F—=)—L —)—=0"A"(0)0
Rl = ) = DR ) = 50T (0)
n oT o6 . 07 o 0
= — —=A(X;1,0) — 7/\/(0) (Xi—luXiy_)_(Xi—hXivO)_(b(Xi—lv_)]
Z{ NT NG NEUNRT NT
N 0%y *¢ 0
= ——9T X,_1,X;,0 X 1,010+ —=[==(X,_1,0) — A(X;_1,0) — A'(0)]|.
{ [ Xeers X0+ S8 X 00+ T2 (01,00~ A 0) - X0

By definition of ¢, we have

e — | [en L5 Xo- X100+ A0 x4,
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hence 22 (x 0) =E[%% (X0, X1,0) + A(X1,0)| X, = z]. On the other hand, from (i) we get

oY

N(0) + A(w,0) = E[Y; + A(X,,0)[ Xy = ] = B[S0

(X07X17 ) + A(X170)|X0 = .f]

Therefore, A'(0) + A(z,0) = & °(x,0).

Note that LR, (— %) = “[5 —nA(0)] = L-[A(X,, 0) — A(Xo, 0)] + ¢ = — L[S, —nA'(0)] + e+

=
0(1). Therefore, by Lemma EC.3, the proposed tilting probability is asymptotically optimal.

Lastly, we relax the condition to 6 = —%, n= f’ and lim,, ., 0,, = lim,,_,, M = 0 < oo. The rest of
the proof follows the same argument as in the proof of Lemma EC.4. O

EC.9.6. Proof of Lemma 3

Under Assumption EC.4 r(z; ) is analytic.
We start from the definition of eigenvalue and eigenfunction in (4). Notice that A(0) =0 and r(z,0) is

normalized to be 1. We consider the Taylor expansion of both r(x,#) and A(f) at any point 6,:
A0~ eM0) 1 AOIN(G)T (0 —6,) + 0(0 — 6y),
ar

Therefore, under Assumption EC.1, (4) becomes

r(z,0) ~r(x,0)+

or
20 = (2,00)" (0 —60o) + 0(0 — 6p) ]

or
00

[€2%0) 1 AN (8,)T (8 — 6y) + 0(6 — 6,) | [ (=, 6) +
=E, {(egoTyl + engIYJ(Q —0y) +0(0 = 00)) [r(X1,00) + = (X1,60) T (6 — 0) + 06 — 60)]} '

The leading order terms are canceled. Then comparing O(6 — 6,) term leads to

eA(0o) é’ —(x,00) + eA(QO)A’(HO)T(x,HO) =E, [600 b§! or

69 aH(Xl,eo)+€90Y1}/1T(X1,00)]

Denote A(z,0) = 2 (x,6), then the above equality becomes

X
A(z,00) +A'(0y) =E, [eang—A(emm (A(X1,60) + Y1) ]
5 V0

Recall the definition of the probability Py in (4), we obtain

E.% [A(X),00) — Az, 0) + Yi] = N ().

Moreover, since the right hand side does not depend on the initial state , we have taken the initial state as

any arbitrary distribution v. Then

E, [A(X),00) — A(z,00) + Yi] = A (6,).
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In particular, if we take the initial distribution to be the stationary distribution under Py, denoted by 4, then
P
Er? [A(X,00) — A(z,6y)] = 0, hence Ero[Yi] = A'(6).

In particular, take 6y = 0 to obtain
E.[A(X1,0) = A(2,0)] = A(0) - E, [Y1] = Ex [Y1] — Eo [Y1],

where 7 is the stationary distribution of the underlying Markov chain {X,,,n > 0}. The left hand side can

be represented as (P, — I)A(x,0), where I is the identity operator and P, is the operator defined in (3). []

EC.9.7. Proof of Theorem 3

(i) We first consider the fixed-time event.
Under the asymptotic normal regime, by the Borjesson-Sundberg bound on the Mills ratio, we have
14 14 2
O(—0) = m‘ﬂ(@ = (1+£2)—2m677'

To prove the bounded relative or logarithmic efficiency, it suffices to find suitable upper bound for the
variance of the estimator.

