
http://pubsonline.informs.org/journal/opre

Submitted to Operations Research

OPERATIONS RESEARCH
Vol. 00, No. 0, Xxxxx 0000, pp. 000–000

ISSN 0030-364X, EISSN 1526-5463

A General Framework for Importance Sampling
with Markov Random Walks
Cheng-Der Fuh
Graduate Institute of Statistics, National Central University, Taoyuan City 320317, Taiwan cdffuh@gmail.com

Yanwei Jia
Department of Systems Engineering and Engineering Management, The Chinese University of Hong Kong, Shatin, N.T., Hong Kong
yanweijia@cuhk.edu.hk

Steven Kou
Department of Finance, Questrom School of Business, Boston University, Boston, MA 02215, USA kou@bu.edu

Authors are encouraged to submit new

papers to INFORMS journals by means

of a style file template, which includes

the journal title. However, use of a tem-

plate does not certify that the paper

has been accepted for publication in

the named journal. INFORMS journal

templates are for the exclusive purpose

of submitting to an INFORMS journal

and are not intended to be a true repre-

sentation of the article’s final published

form. Use of this template to distribute

papers in print or online or to submit

papers to another non-INFORM publi-

cation is prohibited.

Abstract. This is the Electronic Companion to “A General Framework for Impor-

tance Sampling with Markov Random Walks” by Cheng-Der Fuh, Yanwei Jia, and

Steven Kou.

Key words: rare-event simulation, importance sampling, Markov random walks,

asymptotic normal regime

Subject classifications: Simulation: systems dynamics, applications; Probability:

Markov processes

Area of review: Simulation.

1



e-companion to Fuh, Jia, and Kou: Importance Sampling with Markov Random Walks ec1

Electronic Companion to “A General Framework for Importance
Sampling with Markov Random Walks” by Cheng-Der Fuh, Yanwei Jia,
and Steven Kou

EC.1. Regularity Conditions

EC.1.1. Some Terminologies

A Markov chain tXn, n ě 0u on a state space X is called Harris recurrent if there exist a recurrent set

R P BpX q, a probability measure φ on R, a λą 0 and an integer n0 such that

P tXn P R for some ně 1|X0 “ xu “ 1, P tXn0 PA|X0 “ xu ě λφpAq, (EC.1)

for all x P R and AĂ R. It is known that under (EC.1), Xn admits a regenerative scheme with i.i.d. inter-

regeneration times for an augmented Markov chain, which is called the “split chain;” cf. Meyn and Tweedie

(2012). Assumption EC.3 guarantees that the Markov random walk pXn, Snq admits a similar regenerative

scheme.

Denote ϱāp0q “ ϱā and let tϱāpjq, j ě 1u be the times of consecutive visits to a recurrent state ā P X 1. Let

ϱ“ ϱā be the first time pą 0q to reach the recurrent state ā of the split chain, and define upα, ζq “Eνe
αSϱ´ζϱ

for ζ P R, where ν is an initial distribution on X . Assume that

W :“ tpα, ζq : upα, ζq ă 8u is an open subset on R2. (EC.2)

Ney and Nummelin (1987) shows that D “ tα : upα, ζq ă 8 for some ζu is an open set and that for α P

D, the transition kernel P̂αpx,Aq “ ExteαY11tX1PAuu has a maximal simple real eigenvalue eΛpαq, where

Λpαq is the unique solution of the equation upα,Λpαqq “ 1, with corresponding eigenfunction rpx,αq :“

Ex rexptαSϱ ´Λpαqϱus.

A Markov chain tXn, ně 0u on a state space X is called V -uniformly ergodic if there exist an invariant

probability measure π, and a measurable function V :X Ñ r1,8q, such that
ş

V pxqπpdxq ă 8, and

lim
nÑ8

sup
xPX

"

ˇ

ˇErhpXnq|X0 “ xs ´
ş

hpx1qπpdx1q
ˇ

ˇ

V pxq
: |h| ď V

*

“ 0, sup
xPX

Ex

"

V pX1q

V pxq

*

ă 8.

EC.1.2. Regularity conditions

ASSUMPTION EC.1. (i) Θ is an open set containing 0, such that for a given θ P Θ, Ereθ
JY1 |X0 “

x,X1 “ x1s ă 8 for all x,x1 P X .

(ii) H is an open set containing 0, such that for a given η PH , Exrekpx,X1,ηqs ă 8 for all x P X .

(iii) When X is general (unbounded) state space, for all pθ, ηq lying in a compact set, the functions

ψpx,x1, θq, kpx,x1, ηq, ϕpx, ηq and their partial derivatives Bψ
Bθ

px,x1, θq, Bk
Bη

px,x1, ηq, Bϕ
Bη

px, ηq all have

linear growth in x,x1. There exist positive constant L,C0 ą 0 such that for any ℓ ď L, Ex
“

eℓ|X1|
‰

ď

eC0ℓp1`|x|q for any x P X , and Eν
“

eℓ|X0|
‰

ă 8.
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Assumption EC.1 piq and piiq are necessary to guarantee the existence of two “cumulant generating func-

tions” and hence necessary for the feasibility of the exponential tilting. This assumption is common in expo-

nential tilting literature. The condition piiiq is the growth and moment condition needed for (unbounded)

general state Markov chain to guarantee the finiteness of quantities in our methods.

Next, we state two assumptions commonly imposed in the Markov random walk literature.

ASSUMPTION EC.2. The underlying Markov chain tXn, n ě 0u is aperiodic, irreducible and Harris

recurrent (i.e., (EC.1) holds).

Assumption EC.2 is a standard assumption of the underlying Markov chain tXn, n ě 0u, cf. Ney and

Nummelin (1987), which also guarantees the existence of the stationary probability measure π. The Harris

recurrent condition is defined in Section EC.1.1 (cf. Meyn and Tweedie 2012).

ASSUMPTION EC.3. When the additive part does not degenerate, i.e., Yn|Xn´1,Xn is not determinis-

tic, there exists a measurable function h : X Ñ R` and a probability measure µ on X ˆ Rd such that
ş

AˆB
ppx,dx1qρpy|x,x1qdy ě hpxqµpAˆBq.

Assumption EC.3 is often called “minorization condition” (see, e.g., Ney and Nummelin 1987). It is a

common assumption in the study of Markov random walk, and together with Assumption EC.1piq implies

that tpXn, Snq, n ě 0u is Harris recurrent and admits a regenerative scheme. More discussions on this

assumption can be found in E-Companion EC.1.1. The validity of Assumption EC.3 may affect the theoret-

ical properties of the algorithms but not the implementation of algorithms.

The next assumption is necessary for all LD-based importance sampling methods that require the exis-

tence of the eigenvalue and eigenfunction.

ASSUMPTION EC.4. The solution to eigenvalue-eigenfunction problem (4) exists. Moreover, the positive

eigenfunction rpx,αq is finite and analytical.

There are sufficient conditions to ensure Assumption EC.4; see, e.g., (EC.2) in E-Companion EC.1.1,

under which, Theorem 4.1 and Lemma 4.5 in Ney and Nummelin (1987) show that the eigenvalue-

eigenfunction problem (4) has a simple maximum eigenvalue whose eigenfunction is positive, finite, and

analytical for x in a “full” set of X . Sufficient conditions to extend the existence to all x P X are given in

Chan and Lai (2003). However, we choose to directly state it as an assumption because finding eigenval-

ues and eigenfunctions is not required to implement our algorithm, and we only need this assumption to

establish the linkage to existing LD-based, exponential tilting methods.

ASSUMPTION EC.5. The solution to the Poisson equation (14) exists.

Assumption EC.5 is required to establish the optimal link function in Theorem 2. A sufficient condition

for Assumption EC.5 is Assumption EC.2 and that the Markov chain tXn, ně 0u is V -uniformly ergodic
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(to be defined in Section EC.1.1), cf. Theorem 17.2 in Meyn and Tweedie (2012). For the examples we

considered, either one can always find an explicit solution to the Poisson equation (14), or we do not

need to solve (14). Typically, Assumption EC.5 is a weaker condition than Assumption EC.4, as will be

demonstrated in Lemma 3.

ASSUMPTION EC.6. The eigenfunction in (4) satisfies limsupαÑ0Eν rrpX0, αq2s ă 8 and

lim infαÑ0 infxPX rpx,αq ą 0.

Assumption EC.6 is required in Theorem 3 to show the proposed importance sampling method has loga-

rithmic efficiency under asymptotic normal regimes. Commonly used sufficient conditions for Assumption

EC.6 can be found, e.g., in Collamore (2002, Remark 2.3) and Chan and Lai (2003, Example 1). Note that

Assumption EC.6 is mild because only the behavior at the neighborhood of α“ 0 is needed.

EC.2. Optimal Tilting (but not practical) under Exponential Martingale for
Diffusion Processes

Consider the stochastic model dXt “ bpXtqdt ` σpXtqdWt, X0 “ x0, and we want to estimate

Ex0rF pXT qs. Let fpt, xq “ ErF pXT q|Xt “ xs, which satisfies a partial differential equation (PDE) by the

well-celebrated Feynman-Kac formula:

Bf

Bt
` bJpxq

Bf

Bx
`

1

2
tracepσσJ B2f

Bx2
q “ 0, fpT,xq “ F pxq.

We introduce the exponential martingale defined as dLt “ LtU
J
t dWt, L0 “ 1, where Ut determines the

associated change of measure, defined as dQ
dP |FT “ LT . Ut will be treated as a control variable. Under Q,

WQ
t “ Wt ´

şt

0
Usds is the standard Brownian motion, and dXt “ rbpXtq ` σpXtqUtsdt ` σpXtqdW

Q
t .

Then Ex0rF pXT qs “ EQ
x0

rF pXT q 1
LT

s. Applying Itô’s lemma to fpt,Xtq
1
Lt

, we obtain

F pXT q
1

LT
´ fpX0q “

ż T

0

1

Lt
r
Bf

Bx

J

pt,XtqσpXtq ´ fUJ
t sdWQ

t .

If we do importance sampling under Q, the variance of the estimator becomes

VarQx0
`

F pXT q
1

LT

˘

“ Ex0
“

ż T

0

1

L2
t

|σJpXtq
Bf

Bx
pt,Xtq ´ fUt|

2dt
‰

.

Hence the optimal control has the form of U˚pt, xq “ 1
fpt,xq

σJpxq
Bf
Bx

pt, xq, is a function of time t and state

x only. For our approximation, we only consider it as a function of x that lies in a linear space spanned by

some basis function of x.

On the other hand, for a stopping-time event associated with a first passage time τΓ “ infttě 0 :Xt R Γu

for some region Γ, the value function becomes independent of t, i.e., fpxq “ ErF pXτΓq|Xt “ xs, satisfying

bJpxq
Bf

Bx
`

1

2
tracepσσJ B2f

Bx2
q “ 0,@x P Γ, fpxq “ F pxq,@x P BΓ,
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where BΓ stands for the boundary of the region Γ. The rest of the derivation is similar.

Recall in Section 4.2, the optimal g˚ actually depends on the value function of the event of interest, i.e.,

fpt, xq “ ErF pXτ q|Xt “ xs. In particular, g˚pt, xq “ 1
fpt,xq

Bf
Bx

pt, xq. Hence, the proposed approximation of

the tilting family Bpxqη can also be viewed as an approximation to 1
fpt,xq

Bf
Bx

pt, xq.

Given this approximation, an unbiased estimator is given by

EPη
x0

„

F pXτ q exp

" τ
ÿ

i“1

´ ηJBJpXi´1qXi ` ηJBJpXi´1q pXi´1 ` b pXi´1q∆tq

`
1

2
∆tηJBJpXi´1qσσJpXi´1qBpXi´1qη

*ȷ

.

The resulting tilting parameter η is chosen to minimize

EPη
x0

„

F 2pXτ q exp

" τ
ÿ

i“1

´ ηJBJpXi´1qXi ` ηJBJpXi´1q pXi´1 ` b pXi´1q∆tq

`
1

2
∆tηJBJpXi´1qσσJpXi´1qBpXi´1qη

*ȷ

.

EC.2.1. Conventional Small-Noise Regime and Subsolutions to a Stochastic Control

Problem

The conventional regime to study the large deviation in diffusion processes is to scale “dWt” by

“
?
ϵdWt”, and to consider the SDE: dXt “ bpXtqdt `

?
ϵσpXtqdWt. Suppose that we want to estimate

ϵ logEx0rexpt 1
ϵ
logF pXT qus and define fpt, xq “ Erexpt 1

ϵ
logF pXT qu|Xt “ xs, which satisfies

Bf

Bt
` bJpxq

Bf

Bx
`
ϵ

2
tracepσσJ B2f

Bx2
q “ 0, fpT,xq “ expt

1

ϵ
logF pxqu.

Then by introducing gpt, xq “ ϵ log fpt, xq, we can derive that g satisfies

Bg

Bt
` bJpxq

Bg

Bx
`

1

2
p

Bg

Bx
qJσσJ Bg

Bx
`
ϵ

2
tracepσσJpxq

B2g

Bx2
q “ 0, gpT,xq “ F pxq.

Its leading order is a first-order nonlinear PDE:

Bu

Bt
` bpxqJ Bu

Bx
`

1

2
p
Bu

Bx
qJσσJpxq

Bu

Bx
“ 0, upT,xq “ F pxq. (EC.3)

Hence, u« g. From the conclusion in the optimal change-of-measure, the optimal control in this case should

be

U˚pt, xq “

?
ϵ

fpt, xq
σJpxq

Bf

Bx
pt, xq “

1
?
ϵ
σJpxq

Bg

Bx
pt, xq «

1
?
ϵ
σJpxq

Bu

Bx
pt, xq.

The existing theory on the subsolution approach to the importance sampling for diffusion processes (e.g.,

Fouque and Tullie 2002, Dupuis et al. 2012) assert that it suffices to find a subsolution to (EC.3) (still

denoted as upt, xq) and the above approximation would yield efficient importance sampling estimators.
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Similarly, for a stopping-time event associated with a first passage time τΓ “ infttě 0 :Xt R Γu for some

region Γ, the value function becomes independent of t, i.e., fpxq “ Erexpt 1
ϵ
F pXτΓqu|Xt “ xs, satisfying

bJpxq
Bf

Bx
`

1

2
tracepσσJ B2f

Bx2
q “ 0,@x P Γ, fpxq “ expt

1

ϵ
F pxqu,@x P BΓ.

Following the similar derivation, we obtain a first-order PDE:

bpxqJ Bu

Bx
`

1

2
p
Bu

Bx
qJσσJpxq

Bu

Bx
“ 0,@x P Γ, upxq “ F pxq,@x P BΓ. (EC.4)

EC.2.2. Proposed Link Function in SIRD Model

Recall that in Section 4.2, for general diffusion models (without requiring small-noise regime), we suggest

the link function that equivalently approximates the tilting family by U˚pt, xq « σJpxqBpxqη. This seems

to imply we choose Bu
Bx

pt, xq “ Bpxqη. Then a natural question is, is it a natural subsolution to (EC.3) or

(EC.4)?

In the SIRD model in Section 6.1, for simplicity, we denote Σpxq “ σσJpxq, and it is straightforward to

verify that ΣpXtq is strictly positive definite with probability one. We use the form Bpxq “ Σ´1pxqMpxq,

where Mpxq P R3ˆ5. In particular, we notice that there exists a η0 “ pα,α,β, γ,βqJ such that Mpxqη0 “

bpxq.

