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Appendix

A. Proofs

Proof of Lemma 1. The closed form optimal solution (p}, p3) of max,, ,,>0 R(p1,p2) = /\1+/\2 (p1+p2) is

derived by the following steps. First, A; := A;¢; = A; max{0,1 - 2:} =1— —pz because if A\; =0, system shut
down (zero revenue). However, we can always have positive revenue by setting A\; > 0 for all 7 € {1,2}. Then,

we replace the price variables, (p1,p2), in unconstrained problem with the demand rate variables, (A1, A2),

yielding,
AlAg bl b2
R = bi+by——A — -\ . 8
>\1€[07A£r]l,a§\(2€[07/\2] A+ A ( I Ay ! Ay 2) ( )
Next, we derive the optimal solution, (A}, A3), in (8) by using the following KKT conditions:
bl b2 )\% bl )\1)\2
by by— Aa -2, ) 2 F =0, 9
(1 D Ve )()\14—)\2) INPYED SR (%)
by by A2 by Ao
by+by——A— X | —— — = + 2 =0, 9b
(1 S VW )()\1+)\2) VS (9b)
)\1 € [O,Al], )\2 € [O,AQ], (9C)
H1, p2 =0,
/1;1()\1 —Al) :O, ILLQ()\Q —Ag) =0. (gd)

If Ay # Ay and Ay # Ay, we get $1A2 = B2\2 by stationary conditions (9a) and (9b), and complementary
slackness condition (9d). When we plug Ay = %)\1 into (8), then (A}, A5) becomes:

oL bitbs oL bitbe
' 251+\/51527 2 2B+ VBB

where (81,82) = (A—1 A—Z) The primal feasibility, Eq. (9¢), introduces conditions that:
1 bitb [ba /b1 /
2 By ++/BiB2 5152 b b2
1 b1+0bs b2
<Ay =
20, VBB \/ Ve T \/

If ,/b—2 ,/b—l 2,/ , primal feasibility does not hold. In this case, \; = A;, then we get (A\},A3) =
(Al,—Al—l—\/ 1+A2 ) by plugging in A\; = A; in Eq. (8). Similarly, if ,/b—l — ’/E >2 X—f, we get
(A5, \3) = ( Ao+ /A (1+Ay) A2> (pt,p3) follows since p; = b; — 2= /\1, Vi e {1,2}. |

LEMMA 5. When N =2, K =1, ,/bQ ,/Z; > 2 A—; under linear demand or log % Az 2> log '82 + 52 +1

under exponential demand, then there exists a* >0 s.t. p1(a) =0 for Va € [0,a*] under price f(urness.

Proof. According to Lemma land Lemma 2, p; =0 and p} > 0 under the given conditions. We consider
a under p; () < pa(), which is sufficient condition for p;(a) =0. i.e., {a:p1(a) =0} C{a:p1(a) <ps(a)}.

Then, the optimization problem under price fairness in terms of (A1, A2) is written as follows:

s MY (A
pax T 0w = (6 (122 )+ (1))

A A A3
Lo p-l(1o22) ALY g —1(q1 2
(1) (1) < (1),

A1 €[0,A1], A2 €]0,A5].
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The KKT conditions of the above problem are given by

af(>\17>\2) b1 .
8)\1 —H1 +,u3A71>\1 = 0, (10&)
af<)\la)\2) b2
e a2y 1
0o M2 — U3 A, A2 =0, ( Ob)
— Ao A1 )\*
B (1-2)-F(1-2 ) <l-a)F (1-22 A A
2 < A2> ( Al)_( @) ( AQ),)\le[O, 1, A2 €10,A),
b bl bQ «
pr (M —A) =0, pa(Aa—A2)=0, ps [ bo— Ay —by+—A —(1—a)(by— A3 ) =0, (10¢)
AQ Al A2
s pz, pr3 2> 0.

If u3 =0, then the stationary conditions (10a) and (10b) becomes the same as the stationary conditions

under o = 0. This implies p;(«) =0, so we are done. On the other hand, if us # 0, then Fyt (1 — 2—2) —

F-1 (1 - 2—1) =1-a)F; (1 - —) by complementary slackness (10c). We want to show that there exists
1

a* > 0, such that A;(a*) = A; with gy =0, because this is the point where p; () changes from 0 to a positive

value.

If we assume such o* =0, then A;(a*) and A2(a*) satisfy the KKT conditions without fairness criteria.

Therefore A;(a*) and Az (a*) should satisfy the stationary conditions without fairness criteria,

Af (A1, A Of (A1, A
f( 1) 2) —u1=0and f( 1 2) _I/CQ:O,
OA1 A re(a) OX2 (A xz(a)
where py = 0 since pj = 0 implies A\] = A; and uo = 0 since p5 > 0 implies A5 < Ay. Therefore, we get
%;B‘QW(AI Ao (at) =0 and af(é\;zkz) ‘(Al Aa(a*) = 0. This implies ,/bz ,/Zi 2 A1 under linear demand
and log log By 2+ 5 ﬁz + 1 under exponential demand, which contradicts the assumption that Zj E >
2 or log A"‘ > log 5 ’82 + 5 62 + 1. Therefore, there exists a* > 0 such that p;(«) =0 for all « € [0, @*] under
price falrness. U

Proof of Proposition 2. Since W(a) = R(«) + S(«a), the derivative of W(«) with a, (p3,ps), is given by

dW (o)  dR(«) n dS(e) _ OR(a)dp:  IR(a)dps  9S(a) dp: n OS () dp,

1) _ — 22
Wia): da da da Op, do Op, da Op, do Opy da’
The derivatives of revenue and total surplus with the price at « =0 are
OR(«) ATAS 1 Aj
= —(p7 + , Vi#£jed{l,2},
95(a) 1A 2 ﬂ 2 :
=—————— (A" +2\T\ + ‘7)\* Vi#je{l,2},
Opi (w1.w3) 2 (AT +A35)? 3 Bi 7 ) vigie 2

where 3; = /% Vi € {1,2}. Similarly, the derivatives of S; and S, are

dSi(a) — 08:(e) dpy n 98, (av) dpo Sh(a) = dSy(a) — 0Ss(a) dpy n 983 (av) dpa
dae  Opy da Opy da’ 277 da  Opy da Opy da’

Si(a):=

The derivative of surplus with prices at a =0, (p},p3), is as follows,

a8 (ar) LN A2 0Si(a) __Azbl—p;< A )2
apl (p7,p3) 2A4 X{ JF)\; )\T +)\§ ’ 3}72 (py,p3) by 2A4 )\T Jr)\% ’
IS, (a) Alep;( A )2 dS,(a) NN 2N
Op1 l(pt.p3) by 2A, A 4+X5) Op2  1(p}.p3) 200 N +XA3 AT+ A
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The gradients of price with respect to «, ‘fi’;j, for Vi € {1, 2}, are required to obtain W’(0). Let Ap;(«) =
p1(a) — py and Aps(a) = pa(a) — p3. Suppose p5 > p; for the proof, then the problem (3) is rewritten as

follows,
max  R(p] + Api,p; + Aps)

st. Api(a) — Aps(a) > a(p; —p7).
By using Taylor expansion around (p3,p3), the objective in the above optimization problem is converted to
R(p + Ap1,p3 + Apa) = R(p7, p3) + R (p1,p3) Aps + Ry (p1, p3) Ape
+ %R/l/l (p1.03) APT + Ry (p7,p3) Ap1Aps + %R’z’g (p1.13) AP} (12)
+ G(Apy1, Aps),

(11)

2
Where R;(p’{apg) = % (pi’p;)a RN (plap2) - i’ R|(p 05 )7 and RN (p17p2)

convenience, we denote R};(p7,ps) as R;. G(Ap1, Apy) corresponds to the remainder term, more specifically,

Vi #j€{1,2}. For

61%6?1 |(P p3)’

1
= R355(8m)Ap3,

G(APL APQ) = 6

1 1 1
—R{11 (&) AP} + S RY15(&,m) Ap; Aps + = R{55(£,m) Ap1 Ap; +
6 2 2

where R, (§,n) = m|(§ o foralli,j, ke {1,2} and (&§,m) € [p1, p1 + Ap1] % [p3,p3 + Apa].

With the Taylor expansion on R in (12), the optimization problem in (11) is rewritten as

1 Ry R\ (Ap
max 5 (Ap1 Aps) (R/1/2 r% )\ Aps + G(Apy, Apz)
st. Apy(a) — Apy(a) > a(ps —ph).

Dividing the objective and constraints with Aa? and A« respectively, Aa — 0 leads to:

1 , R"”. R" p/ (O))
ma 1 0) v.(0 11 112 1
O wh0) 2 (#5(0) p2(0)) (RQ’Q R22> (p’z(O) (13)
st p1(0) —p5(0) = (p3 — p7),
because p;(0) =limaqs—0 A%gl) Vie {1,2}, limaq—o x5 =1, and
. G(Ap,,Ap o1 Ap
tim EPLRP) _  Lp e (R 00+ R;';2<s, )

Aa—0 Aa
1 /// Ap Ap 111
S Ba(€m) 3 (G2 Aot £ R 6 m) (522

Apl 2 Ap2
— ) —=A

A« ) A« @
Ap2

)Aa 0.

a) Suppose /%2 LIRS Al , then there exists a* s.t. py =0 for a € [0,a*] by Lemma 5. (13
by by 1

simplifies to,

p5(0) (14)
st py(0) < —ps.

Note that RY, = —2(-2L)% —

pQW < 0. Therefore, the optimal solution in the Problem (14) is

B2 VA3 5%
p5(0)" = —p5. With p{(0) =0 and p5(0) = —p3,
1A b1
W (0) == —2 [ A2 +2X105 + A*2> 5 >0,
(0) 2 (XF+A3)2 < By
, 16 AN, , 1 AIAL 2048
=_= >0, SL0)=— 2O T2,

Where p; = b2 +52(A1 — A1(1 +A2)), )\T :Al, and )\3 = —Al —+ \/Al(l +A2)
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Now, we consider the region where ,/Z—f — 4/ Z—; <2 2—; In this region, as stated in the proof of Lemma
1(a), the relationship 53 A}? = B2A52 holds. This observation is useful in proving the following statements.

The value of RY;, RY,, and Rj, under this region are
9’R 2 | B2 0’R
RY, = =— 1+ , Ry = =0,
o opt (VB1+VB2)? ( Br 2 Op10pa

, R P B
B R /RN (” m)'

The optimal solution to (13) is

Ry, RY|

/ * * / * *

pl(o) = R/1/1 +R/2/2 (p2 _p1)7 pQ(O) = _Rlll1 +R/2/2 (pZ _pl) .