When S,, = >;_, Y, and {(X,,,S,),n = 0} forms a Markov random walk as described in Section
2. The classical exponential tilting family is given by (5), with r(-,0) and A(f) eigenfunction and
eigenvalue respectively. Note that under Assumptions EC.1 and EC.4, A(0) is analytic for 6 € ©.

Without loss of generality, we assume ¢ > 0, and \/ﬁ%" — N(0,1) in the later development, and
restrict to the one-dimensional case 5,, € R. Here we assume the stationary mean of S; is 0 and the
stationary variance of S; is 1. Under Assumptions EC.1 to EC.4, by Theorem 17.0.1 of Meyn and
Tweedie (2012), we have 5= — A/(0,1).

By Theorem 4.1 of Ney and Nummelin (1987), we have the relation between the eigenvalue and the

mean and variance of the limiting distribution as
0=E,[Y1]=A'(0), 1=A"(0).
And we still can define the Legendre transformation of A by

Afe) = sup{cf — A(B)} = A"} (c) — A (A’*l(c)) .
>0
Recall that the importance sampling estimator in the classical exponential tilting, Z (n,4;0), is to

r(Xo,0) e—05n

RS T (XH) +nA©) Tt has variance

sample under Py, with § > 0 and is given by 1 (

—295n+2nA(9)+2logr(XO,G)—Qlogr(Xn,H)] o (Z(Tl {E))Q
’

Var (Z(n,f; 0)) =E159[]l{ﬁsin>£}e

<EIS9 []1 —20Sn+2nA(0)+2logr(Xp,0)—2log r(Xn,G)]

{vase>©

<exp {—271 [\fﬁe - A(@)] } EZo [(Mﬂ |
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By picking 6 , = A’fl(%) we have
il Pe*/ (X079:12) ’
< — — v ey -
Var( (n, E,@M)) exp{ 2nA(\/ﬁ)}]E [( (Xna0n£)>
Moreover, by Taylor’s expansion, we have
1 14 14 14 14
9: — - R =—+4+o(—)—0.
N [A//(A/ 1( ))\/* (\/*)] \/ﬁ (\/ﬁ)
Hence
0 A A ¢ 1, 0 r?
—2nA(—)=—-2n|A AN(0)— + =A"(0)— —) |-
nh( ) = =20 [A0) + (0) T2 + 5RO o)

Py r(X0.0% )\ 2
In addition, Assumption EC.6 implies E,, Pt (“)

*
X% ,) < C for some constant C' as ¢ , — 0.

Note that as £ — c0,n — 0,£/4/n — 0, 0} , — 0. Therefore,

Var < (n, ;0% z))
lim sup 5
£—00,n—00,4/4/1n—0 (@(—E))

2—e
o ((1 + fz)v%) AR -1 S +5 4]

< lim sup vn
£—00,n—00,0/4/n—0 e
2 2—e
~ lmsp  C <(1+€) V27T> e-2mloS)+ 551
£—00,n—00,0/4/n—0 4
where the last limit equals to zero because for sufficiently large n, ¢, we have n[o(%) + ié] > <02,

Hence the sequence of estimator {Z(n, (; 0% ;)} has logarithmic efficiency.
Next, we show the sequence of estimator {Z(n, £; 0 ,)} belongs to the LAN family (based on Defi-

nition 1). The log-likelihood ratio is

0y 1Sn —nA(0}, ;) +logr(X,,0; ,) —logr(Xo,0; ,)
V4 Y4

%)sn —nA (A’_l(\/ﬁ)> +logr (Xn,A’_l(\fﬁ)> —logr (XO,A’ Y >
1

1 0 1 Loyt ¢ 1 2 o
_ [A”(A’l(()))\/ﬁJrO(\/ﬁ)] Su—n| A (O)[A”(Afl(o))\/ﬁJr (\/ﬁ)] +o(=)