We plug-in the form Bu
Bx

pt, xq “Bpxqη to PDE (EC.4), and obtain

bpxqJ Bu

Bx
`

1

2
p
Bu

Bx
qJσσJpxq

Bu

Bx
“ ηJ

0 MpxqJΣ´1pxqMpxqη`
1

2
ηJMpxqJΣ´1pxqMpxqη.

When η “ δη0 with δ P R, we have bpxqJ Bu
Bx

` 1
2
p Bu

Bx
qJσσJpxq Bu

Bx
“ δp1` 1

2
δqηJ

0 MpxqJΣ´1pxqMpxqη0.

Moreover, for SIRD model, the stopping time is the exit time to the region Γ “ tpS, I,Rq P R3
` : I ď cu,

and the boundary condition is F pxq “ 1tx2“cu, where x2 stands for the second entry of the vector x “

pS, I,Rq. It is possible to construct a subsolution that satisfies Bu
Bx

pt, xq “Bpxqη for a certain η. Since the

importance sampling method only requires Bu
Bx

pt, xq, we do not give the construction for u.

EC.3. Notions of Logarithmic Efficiency

Conventionally, in the study of rare event simulation, the properties of bounded relative error and logarith-

mic efficiency are often used as criteria. More specifically, let tApαqu be a sequence of events of interest,

indexed by α P R` or α P N, assume that zpαq “ P pApαqq Ñ 0 as αÑ 8, and for each α let Ẑpαq be an

unbiased estimator for zpαq, i.e., ErẐpαqs “ zpαq.

A sequence of estimators tẐpαqu is called to have logarithmic efficiency if

limsup
αÑ8

Var
´

Ẑpαq

¯

zpαq2´ε
“ 0, (EC.5)

for all εą 0. See Asmussen and Glynn (2007, Chapter 6) for more introduction to these concepts.

Note that, we often call the event “rare”, because we implicitly consider the limiting behavior of a

sequence of events, whose probabilities tend to zero. Only when zpαq Ñ 0, the notion of the logarithmic

efficiency makes sense.
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EC.3.1. Motivation for Definition under the Asymptotic Normal Regime

Fixed-time events. We consider the simulation of the probability of a fixed-time event in the form of

tSn ą cnu. Under the large-deviation regime, the sequence of events of interests typically have the form of

Apn, ℓq “ tSn
n

´ µą ℓu, indexed by n. Under the original probability P, Sn
n

´ µÑ 0 almost surely. Hence

zpn, ℓq “ P pApn, ℓqq Ñ 0, as n Ñ 8 for any fixed ℓ. Therefore, it naturally fits in the framework of rare

event simulation. In contrast, under the asymptotic normal regime (see Definition 2), the sequence of events

of interests have the form of Apn, ℓq “ t
a

n
σ2

pSn
n

´ µq ą ℓu, indexed by n. Under the original probability

P,
a

n
σ2

pSn
n

´ µq Ñ N p0,1q in distribution for some σ ą 0. Therefore, zpn, ℓq “ P pApn, ℓqq Ñ Φp´ℓq P

p0,1q, where Φp¨q is the cumulative distribution function of a standard normal distribution. In other words,

events under the asymptotic normal regime do not directly fit into the conventional framework of rare event

simulation because the limiting probability is not zero. Consequently, the concept of bounded relative error

and logarithmic efficiency are not discussed in the literature of moderate-deviation simulation, e.g., Fuh and

Hu (2004).

The above discussion motivates us to redefine bounded relative error and logarithmic efficiency in simu-

lation under the asymptotic normal regime by letting ℓÑ 8 (after first taking limit nÑ 8) to have a truly

rare event. More precisely, a family of estimators tẐpn, ℓqu is called to have logarithmic efficiency if

limsup
ℓÑ8,nÑ8,ℓ{

?
nÑ0

Var
´

Ẑpn, ℓq
¯

pΦp´ℓqq
2´ε “ 0,

for all εą 0.

First-passage-time events. Finally, we examine the simulation of the probability of another typical event

involving the first-passage time in the form of tτb ă T u. In particular, under the asymptotic normal regime,

the sequence of events of interests have the form of Apb, ℓq “ tτb ă

b

bσ2

µ3
ℓ` b

µ
u “ t

τb´ b
µ?

bσ2{µ3
ă ℓu, with

µ ą 0, b ą 0. It is well known that zpb, ℓq “ P pApb, ℓqq Ñ Φpℓq as b Ñ 8 for any given ℓ, e.g., see Fuh

(2004). In this case, we are motivated to call a family of estimators tẐpb, ℓqu to have logarithmic efficiency

if

limsup
ℓÑ´8,bÑ8,ℓ{

?
bÑ0

Var
´

Ẑpb, ℓq
¯

pΦpℓqq
2´ε “ 0,

for all εą 0.

EC.3.2. Recovering Large Deviation Regime

Fixed-time events. We consider the following limiting regime: nÑ 8, ℓÑ 8, ℓ{
?
nÑ cą 0 for the fixed-

time events. Under these regimes, we say a family of estimators tẐpn, ℓqu has logarithmic efficiency if

limsup
ℓÑ8,nÑ8,ℓ{

?
nÑc

Var
´

Ẑpn, ℓq
¯

pzpn, ℓqq
2´ε “ 0, (EC.6)
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for all εą 0.

First-passage-time events. We consider the following limiting regime: bÑ 8, ℓÑ ´8, ℓ{
?
bÑ că 0

for the first-passage-time events. Under these regimes, we say a family of estimators tẐpb, ℓqu has logarith-

mic efficiency if

limsup
ℓÑ´8,bÑ8,ℓ{

?
bÑc

Var
´

Ẑpb, ℓq
¯

pzpb, ℓqq
2´ε “ 0, (EC.7)

for all εą 0.

Under stronger conditions, we can show that the importance sampling estimator proposed in Theorem 2

has logarithmic efficiency in the above limiting regime. For simplicity, we make the following assumption.

ASSUMPTION EC.7. There exists κ P N, C2 ąC1 ą 0, and a probability measure µ on X ˆRd such that

C1µpAˆBq ď
ş

AˆB
ppx,dx1qρpy|x,x1qdy ďC2µpAˆBq.

Note that Assumption EC.7 is called the uniform recurrent conditions, which imply Assumptions EC.3 to

EC.6. The reason why we need a uniform condition because the limiting point of the ratio ℓ{
?
n (or ℓ{

?
b)

could lie anywhere, and we still need to guarantee that the eigenfunction at this point is bounded from both

below and above.

THEOREM EC.1. Suppose Assumptions EC.1, EC.2 and EC.7 hold. Then the importance sampling esti-

mator proposed in Theorem 2 has logarithmic efficiency in the sense of (EC.6) and (EC.7).

EC.4. Calculation Details Related to the Tilting Probabilities in the Examples

EC.4.1. Heston Model

For simplicity, we denote C “
σ2p1´e´κ∆t

q

4κ
, c“ 4κe´κ∆t

σ2p1´e´κ∆tq
, and d“ 4κα

σ2
in this subsection. Then

Xtk`1
|Xtk „Cχ2

d

`

cXtk

˘

.

We choose the link function as kpx,x1, ηq “ ηx1, and then the resulting tilting probability is

dPθ,η
dP

“ exptθYtk`1
` ηXtk`1

´ϕpXtk , ηq ´ψpXtk ,Xtk`1
, θqu,

where

ϕpx, ηq “
cCηx

1´ 2ηC
´
d

2
logp1´ 2ηCq,

ψpx,x1, θq “

ˆ

rµ´
1

2
x´

ρ

σ
κpα´xqs∆t`

ρ

σ
px1 ´xq

˙

θ`
1

2
xp1´ ρ2q∆tθ2

are two cumulant functions. More precisely, under the proposed sampling distribution Pθ,η, the transition

probability and conditional distribution are given by

Xtk`1
|Xtk „CGammap

d

2
,
1

2
´ ηC,

cXtk

1´ 2ηC
q,
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Ytk`1
|Xtk`1

,Xtk „ N
ˆ

rµ´
1

2
Xtk ´

ρ

σ
κpα´Xtkqs∆t`

ρ

σ
pXtk`1

´Xtkq ` θXtkp1´ ρ2q∆t,Xtkp1´ ρ2q∆t

˙

,

where we use Gammapα,β, δq to denote a “non-central” Gamma distribution, which has the same distribu-

tion as Gammapα`N,βq, with N „ Poissonp δ
2
q.

EC.4.2. SIRD Model

Recall the notations from the main text Section 6.1. We further use bt to denote bpXtq and similarly to

b̃t, σt,Bt. Moreover, let Σt “ σtσ
J
t , and θ̃t “ Σ´1

t pb̃t´btq “Btη. Under the alternative measure, the process

is sampled from

¨

˝

Stk`1

Itk`1

Rtk`1

˛

‚“

¨

˚

˝

Stk ´
α´Stk Itk

Ntk
∆t

Itk ` p
α`Stk Itk

Ntk
´β´Itk ´ γ´Itkq∆t

Rtk `β`Itk∆t

˛

‹

‚

`
?
∆t

¨

˚

˚

˝

´

b

αStk Itk
Ntk

0 0
b

αStk Itk
Ntk

´
a

βItk ´
a

γItk
0

a

βItk 0

˛

‹

‹

‚

ϵtk`1
.

(EC.8)

The likelihood ratio is

dPθtk
dPtk

“ exptθ̃J
tk
Xtk`1

´ θ̃J
tk
btk ´

1

2
θ̃J
tk
Σtk θ̃tku “ exptηJBJ

tk
Xtk`1

´ ηJBJ
tk
btk ´

1

2
ηJBJ

tk
ΣtkBtkηu.

The importance sampling estimator is

EPη
„

1tτcă8u expt´

τc´1
ÿ

k“0

`

ηJBJ
tk
Xtk`1

´ ηJBJ
tk
btk ´

1

2
ηJBJ

tk
ΣtkBtkη

˘

u

ȷ

.

Then the second moment of the importance sampling estimator is

Gpηq “ EP
„

1tτcă8u exp
␣

´

τc´1
ÿ

k“0

`

ηJBJ
tk
Xtk`1

´ ηJBJ
tk
btk ´

1

2
ηJBJ

tk
ΣtkBtkη

˘(

ȷ

.

The tilting parameter η P R5 is selected by minimizing the above second moment (minimizing the variance)

Gpηq of the estimator by stochastic approximation algorithm.

EC.4.3. VAR-GARCH Model

By taking tpyt,Ht`1q, t ě 0u as the underlying Markov chain, tpyt,Ht`1, Stq, t ě 0u still belongs to the

general Markov random walk framework. The following is the eigenvalue problem which difficult to solve:

Ey0,H1
reθ

Jy1rpy1,H2qs

“ Ereθ
J

pµ`ρy0`H
1
2
1 ϵqrpµ` ρy0 `H

1
2
1 ϵ,AdH

1
2
1 ϵϵ

JH
1
2
1 `BdH1qs “ eΛpθqrpy0,H1q.

In contrast, the Poisson equation (14) has simpler form: Ey0,H1
rY1s ´EπrY1s “ µ`ρy´EπrY1s “ ρy0 `

µ´EπrY1s “ ρy0 `µ´pI´ρq´1µ“ ρy0 ´ρpI´ρq´1µ. The function gpy,Hq “C1y withC1 “ ρpI´ρq´1

is a solution because

pI ´P0qgpy,Hq “C1y´C1pµ` ρyq “C1pI ´ ρqy´C1µ“ ρy´ ρpI ´ ρq´1µ“ Ey,HrY1s ´EπrY1s.

(EC.9)
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Therefore, the solution to the Poisson equation (EC.9) for this VAR-GARCH model turns out to be a linear

function of y, the first component of the Markov process pyt,Ht`1q. Thus, it suffices to use a linear link

function in y1, i.e., to take k ppy,Hq, py1,H 1q, ηq “ ηJy1.

EC.5. Verification of Regularity Conditions

We use the same notations as in E-Companion EC.4.

EC.5.1. Heston Model

We first verify Assumption EC.1. piq holds because the additive part is conditionally normally distributed

and ψpx,x1, θq exists for all θ. piiq holds when η ă 1
2C

. piiiq holds because ψ,k,ϕ are all linear functions

of px,x1q. The rest of the assumption in piiiq also follows from piiq. Assumption EC.2 holds based on the

properties of the CIR process; see, e.g., Jin et al. 2013. Assumption EC.4 holds because the eigenvalue and

the eigenfunction can be explicitly calculated. Assumption EC.5 holds because of Lemma 3 and Assumption

EC.4.

We mimic the argument in Chan and Lai (2003, Example 2) to justify Assumption EC.3 holds. Consider

two compact sets CX “ rϵ,1{ϵs, CY “ r´1{ϵ,1{ϵs, with 0 ă ϵ ă 1. Then for any subset BY Ă CY and

x,x1 PCX , we have

PpY1 PBY |X0 “ x,X1 “ x1q “

ż

BY

ρpy|x,x1qdy ě ρϵmeaspBY q,

where measpBY q stands for the Lebesgue measure of the set BY , and ρϵ “ minx,x1PCX ,yPCY ρpy|x,x1q ą 0.

Moreover, denote pϵ “ minx,x1PCX ppx,x1q ą 0, where ppx,x1q is the density function of X1 P dx1|X0 “ x.

Then

Px ppX1, Y1q PAˆBq ě

ż

AXCX

ppx,x1qPpY1 PBXCY |X0 “ x,X1 “ x1qdx1

ěρϵmeaspCY q
measpBXCY q

measpCY q

ż

AXCX

ppx,x1qdx1

ě1txPCXupϵρϵmeaspCXqmeaspCY q
measpBXCY q

measpCY q

measpAXCXq

measpCXq
.

Hence Assumption EC.3 holds with hpxq “ 1txPCXupϵρϵmeaspCXqmeaspCY q, and µpA ˆ Bq “

measpBXCY q

measpCY q

measpAXCX q

measpCX q
.

Finally, let us verify Assumption EC.6. By the proof of Corollary 1, we know for this affine model, the

eigenfunction has the form of rpx, θq “ eApθqx, where Apθq is the solution to an algebraic equation

cCp
ρ
σ
θ`Aq

1´ 2Cp
ρ
σ
θ`Aq

` rp´
1

2
`
ρκ

σ
qθ∆t`

1

2
p1´ ρ2qθ2∆ts “

ρ

σ
θ`A.

When θ “ 0, the above equation reduces to 2CA2 ` pcC ´ 1qA “ 0, where cC “ e´κ∆t ă 1 and C ą 0.

(Recall that in the simulation, ∆t is a fixed positive number) Hence it has a positive root. It implies that
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when θ is sufficiently small, we can always find a root Apθq ą 0, and hence construct an eigenfunction

rpx, θq “ eApθqx.

In this example, the initial distribution is a fixed point so limsupθÑ0Eν rrpX0, θq2s “

limsupθÑ0 e
2ApθqX0 ă 8, i.e., the first part in Assumption EC.6 holds. Moreover, since the state space is

X “ R`, lim infαÑ0 infxPX rpx, θq “ lim infαÑ0 infxě0 e
Apθqx “ 1, i.e., the second part in Assumption EC.6

holds.