Under 4/ 172 bl <2 A1 , the derivative of revenue w.r.t. p; is 0, i.e., 8R(a) ’(p =0, since the solution

i**iR},l "2 (ps
AT+A3 RY 4R, \P2
b2 A2
bl A1

= 2% Then, W (0) =

= L2 —p¥). Therefore
|(p1 P2 >‘1+)‘2 pl) ’

is in the interior. Th1s 1mphes that

W(0) >0 <= Ry, — R, >0 <= ;> < =

where the first arrow is implied by the fact that RY; <0, R, <0, and p5 > p;.
Under this region, S;(0) <0 since

981 () dp1 | 0S:i(a) dps

S10) = Op1  da dps  da

P2 —P1 <881 (O‘) R/2/2 _ 881 (Oé) R/lll)

11+ Ry Op1
ps—pi 1 Al

aPQ
(A:(A; Lo)RY -

b1

Ba

)\* 2Rl1/1>

R+ Ry 28, (\F +23)?
P2 —P1 1

5 — D] )‘T)‘;2 52 /7 17
- — 2| RS, — R
RYy + Ry 20 (M +X3)? ((\/ B ' ) * “>
ps—p; 1 AP 2 Ba B Ba
=" pn G * B +2 L+ i ERETe
11+ Ry 200 (AT +2A3)? (VB +V/B2)? B Ba B1
_opmepi 1NN ; N AP
RYy + R5y 201 (Af 4+ X5)2 (VB1 +V/B2)? /82

where the third equality is coming from B, \*? = B, A\5? and the last inequality is from R/, <0, RY, <0, and

p3 > pi. Similarly, S4(0) > 0 since
_ 05, (@) dpr | 9S3(ar) dp2
op1  da Ops da
_ p; *p’{ 882(04) R — 882(01) R
Ry, + R, Op 2 Op2 H

p; _pT 1 ATZ)‘S Bl 7 "
= — +2| R}, —-R
11+ R35 200 (A +A3)? B2 e

_omeni 1APN i B
Riy + R, 21 (N +23)° (VB +V2)? A

Therefore, to satisfy (b) W’(0) >0, S;(0) <0, S5(0) > 0, the following conditions should hold

S5(0)
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o PIA0 = [ — /B <2y/3
* * b b A b b A
srizei =2 () (Vi) 2 (80n) (Vi -vR)
e Given p3 >pi, W(0) >0 <= 3> 22,
Similarly, (¢) W'(0) <0, §1(0) <0, S5(0) > 0 holds
o PIA0 = [ — /B <2y/3

o Given p3 >p;, W (0) <0 < Z—f

Ao
< AL
The condition of p} > p} is not necessary because Z—f < ﬁ—f and by > by guarantee this condition.

When p3 < p7, all derivations remain identical to the ones mentioned above, except that we switch the
index 1 and 2. For instance, from (c¢), W'(0) <0, S;(0) > 0, S5(0) <0 holds under p; < p}.

o p5#0 «— ’/%*\/%SQ ﬁ—f,

o Given p; >p3, W/(0) <0 <= 2> {2

The assumption by > b; implies that pi # 0, therefore, the first condition holds. Since pj < pj <=
2(2—?— ) ( %"‘\/%) < (Zf—i—l) (,/%—,/%), the right-hand side (Z—f—i—l) (./Z—f—,/ﬁ—f) > 0 based
on the assumption by > by. This implies that g—f > % Additionally, when p} = p3, S;(0) =0, S5(0) =0, and
W'(0) = 0. Therefore, the second condition holds. Finally, we establish the final condition (d) W’(0) <0,
S§1(0) >0, and S4(0)<0. O

Proof of Proposition 3. The optimization problem, with demand rates as decision variables (A1, A2),

under the constraint of a-access fairness, is formulated as follows:

_ A _ A
ey ot (17 (130 ) o (1))
st gr (A1, A2) < (1—a)gr (M), N5), (15)

)‘1 € [07A1}7 )‘2 S [OaAQL

K K
where g (A1, \2) = %, and (A7, A}) represents the optimal solution of problem (15) when a =0,
2 M

i.e. the absence of fairness criteria.
The objective in (15) is

A A
R:= Hl)\lpl + Hg)\zpz = H1>\1F171 (1 - /C) + HQAZFfl (1 - A2>
1 2

_ A ~ A
=gr (A1, A2) <F1 1 (1Ai> + F;t (1Az)>

where F; is the valuation distribution at node i € {1,2}. The last equality is derived from the fact that
9 (A1, A2) =111 Ay =TI\, by (6). The first constraint in (15) follows from

|1 11 — goIla| < (1 — ) g7 T (pT, p3) — g5 12 (pT, p3)|
¢ gr (A1, A2) ¢ g (A1, A2) LIKATLAD) g (A], A7)
1 — 42

— <(1- —
)\1 )\2 —( Oé) a1 >\T d2 )\;
1 1 1 1
_— A, A) < (1— _—— AT
A AJQK( 1,22) < ( @) A, AQ‘QK( 1,A3)

*

= gr (A1, A2) < (1 —a)gr(A],A3),

where ¢ = i‘\—: for i € {1,2}. The last if and only if condition is from the fact that A; # As.
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The KKT conditions for the problem (15) are given by:

Ogk 1 A1 1 A2 dFy (1 o 1){1) 09k
A\ F 1— F 1—--—= B ——— — = 1
N < 1 ( A1)+ 2 ( A2)>+9K()\1,)\2) s +u1+u38)\1 0, (16a)
—1 A2
3gK 1 A1 _1 Ag dF2 - Az) 3gK
| F 1— F. 1—-= - 7 — = 1
O < 1 A, + Iy A, + gr (A1, A2) d + po + 3 D 0, (16Db)
gk (A1, A2) < (1= a)gr (A1, A7), (16¢)

>‘1 S [OaAl]v )‘2 S [OvAQL

/’[’17/'627”3 207
pr( A — A1) =0, pa(Ae —Az) =0, ps(9r (A1, X2) — (1 —a) g (A1, A3)) =0. (16d)

If uz =0, the stationary conditions ((16a) and (16b)) take the same forms as those without fair constraints.
This implies that (A1(@), A2(a)) = (A%, A5), which violates the condition A; # A based on the Proposition
1. Therefore, puz #0, and gx (A (a), A2(a)) = (1 — @) gx (A}, \5) by complementary slackness (16d).

(a) p1 >0 and py > 0: Since p; > 0 and ps > 0, A\; # A; and Ay # Ay. This implies py = ps =0 by
complementary slackness (16d). Under u3 # 0, the stationary conditions ((16a) and (16b)) in KKT conditions

become:

99K (M1,22) dF;l(li/%)
2 lou@aen P e
= — - ;
R )
(M1(@),A2(a) ax; A (@)
AEFL(O (A MK KK (2= . .
where BgKé’f\li”\” _ N J((;K+1—2\K+1)2( D) for i #j€e€{1,2}.
i J
With linear demand, the second term becomes:
daF; ' (1-42)
dAz Ap(a) D2l
dF;l(k%) biAs
a1 A1 ()

The complementary slackness (16d) in KKT conditions implies that gx (A1 (@), A2(a)) = (1 — a) gk (AT, A3).
When =0 (no fairness), KKT conditions are the same as (16) due to the fact that uz = 0. Then,

—1 7)\72
99K (A1,)2) aFy (1 Az)
2 logap - P2 Dy
s ()
BRI CS PR ) X At

We can observe that (A1(a),A2()) = ((1—a) A}, (1 —a) ;) satisfies all KKT conditions, which implies

that it is the optimal solution under a-access fairness. Therefore, the price under a-access fairness at node
i€ {1,2} is pi(a) = F, ! (1 -(1- a);\\—t) With this optimal solution, normalized surplus at each node and
revenue with o can be derived.

The consumer surplus at each node is

§.(0) = 5 ys A@)gie (h (). Ao (@) = (1~ 0)° S 15X (@)g (A7, X3) = (1 —)?5,(0).

3
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Therefore, the total consumer surplus is S(a) = AoSi(a) + A1 Sz (a) = (1 — a)28(0) for linear demand.It is
obvious that the revenue R(«) is decreasing function with «. Therefore, WW(«) which is the sum of revenue
and total surplus is also decreasing function with «.

Finally, II;(«) :=1II; (p1 («), p2 () = II¥ because:

gk (M), \2(a)  (1—a)gx (A1, A5)
B V(0 B () CH

Case (b) Without loss of generality, pi = 0: Since A} = A;, p; does not have to be 0 by complementary
slackness (16d). Let a* denote the point where p; =0 and A; = A; hold simultaneously. «* is derived by

solving the following equations:

—1
89K (A1,A2) aryt(1-32)
Rz (A a(ar) ddz Aa(ar)
agkéil,Az) del(lf%) ’
B (A1, 22 (a*)) dA1 Ay

K (A1, A2(a")) = (1 = a")gK (A1, A3).

Under a < o*, the dynamic of systems behaves different to that of (a). On the other hand, under a > a*,
the dynamic is the same as (a).

(i) Under a <a*, with A;(a) = A; = A}, the consumer surplus at node 1 under linear demand is:

156

§1(0) = 52 M(@)gx Oua):Xa(a)) = (1 - )5 TN gk O 45) = (1= )1 (0),

where the second equality is from gz (A1 (@), Aa(@)) = (1 — a)gx (A}, \5), as in (a).

For node 2, Sy(a) =(1— )3 222 Ae(a)gr (A1, N5) = (1 — ))‘2('1)82( 0), which is a decreasing function

with «. This is because

)1 b dha(a)
2 AQ da

g (A1, M5) <.

In the above equation, the gradient of Ay(«) with « is negative, i.e., %éa) < 0. Since A\y(«) satisfies

gx (A1, Aa(@)) = (1 —a)gx (A1, AS), its derivative w.r.t. « satisfies:

dgi (A1, As(@)) — dha(a) g (A1, A2(ar))

do - da Oz ()
From the stationary condition  (16b), %’:‘;(a)) > 0 because gx(A,A2) and
“ifya il L AR a-R2) .
(Fl (1—A—1) + F (1—A—2>) are positive, ————=- is negative, and pe = p3 = 0 when
(A1, A2) = (Aq, Aa(@)). Therefore, %g‘) < 0. The S3(«) can be rewritten in terms of price pa(«) like
(1- )%13(2(0‘)))8 2(0), where py(«) is an increasing function with o because dpflia(f‘) = —X"; dk;(gf‘) > 0.
Finally,
gk (Mi(@),Aa(a))  (1—a)gr (A1, A3) .
II = = =(1— o).
1 (Of) )\1 (a) )\T ( a) 1
_gx (M), Ma(@) _ (1=a)gr (AL A3) A3

I15.

@ @ T
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(#) Under o > o*, since prices at both nodes have positive values under a > a*, this case is the same as (a).
From KKT conditions, we get gx (A1(@), A2()) = (1 — @) gr (A}, A3) = =2 g (A1 (), A2(r*)), which
implies A; (a) = =2\ (a*) for all i € {1,2}. Then consumer surplus at each node i € {1,2} under linear

demand is: b
Si(0) = 57 Xi(@)gx (A (0), A2 (@)
10 1—« IR e N
§A7i1—a*/\i(a )17 9x (Aala?), Aa(a”))
_ (1 — a)2 *
 (1—a*)? i)
O
Proof of Proposition 4. Without loss of generality, suppose that 5, > f5. For the proof, assume p} > p}
which implies log =+ log gl >1 5 (% - B—) The optimization problem under price fairness can be rewritten

with Taylor expansion shown in (13).