— A/—l(

or or 1 14 1
+ [ag(Xn)O) 80(X0’0)] [A”(A’_I(O))\/ﬁ +o(\/ﬁ)]
1 1 I ez
ZE%SHO(%)—;wLO(l)—UV(—?E ) as n— o0. (EC.12)

Note that under Assumptions EC.1 to EC.4, the asymptotic normality in (EC.12) comes from Theorem
17.0.1 of Meyn and Tweedie (2012).
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Now suppose there is another sequence of estimator {Z,,;(n,¢)} belonging to the LAN family and

achieving the smallest asymptotic variance. Then it means

Var( Zopt(n, 6)) Var( (n, ;0% z))
lim sup s < lim sup ¢
£—00,n—00,4/4/1n—0 ((D(—g)) £—00,n—00,4/4/1—0 (@(—5))

Hence {Z,,;(n, ()} also has logarithmic efficiency.
(i) Next we consider the first-passage time event.
When S,, = >;_, Y, and {(X,,,S,),n = 0} forms a Markov random walk as described in Section

2. Recall that the importance sampling estimator in the classical exponential tilting, Z (b,4;0), is to

sample under Py, with # > 0 and is given by 1 5 T(jfo’? e 05m, 1A 0) where # > 0. Since
{mp< bﬂ%é“r%}T( 7:0)

AN(0) =p>0,A"(0) =02 < o0, we know when 6 > 0 is sufficiently close to 0, A(6) > 0.

In this case, the importance sampling estimator in the classical exponential tilting has variance

o e
Var (2(b,6:60)) =E[1 =
<Ele[1
S {Tb<4/%2z+g}
bo? b b Xo,60) \?
<expi —2 %64—— ———0—-A@®) | } EF <T(O’)> :
2 1% %E—F b T(XTI,)Q)
W 3
. . 11— 1= g o2
By picking 0}, = A Y T#b -)=A 1(W) =% (— \75 l+ Q—bf—i—o(%)) +0O(%), we have
. bo®, b4 " P, | ( (X0, 050\
. O* < _ e bl 5
Var (20, :65,)) \eXp{ 2(’\/ u3“u>A<ae/@+ 1>}E Kr(xm,e;@) '
Moreover, by Taylor’s expansion,

A H Ve
RPN TS U
=AY

,2057—17+2'rbA(0)+2logr(X0,9)72logr(X-,-b,0)] . (Z(n, b))2

—2(~)b+2[4/ o 1+ B]A(0)+2logr(Xo.0)—2logr(Xr, .0)

u 1 1 p
aé/@+1)a€/f+1_A<A (aé/\/@+1)>

f VH 1
N T [M\fb€+2b£+o(b)}

B 1 ’
—uh (Jﬁ/\ﬁ+1)_2<A (Uﬂ/f+1)>

[01< @a£+%€+0(2)>+0(2)}[ \cgau%uo(z)}

_ U; ng <_\/\/ﬁge+ %E—I-o(llj)) +O(11>)]2
p

€2+0(b)

2b
Hence

EDY OULCAVIRCA b VY S Y O LA I L IA S B S
2( u?’e >A(o€/\ﬁ+1) 2< M3£+H)<2b£+(b)> €+O(\/g>
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*
07 ) < C for some constant C as ¢, — 0.

Fox, (X006 ) \ 2
In addition, Assumption EC.6 implies E, — bl

Note that as £ — —00,b — o0, £/+/b— 0, 04, — 0. Therefore,

Var (Z(n, ,0; ))
lim sup
£——00,n—00,0/+/n—0 (@(ﬁ))
2=€ _onA(-Ly_182 2
< lim sup C( onl) ¢ Rz

£——00,n—00,0/+/n—0

= lim sup C ( 27l
£——00,n—00,0/+/n—0

for the same reason as in the fixed-time event case. Hence the sequence of estimator {Z (b, £; 0 ,)} has
logarithmic efficiency.