EC.5.2. SIRD Model

Since the importance sampling for (21) is based on the approximation in Section 4.2, we do not need to

check Assumptions.

EC.5.3. VAR-GARCH Model

We first verify Assumption EC.1. piq holds because the additive part degenerates to S1 “ y1,

i.e., ψpy,H,y1H 1, θq “ θJy1. piiq holds because we have chosen k ppy,Hq, py1,H 1q, ηq “ ηJy1, and

Ey0,H1
reη

Jy1s “ eη
J

pµ`ρy0q` 1
2η

JH1η. That is, ϕpy,H,ηq “ ηJpµ ` ρy0q ` 1
2
ηJH1η. piiiq holds because

ψ,k,ϕ all are linear function in py,H,y1,H 1q. Moreover, consider ℓ1, ℓ2 ą 0, we have

Ey0,H1
reℓ1|y1|`ℓ2|H2|s ď exptℓ1p|µ| ` |ρ||y0|q ` ℓ2p|W | ` |BdH1|quEz1„N p0,H1qre

ℓ1|z1|`ℓ2|zJ
1 Az1|s ă 8

as long as ℓ1, ℓ2 are sufficiently small. When the above is finite, its logarithm has linear growth in y0,H1, and

ℓ1, ℓ2. Assumption EC.2 holds based on the properties of VAR-GARCH model (under suitable assumptions

on the coefficients ρ,A,B), e.g., see Meitz and Saikkonen (2008). Assumption EC.3 holds naturally since

the additive part degenerates.

Assumption EC.5 holds since we already find the solution to (14) for this model in (EC.9) explicitly.

EC.6. Two Additional Examples

We present two additional examples where the Poisson equation has an analytical solution. The first is

an affine process in an autoregressive model. The second one is a finite-state-space-affine process in a

Markov switching model. It is difficult to find the eigenfunctions for the second example; thus, the LD-based

simulation method cannot be applied easily.

EXAMPLE EC.1. Consider a discrete-time affine model as described in Le et al. (2010). tXt P R, tě 0u is

the underlying Markov process whose transition probability satisfies

logEreηXt`1 |Xts “ pα`βXtqη`
1

2
pι` γXtqσ

2
xη

2,

and the additive part tYt P R, tě 1u satisfies

logEreθYt`1 |Xt,Xt`1s “ pa1Xt ` a2Xt`1 ` a3qθ`
1

2
pb1Xt ` b2Xt`1 ` b3q2σ2

yθ
2.
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Then pXt, Stq is affine, with ψpx,x1, θq “ pa1x`a2x
1 `a3qθ`

pb1x`b2x
1
`b3qθ2

2
σ2
y, ϕpx, ηq “ pα`βxqη`

pι`γxqη2

2
σ2
x. Suppose Xt admits a stationary distribution π, then under the stationary distribution, we have

EπrX1s “ α ` βEπrX0s. Hence EπrX0s “ α
1´β

. In addition, EπrY1s “ a1EπrX0s ` a2EπrX1s ` a3 “

αpa1`a2q

1´β
` a3.

Consider the Poisson equation

gpxq ´ExrgpX1qs “ ExrY1s ´EπrY1s,

where ExrY1s ´EπrY1s “ a1x` a2ExrX1s ´
αpa1`a2q

1´β
“ pa1 ` a2βqx´

αpa1`a2βq

1´β
.

We notice that the solution to the Poisson equation is also a linear function in the form of gpxq “ Āx.

Given this form, gpxq ´ExrgpX1qs “ Āx´ Āpα`βxq “ Āp1´βqx´ Āα. Therefore, Ā“
a1`a2β
1´β

.

On the other hand, consider the eigenvalue problem:

ExreθY1rpX1qs “ eΛpθqrpxq.

We notice that one eigenfunction is given by eAx with eigenvalue eΛpθq, where A depends on θ and solves a

quadratic function:

A“ a1θ`
b1θ

2σ2
y

2
`βpA` a2θ`

b2θ
2σ2

y

2
q `

γσ2
x

2
pA` a2θ`

b2θ
2σ2

y

2
q2,

and Λpθq “ a3θ`
b3θ

2σ2y
2

`αpA` a2θ`
b2θ

2σ2y
2

q `
ισ2x
2

pA` a2θ`
b2θ

2σ2y
2

q2.

This is because

ExreθY1rpX1qs “Ex
„

exp

"

AX1 ` θpa1x` a2X1 ` a3q `
σ2
yθ

2pb1x` b2X1 ` b3q

2

*ȷ

“Ex
„

exp

"

pA` θa2 `
σ2
yθ

2b2

2
qX1

*ȷ

epθa1`
σ2yθ

2b1
2 qx`θa3`

σ2yθ
2b3
2

“ exp

"

pA` θa2 `
σ2
yθ

2b2

2
qpα`βxq `

σ2
xpA` θa2 `

σ2yθ
2b2

2
q2

2
pι` γxq

` pθa1 `
σ2
yθ

2b1

2
qx` θa3 `

σ2
yθ

2b3

2

*

“ exp

$

&

%

¨

˝θa1 `
σ2
yθ

2b1

2
`βpA` θa2 `

σ2
yθ

2b2

2
q `

γσ2
xpA` θa2 `

σ2yθ
2b2

2
q2

2

˛

‚x

,

.

-

ˆ exp

$

&

%

¨

˝θa3 `
σ2
yθ

2b3

2
`αpA` θa2 `

σ2
yθ

2b2

2
q `

ισ2
xpA` θa2 `

σ2yθ
2b2

2
q2

2

˛

‚

,

.

-

“eΛpθq`Ax.

EXAMPLE EC.2. Consider a general regime-switching ARp1q model:

Yt`1 “ µpXt`1q `βpXt`1qYt `σpXt`1qϵt`1,



ec12 e-companion to Fuh, Jia, and Kou: Importance Sampling with Markov Random Walks

where Xt is an aperiodic, irreducible and positive recurrent Markov chain on a finite state space with

transition matrix P P Rmˆm and stationary distribution πx, that is πJ
x P “ πJ

x . We use P rx, s to denote the

x-th row in the transition matrix (which is a row vector). In addition, ϵt`1 „ N p0,1q and is independent of

other variables. Moreover, we denote µ,β,σ2 by column vectors formed by arranging µpXq, βpXq, σ2pXq

accordingly.

First, under the joint stationary distribution π, EπrYt`1s “ πJ
x µ ` πJ

x βEπrYt`1s. Hence the stationary

mean for Y is EπrY1s “
πJ
x µ

1´πJ
x β

.

Consider the Poisson equation

gpx, yq ´Ex,yrgpX1, Y1qs “ Ex,yrY1s ´EπrY1s,

where Ex,yrY1s ´ EπrY1s “ P rx, spµ` βyq ´
πJ
x µ

1´πJ
x β

, where P rx, s denotes the x-th row of the transition

matrix.

We notice that the solution to the Poisson equation has the form of gpx, yq “ ḡpxq `Apxqy, where as

a vector, A satisfies A ´ PdiagtβuA “ Pβ, and ḡ satisfies ḡ ´ P ḡ “ Pµ ´
πJ
x µ

1´πJ
x β

` PdiagtµuA. In

particular, when β is a constant that does not depend on X , then we can verify that A“ p
β

1´β
, ¨ ¨ ¨ , β

1´β
qJ is

the solution, in which case A is also a constant that does not depend on X .

On the other hand, consider the eigenvalue problem:

Ex,yreθY1rpX1, Y1qs “ eΛpθqrpx, yq.

When β is a constant that does not depend on X , we realize that the eigenfunction takes the form of

rpx, yq “ r̄pxqe
θβ
1´β y, and eΛpθq is the largest eigenvalue associated with the matrix Pdiagtexpt θ

1´β
µ `

1
2

θ2

p1´βq2
σ2uu, and as a vector, r̄ is the corresponding eigenvector. However, when β is not a constant, the

eigenvalue problem cannot be easily solved.

EC.7. The Example in Djehiche et al. (2022)

We review the problem studied in Djehiche et al. (2022) as follows. We modified their notations and illus-

trate how this problem can be embedded into our framework, and contrast our approaches through the lens

of the link functions under our framework.

The original problem in Djehiche et al. (2022) concerns a (scaled by an index n) continuous-time d-

dimensional pure jump process Xt P Rd, with X0 “ 0. The jump size takes values in t 1
n
e1, ¨ ¨ ¨ , 1

n
edu, where

ej “ p0, ¨ ¨ ¨ ,0,1,0, ¨ ¨ ¨ ,0qJ, with only the j-th entry being 1 while others being 0; each has intensity that

is proportional to λjpXtq :“ ajpwj ´Xt,jqe
b
řd
ℓ“1Xt,ℓ , j “ 1, ¨ ¨ ¨ , d. The total jump intensity is RpXtq :“

neb
řd
j“1Xt,j

řd

j“1 ajpwj ´Xt,jq. The event of interest is P0pτz ď T q, where τz “ infttě 0 :
řd

j“1Xt,j ě zu,

with
řd

j“1wj “ 1 and z P p0,1q.
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Djehiche et al. (2022) find the asymptotically optimal importance sampling estimator based on the sub-

solution and LD principle when the model is homogeneous with a1 “ ¨ ¨ ¨ “ ad “ a˚. In particular, Djehiche

et al. (2022) suggest sampling under the distribution with λ̄jpxq “ λjpxq

ˆ

1` c

a˚p1´
řd
ℓ“1 xℓqe

b
řd
ℓ“1

xℓ

˙

, and

R̄pxq :“Rpxq

ˆ

1` c

a˚p1´
řd
ℓ“1 xℓqe

b
řd
ℓ“1

xℓ

˙

, for some c P R that is determined by numerically solving a cer-

tain equation. When the model is inhomogeneous, Djehiche et al. (2022) still suggest the same form of the

sampling distribution by defining a˚ “ max1ďℓďdtaℓu, but there is no theoretical guarantee for such choices

under the inhomogeneous model.

This continuous-time problem can be equivalently embedded into a discrete-time Markov random walk

under our framework as follows. With abuse of notation, we denote Xi P Rd with X0 “ 0 as a discrete-time

Markov chain, where PpXi`1 “ x` 1
n
ej|Xi “ xq “

λjpxq
řd
ℓ“1 λℓpxq

. Moreover, we define a sequence of random

variables Y1, ¨ ¨ ¨ , Yi, ¨ ¨ ¨ , such that Yi`1|Xi`1 “ x1,Xi “ x „ ExppRpxqq, i.e., an exponential distribution

with intensity Rpxq. We define Sm “
řm

i“1 Yi, then tpXi, Siq, i ě 0u forms a Markov random walk. Fur-

thermore, denote N “ rnzs, and we know
řd

j“1XN´1,j “ N´1
n

ă z and
řd

j“1XN,j “ N
n

ě z. That is, Xi

takes N steps to exceed the desired threshold. Therefore, the event of interest is equivalent to P0pSN ď T q.

Since Yi are all positive random variables, the event of interest can also be written as P0pιT ą Nq, where

ιT “ inftiě 0 : Si ą T u.

Under our framework, we consider the duo-exponential family for the Markov random walk tpXi, Siq, iě

0u through a link function kpx,x1, ηq. That is, the sampling transition distribution of tpXi, Siq, iě 0u is

Pθ,ηpx1, s1|x, sq “ eθps1
´sq`kpx,x1,ηq´ψpx,θq´ϕpx,ηqPpx1, s1|x, sq,

where eψpx,θq “
Rpxq

Rpxq´θ
, and eϕpx,ηq “

řd

j“1

λjpxqe
kpx,x` 1

nej,ηq

řd
ℓ“1 λℓpxq

.

This implies that under Pθ,η, Yi`1|Xi`1 “ x1,Xi “ x„ ExppRpxq ´ θq, and Pθ,ηpXi`1 “ x` 1
n
ej|Xi “

xq “ ekpx,x` 1
n ej ,ηq´ϕpx,ηq λjpxq

řd
ℓ“1 λℓpxq

9ekpx,x` 1
n ej ,ηqλjpxq. As a special case, when d “ 1, the underlying

Markov chain tXi, iě 0u becomes a deterministic process Xn “ i
n

, thus, the link function becomes unnec-

essary.

Note that the suggested change-of-measure by Djehiche et al. (2022) is to multiplyRpxq and every λjpxq

by the same function of x. Hence, the transition probability of tXi, iě 0u is unchanged. Moreover, we note

that R̄pxq “Rpxq `nc under a homogeneous model. This is equivalent to our duo-exponential family with

θ “ ´nc and kpx,x1, ηq “ 0, a trivial link function. Moreover, searching over c is equivalent to searching

over θ while fixing the trivial link function.

In general, our approach allows us specifying a suitable link function, and we have several options. (1)

Using a trivial link function, then our tilting family includes the one suggested by Djehiche et al. (2022)

as a special case, and hence, optimizing over the unique tilting parameter θ should lead to superior finite-

sample performance than the method by Djehiche et al. (2022) (if the computational cost and error of
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the optimization stage are ignored). (2) Choosing the link function based on our Theorem 2 by solving a

Poisson equation. Note that in this case, since Xi can only take finitely many values (at the grid points

that are multipliers of 1
n

in each dimension), the Poisson equation and the eigenvalue problem is associated

with a finite-dimensional matrix, but the dimension of this matrix grows as fast as O
`

pnzqd
˘

. Hence, it is

computationally difficult to implement this procedure. (3) Other heuristic choices that do not require huge

computational cost but may not have theoretical guarantee.

We implement the method in Djehiche et al. (2022) and ours based on a trivial link function, and the

results are presented in Table EC.1. We can see that with an optimization stage to search for the optimal

tilting parameters, our approach can slightly improve the variance reduction of the method in Djehiche et al.

(2022), and the overall efficiency is close. It suggests that a trivial link function can already induce compa-

rable performance to a sophisticated method while the potential computational costs can be tremendous if

a link function is involved.