(a)-(i) First, when log% >log 22 + % + 1 where p; =0, we get “21|,_, =0 and p4(0)* = —p} by Lemma
5. Then, following the proof of the Proposition 2(a), we get

A2)N; B2
W(0)= —12 <1+> 5>0,
( ) (A1 +A§)2 Bl V2

ﬁQ A1>\; / Al Al)\;
———=—p5>0, S0)=———""—"-
EACED T A S TS Sk

(a)-(ii) Next, when log ﬁ2 <log 3 52 + 5 52 +1 and log 42 = +log gl >4 (% - 2) where p3 > pt >0, R/, =

S1(0)= ps > 0.

Therefore, following the proof of Proposmon 2(b), we get

R// . . R// . .
P(0) = P (03 = p1), p2(0) = = (05— ),
11 11
where R}, = ’B;iﬁf and R}, = —B;i;i Then, the derivative of social welfare at o =0 is
172

dR s s

’ 0 = — _ _ —

w ( ) do la=0 dola=0 dala=0

_ (1 Ty AN L dp1 . dps
B (51 +ﬂ2> (AT +23)2 (ﬁl P )

= i i )‘p‘z 5152 oy
= (ﬁl + ﬁQ) (AT_F)\;)Q ﬁl +62 (>\2 )\1)

From the above equation, we get W (0) >0 <= A\; > \5 <= (1 > [35. The last relationship is coming from

the fact that 51 A3 = B2AT under this region as stated in the proof of Lemma 2(b). For surplus at each node,
98 (a) dpy n 98 (a) dpa

S1(0)= dp1  da dpy  da
_ LA Ldp L dp2
= Al )\’{‘F)\; (ﬂl Qd +52 )
L AAS PP
—- )\* _ )\* ;
A1>\T+)\§ﬁl+ﬂ2( ? v
oS d oS d,
s (0) = 252(0) dp1 | 95:(<) drs

8p1 da Bpg do

L AT < dp1 dpz)
= —— )\* _|_

L (8 B2

L AA Bifs

=—— s — A7),
Ay AT+ A3 514‘52( 2 )
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Similar to W’(0), 1 > B2 <= S;(0) >0 < S5(0) > 0. If 81 > Ba, the region we consider, always holds.
a)-(iii) Now, if we consider pj > p3, all derivations remain identical to the ones mentioned above, except
(a)-(iii) P1 > D2 p

that we switch index 1 and 2, i.e.,

o log 4t >log 1 + 2L +1=W'(0) >0, 5/(0) >0, S5(0) >0

o log &L <log 2 4 B 41 log 2 log Bl < 1 (% - %) By > B = W'(0) >0, S,(0) >0, Sy(0)>0
Therefore, under log 2—; >log gt + % +1, where p5 =0, we get W/(0) >0, S7(0) >0, S5(0) > 0. On the other
hand, the second condition does not hold since we assume that 8; > (..

(b) Finally, in the remaining area, we have W’ (0) <0. Similar to (a)-(7), the sign of W’(0) aligns with
that of S;(0) and Sj(0). O

Proof of Proposition 5. Similar to the proof of Proposition 3, the optimization problem can be formulated
as shown in (15). The KKT conditions are the same with those in Proposition 3.

(a) pr >0 and py > 0: Since p; > 0 and py > 0, A\; # A; and Ay # Ay. This implies g1 = us =0 by
complementary slackness (16d). Under p5 # 0, the stationary conditions ((16a) and (16b)) in KKT conditions

become:
99Kk (A1,A2) dF;l(l_/%)
2 ou@pee) P e Bid(e)
095 (A1, \2) AR (-3b) " Bada(a)’
o2 (A1(a),A2(a)) dAq A1 (@)
K+1 K K K
where 22sua) — 2 (WL O)) for i j e (1.2}
i J

The complementary slackness (16d) in KKT conditions implies that gx (A1(a), Aa(@)) = (1 — @) gre (A, A5).
When =0 (no fairness), KKT conditions are the same as (16) due to the fact that uz =0. Then,

9gx (N\1,2) ar, (1 A2)
Ao (ATaAE) B dXo )\;

] ()
1 (A1A3) an v

We can observe that (A;(a),A2(a)) = ((1—a) A}, (1 —a) ;) satisfies all KKT conditions, which implies
that it is the optimal solution under a-access fairness. Therefore, the price under a-access fairness at node
ie{1,2}is pi(a) = F ! (1 —(1- O‘)%) With this optimal solution, normalized surplus at each node and
revenue with « can be derived.

Then, the consumer surplus is

1

Si(a) = W

(A1 (@), A2 (@) = (1 =) (AT, A3) = (1= )S;(0).

1
AB e

Therefore, the total consumer surplus is S(a) = (1 — «)S(0). It is obvious that the revenue R(«a) is
decreasing function with a. Therefore, W(«) which is the sum of revenue and total surplus is also decreasing

function with «.

Finally, IT; («) := 11, (p1 (@), p2(«)) =11} because:

gk (M), \2(a)  (1—a)gx (A1, A5)
i) = Ai(a) =T a0
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Case (b) Without loss of generality, pi = 0: Since A} = A;, p; does not have to be 0 by complementary
slackness (16d). Let a* denote the point where p; =0 and A; = A; hold simultaneously. «* is derived by

solving the following equations:

ary ' (1-32)

99K (A1,22)
RIS T N Aa(at)
891{5?\1,)\2) dFl_l(l—j\\—i) ’
! (A1,A2(a*)) dAy Ay

K (A1, A2(a”)) = (1= a")gr (A1, A7)
Under a < o*, the dynamic of systems behaves different to that of (a). On the other hand, under a > a*,
the dynamic is the same as (a).
(i) Under a < o*, the gradient of Ay(a) with « is negative, i.e., d’\z(a) < 0. Since Aa(«) satisfies

gx (A1, A2 (@) = (1 — a)gr (A1, AS), its derivative w.r.t. « satisfies:

dgx (A1, X2())  dXa(a) Ogx (A1, Xa()) .
do T da OXa () =—gkx(A1,23) <0.

From the stationary condition (16b), M{\%(a)) > 0 because (F (1 - ﬂ) +Fy ( - %)) and
aF-1
9x (A1, A2) are positive, # is negative, and p1o = 13 = 0 when (A1, A2) = (A1, A2()). Therefore,

%@Ea) < 0. The S3() can be rewritten in terms of price po () like (1 — a)%ng(O), where ps(a)

. . . . : d dar
is an increasing function with a because ”;((Xa) XQZ 2(a) > 0.

Under exponential demand, gx (A1(a), A2(@)) = (1 —a)gx (A}, A5) , which implies S;(a) = (1 — «)S;(0)
as in (a). Finally,

10— 2L (o) (=0l 060
g Oa(@),%e(@) _ (1-a)gie O3, 23) _ .
=" 0 @ TR

(i) Under o > «*, since prices at both nodes have positive values under « > a*, this case is the same
as (a). From KKT conditions, we get gx (A1(a),A2(a)) = (1 — a)gx (A}, A5) = $=2 gk (M1(a*), A2(a¥)),
which implies A; (o) = $=% \;(o*) for all i € {1,2}. Then consumer surplus at each node ¢ € {1,2} under

exponential demand is S;(a) = (1 — «@)S;(0), as in the previous case. The availability, II; is
grx (Ni(@),Ai(a)) e gx (A (a), Aa(a))
Ai(a) a s Ai(ar)

]

LEMMA 6 (Optimal Solution under N =2, K =1, a =0, and linear demand). When N =2, K =

1, demand is linear, and i + /} > 0, the optimal solution of the problem max,, p,>o0 R(p1,p2) s

by —VATH(HTE )A1A2+A1 e [y o Ay A [by
(OJ)Q R A RV b 22\ % T e

b — +(1+ )A1A2+A2 by [be Nx | Ay [by
(bl T A 2 0 e~ Ve 22 A T e

i) <b1-um<¢<m+m2 bl R VR,

otherwise,

N (Y VY LA )

b b 1_ 1 1
whereﬂle—ll,BQZA—i, and;:——l——>0.
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A1z
>\1+>\2+%

is derived by the following steps. First, A; := A;¢; = A;max{0,1 — 2} =1 — %pi because if

Proof. The closed form optimal solution (p},p;) of max,, p,>o0 R(p1,p2) = (p1+ p2), where

1.1 4, 1
T o + w2’
A; =0, system shut down (zero revenue). However, we can always have positive revenue by setting \; > 0 for
all i € {1,2}. Then, we replace the price variables, (p;,p2), in unconstrained problem with the demand rate

variables, (A1, A2), yielding,

A1 A2 by ba
R = S B A -
AEI0,ALL Ane[0,As] A+ Ag + 222 ( PR A, 2) (17)

*

Next, we derive the optimal solution, (A}, A3), in (17) by using the following KKT conditions:

b b A2 b A
<b1+b2—1/\1—2/\2) 2 L =0, (18a)

R R T R R e
by ba ) A2 bs A1 Ao
bit+by— =A== - 4+ uy =0, 18b
(1 AT AT (it de ARz Ay A AR h2 (18b)
)\1 c [07A1], )\2 c [O,AQ], (].8(3)
1, p2 =0,
M1(>\1—A1):O7 MQ()\Q_AQ):O (18d)

If Ay # Ay and Ay # Ay, we get 5102 = $2A2 by stationary conditions (18a) and (18b), and complementary
slackness condition (18d). When we plug Ay = %/\1 into (17), then (A}, A5) becomes:

1 b1 +bo 1 b1+bo if 1 = O
2 B1+VB1B2 2 B2+ B1B2 )’ Iz ’

(A5 = <“ <\/(\/67+\/,8§)2+b1+b2 \/ﬂT—\/B?>,

B1 2 -

ﬂ

otherwise.

e R e)

where (81, 82) = (X—ll, 2—22) The primal feasibility, Eq. (18c), introduces conditions that:

. BT B i, 5 M
(Jivm Ve B ) n o [ o [l 2 o

VB
s otk SB[ B [
\/E(\/(\/E—’_\/E) + " \/E \/E><A2<:> b b1<2 A1+M bl'

If 2—? - Z—; >2 ﬁ—; + % 2—;, primal feasibility does not hold. In this case, A\; = A, then we get

\/A?+(1+A;)A1A2—A1

A
1+4

(va/\;) = | A, —

by plugging in A\; = A; in Eq. (17). Similarly, if ,/Z—; — 4/ Z—f >2 ﬁ—f + % Z—f, we get

\/AE-F (1+%) AAy — Ay
(32 = o A

(p3,p5) can be calculated using pf =b; — K—i)\f, Vi e {1,2}. O
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Proof of Proposition 6. The proof follows similarly to that of Proposition 2.
(a) Suppose ,/b—z ,/g; ﬁ—; + % g—;, then there exists a* such that pj(a) =0 for a € [0,a*],

following a similar process as in Lemma 5. As in the previous proof, the problem we need to solve can be

*

rewritten as (14). The optimal solution of this problem is p,(0)* = —p%. With p}(0) =0 and p5(0) = —p3,

S A5, )
(a)l :p;g( 1) 27M) >0’
(0,p3) QASAQ

*&g(AT7)‘;7M) >0; 8/( ) Q(O)Sz(a)