Next, we show the sequence of estimator {Z (b, ¢; 0 ,)} belongs to the LAN family (based on Defi-
nition 1 (ii)). Denote R(b) = S, — b as the overshoot. The log-likelihood ratio is

0y ¢S+, — T A(05 ) +logr (X, , 05 ,) —logr(Xo, 05 ,)

= Alil(W)[b"‘ R()] = A <A'1(0£/\/&+1)>
[g;(XTb,O) ZG(XO,O)} [02 < \/\;ggu%u (2)) +0(l1))}

p | m=b/p Jbo* b ~1 0
b R [W mU“’“‘ o)

2 e b [ S]] o)
_[ VI 4ok )]R() W(“euo(l))—”_b/“ b:f(:(—ﬁéHO( )>

= N7Y

ovb 2 \ bo? b A/ bo? /3 Vb
¥ [gg(XTb,O) - (XU,O)} [;(/ﬁgu()(z)]
_ R(b)@(i)—;m%uo@). (EC.13)

To handle the asymptotic behavior in (EC.13), we first have that under Assumptions EC.1 to EC.4,
Theorems 2 and 3 of Fuh (2004) show that {7 < n,S, < yn'/2}, for a suitable chosen =, satisfies
the asymptotic normality. Note that P, (7 < n) = P.(S, = b) + P.(7 <n, S, < b). By using the
central limit theorem of P, (S,, > b) for a suitable chosen b, we have &% — N(0,1) as b — 0.
Next, we consider the overshoot R(b). Under Assumptions EC.1 to EC.4, by Lemma 2 of Fuh (2004),
we have sup,., E,R(b) < E-(S;)?/E.S;, thus R(b)O(1) — 0 in probability as b — oo. Therefore,

O oSr, — T (05) > N (=302, 0%).
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Now suppose there is another sequence of estimator {Z,,, (b, £)} belonging to the LAN family and

achieving the smallest asymptotic variance. Then it means

Var <Zopt<b,£)> Var (ZA(n,E;Gg“,[))

lim sup — < lim sup —
L——00,n—00,£/+/1—0 (q)(g))2 £——00,n—00,L/1/n—0 ((I)(E)>2
Hence {Z,,;(b,£)} also has logarithmic efficiency. O

EC.9.8. Proof of Theorem EC.1

We only illustrate the fixed-time event here, and the proof for the first-passage-time event is similar.
From the proof of Theorem 3, we have

Var (Z(n,€;93,z)) S exp {_%A(\/zﬁ)}ﬁ@:,e [<W>1 |

nyYnf
where 05 , = A’ _1(%). Under Assumption EC.7, by Chan and Lai (2011, Example 1), the eigenfunction
r(z,0) is uniformly positive and bounded for all § € ©. Hence, Var (Z(n, l; 0;’;7@)> < Cexp {—an\(%)}.

On the other hand, let us examine a lower bound for z(n, ). Note that

Fox 0% snanaex ) T(Xo 07 )
_Por —0% ySn+nA (0} ) T\20Yn 0)
z(n,g) —Eu [:H-{\/EST”>€}6 ‘ ‘ T(Xn70:,€)]

1 nA(0F -0 /e Fox g —0%* ,(Sn—+/nk)
>C'e n,e) " n.e E, ’[]1 e nu ]

{1>S"%T‘L/m>0}

>0 " MO — O exp{—nA(0F ) — 0% /n}.

Recall that 07 , = A’ (L) — A (c), therefore,

£
Var (Z(n,ﬁ))
lim sup —_—
£—00,n—00,4/1/n—c (Z(?’L,g))
C A 2—€ 1
< lim sup — exp{—en[A(0} ,) — ———=0F ,]} =0.
£—00,n—00,4/+/n—c 0/2 { [ ( 72) € \/ﬁ 7£]}

From the proof of Theorem 3, Z(n, ¢; ¢ ;) belongs to the same parametric family as {Zopt (1, £)}, which

minimizes the variance for every (n, £). Then it means

Var (Z(n,ﬂ; 9;‘;)0)

Var (Zopt(n,€)>
lim sup T < lim sup P
t—wn—wt/yaso  (2(n,l)) tsoon—w /im0 (2(n,f))

Hence {Z,,;(n,£)} also has logarithmic efficiency.
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