Table EC.1 Numerical results of different methods. Estimation of P0pιT ą Nq, where N “ rnzs, and

ιT “ infti ě 0 : Si ą T u. tpXi, Siq, i ě 0u forms a Markov random walk with PpXi`1 “ x` 1
n
ej |Xi “ xq “

λjpxq
řd

ℓ“1
λℓpxq

,

Sm “
řm
i“1 Yi, where Y1, ¨ ¨ ¨ , Yi, ¨ ¨ ¨ , such that Yi`1|Xi`1 “ x1,Xi “ x „ ExppRpxqq. Here,

λjpXtq :“ ajpwj ´Xt,jqe
b
řd

ℓ“1Xt,ℓ , j “ 1, ¨ ¨ ¨ , d, and total jump intensity is RpXtq :“ neb
řd

j“1Xt,j
řd
j“1 ajpwj ´Xt,jq. In

the simulation, d “ 2, n “ 125, T “ 5, b “ 5, and aj “ 0.01 and wj “ 1{d for j “ 1,2. For each column, the sample size is

106,106,106,107, respectively.

z 0.1 0.125 0.15 0.175

Plain MC mean 7.46E-02 1.36E-02 1.93E-03 2.18E-04
standard deviation 2.63E-04 1.16E-04 4.39E-05 4.67E-06
elapsed time 13.43 14.13 14.73 124.42

Djehiche et al. (2022) sd reduction ratio 2.35 4.07 7.97 16.04
time ratio 1.44 1.36 1.47 1.91
efficiency ratio 1.96 3.49 6.58 11.61

This paper sd reduction ratio 2.38 4.14 8.01 18.06
(trivial link function) time ratio 1.51 1.41 1.49 2.04

efficiency ratio 1.93 3.48 6.56 12.63
stage-1 time proportion 0.12 0.16 0.09 0.07

EC.8. Optimizing Tilting Parameters via the Cross-Entropy Method

In the main text Section 3.2, we suggest a two-stage algorithm for duo-exponential tilting importance sam-

pling. The first stage is a “trial simulation” used to search for the optimal tilting parameters given a suitably

chosen link function. We suggest using the stochastic gradient descent algorithm or other stochastic opti-

mization algorithms to minimize the second moment of the importance sampling estimator Gpθ, ηq in (10),

which effectively minimizes the variance of the importance sampling estimator. We describe the details for

incorporating the cross-entropy (CE) method by Rubinstein and Kroese (2004) into our duo-exponential

tilting framework in this part.
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In short, the CE method aims to find the tilting distribution within the proposed fam-

ily that is closest (in the sense of Kullback-Leibler distance) to the zero-variance distribu-

tion. For illustrative purpose, we consider the fixed-time event where τ is a deterministic

time. Then the density function of the zero-variance distribution is g˚pX0, ¨ ¨ ¨ ,Xτ , Y1, ¨ ¨ ¨ , Yτ q “

1
C
F pSτ qνpX0qppX0,X1q ¨ ¨ ¨ppXτ´1,Xτ qρpY1|X0,X1q, ¨ ¨ ¨ρpYτ |Xτ´1,Xτ q, where C “ Eν rF pSτ qs is an

unknown constant. The CE method minimizes

min
θ,η

ż

g˚px0, ¨ ¨ ¨ , xτ , y1, ¨ ¨ ¨ , yτ q log g˚px0, ¨ ¨ ¨ , xτ , y1, ¨ ¨ ¨ , yτ qdx0:τdy1:τ

´

ż

log

„

exp

#

τ
ÿ

i“1

θJyi ` kpxi´1, xi, ηq ´ψpxi´1, xi, θq ´ϕpxi´1, ηq

+

νpx0qppx0, x1q ¨ ¨ ¨ppxτ´1, xτ qρpy1|x0, x1q, ¨ ¨ ¨ρpyτ |xτ´1, xτ q

ȷ

g˚px0, ¨ ¨ ¨ , xτ , y1, ¨ ¨ ¨ , yτ qdx0:τdy1:τ .

The objective function reduces to

max
θ,η

ż

«

τ
ÿ

i“1

θJyi ` kpxi´1, xi, ηq ´ψpxi´1, xi, θq ´ϕpxi´1, ηq

ff

F pSτ q

νpx0qppx0, x1q ¨ ¨ ¨ppxτ´1, xτ qρpy1|x0, x1q, ¨ ¨ ¨ρpyτ |xτ´1, xτ qdx0:τdy1:τ

“max
θ,η

Eν

«

F pSτ q

τ
ÿ

i“1

`

θJYi ` kpXi´1,Xi, ηq ´ψpXi´1,Xi, θq ´ϕpXi´1, ηq
˘

ff

“max
θ,η

Eν

«

F pSτ q

˜

θJSτ `

τ
ÿ

i“1

kpXi´1,Xi, ηq ´

τ
ÿ

i“1

ψpXi´1,Xi, θq ´

τ
ÿ

i“1

ϕpXi´1, ηq

¸ff

“:max
θ,η

Hpθ, ηq.

Therefore, to incorporate the CE method into our duo-exponential tilting framework, it suffices to replace

minθ,ηGpθ, ηq in the first stage in Algorithm 1 by maxθ,ηHpθ, ηq. Moreover, when solving this optimization

problem, one may use a previously obtained tilting parameter to perform importance sampling, that is,

Hpθ, ηq “Eν

«

F pSτ q

˜

θJSτ `

τ
ÿ

i“1

kpXi´1,Xi, ηq ´

τ
ÿ

i“1

ψpXi´1,Xi, θq ´

τ
ÿ

i“1

ϕpXi´1, ηq

¸ff

“E
P
θ̃,η̃
ν

„

F pSτ q

˜

θJSτ `

τ
ÿ

i“1

kpXi´1,Xi, ηq ´

τ
ÿ

i“1

ψpXi´1,Xi, θq ´

τ
ÿ

i“1

ϕpXi´1, ηq

¸

e´θ̃JSτ`
řτ
i“1 ´kpXi´1,Xi,η̃q`ψpXi´1,Xi,θ̃q`ϕpXi´1,η̃q

ȷ

,

where pθ̃, η̃q is any tilting parameter, and Pθ̃,η̃ is the distribution defined in (9). Therefore, one may use the

stochastic gradient algorithm to iteratively find the desired tilting parameter. In particular, our implementa-

tion follows the suggested procedure in De Boer et al. (2005).
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EC.9. Proofs

EC.9.1. Proof of Lemma 1

We provide a detailed argument for interchanging the order between the expectation and differentiation. To

this end, we present the following variant of the dominated convergence theorem:

LEMMA EC.1. Let fn, gn, hn P L1 such that gn ě 0, hn ě 0 almost surely for all n. Suppose fn Ñ f8

almost surely, and |fn| ď gn`hn. In addition, we assume gn Ñ g8 in L1 and almost surely, and Erhns Ñ 0.

Then fn Ñ f8 in L1.

Proof. By Fatou’s lemma, Er|f8|s ď lim infnÑ8 Er|fn|s ď Er|g8|s ă 8, hence f8 PL1.

Note that |fn´f8| ď gn`hn`|f8|, hence we apply Fatou’s lemma again to gn`hn`|f8|´|fn´f8| ě

0 and obtain

E
”

lim inf
nÑ8

pgn `hn ` |f8| ´ |fn ´ f8|q

ı

ď lim inf
nÑ8

Ergn `hn ` |f8| ´ |fn ´ f8|s.

That is,

E
”

g8 ` |f8| ` lim inf
nÑ8

hn

ı

ď Erg8s `Er|f8|s ´ limsup
nÑ8

Er|fn ´ f8|s.

Therefore, limsupnÑ8 Er|fn ´ f8|s `Erlim infnÑ8 hns ď 0. This proves Er|fn ´ f8|s Ñ 0, i.e., fn Ñ f8

in L1. l

The following moment estimate is also needed in the proof.

LEMMA EC.2. Under Assumptions EC.1, EC.2, and EC.3, for a fixed n, the following statements hold.

(i) When θ lies in the interior of Θ and sufficiently small, Eν
”

eθ
JSn |Sn|q

ı

ă 8 for any q ě 0.

(ii) We denote S̃n “
řn

i“1 |Xi|. For any ℓ sufficiently small and any q ě 0, EνreℓS̃nS̃qns ă 8.

(iii) When θ lies in the interior of Θ and θ, η sufficiently small, Eν
”

eθ
JSn`ℓS̃n

´

|Sn|q ` S̃pn

¯ı

ă 8 for any

p, q ě 0.

Proof.

(i) When the additive part does not degenerate, by Proposition 1(i) in Fuh (2004), under Assump-

tions EC.1 and EC.3, and when θ is sufficiently small, Eν
“

e|θ||Sn|
‰

ă 8. Hence Pνp|Sn| ą tq ď

Eν
“

e|θ||Sn|
‰

e´|θ|t. Then for any q ą 0,

Eνr|Sn|qs “

ż 8

0

qtq´1Pνp|Sn| ą tqdtď qEν
“

e|θ||Sn|
‰

ż 8

0

tq´1e´|θ|tdtă 8.

Since θ lies in the interior of Θ, there exists v ą 1 such that vθ P Θ and Eν
“

ev|θ||Sn|
‰

ă 8. By Hölder’s

inequality,

Eν
”

eθ
JSn |Sn|q

ı

ď
`

Eν
“

ev|θ||Sn|
‰˘1{v

pEν r|Sn|qusq
1{u

ă 8,

where 1
v

` 1
u

“ 1.

When the additive part degenerates, it reduces to piiq.
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(ii) We only need to prove the case when X is unbounded. When ℓ ă L
1`C0`¨¨¨`Cn0

, by Assumption

EC.1(iii), we have

Eν
”

eℓS̃n
ı

“ Eν
”

eℓS̃n´1Eν
”

eℓ|Xn|

ˇ

ˇ

ˇ
Fn´1

ıı

ď eC0ℓEν
”

eℓS̃n´2`pℓ`C0ℓq|Xn´1|

ı

ď ¨ ¨ ¨ ď eCEν
”

eℓp1`C0`¨¨¨`Cn0 q|X0|

ı

,

for some finite constant C. Hence Eν
”

eℓS̃n
ı

ă 8 for any ℓ sufficiently small. Moreover, for any q ą 0,

for the same reason, ErS̃qns ă 8. Finally, EνreℓS̃nS̃qns ă 8 follows by Hölder’s inequality.

(iii) The conclusion follows from (i) and (ii) by Hölder’s inequality.

l

Fixed-time events We first consider the case of a finite-state Markov random walk.

Gpθ, ηq “ Eνr1tSnącue
´θSn`

řn
i“1 ´kpXi´1,Xi,ηq`ψpXi´1,Xi,θq`ϕpXi´1,ηqs.

Fix a sufficiently small δ ą 0, such that tpθ1, η1q : |θ1 ´ θ| ` |η1 ´ η| ă 2δu Ă ΘˆH . Because Xi only takes

finite many values, we denote

Cδ “ sup
x,x1,|θ1´θ|ăδ

|
B

Bθ
ψpx,x1, θ1q| _ sup

x,x1,|η1´η|ăδ

|
B

Bη
kpx,x1, η1q| _ sup

x,x1,|η1´η|ăδ

|
B

Bη
ϕpx,x1, η1q|

_ sup
x,x1,|θ1´θ|ăδ

|ψpx,x1, θ1q| _ sup
x,x1,|η1´η|ăδ

|kpx,x1, η1q| _ sup
x,x1,|η1´η|ăδ

|ϕpx,x1, η1q|.

We have
ˇ

ˇ

ˇ

ˇ

n
ÿ

i“1

´kpXi´1,Xi, η`∆ηq ` kpXi´1,Xi, ηq `ψpXi´1,Xi, θ`∆θq `ϕpXi´1, η`∆ηq

´ψpXi´1,Xi, θq ´ϕpXi´1, ηq

ˇ

ˇ

ˇ

ˇ

ďnCδp2|∆η| ` |∆θ|q.

We consider the case where |∆θ| _ |∆η| ă 1
4nCδ

^ δ. The difference has an estimate:

ˇ

ˇ

ˇ
1tSnącue

´pθ`∆θqSn`
řn
i“1 ´kpXi´1,Xi,η`∆ηq`ψpXi´1,Xi,θ`∆θq`ϕpXi´1,η`∆ηq

´1tSnącue
´θJSn`

řn
i“1 ´kpXi´1,Xi,ηq`ψpXi´1,Xi,θq`ϕpXi´1,ηq

ˇ

ˇ

ˇ

ď1tSnącue
´θSn`

řn
i“1 ´kpXi´1,Xi,ηq`ψpXi´1,Xi,θq`ϕpXi´1,ηq

ˆ

"

ˇ

ˇe´∆θSn ´ 1
ˇ

ˇe
řn
i“1 ´kpXi´1,Xi,η`∆ηq`kpXi´1,Xi,ηq`ψpXi´1,Xi,θ`∆θq`ϕpXi´1,η`∆ηq´ψpXi´1,Xi,θq´ϕpXi´1,ηq

`

ˇ

ˇ

ˇ
e
řn
i“1 ´kpXi´1,Xi,η`∆ηq`kpXi´1,Xi,ηq`ψpXi´1,Xi,θ`∆θq`ϕpXi´1,η`∆ηq´ψpXi´1,Xi,θq´ϕpXi´1,ηq ´ 1

ˇ

ˇ

ˇ

*

ď1tSnącue
´θSn`3nCδ

"

1t|∆θ||Sn|ď1uC|∆θ||Sn| `1t|∆θ||Sn|ą1u

“

e´∆θSn ` 1
‰

`nCCδp2|∆η| ` |∆θ|q

*

ďC̃e´θSn p|Sn| ` 1q p|∆θ| ` |∆η|q ` C̃1t|∆θ||Sn|ą1u

“

e´pθ`∆θqSn ` e´θSn
‰

.
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Hence

1

|∆θ| ` |∆η|

ˇ

ˇ

ˇ
1tSnącue

´pθ`∆θqSn`
řn
i“1 ´kpXi´1,Xi,η`∆ηq`ψpXi´1,Xi,θ`∆θq`ϕpXi´1,η`∆ηq

´1tSnącue
´θJSn`

řn
i“1 ´kpXi´1,Xi,ηq`ψpXi´1,Xi,θq`ϕpXi´1,ηq

ˇ

ˇ

ˇ

ď C̃e´θSn p|Sn| ` 1q `
C̃

|∆θ|
1t|∆θ||Sn|ą1u

“

e´pθ`∆θqSn ` e´θSn
‰

. (EC.10)

To analyze (EC.10), we first note that under Assumptions EC.1, EC.2, and EC.3, Lemma EC.2 holds,

then Ere´θSn p|Sn| ` 1qs ă 8. Next we need to show that 1
|∆θ|

E
“

1t|∆θ||Sn|ą1u

“

e´pθ`∆θqSn ` e´θSn
‰‰

Ñ 0

as ∆θÑ 0.

Here we have

1

|∆θ|
E
“

1t|∆θ||Sn|ą1ue
´θSn

‰

ď E
“

1t|∆θ||Sn|ą1u|Sn|e´θSn
‰

Ñ 0

due to Ere´θSn |Sn|s ă 8 and the monotone convergence theorem.

The last term requires to estimate the probability P
´

|Sn| ą 1
|∆θ|

¯

. Under Assumptions EC.1, EC.2, and

EC.3, from the proof of Lemma EC.2, it is known that P
´

|Sn| ą 1
|∆θ|

¯

« e
´ Kn

|∆θ| for some K ą 0. Then by

the Hölder’s inequality,

1

|∆θ|
E
”

1t|Sn|ą 1
|∆θ|

ue
´pθ`∆θqSn

ı

ď
1

|∆θ|

ˆ

P
ˆ

|Sn| ą
1

|∆θ|

˙˙1{q
`

E
“

e´ppθ`∆θqSn
‰˘1{p

,

where 1
p

` 1
q

“ 1. We may pick pą 1 but sufficiently close to 1 such that ´ppθ`∆θq P Θ for any |∆θ| ă δ.

Hence 1
|∆θ|

E
“

1t|∆θ||Sn|ą1ue
´pθ`∆θqSn

‰

Ñ 0 as ∆θÑ 0.

When the state space of the underlying Markov chain is unbounded, we have Assumption EC.1 piiiq on

the growth condition.