S1(0) =p5(0)

dps l©op3) b2 B2 M52 dp>
where g(Ag, Ao, pt) = % Therefore, W' (0) = A1S57(0) + A2S5(0) >0
1
Now, we consider the region where 4/ b2 — 4/ Z; 2—; + % b—l In this region, as stated in the proof of

Lemma 6, the relationship B \1? = 62/\32 holds. Using 51 A1 = BoA\5?, the derivative of surplus with prices

at a =0, (p3,ps), is simplified as follows,
9 (A5, )

oS 1 A5 A3, oS
| g Oig (14 L) SR aCE A
opr ey 20 Al Op2 l(vg.p3) 2070
NS, ) 1 A3
T | Py (P 101
Ipr lwi.p3) 2050, Op2 i p;> 27, A3
The value of RY; := %;’2?‘, Ry, == ap ap , and Ry, = d s 2 under this region are
g (A5, m)° ( AL A " 1 g (A5, m)° A5 A
R/ —o2 11 27 1—1———}— <0; R',=0; R, =—oF L "2F/ (772472}
! ERYS A3 b ” B2 Ao
Therefore, the optimal solution to (13) is
R// R//
/0: 22 * *>0’ /O:— 11 * *<0’
pl( ) R/1/1+R/2l2 (p2 pl) p2( ) /1/1+R/2l2 (p2 pl)
with the assumption p} > p7.
The derivative of S; and Sy at a =0 are
oS oS
S1(0) =p; (0)5— Ph(0) 75—
apl (pl pz ap? (pl pz)
— 2‘7/2 pl// )\1’)\37 ( R/2/2< )\T’>;37 ))>+R// g()\i7);;’ )))’
R, + RY, 2A4 Af Al
08, 08,
S5(0) =p, (0 0
2( ) p ( )6171 (py, ( )3p2 (p},p3)
— p2 pl /\15)‘; ( R// g >‘L>‘§7 )) —|—R < ()‘;)‘;7#))))
Ri1+R3, 2, 2 Y :
The total surplus is §’'(0) = A1 S (0) + A2S5(0) = R’f?;él,/ 9] ;3 2#4) (1 + g()\* )y g(AT/{;‘;”L)) (R}, — RY,).
The derivative of revenue with respect to p; is 0, i.e., BR(‘X) | (o1.55) =0, since the solution is in the interior
1

of a feasible region. This implies that W’(0) = S’(0). Then7
A

W(0)>0 <= R}, — R/, >0 < (\/6 —\/ﬂl) ( B2 ) >0 <= (o> — b—2>A—2
1

where the first implication follows from the fact that RY; <0, RY, <0, and p} > pi. The second implication
arises from the condition \/B1 A} = v/B2A5. The condition Ry, — RY; > 0 implies S4(0) > 0 because

/ p; _pi Q(AL)\E»N) 11 17 g(/\ika)‘;ﬂ) 1"
S5 (0)= Ry, —Ry,) —————+R > 0.

2 ( ) R/l/l + R/Q/2 2A2 ( 11 22) A; 11
<0 — <0

<0 >0
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For S1(0), it is

psfpilﬁ " g(>‘;>‘37/‘) 1 g()‘YaA;M)
DB gy (14 Rl | gy S0 2
g (7 (1) e S

ps—pf 29 (A, A5, 0)° B <B1 )g(ALA;) A3 . B
= 1+ — 1) R 4 22 4 g (AL A, — -1
Ry +Rfy  Ba)s? B2 \Pa ¥ w TRy,
ps—pf 29 (A, A5, 0)° B, (ﬁl )g(AI,A; o) | A . e B
< 1+ — -1 74—— 1+g (A1, 25,00 — -1
SR ARY, By’ B2\ Ba Y (A1, A3, 00) B

_opsop 2000 % (L, [ N 2VB )
11+ Ry Bas? B2 p BB

: : . AIAS ATAS .y s—p}
The first inequality holds because g (A}, A5, 1) = YSRv L1 <xE T =g (A}, 5, 00), % <1, and R?,?Jr%& <
0.
Similarly, W/(0) <0 <= RY, — R/, <0 <= [ < 1 <= b2 < A2 . The condition RY, — RY; <0 implies

8;(0) < 0 because

/ p; _pT Q(AI,AZ;N) " 1" g()‘L)‘;vﬂ) 1"
S = Ry, — Ryy) —————+(—R <0.
( ) R/ll1 +R/2/2 2A1 ( 11 22) )\3 ( 22)
>0 — >0
<0 >0

For §4(0), it is

pS—PT 7 g(>‘slﬁr/\;uu) 1 ( g(/\T7/\;vN)>>
—= | -Rl,>¥—="="" 1+ R 14—
"t ( 27 TR
ps—pi 29(ALA50)° B2 (/32 )g(Ar,A;,> Ay e Bs
- 14 (2 Lot L A (g w) [ (22 -1
R, + R, BiA:? By b1 Al L 91 42 B1
ps—pf 29 (A, A5, 0)° B2 <Bz )9(/\’{,)\3,00) Al .y B
- 1+ + (2 -1 )22 L T g (A, A, 00 2
R, + R, BiA;? By B1 Al I 9iA A2 1
_omepn 290000 [, (B N VB
R, + R5, BiA;? B w B+ VB2

. . * * _ AIA; A){)‘; — * * &
The first inequality holds because g (A\j, A5, p) = AI+>\§+A{:§ < s T g (A3, A5, 00), 7 <1, and

V]

A
— g >0
ROTRE,

Therefore, to satisfy (b) W'(0) >0, S;(0) <0, S5(0) > 0, the following conditions should hold
o DA = /B /<2 /AR,
i3 pt e bt (VB VR R - (VR V) ) (V- V),

e Given p5 >pi, W (0) >0 <— 2222f

With the last condition, the second condition can be rewritten as

M Zi+ (_1> \/17 \F ( +1) \F \F
H /[:7; /% / bl A1 b1 A1
Similarly, (¢) W'(0) <0, S’( ) <0, 85(0) >0 holds

o PIFA0 = /B — /B <2/ + AN B,
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o Given p3 >pi, W/(0) <0 <= 2 < {2

The condition of p} > pi is not necessary because b2 < (52 < 1) and by > by guarantee this condition.
More specifically,

ot g (| (VRHVE) (V4 VR) ) (V- V) 0

—_—
>0 >0 A

>0
implies p; —p7 > 0.

When p3 < p7, all derivations remain identical to the ones mentioned above, except that we switch the
index 1 and 2. In other words, the region similar to (¢), the condition W’(0) <0, S§1(0) >0, S5(0) < 0 holds

when
e p3A0 = o fr<o [lay e [l
'p;SPT<:>bz_blfﬂ(\/(\/m-‘r\/,@»zf—f—blzb?—(\/z—l—\/g))(ﬁ_JE)7

e Given p; >pi, W (0) <0 << Z?>

Similarly, with the last condltlon, the second condition can be rewritten as,

s G G

The assumption by > by implies the first condition because it implies /% — Z—f < 0. The second condition

by
implies the third condition because of the assumption by > b; and \/(\/E—i— \/B:)Q + % - (VB +VB2) >
0. Therefore, the second condition is the only condition that this region requires. Additionally, we consider
the case p} = p5 as well, it enables S;(0) =0, S5(0) =0, and W’'(0) = 0. Finally, we establish the final
condition (d) W'(0) <0, S;(0) >0, and S5(0) <0

The region similar to (b) does not exist when p} < p¥ because p} < p} implies b—z > X—l, which always

yields W(0) < 0, not W’(0) > 0. The region similar to (a) also does not exist because by > b; contradicts

Ve §f>2 SRRV O

Proof of Proposition 7. The optimization problem under the constraint of a-access fairness with 2 nodes

and 1 unit is formulated as follows. We set demand rates as decision variables (A1, A2).

e A1 )\2
R(a):= /I\rllafg g (A1, A2, ) (bl (1 - /\1) + by (1 - A2>)
s.t. g(>‘13>‘2nu)S(lia)g(ALA;aﬂ)7

(19)
AL €[0,A4],
Az €10,A2],
where g(A1, Aa, 1) = % with i = i + i (A, A3) represents the optimal solution of problem (19)

when a =0, i.e. the absence of fairness criteria.

The access fairness can be written as g (A1, Ao, 1) < (1 — ) g (A, A5, i) because
1T = golls| < (1= @) g7 T (p1, p3) — g5 T2 (1, P3|
*g()‘fv)\% ) *Q(ATM\S;H)

g(AhAQmu) )‘17A27 ’
= — -
q1 N QQ Y, qs Y
1 1 1 . x
£ s <0 AJ (35X

— g(/\17A27.u)S(17a) (/\YaA;a )
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The KKT conditions for the problem (19) are given by:

89 )\1 )\2 d )\1 89

o <b1 ( A1) + b2 (1 A2>) g(A1, Az, )d)q <b1 ( A1>> + 11 +V38/\1 0, (20a)

89 Al )\2 d )\2 8

a)\Z (bl ( Al) +b2 (1 — A2>> ()\1,)\2 ,u) d)\ <b2 ( AQ)) + vy +V38>\2 0 (QOb)
g(A1, Az, pin, p2) < (1= ) g(AL, Az, 1), (20c)

)‘1 € [07A1]7 AQ S [O7A2]7
Vi,V2,V3 Z 07

V1(>\1 *Al) :07 V2(>‘2 7A2) :07 V3 (g ()‘17>‘27PJ17HJ2) - (1 70[)9(/\?)"263/”) =0. (20d)

We do not consider the dual variable of A\; > 0 and Ay > 0 because either of A\; or Ay cannot be 0 since it
incurs 0 revenue which is not an optimal solution.

If v3 =0, the stationary conditions (20a and 20b) take the same forms as those without fair constraints.
This implies that (A1 (@), A2(@)) = (A%, A5), which violates the feasibility condition (20c). Therefore, vz # 0,
and g (A1(a), Aa(@), ) = (1 — ) g (Af, A5, 1) by complementary slackness (20d).

(a) pt >0 and pi > 0: Since p; > 0 and py > 0, A\; # Ay and Ay # Ap. This implies vy = v =0 by
complementary slackness (20d). If we suppose A (@) # A; and As(a) # As, then the stationary conditions
(16a and 16b) in KKT conditions become,

g(A1,22) d (b2 (1 _ ﬁ))
8)\2 dX2 A2
(A1 (a),A2(a)) A2 (@) 2 2
= S i () = Bada(a
dg( A1, z,1) d (b1( _g)) Pru(e)” = Fada(e)
M (@ ae(@)) M S VAPS

2. Since v3 # 0, by complementary slackness (20d), g (A1 (@), A2(a), 1) = (1 — @) g (A}, A5, p). If

we plug g (a) %)\1(04) and \; = %)\’{ in the aforementioned equation, we get

WARVEIN (VA VE) % ) |
VB + VB +ay/Bih VB + VB +ayVB R
The access at each node i € {1,2} is given by

Aiigul(a),&(a),u) - A%_(l — @) (N, A ),

where 3; =

s

(Ar(@); Az(a)) = ((1 —a)

which is decreasing with respect to a.
The consumer surplus at each node i € {1,2} is

§i(a) = x5 M(@)g (s (@), (@) )

21 b; VB1+ VB2
(=) 2 g 0n s, .
(t-o) 0. % M)m+\/ﬁ>2+a 51%’

2 A2 Y
S,(0).

VBL+ VB2
VBi + VB2 + av/Bi

This is a decreasing function with respect to a because

d( VB4 VB ) (VB +B2) VB <0 (21)
VB VB +avBig (\/E+\/E+am7i)2

=(1-a)?
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implies --8;(ar) <0.