Note that on the event tS̃n ď 1
24Cδp|∆θ|`|∆η|q

u, we have

ˇ

ˇ

ˇ
´ kpXi´1,Xi, η`∆ηq ` kpXi´1,Xi, ηq `ψpXi´1,Xi, θ`∆θq `ϕpXi´1, η`∆ηq

´ψpXi´1,Xi, θq ´ϕpXi´1, ηq

ˇ

ˇ

ˇ

ď3Cδpn` 2S̃nqp|∆θ| _ |∆η|q ď 3nCδp|∆θ| _ |∆η|q ` 6CδS̃np|∆θ| _ |∆η|q ď 1.
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We consider the similar estimate on the difference:
ˇ

ˇ

ˇ
1tSnącue

´pθ`∆θqSn`
řn
i“1 ´kpXi´1,Xi,η`∆ηq`ψpXi´1,Xi,θ`∆θq`ϕpXi´1,η`∆ηq

´1tSnącue
´θJSn`

řn
i“1 ´kpXi´1,Xi,ηq`ψpXi´1,Xi,θq`ϕpXi´1,ηq

ˇ

ˇ

ˇ

ď1tSnącue
´θSn`

řn
i“1 ´kpXi´1,Xi,ηq`ψpXi´1,Xi,θq`ϕpXi´1,ηq

ˆ

"

ˇ

ˇe´∆θSn ´ 1
ˇ

ˇe
řn
i“1 ´kpXi´1,Xi,η`∆ηq`kpXi´1,Xi,ηq`ψpXi´1,Xi,θ`∆θq`ϕpXi´1,η`∆ηq´ψpXi´1,Xi,θq´ϕpXi´1,ηq

`

ˇ

ˇ

ˇ
e
řn
i“1 ´kpXi´1,Xi,η`∆ηq`kpXi´1,Xi,ηq`ψpXi´1,Xi,θ`∆θq`ϕpXi´1,η`∆ηq´ψpXi´1,Xi,θq´ϕpXi´1,ηq ´ 1

ˇ

ˇ

ˇ

*

ď1tSnącue
´θSn`3nCδ`6CδS̃n

"

1t|∆θ||Sn|ď1uC|∆θ||Sn| `1t|∆θ||Sn|ą1u

“

e´∆θSn ` 1
‰

*

`1tSnącue
´θSn`

řn
i“1 ´kpXi´1,Xi,ηq`ψpXi´1,Xi,θq`ϕpXi´1,ηq

1tS̃nď 1
24Cδp|∆θ|`|∆η|q

u3CCδpn` 2S̃nqp|∆θ| ` |∆η|q

`1tSnącue
´θSn1tS̃ną 1

24Cδp|∆θ|`|∆η|q
u

ˇ

ˇ

ˇ
e
řn
i“1 ´kpXi´1,Xi,η`∆ηq`ψpXi´1,Xi,θ`∆θq`ϕpXi´1,η`∆ηq

´ e
řn
i“1 ´kpXi´1,Xi,ηq`ψpXi´1,Xi,θq`ϕpXi´1,ηq

ˇ

ˇ

ˇ

ďC̃e´θSn`6CδS̃n
´

|Sn| ` S̃n ` 1
¯

p|∆θ| ` |∆η|q ` C̃1t|∆θ||Sn|ą1u

“

e´pθ`∆θqSn ` e´θSn
‰

e6CδS̃n

` C̃1tS̃ną 1
24Cδp|∆θ|`|∆η|q

ue
´θSne6CδS̃n .

It suffices to show

E
”

e´θSn`6CδS̃n
´

|Sn| ` S̃n ` 1
¯ı

ă 8,

and when |∆θ|, |∆η| Ñ 0,

1

|∆θ|
E
”

1t|Sn|ą 1
|∆θ|

u

“

e´pθ`∆θqSn ` e´θSn
‰

e6CδS̃n
ı

Ñ 0,
1

|∆θ| ` |∆η|
E
”

1tS̃ną 1
24Cδp|∆θ|`|∆η|q

ue
´θSne6CδS̃n

ı

Ñ 0.

The first expectation is finite due to the Hölder’s inequality and Lemma EC.2. The second limit holds by

the same argument for the finite state-space case. The last limit holds because

1

|∆θ| ` |∆η|
E
”

1tS̃ną 1
24Cδp|∆θ|`|∆η|q

ue
´θSne6CδS̃n

ı

ď 24CδE
”

1tS̃ną 1
24Cδp|∆θ|`|∆η|q

uS̃ne
´θSne6CδS̃n

ı

Ñ 0

by the monotone convergence theorem and the fact E
”

S̃ne
´θSne6CδS̃n

ı

ă 8.

First-passage-time events To make the derivation transparent, we first consider the i.i.d. case. Note

that for given µą 0, the second moment has the form

Gpθq “ Er1tτbăT ue
´θSτb`τbψpθqs “ Er1tτbăT ue

´θRpbq`τbψpθqse´θb,

where Rpbq “ Sτb ´ b is the overshoot.

Define G̃pθq “ Er1tτbăT ue
´θRpbq`τbψpθqs. It suffices to show

G̃1pθq “ E
“

p´Rpbq ` τbψ
1pθqq1tτbăT ue

´θRpbq`τbψpθq
‰

,
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for each θ such that θ,´θ P Θ.

For a given constant C1 ą 0, we consider δ ą 0 such that for any θ1 PBδpθq, |ψpθ1q ´ψpθq| ďC1|θ1 ´ θ|,

and |ψpθ1q| ăC1|ψpθq|.

Assume |∆θ| ă δ, and consider the difference

1

|∆θ|

ˇ

ˇ1tτbăT ue
´pθ`∆θqRpbq`τbψpθ`∆θq ´1tτbăT ue

´θRpbq`τbψpθq
ˇ

ˇ

ď
1

|∆θ|
1tτbăT ue

´θRpbq`τbψpθq
ˇ

ˇe´∆θRpbqeτbrψpθ`∆θq´ψpθqs ´ 1
ˇ

ˇ

ď
1

|∆θ|
1tτbăT ue

´θRpbq`τbψpθq
␣ˇ

ˇ

`

e´∆θRpbq ´ 1
˘

eτbrψpθ`∆θq´ψpθqs
ˇ

ˇ`
ˇ

ˇeτbrψpθ`∆θq´ψpθqs ´ 1
ˇ

ˇ

(

ď
1

|∆θ|
1tτbăT ue

´θRpbq`τbψpθq
␣ˇ

ˇe´∆θRpbq ´ 1
ˇ

ˇeC1|∆θ| `
ˇ

ˇeτbrψpθ`∆θq´ψpθqs ´ 1
ˇ

ˇ

(

ď1tτbăT ue
´θRpbq`τbψpθq

1t|∆θRpbq|ď1, τbC1|∆θ|ď1u

␣

RpbqeC1δ `CC1τb
(

`
1

|∆θ|
1tτbăT u1t|∆θRpbq|ą1, or τbC1|∆θ|ą1u

ˇ

ˇe´pθ`∆θqRpbq`τbψpθ`∆θq ` e´θRpbq`τbψpθq
ˇ

ˇ

ď1tτbăT ue
´θRpbq`τbψpθq

␣

RpbqeC1δ `CC1τb
(

`1t|∆θRpbq|ą1, or τbC1|∆θ|ą1u1tτbăT u

ˇ

ˇe´pθ`∆θqRpbq`τbψpθ`∆θq ` e´θRpbq`τbψpθq
ˇ

ˇ

|∆θ|

ďC̃e´θRpbq rRpbq ` 1s ` C̃1t|∆θRpbq|ą1, or τbC1|∆θ|ą1u

ˇ

ˇe´pθ`∆θqRpbq ` e´θRpbq
ˇ

ˇ

|∆θ|
.

It suffices to prove E
“

e´θRpbqrRpbq ` 1s
‰

ă 8, and E
„

1t|∆θRpbq|ą1, or τbC1|∆θ|ą1u

|e´pθ`∆θqRpbq
`e´θRpbq|

|∆θ|

ȷ

Ñ

0 as ∆θÑ 0. For the latter, we also need to estimate the probability

P p|∆θRpbq| ą 1, or τbC1|∆θ| ą 1q

“P
ˆ

Rpbq ą
1

|∆θ|
, or τb ą

1

C1|∆θ|

˙

ďP
ˆ

Rpbq ą
1

|∆θ|

˙

`P
ˆ

τb ą
1

C1|∆θ|

˙

ď|∆θ|2
`

ErRpbq2 `C2
1τ

2
b s
˘

.

Next, we consider the case of a finite-state Markov random walk. For given µą 0,

Gpθ, ηq “ Eνr1tτbăT ue
´θSτb`

řτb
i“1 ´kpXi´1,Xi,ηq`ψpXi´1,Xi,θq`ϕpXi´1,ηqs

“ Eνr1tτbăT ue
´θRpbq`

řτb
i“1 ´kpXi´1,Xi,ηq`ψpXi´1,Xi,θq`ϕpXi´1,ηqse´θb.

Fix a sufficiently small δ ą 0, such that tpθ1, η1q : |θ1 ´ θ| ` |η1 ´ η| ă 2δu Ă ΘˆH . Because Xi only takes

finite many values, we denote

Cδ “ sup
x,x1,|θ1´θ|ăδ

|
B

Bθ
ψpx,x1, θ1q| _ sup

x,x1,|η1´η|ăδ

|
B

Bη
kpx,x1, η1q| _ sup

x,x1,|η1´η|ăδ

|
B

Bη
ϕpx,x1, η1q|

_ sup
x,x1,|θ1´θ|ăδ

|ψpx,x1, θ1q| _ sup
x,x1,|η1´η|ăδ

|kpx,x1, η1q| _ sup
x,x1,|η1´η|ăδ

|ϕpx,x1, η1q|.
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On the event tτb ă T u, we have

ˇ

ˇ

ˇ

ˇ

τb
ÿ

i“1

´kpXi´1,Xi, η`∆ηq ` kpXi´1,Xi, ηq `ψpXi´1,Xi, θ`∆θq `ϕpXi´1, η`∆ηq

´ψpXi´1,Xi, θq ´ϕpXi´1, ηq

ˇ

ˇ

ˇ

ˇ

ď TCδp2|∆η| ` |∆θ|q.

We consider the case where |∆θ| _ |∆η| ă 1
4TCδ

^ δ. The difference has an estimate:

ˇ

ˇ

ˇ
1tτbăT ue

´pθ`∆θqRpbq`
řτb
i“1 ´kpXi´1,Xi,η`∆ηq`ψpXi´1,Xi,θ`∆θq`ϕpXi´1,η`∆ηq

´1tτbăT ue
´θJRpbq`

řτb
i“1 ´kpXi´1,Xi,ηq`ψpXi´1,Xi,θq`ϕpXi´1,ηq

ˇ

ˇ

ˇ

ď1tτbăcue
´θRpbq`

řτb
i“1 ´kpXi´1,Xi,ηq`ψpXi´1,Xi,θq`ϕpXi´1,ηq

ˆ

"

ˇ

ˇe´∆θRpbq ´ 1
ˇ

ˇe
řτb
i“1 ´kpXi´1,Xi,η`∆ηq`kpXi´1,Xi,ηq`ψpXi´1,Xi,θ`∆θq`ϕpXi´1,η`∆ηq´ψpXi´1,Xi,θq´ϕpXi´1,ηq

`

ˇ

ˇ

ˇ
e
řτb
i“1 ´kpXi´1,Xi,η`∆ηq`kpXi´1,Xi,ηq`ψpXi´1,Xi,θ`∆θq`ϕpXi´1,η`∆ηq´ψpXi´1,Xi,θq´ϕpXi´1,ηq ´ 1

ˇ

ˇ

ˇ

*

ď1tτbăT ue
´θRpbq`3TCδ

"

1t|∆θ|Rpbqď1uC|∆θ|Rpbq `1t|∆θ|Rpbqą1u

“

e´∆θRpbq ` 1
‰

`TCCδp2|∆η| ` |∆θ|q

*

ďC̃e´θRpbq pRpbq ` 1q p|∆θ| ` |∆η|q ` C̃1t|∆θ|Rpbqą1u

“

e´pθ`∆θqRpbq ` e´θRpbq
‰

.

Hence

1

|∆θ| ` |∆η|

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ
1tτbăT ue

´pθ`∆θqRpbq`
řτb
i“1 ´kpXi´1,Xi,η`∆ηq`ψpXi´1,Xi,θ`∆θq`ϕpXi´1,η`∆ηq

´1tτbăT ue
´θRpbq`

řτb
i“1 ´kpXi´1,Xi,ηq`ψpXi´1,Xi,θq`ϕpXi´1,ηq

ˇ

ˇ

ˇ

ď C̃e´θRpbq pRpbq ` 1q `
C̃

|∆θ|
1t|∆θ|Rpbqą1u

“

e´pθ`∆θqRpbq ` e´θRpbq
‰

. (EC.11)

To analyze (EC.11), we first note that under Assumptions EC.1, EC.2, and EC.3, by Lemma 2 in

Fuh (2004), we have supbě0EπRpbq ď EπpS`
1 q2{EπS1, which implies that Ere´θRpbq pRpbq ` 1qs ă 8.

Next, we will analyze the second term in (EC.11). By Markov inequality, we have 1
|∆θ|

P
´

Rpbq ą 1
|∆θ|

¯

ď

EπRpbq ă 8, via Lemma 2 in Fuh (2004). Applying Hölder’s inequality, we have, under Assumptions

EC.1, EC.2, and EC.3, for θą 0, ∆θą 0, 1
|∆θ|

E
“

1t|∆θ|Rpbqą1u

“

e´pθ`∆θqRpbq ` e´θRpbq
‰‰

Ñ 0 as ∆θÑ 0.

When the state space of the underlying Markov chain is unbounded, we have Assumption EC.1 piiiq on

the growth condition.

Note that on the event tτb ă T, S̃T ď 1
24Cδp|∆θ|`|∆η|q

u, we have

τb
ÿ

i“1

ˇ

ˇ

ˇ
´ kpXi´1,Xi, η`∆ηq ` kpXi´1,Xi, ηq `ψpXi´1,Xi, θ`∆θq `ϕpXi´1, η`∆ηq

´ψpXi´1,Xi, θq ´ϕpXi´1, ηq

ˇ

ˇ

ˇ

ď3CδpT ` 2S̃T qp|∆θ| _ |∆η|q ď 3TCδp|∆θ| _ |∆η|q ` 6CδS̃T p|∆θ| _ |∆η|q ď 1.
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The difference can be bounded by
ˇ

ˇ

ˇ
1tτbăT ue

´pθ`∆θqRpbq`
řτb
i“1 ´kpXi´1,Xi,η`∆ηq`ψpXi´1,Xi,θ`∆θq`ϕpXi´1,η`∆ηq

´1tτbăT ue
´θJRpbq`

řτb
i“1 ´kpXi´1,Xi,ηq`ψpXi´1,Xi,θq`ϕpXi´1,ηq

ˇ

ˇ

ˇ

ď1tτbăcue
´θRpbq`

řτb
i“1 ´kpXi´1,Xi,ηq`ψpXi´1,Xi,θq`ϕpXi´1,ηq

ˆ

"

ˇ

ˇe´∆θRpbq ´ 1
ˇ

ˇe
řτb
i“1 ´kpXi´1,Xi,η`∆ηq`kpXi´1,Xi,ηq`ψpXi´1,Xi,θ`∆θq`ϕpXi´1,η`∆ηq´ψpXi´1,Xi,θq´ϕpXi´1,ηq

`

ˇ

ˇ

ˇ
e
řτb
i“1 ´kpXi´1,Xi,η`∆ηq`kpXi´1,Xi,ηq`ψpXi´1,Xi,θ`∆θq`ϕpXi´1,η`∆ηq´ψpXi´1,Xi,θq´ϕpXi´1,ηq ´ 1

ˇ

ˇ

ˇ

*

ď1tτbăT ue
´θRpbq`3TCδ`6CδS̃T

"

1t|∆θ|Rpbqď1u|∆θ|Rpbq `1t|∆θ|Rpbqą1u

“

e´∆θRpbq ` 1
‰

*

`1tτbăT ue
´θRpbq`

řτb
i“1 ´kpXi´1,Xi,ηq`ψpXi´1,Xi,θq`ϕpXi´1,ηq

1tS̃Tď 1
24Cδp|∆θ|`|∆η|q

u3CCδpT ` 2S̃T qp|∆θ| ` |∆η|q

`1tτbăT ue
´θRpbq

1tS̃Tą 1
24Cδp|∆θ|`|∆η|q

u

ˇ

ˇ

ˇ
e
řτb
i“1 ´kpXi´1,Xi,η`∆ηq`ψpXi´1,Xi,θ`∆θq`ϕpXi´1,η`∆ηq

´ e
řn
i“1 ´kpXi´1,Xi,ηq`ψpXi´1,Xi,θq`ϕpXi´1,ηq

ˇ

ˇ

ˇ

ďC̃e´θRpbq`6CδS̃T

´

S̃T `Rpbq ` 1
¯

p|∆θ| ` |∆η|q ` C̃1t|∆θ|Rpbqą1u

“

e´pθ`∆θqRpbq ` e´θRpbq
‰

e6CδS̃T

` C̃1tS̃Tą 1
24Cδp|∆θ|`|∆η|q

ue
´θRpbq`6CδS̃T .

It suffices to show

E
”

e´θRpbq`6CδS̃T

´

Rpbq ` S̃T ` 1
¯ı

ă 8,

and when |∆θ|, |∆η| Ñ 0,

1

|∆θ|
E
”

1tRpbqą 1
|∆θ|

u

“

e´pθ`∆θqRpbq ` e´θRpbq
‰

e6CδS̃T
ı

Ñ 0,

1

|∆θ| ` |∆η|
E
”

1tS̃Tą 1
24Cδp|∆θ|`|∆η|q

ue
´θRpbqe6CδS̃T

ı

Ñ 0.

The first two conditions hold due to the same argument as above and the Hölder’s inequality.

The last limit holds because

1

|∆θ| ` |∆η|
E
”

1tS̃Tą 1
24Cδp|∆θ|`|∆η|q

ue
´θRpbqe6CδS̃T

ı

ď 24CδE
”

1tS̃Tą 1
24Cδp|∆θ|`|∆η|q

uS̃T e
´θRpbqe6CδS̃T

ı

Ñ 0

by the monotone convergence theorem and the fact E
”

S̃T e
´θRpbqe6CδS̃T

ı

ă 8, by Lemma EC.2.

EC.9.2. Proof of Theorem 1

Under Assumption EC.4, rpx;αq is non-zero and well-defined.

Recall that tpXn, Snq, ně 0u is a Markov chain, for any classical exponential tilting probability Pθ˚ , the

transition probability is given by (6). Moreover, based on the definition of the eigenvalue and eigenfunction

in (4), we have

eΛpθ˚
qrpx, θ˚q “ Exreθ

˚J
Y1rpX1, θ

˚qs “ Ex
“

rpX1, θ
˚qExreθ

˚J
Y1 |X1s

‰

“ ExrrpX1, θ
˚qeψpx,X1,θ

˚
qs.
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With kpx,x1, ηq “ψpx,x1, ηq ` log rpx1, ηq, let us compute

ϕpx, ηq “ logExreψpx,X1,ηq`log rpX1,ηqs “ Λpηq ` log rpx, ηq.

Therefore, the transition probability Pθ,η defined in (9), with θ“ η “ θ˚, is

Pθ˚,θ˚pdx1,ds1|x, sq “ elog rpX1,θ
˚

q`θJ
ps1

´sq´Λpθ˚
q´log rpx,θ˚

qppx,dx1qρps1 ´ s|x,x1qds1.

This coincides with (6). l

EC.9.3. Proof of Corollary 1

Here, we consider the affine model and directly verify the proposed forms are the eigenvalues and the

associated eigenfunction. Hence only Assumption EC.1 is required.

Under the affine structure, rpx, θq “ApθqJx is an eigenfunction if and only if

Exreθ
JY1rpX1, θqs “ Ex

“

rpX1, θqExreθ
JY1 |X1s

‰

“ EreApθq
JX1`D0pθq

JX1`D1pθq
Jx`D2pθqs

“e

“

C1

`

Apθq`D0pθq

˘

`D1pθq

‰J

x`C2

`

Apθq`D0pθq

˘

`D2pθq
“ eΛpθqeApθq

Jx.

This is equivalent to C1

`

Apθq `D0pθq
˘

`D1pθq “Apθq and C2

`

Apθq `D0pθq
˘

`D2pθq “ Λpθq. For any

given θ, D0pθq,D1pθq,D2pθq are three constants, and C1p¨q,C2p¨q are two functions. Solving this system of

algebraic equations leads to the eigenfunction and eigenvalue.

Moreover, in this case, the classical exponential tilting family is

Pθpdx1,ds1|x, sq “ eApθq
J

px1
´xq´Λpθq`θJ

ps1
´sqppx,dx1qρps1 ´ s|x,x1qds1.

On the other hand, the duo-exponential tilting distribution with link function kpx,x1, ηq “ ηJx1 is

Pθ,ηpdx1,ds1|x, sq “ eη
Jx1

`θJ
ps1

´sq´C1pηq
Jx´C2pηq´D0pθq

Jx1
´D1pθq

Jx´D2pθqppx,dx1qρps1 ´ s|x,x1qds1.

By direct comparison, we could see that when η “Apθq `D0pθq, probability Pθ,ηpdx1,ds1|x, sq coincides

with Pθpdx1,ds1|x, sq. Therefore, the proposed duo-exponential tilting family contains the classical expo-

nential tilting as a proper subset. l

EC.9.4. Proof of Lemma 2

First, under Assumption EC.1, we claimψpx,x1, θq and ϕpx, ηq are convex functions of θ and η, respectively,

and hence Θ and H are both convex sets. This is a well-known result for cumulant generating functions.

For example, it can be proved by Hölder’s inequality: for given ιą 0

eϕpx,ιη1`p1´ιqη2q “Exrepιη1`p1´ιqη2q
Jk̃px,X1qs “ Exrpeη

J
1 k̃px,X1qqιpeη

J
2 k̃px,X1qq1´ιs

ď
`

Exreη
J
1 k̃px,X1qs

˘ι`Exreη
J
2 k̃px,X1qs

˘1´ι
“ eιϕpx,η1q`p1´ιqϕpx,η2q.

Hence ϕ
`

ιη1 ` p1´ ιqη2, x
˘

ď ιϕpx, η1q ` p1´ ιqϕpx, η2q. That is, ϕ is convex in η.

Therefore, inside the expectation, for any trajectory, F pXτ , Sτ q expt´θJSτ `
řτ

i“1 ´ηJk̃pXi´1,Xiq `

ϕpXi´1, ηq ` ψpXi´1,Xi, ηqu is a composition between exponential function and a convex function and

hence remains convex in terms of pθ, ηq. After taking the expectation, Gpθ, ηq is also convex. l
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EC.9.5. Proof of Theorem 2

We first present a lemma about the optimal log-likelihood ratio for a joint normal distribution.

LEMMA EC.3. Under the LAN family and asymptotic normal regime, the second moment of the Monte-

Carlo estimator (10) is asymptotically equivalent to ErF̄ 2pNqe´NP̃s, where pN,NP̃q follows a joint normal

distribution. Suppose
ˆ

N
NP̃

˙

„ N
ˆˆ

µN
µP̃

˙

,

ˆ

ΣN ΣJ
LN

ΣLN σ2
P̃

˙˙

.

Then the minimum of ErF̄ 2pNqe´NP̃s is achieved when σ2
P̃ “ ΣJ

LNΣ
´1
N ΣLN .

Proof. First, we note that under the LAN family assumption of the likelihood ratio and asymptotic nor-

mality of the statistic of interest F̄ 2pSτ q, by using a standard joint central limit theorem, we have that the

second moment of the Monte-Carlo estimator (10) is asymptotically equivalent to ErF̄ 2pNqe´NP̃s. (3.6)

and (3.7) in Fuh and Hu (2007) presents the simple case in finite state Markov chains. Second, since NP̃ is

the limit of a log-likelihood ratio, EreNP̃s “ 1. It means µP̃ “ ´ 1
2
σ2
P̃.

We calculate the objective by conditioning on N first. Since

NP̃|N „ N
`

µP̃ `ΣJ
LNΣ

´1
N pN ´µNq, σ2

P̃ ´ΣJ
LNΣ

´1
N ΣLN

˘

,

we have

ErF̄ 2pNqe´NP̃s “ ErF̄ 2pNqEre´NP̃ |N ss “ ErF̄ 2pNqe´ΣJ
LNΣ´1

N
pN´µN qseσ

2
P̃´ 1

2Σ
J
LNΣ´1

N
ΣLN .

Hence it is a decreasing function in σ2
P̃, and the joint normality implies that σ2

P̃ ě ΣJ
LNΣ

´1
N ΣLN . This proves

our claim. Moreover, when σ2
P̃ “ ΣJ

LNΣ
´1
N ΣLN , there exist a vector θ̄ and a scalar c, such thatNP̃ “ θ̄JN`c.

l

Now let us first prove an intermediary result. We use the following notion to denote the log-likelihood

ratio up to time n induced by our proposed change of measure (9):

LRnpθ, ηq :“
n
ÿ

i“1

“

θJYi ` kpXi´1,Xi, ηq ´ψpXi´1,Xi, θq ´ϕpXi´1, ηq
‰

.

LEMMA EC.4. Under Assumptions EC.1, EC.2, and EC.5, the asymptotic optimal tilting distribution

within the LAN family for an event in the asymptotic normal regime is achieved by choosing the link function

according to kpx,x1, ηq “ ψpx,x1, ηq ` ηJgpx1q, where g satisfies (14), and the tilting parameter satisfies

θ“Op 1
?
n

q, η “Op 1
?
n

q, and θ´ η “ op 1
?
n

q.

Proof. Assumption EC.1 guarantees the existence of ψ and Assumption EC.5 assumes the existence of g.

Given this link function kpx,x1, ηq “ψpx,x1, ηq`ηJgpx1q, based on the definition, the cumulant function

is

eϕpx,ηq “ ErekpX0,X1,ηq|X0 “ xs “ EreψpX0,X1,ηq`ηJgpX1q|X0 “ xs “ Ereη
JY1`ηJgpX1q|X0 “ xs.
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Therefore, Bϕ
Bη

px,0q “ ExrY1`gpX1qs. Since g solves (14), gpxq´ExrgpX1qs “ ExrY1s´EπrY1s, we obtain

Bϕ
Bη

px,0q “ gpxq `EπrY1s.

Now let us check the log-likelihood ratio when θ“ η “ ´ θ̄
?
n

:

LRnp´
θ̄

?
n
,´

θ̄
?
n

q “ ´
θ̄J

?
n

n
ÿ

i“1

rYi ` gpXiqs ´

n
ÿ

i“1

ϕpXi´1,´
θ̄

?
n

q

“ ´
θ̄J

?
n

n
ÿ

i“1

rYi ` gpXiq ´
Bϕ

Bη
pXi´1,0qs ´

1

2n

n
ÿ

i“1

θ̄J B2ϕ

Bη2
pXi´1,0qθ̄` op1q

“ ´
θ̄J

?
n

n
ÿ

i“1

“

Yi ` gpXiq ´ gpXi´1q ´EπrY1s
‰

´
1

2n

n
ÿ

i“1

θ̄J B2ϕ

Bη2
pXi´1,0qθ̄` op1q

“ ´
θ̄J

?
n

n
ÿ

i“1

“

Yi ´EπrY1s
‰

´
θ̄J

?
n

rgpXnq ´ gpX0qs ´
1

2n

n
ÿ

i“1

θ̄J B2ϕ

Bη2
pXi´1,0qθ̄` op1q

“ ´
θ̄J

?
n

`

Sn ´nEπrY1s
˘

loooooooooooomoooooooooooon

central limit theorem

´
θ̄J

?
n

rgpXnq ´ gpX0qs
looooooooooooomooooooooooooon

Ñ0

´
1

2n

n
ÿ

i“1

θ̄J B2ϕ

Bη2
pXi´1,0qθ̄

looooooooooooooomooooooooooooooon

law of large numbers

`op1q.

By the central limit theorem in Theorem 17.5.3 of Meyn and Tweedie (2012), Assumption EC.2, and Slut-

sky’s theorem, LRnp´ θ̄
?
n
,´ θ̄

?
n

q converges to a normal distribution.

Next, we check the asymptotic mean and variance of the log likelihood ratio. For simplicity, we

denote by m P Rd,C P Rdˆd the asymptotic mean and variance of Sn. In particular, m “ EπrY1s, C “

limnÑ0`
1
n
VarπpSnq. The asymptotic mean of LRnp´ θ̄

?
n
,´ θ̄

?
n

q is determined by the law of large numbers

term that converges to ´ 1
2
θ̄JEπr

B
2ϕ

Bη2
pX0,0qsθ̄. The asymptotic variance of LRnpθ̄, θ̄q is determined by the

central limit theorem term, which equals to θ̄JCθ̄. It remains to verify C “ Eπr
B
2ϕ

Bη2
pX0,0qs.

Denote Mn “ Sn ` gpXnq ´ nm ´ gpX0q “
řn

i“1 zi, with zn “ Yn ` gpXnq ´ gpXn´1q ´ m. Notice

that Mn is a martingale under any Px, and ExrMns “ 0. Hence Varxp 1
?
n
Mnq “ 1

n

řn

i“1Exrziz
J
i s “

1
n

řn

i“1Exr
B
2ϕ

Bη2
pXi´1,0qs. Recall that 1

?
n
Mn Ñ N pm,Cq in distribution under any Px. Therefore

Varxp 1
?
n
Mnq Ñ C as n Ñ 8 for any x. In particular, we take x follows the stationary distribution and

obtain Eπr
B
2ϕ

Bη2
pX0,0qs “C. This proves that our tilting family also belongs to LAN family.