To show that \;(«) # A;, we proceed by contradiction. Assume, without loss of generality, that there exists
an « such that A;(a) = A;. Given that pj > 0, it follows that AT < A;. Therefore, there exists some a € [0, 1]
such that A;(a) < Ay for a € [0,&) and A\ (&) = A;. However, since (21) implies that A;(a) is a strictly
decreasing function with respect to «, it is impossible for A;(«) to reach A;. This contradiction implies that
Ar(a) £ Ay

(b) Without loss of generality pi = 0: Since A} = Ay, v1 does not have to be 0 by complementary slackness
(20d). Let a* denote the point where v; =0 and A; = A; hold simultaneously. a* is derived by solving the

following equations:

d A2
9g(A1,A2) I s (bg (1 - T))

) (A1, 22(a%)) 2 2 Ao (a* N
69(>\1?A2) - - d A e )7 g(Al’)\Q(a*»:(1_a*)g(Al7)‘2)~
_—— * @ _ A1

o (Mietar)) oL (b1 ( Al))

Under a < o*, the dynamic of systems behaves different to that of (a). On the other hand, under a > a*,

Ay

the dynamic is the same as (a).

(i) Under a <a*, with A;(a) = A; = A}, the normalized surplus at node 1 is decreasing in a because

§1(0) = 5 3 h(@)g (ala). Aale) = (1 - )3 $ENg (4 43) = (1= ), 0),

where the second equality is from g(A; (), Aa(a)) = (1 — a)g(Af, A3), as in (a).

For node 2, Sz(a) = (1 — a)%%)\g(a)g (A1, 05)=(1—a) ’\i(;)Sg (0), which is a decreasing function of

«. This is because

dSQ(O() . 1 b2 %
o = S hale)g (A X3) + (1- )

1 by dhs(a)
2 A2 do

In the above equation, the gradient of Ao() with « is negative, i.e., %éa) < 0. Since A\y(«) satisfies
g (A1, A2(@)) = (1 —a)g(Aq,N3), its derivative with respect to « satisfies
dg (A1, A2(a)) _ dAs(@) 09 (Ar, Aa(a))

do do Oz ()
dXz(a) Ag(A1,X2(a)) A3p?
Therefore, 2= <0 because of e = (Az(a)u+/\11(/\z(a)+u))2 > 0.

(#) Under o> a*, since prices at both nodes have positive values under o > a*, we can view the point o*
as the point where a =0 in (a). Therefore, S;(a) is decreasing in «.

Proof of Lemma 3. The optimization problem with 2 nodes is formulated as follows:

Al,gfﬁ,wz <)\1 <b1 - j;llh) 01¢1> (1 *W(OaK)) + ()\2 (b2 - Z&) 021/12) (1 *W(Kv 0))
s.t. ()\1 +1p1)7r(k,K—k:):()\g—i—wz)w(kz—l,K—k—i—l), Vke{172,...,K},
K
> w(k, K —k)=1,
k=0

/\1 € [OvAl]v )‘2 € [O,AQ]v 'l/}l 2 0; ¢2 2 0.
Let the optimal solution of the above problem be denoted as (A}, A5, 7, 43), with ¥} >0 and ¥ > 0.
Assume the corresponding steady-state probability is w(k, K — k)* for all k € {0,1,..., K}. Without loss
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of generality, consider A9} > Ajv3. Define ¢} = Wﬁ%ﬁ:“ﬂ; >0 and ¢35 =0. (A}, 5, 9F,93) constitutes a
2 2

feasible solution of problem, maintaining the same steady-state probability = (k, K —k)*. The objective value,

however, is larger because
b b
(3 (= 0) vt ) (w0107 + (3 (= 205 ) —wvs ) (1= (5,0
1 2

_ (x; (b1 _ ﬁlle) —clzb’l") (1—7(0,K)*) + (A; <b2 - Z&) —Cz%‘) (1-m(K,0)")
=y (1=m(0,K)") + cotp3 (1 = m(K,0)") — ex9pf (1 = 7(0, K)*) — e2v3 (1 — 7(K,0)")

= o TS (170, K)) ety (1—7(K,0)%) > 0.
A5 +1b3
Thus, either ] or ¢; must be zero. If ¢; and co are sufficiently large, for instance, infinite, then both ¢7
and 15 are 0. (]
Proof of Lemma 4 The optimization problem is formulated as follows:
max by (1 — /\1) I, + Aoby <1 — )\2> Il — ey 11 — caipolls
A1y A2,01,90 Ay Ao
st (A1 +1) I = (Mg + o) I, (22a)
M, + 10, =1, (22b)

I, 11, € [0,1], A €[0,Aq1], A2 €[0,A5], 1,102 >0.

Based on Lemma 3, without loss of generality, let 15 = 0. Then, from (22a) and (22b), we obtain (II;,II5) =

A2 A1+
A1+Y1+A2? A+ +A2

). Thus, the optimization problem can be rewritten as

A A2 A2 AL+ Ao
b (1-28) 22 p (122 AT 22
Mooy L 1( Al) VISR VR 2( A2> Mttt UnTeae (23)
st AL€[0,A1], A2€[0,As], 1y >0.
For simplicity, let us denote D =X + Ay + 11 and N = A1b, (1 — %) Ao+ A2bs (1 — R—i) (AL +91) — a1 da.
The KKT conditions for problem (23) are as follows:

1 2 A
D2|:D<b1 (1_[\11>)\2+)\2b2 (1—/\Z>>—N:|—V1+V2:O7 (243.)

% [D ()\1()1 (1 — /);1> + bg (1 — 22) ()\1 +’¢1) - >\/2\b2 ()\1 +w1) - Cl?ﬂl) — N‘| — U3 —|—Z/4 = 07 (24b)

1 2 2

1 A
N [D <)\2b2 (1 - AZ) - CIAQ) - N] —us=0,  (24c)
A1 €[0,A4], X2 €[0,A2],41 >0, (24d)

V1,V2,V3,V4,Vs5 207

1A =0,0(A1 — A1) = 0,030 = 0,v4(A2 — As) =0,v510, =0. (24e)

First, when 1 =0, the optimal solution is the same as the scenario without repositioning. When v¢; > 0, by
the complementary slackness (24e), we have v5 = 0. Then, from (24c), at least one of the following conditions
must be satisfied:

<)\2b2 (1;\2> *)\11)1 <1j)x\l> —C1 ()\14’)\2)) AQZO or D =o0.

2 1



18 Elmachtoub and Kim: Fair Fares for Vehicle Sharing Systems

Equivalently, these conditions can be expressed as:

A A
)\2()2 (1 — jXZ) — )\1b1 (1 — /\1) = C1 ()\1 + )\2), (253.)
A2 =0, or (25b)
)\1 + )\2 + ’1/11 = OQ. (25(3)

First, suppose that only (25a) holds, i.e., Ay + Ay + 1 < 0o and Ay > 0.
e If \; € (0,A;), then by the complementary slackness conditions in (24e), we have v; =0 and v, =0.

Under these conditions, the system of equations derived from (24a) and (24c) becomes:

2 M) _N
by <1—A1>/\2+/\2b2<1—A2> o

A N
)\ng (1 — /\z) —Cl>\2 = 5

Solving this system yields the optimal solution A} = A;~% b”'cl . Substituting this expression into (25a)

leads to

1 [A (A2b1 (b2 —e1)? = Avba (by +01)2)
A2 Ly — .
bg 2b2 bl

In addition, we can verify that A5 # 0 and A5 # Ay when A\j = A, - 1’12%, based on the condition in (25a).

This implies v3 = v4 =0 by the complementary slackness conditions. Substituting (A}, A3) into (24b)
yields ¢} = —A; 25 b1+cl < 0, which contradicts the primal feasibility condition ¥} >0 (24d). Hence, the

condition in (25a) cannot hold.

e If A7 =0, then by (25a), we have \j = Agb%cl. If A5 =0, then the objective value is zero. Therefore,
we assume by > ¢1, which implies A\; € (0,Az) and hence v3 = v, = 0 by complementary slackness.
Substituting into (24b), we obtain ¥; = —%, which is strictly negative. This violates the primal
feasibility condition ¢ >0 in (24d), and therefore this case cannot be part of the optimal solution.

o If \¥ = A, then (25a) becomes

)\2()2 (1 — )\2) — Cl)\g = C]_Al.
As

It is evident that A3 # 0 and A} # A, which implies v3 = vy = 0 by complementary slackness. The corre-

sponding closed-form solution is given by A5 = A, %2-¢1 + 211)2 \/AQ(AN’? c;1)2 AMibse1) Then, from (24b),

we obtain ¥} = —A; = 281450 . Thls expression yields an objective value of ¢;A;. To
\/Ag(b2*61)2*41\1/\2b261

ensure that both A\; and ] are real-valued, the following condition must be satisfied:
Az (by — 01)2
4b,

> ClAl. (26)

We will revisit this condition later to demonstrate that the corresponding solution yields a suboptimal
objective value.
Next, if A =0 (25b), then the objective value is 0, which is strictly less than the objective value in the
no-repositioning case. Therefore, this case cannot be optimal.
Lastly, if A\; + A2 + 11 = 0o as in (25¢), then ¥; = co because each ); is bounded above by A; for any
i € {1,2}. In this case, the objective simplifies to Aybo (1 — 2—2) — ¢1A2. Under the condition by > ¢y, the
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ba—cy

optimal value is achieved at A3 = A, - 2372 (with any feasible A;), yielding an objective value of Aa(ba—er)®

4bgy

Otherwise, if by < ¢1, we have A\; = 0.

As(ba—cy)?

Comparing the objective value with the value under the alternative solution A} = Ay, which

yields ¢; Ay, we find that /\2(1’4%_261)2 > c¢1A; due to condition (26).
Finally, to derive the condition under which repositioning occurs, we compare the optimal objective value
with repositioning to that without repositioning. When ¢} =0, Lemma 1 implies that the objective value is

(by —s—bz)Q/(1 /X—llh/f{—i)z. Repositioning is therefore beneficial when

Ag(b2*01)2 > (b1+b2)2 o &(b e )> 2(bl+b2)
4b - —\ 2 by o ! by by
C T WEE T e
We note that this condition implies by > ¢;. O

Proof of Proposition 8. We begin by formulating the optimization problem as follows:

A A2 Az A1+ Az
Aby (1= 28 ) — 22 by (1-22) 2L T2
>\1r,r§3§b1 ! 1( Al) AL+ + A 2 2( A2> AL+ + Ag 011/11)\1+1/)1+>\2
St AL A2 A Mt §(1a)<11> )\p\g’ (27)
A A +vi+de A A+ + A A A ) N+ A

120, A €[0,A1], A €[0,A,].