Moreover, this normal distribution is a linear transformation of Sn. Therefore, by Lemma EC.3, the pro-

posed tilting probability is asymptotically optimal within the LAN family. This is because the joint normal

distributions for the log-likelihood ratio and the event considered in Lemma EC.3 are exhaustive for the

limiting distributions of all twisted probabilities in the LAN family (see Definitions 1 and 2). Lemma EC.3

shows that the proposed tilting probability minimizes the asymptotic variance and hence is asymptotically

optimal within the LAN family.
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Lastly, we relax the condition to θ“ ´ θ̄n?
n

, η “ ´
η̄n?
n

, and limnÑ8 θ̄n “ limnÑ8 η̄n “ θ̄ă 8. In this case,

the log-likelihood ratio becomes

LRnp´
θ̄n
?
n
,´

η̄n
?
n

q

“ ´
η̄J
n?
n

n
ÿ

i“1

rYi ` gpXiqs ´

n
ÿ

i“1

ϕpXi´1,´
η̄n
?
n

q `

n
ÿ

i“1

r´
θ̄J
n ´ η̄J

n?
n

Yi ´ψpXi´1,Xi,´
θ̄n
?
n

q `ψpXi´1,Xi,´
η̄n
?
n

qs

“ ´
η̄J
n?
n

n
ÿ

i“1

rYi ` gpXiqs ´

n
ÿ

i“1

ϕpXi´1,´
η̄n
?
n

q ´
θ̄J
n ´ η̄J

n?
n

n
ÿ

i“1

rYi ´
Bψ

Bθ
pXi´1,Xi,0qs

´
1

2

n
ÿ

i“1

r
1

n
θ̄J
n

B2ψ

Bθ2
pXi´1,Xi,0qθ̄n ´

1

n
η̄J
n

B2ψ

Bθ2
pXi´1,Xi,0qη̄n ` op

1

n
qs

“:I1 ` I2 ` I3,

where

I1 “ ´
η̄J
n?
n

n
ÿ

i“1

rYi ` gpXiqs ´

n
ÿ

i“1

ϕpXi´1,´
η̄n
?
n

q

“ ´
η̄J
n?
n

n
ÿ

i“1

“

Yi ´EπrY1s
‰

´
η̄J
n?
n

rgpXnq ´ gpX0qs ´
1

2n

n
ÿ

i“1

η̄J
n

B2ϕ

Bη2
pXi´1,0qη̄n ` op1q

“ ´
θ̄J

?
n

n
ÿ

i“1

“

Yi ´EπrY1s
‰

´
θ̄J

?
n

rgpXnq ´ gpX0qs ´
1

2n

n
ÿ

i“1

θ̄J B2ϕ

Bη2
pXi´1,0qθ̄` op1q

by the above argument,

I2 “ ´
θ̄J
n ´ η̄J

n?
n

n
ÿ

i“1

rYi ´
Bψ

Bθ
pXi´1,Xi,0qs “ pθ̄J

n ´ η̄J
n qOp1q “ op1q,

and

I3 “ ´
1

2

n
ÿ

i“1

r
1

n
θ̄J
n

B2ψ

Bθ2
pXi´1,Xi,0qθ̄n ´

1

n
η̄J
n

B2ψ

Bθ2
pXi´1,Xi,0qη̄n ` op

1

n
qs “ op1q.

Combining all the above together, we show that asymptotically LRnp´ θ̄n?
n
,´ η̄n?

n
q converges to the same

distribution as LRnp´ θ̄
?
n
,´ θ̄

?
n

q. The proof is completed. l

Finally, let us prove Theorem 2. Recall that Assumptions EC.1, EC.2, and EC.5 guarantee the existence

of ψ and g.
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Given the link function (13) with θ“ ´ θ̄
?
n

, η “ ´
η̄

?
n

, the log-likelihood ratio is

LRnp´
θ̄

?
n
,´

η̄
?
n

q

“ ´
θ̄J

?
n
Sn `

n
ÿ

i“1

␣

´ψpXi´1,Xi,´
θ̄

?
n

q ´
η̄J

?
n

r
Bψ

Bθ
pXi´1,Xi,0q `∆pXi,0qs ´ϕpXi´1,´

η̄
?
n

q
(

“ ´
θ̄J

?
n
Sn `

n
ÿ

i“1

␣ θ̄J ´ η̄J

?
n

Bψ

Bθ
pXi´1,Xi,0q ´

η̄J

?
n
∆pXi,0q `

η̄J

?
n

Bϕ

Bη
pXi´1,0q

`
1

2n
r´θ̄J B2ψ

Bθ2
pXi´1,Xi,0qθ̄´ η̄J B2ϕ

Bη2
pXi´1,0qη̄s ` op

1

n
q
(

“
1

?
n

n
ÿ

i“1

␣

´ θ̄JYi ` pθ̄J ´ η̄Jq
Bψ

Bθ
pXi´1,Xi,0q ´ η̄J∆pXi,0q ` η̄J Bϕ

Bη
pXi´1,0q

(

´
1

2n

n
ÿ

i“1

rθ̄J B2ψ

Bθ2
pXi´1,Xi,0qθ̄` η̄J B2ϕ

Bη2
pXi´1,0qη̄s ` op1q.

In this case,

Exreη
J

r
Bψ
Bθ pX0,X1,0q`∆pX1,0qss “ eϕpx,ηq, Ereθ

JY1 |X0,X1s “ eψpX0,X1,θq,

hence

Exr
Bψ

Bθ
pX0,X1,0q `∆pX1,0qs “

Bϕ

Bη
px,0q, ErY1|X0,X1s “

Bψ

Bθ
pX0,X1,0q.

Varxr
Bψ

Bθ
pX0,X1,0q `∆pX1,0qs “

B2ϕ

Bη2
px,0q, VarrY1|X0,X1s “

B2ψ

Bθ2
pX0,X1,0q.

Under the stationary distribution π of the underlying Markov chain, then jointly, tpXi´1,Xi, Yiq, iě 0u

is also a Markov chain. Following the similar argument in the proof of Lemma EC.4, LRnp´ θ̄
?
n
,´ η̄

?
n

q

converges to a normal distribution. Moreover, we can find the asymptotic mean of LRnp´ θ̄
?
n
,´ η̄

?
n

q

is ´ 1
2
Eπrθ̄J B

2ψ
Bθ2

pX0,X1,0qθ̄ ` η̄J B
2ϕ

Bη2
pX0,0qη̄s, and the asymptotic variance is Eπrθ̄J B

2ψ
Bθ2

pX0,X1,0qθ̄ `

η̄J B
2ϕ

Bη2
pX0,0qη̄s. This proves that our tilting family also belongs to LAN family.

In particular, by choosing θ “ η “ ´ θ̄
?
n

, we will claim that LRnp´ θ̄
?
n
,´ θ̄

?
n

q “ ĚLRnp´ θ̄
?
n

q ` op1q,

where
ĚLRnpθq “ θJrSn ´nΛ1p0q `

n
ÿ

i“1

`

∆pXi,0q ´∆pXi´1,0q
˘

s ´
n

2
θJΛ2p0qθ.

To see this, consider

LRnp´
θ̄

?
n
,´

θ̄
?
n

q ´ĚLRnp´
θ̄

?
n

q ´
1

2
θ̄JΛ2p0qθ̄

“

n
ÿ

i“1

„

´
θ̄J

?
n
∆pXi´1,0q ´

θ̄J

?
n
Λ1p0q ´ψpXi´1,Xi,´

θ̄
?
n

q ´
θ̄J

?
n

Bψ

Bθ
pXi´1,Xi,0q ´ϕpXi´1,´

θ̄
?
n

q

ȷ

“

n
ÿ

i“1

„

´
1

2n
θ̄Jr

B2ψ

Bθ2
pXi´1,Xi,0q `

B2ϕ

Bη2
pXi´1,0qsθ̄`

θ̄J

?
n

r
Bϕ

Bη
pXi´1,0q ´∆pXi´1,0q ´Λ1p0qs

ȷ

.

By definition of ϕ, we have

eϕpx,ηq “ E
“

eη
J

r
Bψ
Bθ pX0,X1,0q`∆pX1,0qs|X0 “ x

‰

,



ec28 e-companion to Fuh, Jia, and Kou: Importance Sampling with Markov Random Walks

hence Bϕ
Bη

px,0q “ Er
Bψ
Bθ

pX0,X1,0q `∆pX1,0q|X0 “ xs. On the other hand, from (i) we get

Λ1p0q `∆px,0q “ ErY1 `∆pX1,0q|X0 “ xs “ Er
Bψ

Bθ
pX0,X1,0q `∆pX1,0q|X0 “ xs.

Therefore, Λ1p0q `∆px,0q “
Bϕ
Bη

px,0q.

Note that ĚLRnp´ θ̄
?
n

q “ ´ θ̄J
?
n

rSn´nΛ1p0qs ´ θ̄J
?
n

r∆pXn,0q ´∆pX0,0qs ` c“ ´ θ̄J
?
n

rSn´nΛ1p0qs `c`

op1q. Therefore, by Lemma EC.3, the proposed tilting probability is asymptotically optimal.

Lastly, we relax the condition to θ “ ´ θ̄n?
n

, η “ ´
η̄n?
n

, and limnÑ8 θ̄n “ limnÑ8 η̄n “ θ̄ ă 8. The rest of

the proof follows the same argument as in the proof of Lemma EC.4. l

EC.9.6. Proof of Lemma 3

Under Assumption EC.4 rpx;αq is analytic.

We start from the definition of eigenvalue and eigenfunction in (4). Notice that Λp0q “ 0 and rpx,0q is

normalized to be 1. We consider the Taylor expansion of both rpx, θq and Λpθq at any point θ0:

eΛpθq « eΛpθ0q ` eΛpθ0qΛ1pθ0qJpθ´ θ0q ` opθ´ θ0q,

rpx, θq « rpx, θ0q `
Br

Bθ
px, θ0qJpθ´ θ0q ` opθ´ θ0q.

Therefore, under Assumption EC.1, (4) becomes

“

eΛpθ0q ` eΛpθ0qΛ1pθ0qJpθ´ θ0q ` opθ´ θ0q
‰“

rpx, θ0q `
Br

Bθ
px, θ0qJpθ´ θ0q ` opθ´ θ0q

‰

“Ex
„

`

eθ
J
0 Y1 ` eθ

J
0 Y1Y J

1 pθ´ θ0q ` opθ´ θ0q
˘“

rpX1, θ0q `
Br

Bθ
pX1, θ0qJpθ´ θ0q ` opθ´ θ0q

‰

ȷ

.

The leading order terms are canceled. Then comparing Opθ´ θ0q term leads to

eΛpθ0q Br

Bθ
px, θ0q ` eΛpθ0qΛ1pθ0qrpx, θ0q “ Ex

“

eθ
J
0 Y1

Br

Bθ
pX1, θ0q ` eθ0Y1Y1rpX1, θ0q

‰

.

Denote ∆px, θq “ Br
Bθ

px, θq, then the above equality becomes

∆px, θ0q `Λ1pθ0q “ Ex
“

eθ
J
0 Y1´Λpθ0q rpX1, θ0q

rpx, θ0q

`

∆pX1, θ0q `Y1

˘‰

.

Recall the definition of the probability Pθ in (4), we obtain

EPθ0
x r∆pX1, θ0q ´∆px, θ0q `Y1s “ Λ1pθ0q.

Moreover, since the right hand side does not depend on the initial state x, we have taken the initial state as

any arbitrary distribution ν. Then

EPθ0
ν r∆pX1, θ0q ´∆px, θ0q `Y1s “ Λ1pθ0q.
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In particular, if we take the initial distribution to be the stationary distribution under Pθ, denoted by πθ, then

EPθ0
πθ r∆pX1, θ0q ´∆px, θ0qs “ 0, hence EPθ

πθ
rY1s “ Λ1pθq.

In particular, take θ0 “ 0 to obtain

Exr∆pX1,0q ´∆px,0qs “ Λ1p0q ´ExrY1s “ EπrY1s ´ExrY1s,

where π is the stationary distribution of the underlying Markov chain tXn, ně 0u. The left hand side can

be represented as pP0 ´ Iq∆px,0q, where I is the identity operator and P0 is the operator defined in (3). l

EC.9.7. Proof of Theorem 3

(i) We first consider the fixed-time event.

Under the asymptotic normal regime, by the Borjesson-Sundberg bound on the Mills ratio, we have

Φp´ℓq ě
ℓ

1` ℓ2
φpℓq “

ℓ

p1` ℓ2q
?
2πσ2

e´ ℓ2

2 .

To prove the bounded relative or logarithmic efficiency, it suffices to find suitable upper bound for the

variance of the estimator.

When Sn “
řn

k“1 Yk, and tpXn, Snq, ně 0u forms a Markov random walk as described in Section

2. The classical exponential tilting family is given by (5), with rp¨, θq and Λpθq eigenfunction and

eigenvalue respectively. Note that under Assumptions EC.1 and EC.4, Λpθq is analytic for θ P Θ.

Without loss of generality, we assume ℓ ą 0, and
?
nSn
n

Ñ N p0,1q in the later development, and

restrict to the one-dimensional case Sn P R. Here we assume the stationary mean of S1 is 0 and the

stationary variance of S1 is 1. Under Assumptions EC.1 to EC.4, by Theorem 17.0.1 of Meyn and

Tweedie (2012), we have Sn?
n

Ñ N p0,1q.

By Theorem 4.1 of Ney and Nummelin (1987), we have the relation between the eigenvalue and the

mean and variance of the limiting distribution as

0 “ EπrY1s “ Λ1p0q, 1 “ Λ2p0q.

And we still can define the Legendre transformation of Λ by

Λ̂pcq “ sup
θě0

tcθ´Λpθqu “ cΛ1´1
pcq ´Λ

´

Λ1´1
pcq

¯

.

Recall that the importance sampling estimator in the classical exponential tilting, Ẑpn, ℓ;θq, is to

sample under Pθ, with θą 0 and is given by 1
t

?
nSnn ąℓu

rpX0,θq

rpXn,θq
e´θSn`nΛpθq. It has variance

Var
´

Ẑpn, ℓ;θq

¯

“EPθ
ν r1

t
?
nSnn ąℓu

e´2θSn`2nΛpθq`2 log rpX0,θq´2 log rpXn,θqs ´ pzpn,xqq
2

ďEPθ
ν r1

t
?
nSnn ąℓu

e´2θSn`2nΛpθq`2 log rpX0,θq´2 log rpXn,θqs

ď exp

"

´2n

„

ℓ
?
n
θ´Λpθq

ȷ*

EPθ
ν

«

ˆ

rpX0, θq

rpXn, θq

˙2
ff

.
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By picking θ˚
n,ℓ “ Λ1´1

p ℓ
?
n

q, we have

Var
´

Ẑpn, ℓ;θ˚
n,ℓq

¯

ď exp

"

´2nΛ̂p
ℓ

?
n

q

*

E
P
θ˚
n,ℓ

ν

«

ˆ

rpX0, θ
˚
n,ℓq

rpXn, θ
˚
n,ℓq

˙2
ff

.

Moreover, by Taylor’s expansion, we have

θ˚
n,ℓ “

«

1

Λ2
`

Λ1´1
p0q

˘

ℓ
?
n

` op
ℓ

?
n

q

ff

“
ℓ

?
n

` op
ℓ

?
n

q Ñ 0.

Hence

´2nΛ̂p
ℓ

?
n

q “ ´2n

„

Λ̂p0q ` Λ̂1p0q
ℓ

?
n

`
1

2
Λ̂2p0q

ℓ2

n
` op

ℓ2

n
q

ȷ

.

In addition, Assumption EC.6 implies E
P
θ˚
n,ℓ

ν

«

ˆ

rpX0,θ
˚
n,ℓq

rpXn,θ
˚
n,ℓ

q

˙2
ff

ďC for some constant C as θ˚
n,ℓ Ñ 0.