This problem can be reformulated as follows by substituting 1, = 25224 :

Az—r1
)\1 )\2—7'1 )\2 )\1+T1
Ay ([1—— Aobo [ 1—— —
h v “( A1>/\1+/\2+ “( A2>/\1+/\2 an
ot )\1>\2—T1_)\2>\1+T1§(1_a)(1_1> ATAS ’ (28)
Al )\1 + )\2 A2 )\1 + )\2 A1 A2 )\T + )\S

0<7r1 <2, A €[0,A], A €[0,Aq].

If we substitute 74 into (28), we can recover (27). Then, the KKT conditions are,

=12
LXT+91+x2

Ay — b b b 11
e <A2<b1+b21)\12)\2>)\11(>\1+)\2)+uo>\2<)>+V11/2—07 (29a)

(A1 +A2)? ATA, A A A
A +T1 b1 by ba 1 1
m (/\1 (b1 + by — A71>\1 — AQ)\Q) — A2A72 (A1 +X2) + oA <A1 — Ag)) +uvs—vy+1vs=0, (29b)

1 by by A Ay
G\ o A - - — 4+ — — Up = 2
>\1+>\2( A (bl A1A1)+/\2 (bz A2A2> c1 (A4 A2) VO(A1+A2)>+V5 ve =0, (29c)

)\1)\2—7‘1_>\2)\1+7’1<(1_a)<1_1> )\T)\g
A di+Ar Ao+ ™ Ar o Ay ) N+
O S T S )\Qa )‘1 S [07A1]7 )‘2 S [07A2]7
)\1 )\2—7"1 )\2 )\1 +7r 1 1 )\T)\; )
L -2 ~(1-a) (- — =0,
VO<A1)\1+)\2 Ao A+ Ao ( a)(Al A2> AT+ A3
Vl)\l = O, (A1 — )\1)1/2 = O,Z/gAg = 071/4(A2 — Ag) = O,I/57"1 = 07’/6()\1 — 7"1) = O7

Vo, V1,V2,V3,V4,V5,V6 20

(a) Assuming « € [0,a*], we set r; =0 (hence, vg =0), which aligns the dynamics with the access fairness
condition in Proposition 3. By the complementary slackness conditions, we have 1y = vy =v3 =v4 =0, since

A(a) = (1 — a)A} and Ax(a) = (1 — a)N;. Note that at the threshold point o*, r; becomes nonzero, so o*
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is the smallest value of a such that vs = 0. Substituting A; () = (1 — @) A}, A2(a) = (1 —a)As, r1 =0, and

vs =0 into the stationarity conditions (29b) and (29¢), we obtain:

Ag*Al 1 b2 bl
= . by + =+ (1 —=ba)y/— |-
“ bi+by  V/baAs+ b1 Ay <( 1+e) Ay (c1=b2) A1>

Note that the closed-form solution for A} is A} = (b1+b2)/2<%+ 5152 ), for all i € {1,2}, as stated in Lemma 1.

A1
Under a € (a*, 1], let us assume that A;(a) = (1 —a*)A} and Az(a) = (1 —a*)A5. These A; and A, satisfy
the stationarity conditions (29a)—(29¢) when vg = 0. Then, we have
PEDY o1 b+, ( 1 1 >1
=(a—a”)z +
( ) VoiA1 VoA

Moy As 2 /b /b
4422 by by
Aq + Ao A + Ao

Therefore, II; (o) decreases and IIx(«) increases with a stationary Aj(a) = (1 — o)A} and Aa(@) = (1 —

ri(a)=(a—a*)

a*)A;. This leads to decreases in A;(a) and S;(a), whereas increases in As(a) and Sy(«) since A (a) =
A (a@¥) Az(at)—ri(a) — Aa(@") Mi(aM)+ri(a) — b *
Ay )\12(04*)-’»)\21(04*)7 Az (o) = A ,\ll(a*).mzl(m)v and S;(a) = 2A; Ai(a®)A;(a).

(b) With two nodes, if ¥f > 0, then II7 = 0. Consequently, there exists a threshold a* such that II; (o) =0
for ac € [0,*] and II; («) > 0 for a € (a*, 1].

For any a € [0,a*], A; () and S (@) remain unchanged because II; (a) = 0 (indicating that 1 = Ag). Az ()
and Sy () decrease since Ag(a) = (1 — a) A} is adjusted to maintain access fairness.

At the threshold a*, as II;(«) increases from 0, it follows that 0 < r1(a) < Ag, resulting in v5 = v = 0.
Additionally, since 0 < Aa(a) < As, we have v3 = vy. Based on the stationarity conditions derived from
equations (29b) and (29¢), we can express a* as:

9 \/b2A2 (c1A1 4+ 2b2A5 —c1A) — by
(b2 —c1)Ag
For a € (a*,1], A1 (o) = (1 —a*)A; and Az(a) = (1 — a*)A; satisfy the KKT conditions. Consequently, only

af=1-—

r1(a) increases, leading to an increase in IT; (o) and a decrease in IIp(a). As a result, both A;(a) and S;(«)
increase, while As(ar) and Sy(«) decrease. O

Proof of Proposition 9. The optimization problem under price fairness with multiple nodes can be rewrit-
ten using the Taylor expansion, the same as the optimization problem (13). For simplicity, we define

o A A A _ bi—pi _1
gr (A1, Ag) := N - Then, S; = >3 g (A1, A2) and W = 59k (A1, A2) (b1 + b2 + p1 +p2).

(a) When R} =0, same as the proof of Proposition 2 (a), we know p5,(0)* = —p3. Then, with §8; = X—i,
A ?>\* * *
W'(0) = “’Kgpt ) (9 + (81 + B223)) >0,
2

1 1
S{(O)ziﬂng(Al,)\;)>0, Sé(O):iﬂggK(Ah)\;)>0

(b) When p; # 0, similar to the the Proposition 2 (b), we obtain

R// —‘y—R”
/ 0) = 12 22 * ok , / 0) =
pl( ) Ri/l +2R/1/2 +R/2/2 (pQ pl) p2( )

The derivative of social welfare at o« =0 is

R4+ R
R{, +2R{,+ RY,

*

(p5 — 7).

dR ds dS
W (0) = = =2l ==
( ) do a=0 do a=0 do a=0
1b1+b2 dpl dp2
= —= )\* )\* 7 |la= 7 la=
2p’{—|—p§gK( v 2)(da| O+da‘ 0
— _1 by +bo Ry, — R,

2p*1<_|_p; /1/1+2R/1/2+ /2/2 (pQ_pl)a
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t OR _ 9OR
dp1 ~ 9p2

feasible region. Therefore, the sign of W’(0) is equal to the sign of R}, — RY; since RY; + 2R, + Ry, <0 to

where the second equality is derived by the fact tha = 0 since the solution is in the interior of a

ensure that problem (13) is bounded.
For surplus at each node i € {1,2},

p; _pT gK(/\Tv/\;) ( 7 7 b pl 7
S (0)=— Ry + Ry + R),— R
1( ) R/1/1+2 /1/2+ /2/2 2A1 12 22 p1+p2( 11)
P3 — i gx(A1,A3) (b
Sé (0) = _R// + ;R// 1+ R// 21§2 : p2 + (RIQIQ Rllll) - (Rllll + R/1/2) .
11 12 22 1

The sign of surplus also depends on the sign of RY, — RY; > 0.
o If RY, — RY, >0, R/, + 2R, + R}, <0 implies R, + RY, < 0. Therefore, S5(0) >0

o If RY, — RY, <0, RY, + 2R, + R}, <0 implies R, + R%, < 0. Therefore, S7(0) <O0. O

Proof of Proposition 10. The optimization problem under price fairness is rewritten with Taylor expan-
sion same as the optimization problem (13).

(a) When R} =0, following the proof of Proposition 2(a), we get p,(0)* = —p3. Then,

aw
a=0 dpg

dp2
da p2=p3

9 1 1
=(-p3)- (g(Ah)\;) apg |po= =p3 < +ﬁ1+62>>

S Ea P

where the last equality is from gx (A1, A5) + t%ih’?:?;p; =0 due to p; = argmax,, gk (A1, A2)ps. Here,

W(0) =

gx (A1, \) = % The surplus at each node is

gr (A1, A3) gx (A1, A7)
B Balo

(b) When p; # 0, similar to the proof of Proposition 2(b), we obtain

Ry + Ry Ri\ + Ry

S§1(0) = >0, S85(0)= > 0.

p1(0) = (p5 —p1), P5(0)=—

(p5 — 7).

Riy + 2R, + R Ry, + 2R + B,
The derivative of social welfare at =0 is
d ow d ow
W (0) = Py Rl ap2
da la=0 Opy lpi=p; do la=0 8]92 p2=p3
_dp Z

ALAD) + =
dov azQ"‘(QK( 1 2)+5’p1

1 1
T+ps+—+—
P1=p] (p1 P2 51 52>)
dps dg
P2 AFONE -7
=+ dor oo <9K( 1 Az) +

1
T+ps+—+
Op2 lpa=p; <P1 p2 51 B2 >>

i) (1 1) (i )
pi +Dp3 B1 Ba da 0

a=0 da la=

g (AT, A 1 Ry, — RY e .
= M ( +7 11 = 1 U 7 (p2 _p1)7
pi+ps \Bi B2/ RYi+2R)5+ Ry,
where the second last equality is from the stationary condition in KKT conditions optimal solution, i.e.,
g:‘ pimpr =0 <= g (A],A\5) + %QTI; (p; +p3) =0 for any ¢ € {1,2}. Therefore, the sign of W'(0) is equal to

the sign of Ry, — R, due to R}, + 2R, + RY, <0 similar to the proof of Proposition 9.
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For surplus at each node i € {1,2},
dpl 351
do a=0 apl p2=p}

:( 1 Ogx )fipl +< 1 Jgx
A1 By Opy lpi=p; do a=0 A1 31 Opa
L gL <dp1+dp2>
AiBr pi+Ds dov do
1 gx(AL,A5) Ry, —RY)
MBy pi+ps Ry +2RY, + Ry,

1 gr(A1,A3) R2’2—R’1'1 (p _
A282  pi+p3  RY +2RY,+RY, \2

surplus at both locations at a=0 are determined by the sign of Ry, — RY,. O

dp, 0S5,

Sl() p1p+daa0 apQ

)  dp:
P2=p3 da a=0

—(p5 —p7)-

p}). Therefore, the sign of social welfare and

Similarly, we obtain &5 (0) = —

Proof of Proposition 11. The original problem with K units under origin-based access fairness is written

as follows:
RK(OZ) = man Z HZA”(]”I)”
(4,5)€A
s.t. Z 11, A”q” Z HjAjiqji, Vi e [N],
JjE N] JEN (30)

> WiTogin — Y TTirgin| < (1—a)M*, Vie[N],

ke[N] ke[N]
Qij [071]7 V(l,j) GA,
where M* =max; D, oy I Tkl —ming 35,y 15 Trqj,. Note that II; depends on K. Let gy () denote
the optimal solution to (30).

The approximated problem under access fairness is written as follows:

(4,5)€A
s.t. Z A”q” Z Anggz; VIE[ ]
JE[N] ke[N]
K « . 1
N+K-—1 Z Tikqix — Z Tirgje| < (1 —a)M™, Vie[N], 1)
kE[N] ke[N]
Z AijQij <K
Hig

(i,5)€A
Qi € [07 l]a V(Za.]) €A
Let ¢(«) denote the optimal solution. The objective function in (31) is concave because the distribution

of valuation, F(p), is regular (Hartline 2013). The constraints are affine with respect to ¢, therefore, this

problem is convex.
First, R (@) <R (), i.e., R (g (a)) <R (G(a)), is established as follows. Assume g;; () = II7 g (@),
then the following bound holds:

= ZHiAijq;{,ij (Q)F_l (1 - Q%,ij<a))
< ZA”H*CI}} (O F ™ (1= g5 ()

ZRK (q(a)),
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where inequality follows from the fact that F~*(-) is non-decreasing and II; < 1.
To complete the proof, it suffices to show that ¢;;(a) is a feasible solution to the problem (31). (i) The
balance equation holds because ¢(«) holds the standard flow balance equation (1):
Z Aijqij (e Z Ajigji(a) <= Z AT g o5 ( Z AyllZ gi ji(a).
JE[N] JE[N] JE[N] JE[N]

(ii) The fairness constraint holds because:

K K
~ T T Tirqi Tirqi ~ T T T3 q; T 105 g5
N+K—1 Z Kk (o Z ki (Q NJrKfl Z K107 g5, (o Z k q]k
€[N] ke[N] €[N] ke[N]
< K (1-a)M*<(1—a)M*
——(1-« -« .
TN+K-1 -
(iii) The constraint on overall workload holds due to Little’s law,
Z Aijais ij _ Z AUqUH* E [# of units in transit queues] < K.
(ipea Hi (i,5)€A

(iv) qi;(a) € [0,1] because g;; () =117 g;; () € [O,q;j] €[o,1].

Next, the inequality Rx (G(a)) < Rk (@), i.e. R (G(a)) < Rk (g5 («)) is proven by that G(«) is a feasible
solution for the problem (30).
(1) The balance equation holds,

H Z Azqu H Z Aqujz = Z Azg%g Z Agz‘]jz =0.

JE[N] JE[N] JE[N] JE[N]

In the above equation, II; = II(K) = N K _— i) for all i € [N], where II(0) = 0,
PR gy

because state-independent policy q satisfies the balanced demand flows, i.e. Z Aij(jij = Zj [N AjiGsi
for all (i,7) € A (Benjaafar et al. 2023).

(i) The fairness constraint holds because:

Z H Tquzk Z H kqﬁk Z TquZk Z ngk

k€E[N] k€E[N] ke[N] kE[N]
~ N+ K-1
<nn-—(1-a)M"
< M)
<(1—a)M*.
K _ < K
N+K—-1+%(; jya Ajf';” (1-fi(x—1)) = NHE-1
(iii) The last inequality is the same between (30) and (31), therefore, it holds.

The last inequality holds because =

Lastly, the inequality, ﬁﬁ’« (o) <Rk (¢(v)) is proven as follows:
m

Rk (4(a)) _ D I A5Gy () =1 (1= Gij () i > NG (@) FH (1= Gij(@))
R (G(e)) >y Niglig (@) F=1 (1= Gij(a)) >y Niglig (@) F=1 (1 —Gij(a)
- K K

>
G ~ — A
N+K—1+Z(i,j)A%(1_H(K_1)) N+K—-1+2

k¥

The last inequality holds because 0 < §;; (1 - f[(k:)) <1 for any k € [K]. O
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B. Additional Results
B.1.

Figure 1

E[V2]/E[VA]

Non-zero Travel Time

o

n

4

E[V>]/E[VA]

w

Impact of Price Fairness under Linear Demand with different p

E[V2)/E[V1]

Figure 2 Impact of Price Fairness under Linear Demand with Positive Travel Time with 5 units
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Figure 3 Impact of Access Fairness under Linear Demand with Positive Travel Time with 5 units
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B.2. Vehicle Repositioning with Multiple Units

Figure 4 Impact of Price Fairness with Repositioning

— Ml == gl
S .
a
Note. (Al,Ag) = (174), (bl,bz) = (1,4), (61,62) = (]., 1), and K =5.
Figure 5 Impact of Access Fairness with Repositioning
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B.3. Access Fairness with N =2 and any K

Figure 6 Impact of Access Fairness under Linear Demand
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Figure 7 Impact of Access Fairness under Exponential Demand
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B.4. Simplification and Analytical Intractability for N =3
To better understand the impact of fairness criteria in a network with N = 3 nodes, we first attempted an
analytical approach by deriving a closed-form solution for the system without fairness constraints. However,
the resulting expressions proved to be analytically intractable due to their complexity. This limitation high-
lighted the necessity of alternative methodologies — such as the heuristic-based approach detailed in Section 5
— to effectively analyze systems involving multiple nodes.

Specifically, we examined the complete graph with three nodes, aiming to determine the optimal set of

decision variables,

(Ml2s A215 AT3: A31s Adg, Ago)

that maximize the total revenue R, defined as follows:

1
(A2 + Ars + Ao1) (A2 As1 + Atz Azt + AigAsga) + (A2 + Ais + Ag1) (A2 A2z + AisAar + Aigdas)

X < [A21(A12A31 + A1sAs1 + AigAs2) + Az (Ai2Aas + Aot + AigAas)]

A2 A3
1212 12
X |:)\12b12 ( A12) + A13bis ( A13>}

A A
+ (A2 + Aiz)(A12A31 + A As1 + AisAs2) [A21b21 (1 - 21) + Aasbas <1 2 )]

Az Ao
A A

+ (A2 + A13) (A12A23 + A1s o1 + A1z Ao3) [)\31531 (1 - 31) + A32b32 (1 - 32)]
Az A3z

We encountered significant challenges in deriving a closed-form solution using the KKT conditions, even in
the absence of fairness constraints. To make analytical progress, we simplified the problem by setting A3 =
A3; =0. This simplification allows us to derive a closed-form solution in the no-fairness setting. Given that
our fairness analysis builds upon the closed-form solution derived in the no-fairness setting, it is important
to note that the resulting expression is sufficiently lengthy to offer limited scope for meaningful analysis. The

closed-form solution is presented below:

| biaAss Ao (big+Dbar  bio Aos (bag+bs2 b3
32 Ajg+ b3y 1% 2L pyy 2 Ay 120 B hog 2 Agp 32 )7

where Aly = <1\121\32(*\/§(A12A23b21532 —  Ai2A32b21baz +  A21A32b12b23)(A12A23b21b23bza\/Agabiz/(A12b32)  +

A12A23b21b39/A32b12/(A12b32)  +  Az1Asabisbag +  A21A32b12b21b23) +  (2A12A21A23b12b21b33b32/A32b12/ (A12b32) +

2A12A21 Ao3b12bo1bogb3y v/ As2b12/(A12bsz) +  2A12A21A23b3 6336321/ Ag2b12/(A12bs2) + 2A12A21A23b3,b23b35/Asab1a/(A12b32) +
A12A33b3, b35b30 + 2A12A33b3,ba3b3, + A12A33b3, b3, + A3 Ag2b3sb3; + 243, Az2biybo1b3s +
A3 A32b12b31b35) (A3yA33b31bogb3y/As2b12/(A12bsa) + AyA33b31b3,/Aszb12/(A12bsa) — AZ,A23Ag2b31b33b32v/Agabia/(Aizbs2) —
AfyA23A352b31b23b35 v/ Agabiz/(A12b32) + A12A21A23A32b75b21basbso + A12A21A23A32b12b3 bagbso +
A12M21A23A32b12b21b35b32/A32b12/(A12b32) + A12A21A23A32b12b21bagb3, /Ag2b12/(A12b32) - A12A21A35b25b01b34 =
A12A21A35b12b3, b3, + A3 AZ,b5,b3, + A§1A§2b?2b21b§3>>>/<2(A12A23b21b32 - A12A32b21b23 +
A21A32b12b23)(A12A23b21b23b32\/A32b12/(A12b32) + A12A23b21b35/A32b12/(A12b32) + A21A32b35b23 +

A21A32b12b21b23) (AT5A33b3,b23b3/As2bia/(A12b32) + A AZgb3,b5,/As2b12/(A12bsz) — AF;A23A32b3,b33b32/Aszbiz/(A12bs2)
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A2, A23A532b3,basb3s\/As2b12/(A12b32) A12A21Aa3A32b25b21basbso + A12A21A23A32b12b3 bagbso
A12A21A23A32b12b21b35b32/A32b12/(A12b32) A12A21A23A32b12b21bagb3,\/As2b12/(A12b32)
A12A21A3,b12b5, 635 + A5 AZb8,b3; + A§1A§2b%2b21b§3)>

b21b23( 2835 A31 A35b3 502103503,/ A32b12/(A12b32) 2835 A3 AZ5b3,b21ba3bly /Aszb12/(A12b32)
6AT5A3, A33bT5b3, 5330351/ Aa2b12/(Ai2baz) — 6AT;A5; A55b7,b3,bosbls /As2bia/(A12bsz) — 6AT5A3 A35b12b3, b55b3, /Asabi2/(A12bs2)

+ - A12A21A35b3,b21b35

S

6AT5A3; AS3b12b31 basbdy/As2biz/(A12baa) — 2A15A3;A33631b3503,/As2b12/(R12bs2) — 243543 A35b51ba3bds/As2b12/(A12b32)
2A2, A3, A3 A32b5,bo1b3abaa/Azab12/(A12b32) + 2A2,A2, A3 AgabSobo1b35b2s\/Azab12/(A12b32)
1243214234320719021053032 32012 12032 12432143234A320719021053039 32012 120932
6A7, A% AogAgabTsb3y b3gbsa/As2b12/(A12bs2) + 6A7,A%) ApgAsobiyb3 b35b3,\/As2b12/(A12bsz)
6A2,A3, Ao3A32biob3  b3absay/Azab12/(Al2b 6A2,A2, Ao3Agabyabs  b33b25\/A32b12/(A12b
12751 A23A32b12b51b53b321/Agab12/(A12b32) + 12051 A23A32b12b5, b33b55 1/ Agabi2/(A12b32)

2A3, A%, AogAgably b33bsa/As2b12/(A12bs2) + 2A3, A%, AogAgably b35b3,/A32b12/(A12bs2) ATy A1 AZ5bT,b3, 03503,

2A%2A21A%3b%2b51b23b§2 A%2A21Agsb%2bglb§2 2A%2A21A%3b12b31b§3b§2 4Af2A21A§’3b12bglb23b§2