Note that as ℓÑ 8, nÑ 8, ℓ{
?
nÑ 0, θ˚

n,ℓ Ñ 0. Therefore,

limsup
ℓÑ8,nÑ8,ℓ{

?
nÑ0

Var
´

Ẑpn, ℓ;θ˚
n,ℓq

¯

pΦp´ℓqq
2´ϵ

ď limsup
ℓÑ8,nÑ8,ℓ{

?
nÑ0

C

ˆ

p1` ℓ2q
?
2π

ℓ

˙2´ϵ

e
´2nrΛ̂p ℓ?

n
q´ 1

2
ℓ2

n ` ϵ
4
ℓ2

n s

“ limsup
ℓÑ8,nÑ8,ℓ{

?
nÑ0

C

ˆ

p1` ℓ2q
?
2π

ℓ

˙2´ϵ

e´2nrop ℓ
2

n q` ϵ
4
ℓ2

n s “ 0,

where the last limit equals to zero because for sufficiently large n, ℓ, we have nrop ℓ
2

n
q ` ϵ

4
ℓ2

n
s ě ϵ

8
ℓ2.

Hence the sequence of estimator tẐpn, ℓ;θ˚
n,ℓqu has logarithmic efficiency.

Next, we show the sequence of estimator tẐpn, ℓ;θ˚
n,ℓqu belongs to the LAN family (based on Defi-

nition 1). The log-likelihood ratio is

θ˚
n,ℓSn ´nΛpθ˚

n,ℓq ` log rpXn, θ
˚
n,ℓq ´ log rpX0, θ

˚
n,ℓq

“ Λ1´1
p
ℓ

?
n

qSn ´nΛ

ˆ

Λ1´1
p
ℓ

?
n

q

˙

` log r

ˆ

Xn,Λ
1´1

p
ℓ

?
n

q

˙

´ log r

ˆ

X0,Λ
1´1

p
ℓ

?
n

q

˙

“

«

1

Λ2
`

Λ1´1
p0q

˘

ℓ
?
n

` op
1

?
n

q

ff

Sn ´n

»

–

1

2
Λ2p0q

«

1

Λ2
`

Λ1´1
p0q

˘

ℓ
?
n

` op
1

?
n

q

ff2

` op
1

n
q

fi

fl

`

„

Br

Bθ
pXn,0q ´

Br

Bθ
pX0,0q

ȷ

«

1

Λ2
`

Λ1´1
p0q

˘

ℓ
?
n

` op
1

?
n

q

ff

“ ℓ
1

?
n
Sn `Op

1
?
n

q ´
ℓ2

2
` op1q Ñ N p´

ℓ2

2
, ℓ2q as nÑ 8. (EC.12)

Note that under Assumptions EC.1 to EC.4, the asymptotic normality in (EC.12) comes from Theorem

17.0.1 of Meyn and Tweedie (2012).
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Now suppose there is another sequence of estimator tẐoptpn, ℓqu belonging to the LAN family and

achieving the smallest asymptotic variance. Then it means

limsup
ℓÑ8,nÑ8,ℓ{

?
nÑ0

Var
´

Ẑoptpn, ℓq
¯

pΦp´ℓqq
2´ϵ ď limsup

ℓÑ8,nÑ8,ℓ{
?
nÑ0

Var
´

Ẑpn, ℓ;θ˚
n,ℓq

¯

pΦp´ℓqq
2´ϵ .

Hence tẐoptpn, ℓqu also has logarithmic efficiency.

(ii) Next we consider the first-passage time event.

When Sn “
řn

k“1 Yk, and tpXn, Snq, ně 0u forms a Markov random walk as described in Section

2. Recall that the importance sampling estimator in the classical exponential tilting, Ẑpb, ℓ;θq, is to

sample under Pθ, with θ ą 0 and is given by 1
tτbă

c

bσ2

µ3
ℓ` b

µ u

rpX0,θq

rpXτb ,θq
e´θSτb`τbΛpθq, where θ ě 0. Since

Λ1p0q “ µą 0, Λ2p0q “ σ2 ă 8, we know when θą 0 is sufficiently close to 0, Λpθq ą 0.

In this case, the importance sampling estimator in the classical exponential tilting has variance

Var
´

Ẑpb, ℓ;θq

¯

“EPθ
ν r1

tτbă

c

bσ2

µ3
ℓ` b

µ u
e´2θSτb`2τbΛpθq`2 log rpX0,θq´2 log rpXτb ,θqs ´ pzpn, bqq

2

ďEPθ
ν r1

tτbă

c

bσ2

µ3
ℓ` b

µ u
e

´2θb`2r

c

bσ2

µ3
ℓ` b

µ sΛpθq`2 log rpX0,θq´2 log rpXτb ,θq

s

ď exp

$

&

%

´2

˜

d

bσ2

µ3
ℓ`

b

µ

¸

»

–

b
b

bσ2

µ3
ℓ` b

µ

θ´Λpθq

fi

fl

,

.

-

EPθ
ν

«

ˆ

rpX0, θq

rpXτb , θq

˙2
ff

.

By picking θ˚
b,ℓ “ Λ1´1

p b
c

bσ2

µ3
ℓ` b

µ

q “ Λ1´1
p

µ
σℓ{

?
bµ`1

q “ 1
σ2

´

´
?
µσ

?
b
ℓ` σ2

2b
ℓ` op 1

b
q

¯

`Op ℓ
b
q, we have

Var
´

Ẑpb, ℓ;θ˚
b,ℓq

¯

ď exp

#

´2

˜

d

bσ2

µ3
ℓ`

b

µ

¸

Λ̂

ˆ

µ

σℓ{
?
bµ` 1

˙

+

E
P
θ˚
b,ℓ

ν

«

ˆ

rpX0, θ
˚
b,ℓq

rpXτb , θ
˚
b,ℓq

˙2
ff

.

Moreover, by Taylor’s expansion,

Λ̂p
µ

σℓ{
?
bµ` 1

q “Λ1´1
p

µ

σℓ{
?
bµ` 1

q
µ

σℓ{
?
bµ` 1

´Λ

ˆ

Λ1´1
p

µ

σℓ{
?
bµ` 1

q

˙

“Λ1´1
p

µ

σℓ{
?
bµ` 1

q

„

µ´

?
µσ

?
b
ℓ`

σ2

2b
ℓ` op

1

b
q

ȷ

´µΛ1´1
p

µ

σℓ{
?
bµ` 1

q ´
σ2

2

ˆ

Λ1´1
p

µ

σℓ{
?
bµ` 1

q

˙2

“

„

1

σ2

ˆ

´

?
µσ

?
b
ℓ`

σ2

2b
ℓ` op

1

b
q

˙

`Op
1

b
q

ȷ„

´

?
µσ

?
b
ℓ`

σ2

2b
ℓ` op

1

b
q

ȷ

´
σ2

2

„

1

σ2

ˆ

´

?
µσ

?
b
ℓ`

σ2

2b
ℓ` op

1

b
q

˙

`Op
1

b
q

ȷ2

“
µ

2b
ℓ2 ` op

ℓ2

b
q.

Hence

´2

˜

d

bσ2

µ3
ℓ`

b

µ

¸

Λ̂p
µ

σℓ{
?
bµ` 1

q “ ´2

˜

d

bσ2

µ3
ℓ`

b

µ

¸

ˆ

µ

2b
ℓ2 ` op

1

b
q

˙

“ ´ℓ2 `Op
ℓ

?
b

q.
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In addition, Assumption EC.6 implies E
P
θ˚
b,ℓ

ν

«

ˆ

rpX0,θ
˚
b,ℓq

rpXτb ,θ
˚
b,ℓ

q

˙2
ff

ďC for some constant C as θ˚
b,ℓ Ñ 0.

Note that as ℓÑ ´8, bÑ 8, ℓ{
?
bÑ 0, θ˚

b,ℓ Ñ 0. Therefore,

limsup
ℓÑ´8,nÑ8,ℓ{

?
nÑ0

Var
´

Ẑpn, ℓ;θ˚
b,ℓq

¯

pΦpℓqq
2´ϵ

ď limsup
ℓÑ´8,nÑ8,ℓ{

?
nÑ0

C
´?

2πℓ
¯2´ϵ

e
´2nrΛ̂p ℓ?

n
q´ 1

2
ℓ2

n ` ϵ
4
ℓ2

n s

“ limsup
ℓÑ´8,nÑ8,ℓ{

?
nÑ0

C
´?

2πℓ
¯2´ϵ

e´2nrop ℓ
2

n q` ϵ
4
ℓ2

n s “ 0,

for the same reason as in the fixed-time event case. Hence the sequence of estimator tẐpb, ℓ;θ˚
b,ℓqu has

logarithmic efficiency.

Next, we show the sequence of estimator tẐpb, ℓ;θ˚
b,ℓqu belongs to the LAN family (based on Defi-

nition 1 (ii)). Denote Rpbq “ Sτb ´ b as the overshoot. The log-likelihood ratio is

θ˚
b,ℓSτb ´ τbΛpθ˚

b,ℓq ` log rpXτb , θ
˚
b,ℓq ´ log rpX0, θ

˚
b,ℓq

“ Λ1´1
p

µ

σℓ{
?
bµ` 1

qrb`Rpbqs ´ τbΛ

ˆ

Λ1´1
p

µ

σℓ{
?
bµ` 1

q

˙

`

„

Br

Bθ
pXτb ,0q ´

Br

Bθ
pX0,0q

ȷ„

1

σ2

ˆ

´

?
µσ

?
b
ℓ`

σ2

2b
ℓ` op

1

b
q

˙

`Op
1

b
q

ȷ

“ Λ1´1
p

µ

σℓ{
?
bµ` 1

qrb`Rpbqs ´

«

τb ´ b{µ
a

bσ2{µ3

d

bσ2

µ3
`
b

µ

ff

„

µΛ1´1
p

µ

σℓ{
?
bµ` 1

q

`
σ2

2

ˆ

Λ1´1
p

µ

σℓ{
?
bµ` 1

q

˙2

` op
1

b
q

ȷ

`

„

Br

Bθ
pXτb ,0q ´

Br

Bθ
pX0,0q

ȷ„

´

?
µ

σ
?
b
ℓ`Op

1

b
q

ȷ

“

„

´

?
µ

σ
?
b
ℓ`Op

1

b
q

ȷ

Rpbq ´
bσ2

2µ

ˆ

µ

bσ2
ℓ2 ` op

1

b
q

˙

´
τb ´ b{µ
a

bσ2{µ3

d

bσ2

µ3

ˆ

µ

σ2
p´

?
µσ

?
b
ℓq `Op

1

b
q

˙

`

„

Br

Bθ
pXτb ,0q ´

Br

Bθ
pX0,0q

ȷ„

´

?
µ

σ
?
b
ℓ`Op

1

b
q

ȷ

“ RpbqOp
1

b
q ´

1

2
ℓ2 `

τb ´ b{µ
a

bσ2{µ3
ℓ`Op

1

b
q. (EC.13)

To handle the asymptotic behavior in (EC.13), we first have that under Assumptions EC.1 to EC.4,

Theorems 2 and 3 of Fuh (2004) show that tτ ă n,Sn ă γn1{2u, for a suitable chosen γ, satisfies

the asymptotic normality. Note that Pπpτ ă nq “ PπpSn ě bq ` Pπpτ ă n,Sn ă bq. By using the

central limit theorem of PπpSn ě bq for a suitable chosen b, we have τb´b{µ?
bσ2{µ3

Ñ N p0,1q as b Ñ 8.

Next, we consider the overshoot Rpbq. Under Assumptions EC.1 to EC.4, by Lemma 2 of Fuh (2004),

we have supbě0EπRpbq ď EπpS`
1 q2{EπS1, thus RpbqOp 1

b
q Ñ 0 in probability as b Ñ 8. Therefore,

θ˚
b,ℓSτb ´ τbψpθ˚

b,ℓq Ñ N p´ 1
2
ℓ2, ℓ2q.
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Now suppose there is another sequence of estimator tẐoptpb, ℓqu belonging to the LAN family and

achieving the smallest asymptotic variance. Then it means

limsup
ℓÑ´8,nÑ8,ℓ{

?
nÑ0

Var
´

Ẑoptpb, ℓq
¯

pΦpℓqq
2´ϵ ď limsup

ℓÑ´8,nÑ8,ℓ{
?
nÑ0

Var
´

Ẑpn, ℓ;θ˚
b,ℓq

¯

pΦpℓqq
2´ϵ .

Hence tẐoptpb, ℓqu also has logarithmic efficiency. l

EC.9.8. Proof of Theorem EC.1

We only illustrate the fixed-time event here, and the proof for the first-passage-time event is similar.

From the proof of Theorem 3, we have

Var
´

Ẑpn, ℓ;θ˚
n,ℓq

¯

ď exp

"

´2nΛ̂p
ℓ

?
n

q

*

E
P
θ˚
n,ℓ

ν

«

ˆ

rpX0, θ
˚
n,ℓq

rpXn, θ
˚
n,ℓq

˙2
ff

,

where θ˚
n,ℓ “ Λ1´1

p ℓ
?
n

q. Under Assumption EC.7, by Chan and Lai (2011, Example 1), the eigenfunction

rpx, θq is uniformly positive and bounded for all θ P Θ. Hence, Var
´

Ẑpn, ℓ;θ˚
n,ℓq

¯

ďC exp
!

´2nΛ̂p ℓ
?
n

q

)

.

On the other hand, let us examine a lower bound for zpn, ℓq. Note that

zpn, ℓq “E
P
θ˚
n,ℓ

ν r1
t

?
nSnn ąℓu

e´θ˚
n,ℓSn`nΛpθ˚

n,ℓq
rpX0, θ

˚
n,ℓq

rpXn, θ
˚
n,ℓq

s

ěC 1enΛpθ˚
n,ℓq´θ˚

n,ℓ

?
nℓE

P
θ˚
n,ℓ

ν r1
t1ą

Sn´
?
nℓ

?
n

ą0u
e´θ˚

n,ℓpSn´
?
nℓq

s

ěC 1enΛpθ˚
n,ℓq´θ˚

n,ℓ

?
nℓ´θ˚

n,ℓ

?
n

“C 1 expt´nΛ̂pθ˚
n,ℓq ´ θ˚

n,ℓ

?
nu.

Recall that θ˚
n,ℓ “ Λ1´1

p ℓ
?
n

q Ñ Λ1´1
pcq, therefore,

limsup
ℓÑ8,nÑ8,ℓ{

?
nÑc

Var
´

Ẑpn, ℓq
¯

pzpn, ℓqq
2´ε

ď limsup
ℓÑ8,nÑ8,ℓ{

?
nÑc

C

C 12
expt´ϵnrΛ̂pθ˚

n,ℓq ´
2´ ϵ

ϵ

1
?
n
θ˚
n,ℓsu “ 0.

From the proof of Theorem 3, Ẑpn, ℓ;θ˚
n,ℓq belongs to the same parametric family as tẐoptpn, ℓqu, which

minimizes the variance for every pn, ℓq. Then it means

limsup
ℓÑ8,nÑ8,ℓ{

?
nÑ0

Var
´

Ẑoptpn, ℓq
¯

pzpn, ℓqq
2´ϵ ď limsup

ℓÑ8,nÑ8,ℓ{
?
nÑ0

Var
´

Ẑpn, ℓ;θ˚
n,ℓq

¯

pzpn, ℓqq
2´ϵ .

Hence tẐoptpn, ℓqu also has logarithmic efficiency.
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