2A35A21 ASgb12b3 b3, 2A35 A1 A35b12b31 b35b3,/A3zb12/(A12b32) 6AF5A21 ASgb12b31b35b5,/As2b12/(A12b32)
6A35A21 AS3b12b31 bogbly \/As2b12/(A12b32) 2A%5A21 A33b12b31 b5,/ Agabiz/(A12b32)
2075 A21 A33b51 ba3b3, AfyA21A33b5:b5 4+  2AT5A21A33631 633035/ Aa2b12/(A12bsa) + 6AT;A21A3503163563,/A32b12/(R12b32)

6Ty A21 AS5b3 bosbdy /Agabia/(A12b32) 2075 A2y AS3b31 655/ As2b12/(A12bs2) A3y A21A35A52b7,b31b35b32

+ AToA21AZ5A52bT,b3, bagbly

+ +

2 3,4 32 12
+ Al A21A53b5, 05303,

+ +

2A75A21A53A32b7 505, 6353, +  2A%,A21A35A32b12b31b33b32  +  4AT,A21AZ3A32b12b3, 63303,
2A2,A01 A25A30b12b3, b35b3a/A32b12/(A1ab 6A2, Aoy A23A30b12b2 biab2o\/Ag2bia/(A12b
T2A21A53A32b12b5;b53b321/A32b12/(A12b32) T2oA21A53A32b12b51 6536551/ A32b12/(A12b32)
6A25 A1 A25A30b10b2, b2ab35\/Aaabia/(A12b32) 2A2, A1 A25A32b12b3 basbier/Asabia/(A12b32)
1243214 23/4320120971 053039 32012 12032 1243214H49234320120971 023039 32012 12032
A2, A21 A% Agab, bagb3, 2A%3, A2y A2 Ag2b3, basbsa/A32b12/(A12bs2)

6AZ,A01 A3 A50b5, 03502,/ Agab12/(A12b32) + 6AT,A01 AZ A30b3 63565, \/Agab12/(A12b32) + 2A2,A01 AZ5A30b3 bagbay/A32bia/(A12b32)

202, A1 AZ5A32b1203, bagbly  + +

+ +  Af3A21A35A30b5,b3,b30

2A%5A21A33A3203, 33630 + +

2 A3 3 .4 2 3 3,3 ;2 2 3 3,2 ;3 2 3 3 4 a2 A3 3,5 3 5 .2
AfaAp3A32b51 b53b32 +4AT5A53A32bY bogbsy +6ATy A5z Azaby bygbiy +4ATp Aog Agabs) basbiy + ATaApzAzaby bgy — A12An; AagAzabipbs3bs

4A12A3, Aoz AgabToba1b3sbso +  2A12A3) Ap3Agabiab3gban/As2b1a/(A12bsz)  +  2A12A3; AazAzabiab3sb3a/Az2bia/(A12bsz)

6A12A3, A3 Agab3,b21b33b3  +  6A12A3, Aoz Agabioba1bisbsa/Asabia/(A12bs2) +  6A12A3; AogAzababo1b3sb3s/As2bia/(A12b32)
4A12A3 A3 A32bTabd b33b3a  +  6A12A3; AogA3ablob3;b3gbaz/As2b12/(A12bs2) + 6A12A3; AazAgabiab3ib33b3, 1/ Aszbiz/(A12b32)
A12A3) ApgAgabiobh bdgbsas  +  2A12A3, AogAsabiabl  b3sbsa/Agabia/(A12b32) +  2A12A3 ApgAsgabiobdy b35b3, v/ As2b12/(A12bs2)

A2A3 ASbT008;  + 4A1aAd AGobTabarbls  + 6A12A3 AGbT,03,085 4 4A12A3,A5bT508,038;  + A12A3 AZybiabh b3,

4M19A5  A33A30bT 521083030+ 8A12A3  AS5Az2bT,bo1b5303,  + 4A12A3,AS3A30bT5b01b23bls  + 8A12A3; A33A30675b3, b35b32

16A12A%, AZ; 3202503635632, + 8A12A%; AZ;A3202,b3 bagbi,y 2A12A21 A2 A50b075b01b55b32/A32b12/(A12b32)

6A12A31 A3 A32b35b21b54b3,\/A32b12/(A12b32)
2A12A3; A35AgabT,obo1basbis v/ Aa2bia/(A12bsa) +
4A12A3 A5 Az2b12b3 basb3y

6A12A%1 AZ3A32b12b31 633035/ A32b12/(A12b32)

4A12A3;AZ;A32b12b5b35b30
2A12A31 AZ5A32b12b31 b3gbsz/As2b12/(A12b32)
2A12A3%; A35Ag2b12b3, bogby v/ As2b12/(A12bs2)

6A12A3; A33A32b75b21b33b35/A32b12/(A12b32)

+ 8A12A3, A2 A30b12b3, b2503,

6A12A31 AS3A32b12b3b33b30 1/ A32b12/(A12b32)

+  A12A3, Ao3AZ,bT5b21 65,

201243, A2aAZobaborbdsban +  A12A3 Ao3AGobTob2103505,  + 2M12A3,A23A35bT0b3,b55  + 4A19A3  AaaAZ,bTab3 bsbas
201203, Aoz AZabT0b3 635030+ A12A3AozAZobiabd by 4+ 2A10A3 AosAZob12b31b33b32 +  A12A2 AazAZabiabd, b34b3,
A12A21A35A32b12b3b3sbz2  —  4A12A21AZ5A32b12b31 63503,  —  6A12A21A35A32b12031b25b5,  —  4A12A21AZ5A32b1203, basbd,y
A12A21A33A32b12b51 05,  — A3 Aa3AZblobs;  —  2A3;Ao3AR,binb35b32  — A3 Aa3ARpb15b3503,  —  2A3,AazAZ,bT5b01b5,

3 2 ;3 3 3 2 ;3 2 32 3 2 32 12 ;4
47351 A23A35b79b21b53b32 — 2A5; A3 A3y bToba1bsgbsy — Aoy A3 307505 b3 —

3 2 32 32 ;3 3 2 32 32 32 32
2A51 A23A5pb1absy bo3b32 — A21A23A32b12b21b23b32)-

+

+

+

+
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However, under the additional assumptions that A;3 = A3; =0 and that market sizes and the demand
function are symmetric with respect to location 2, Proposition 12 shows that this symmetric three-node

problem can be reduced to the N =2 case.

PROPOSITION 12 (Symmetric three-location reduction). Let N = 3 and suppose A1z = As; =0,
Ao =Aza, Aoy = Ass, bio = b3, and byy = bag. Then the optimization problem with either price fairness or

access fairness is equivalent to the two-node optimization problem with parameters (A12,2A21) and (b1a,ba1).

Proof. Under this structure, the revenue simplifies to

A12A32 b12 b2y bas b3a
R= b bag — —= Ao — —Xa1 | A b b3y — —= o3 — —= N30 | A .
SV VT W VT W W (( 12 + 021 Ao 12 Ao 21) 21 + ( 23 + 032 Aos 23 Asy 32) 23)

Given the network symmetry, we can set Ao = A3o and Ao; = Ao3, yielding a further simplification

A, b12 ba1 b12 ba1
R=—""2>—— b bog — —Aig — — A A b bop — —=Ajg — — N\ A
3, 1 201 (< 12 1+ 021 Ao 12 Aoy 21> 21+( 12 021 A 12 Aoy 21 | A21
2X 12701 b12 ba1
=——""" (b bor — —Aig — — A .
Mo+ Zhor < 12 + 021 A 12 Aoy 21)

Replacing A;; with its quantile representation A;; = A;;¢;;, we obtain

A 2A
R— 12<I12( 21QQ1)

= bia+ba —b —b .
Ai2gia +2M5192 (b12 + ba1 — b12g12 — ba1g21)

(Price Fairness) In this setting, trip-based price fairness and origin-based price fairness coincide.
Trip-based price fairness aims to minimize the maximum price difference across trips. Under the symmetry

assumptions, this reduces to

|p12 —p21| = |p12—p23| = |p32 —p21\ = \p32—p23| =

A A
b1 (1 — 12) — by (1 - 21) ‘ = |b12(1—q12) —b21 (1 —g21)|.
Aip Aoy

On the other hand, origin-based price fairness minimizes the maximum difference of the average prices of

trips that share the same origin across nodes,

A21pa1 + Aaspas

|P1—P2|:|P2—P3|=‘P12— Aor + Aos = |p12 — p21.

The last equality follows from As; = Ass and po; = pa3 by symmetry. Hence, trip-based and origin-based
price fairness are equivalent.
Then, the optimization problem under price fairness is written as,

A 2A
R() = max 12412 ( 21(121)
a1,a2 Niaqia +2A51¢0;

st [bia(1—qi2) —b21(1 —q21)| < (1 —)[pia — 5l

(b12 4+ b21 — b12g12 — b21G21)

41,92 € [0,1].
Notice that this problem is equivalent to the two-node case with parameters (Aq, Ay) = (A12,2A5;1) and
(b1,b2) = (b12,b21). Therefore, the optimal quantiles ¢;;(a) coincide with those in the two-node case. More
specifically, let G(a) denote the optimal quantile under « in the two-node case. Then ¢;2() = g32() coincide

with ¢ (), and ga1(a) = ga3(@) coincide with Gz ().
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To specify surplus, let II; denote the availability at node i. By symmetry, we have II; =1Il3, and the balance
equations yield

2H1 + H2 =1 and Hl)\lg = Hg)\gl.

Solving yields

A21 A12
I, =l = ——F—, IIy=—.
! 37 N2+ 220 27 M2+ 200
Then, surplus of each trip is,
512)\%2 b12A12q12(a)2 A21(]21(04> blAlql(a>2 A2§2(a) 15
8 e :S o) = H = = = = :78 (0%
12(0) = Saal) = 5 7 Ih 2 Raga(@)  2hmgn (@) 4 Mar(@) + Aada(e) 21

Similarly, Sa1(a) = Sas(a) = So(c). Therefore, the total surplus in the three-node case is distinct from the

1
2

two-node case, since
. As -
S(CY) = Alelg(a) + A32832 (O[) + A21821(OZ) + A23823 (CY) = 2A12812(O[) + 2A21821(Oé) = A181 (OZ) + 7282((1),

which is less than S(a) = A1 Sy () + AaSa ().
(Access Fairness) Similarly, trip-based access fairness and origin-based access fairness coincide. The

access of each trip is

A12 1 A2da A21 1 A2Aa
Ap=Ag0=""TI =— 2 Ay =Ag3="T"Ilp=——""TT"7"__,
2 22 Ao ! Ao A2 +2X01 7 2 2 Asy 2 Aoy Az + 209

Trip-based access fairness then minimizes

Lot
A12 A21

A1oA21q12¢21
Ai2gia +2M21q01

|A12*A21| = |A12*A23| = |A32*A21| = |A32*A23| = ‘

CAda ‘1 1
A1z +2X9; Ao Ay

Origin-based access fairness minimizes the differences in average access across nodes,

Ao1 Aoy + Aoz Aos
Aot + Ass

|A1A2||A2A3|‘Am Ay — Aga].

The last inequality follows from As; = Aoz and Ag; = Ass. Therefore, under the stated symmetry conditions,
trip-based and origin-based access fairness yield the same fairness criterion.

The optimization problem under access fairness is written as,

A12gi2 (2/\211121)

R(a):= b ba1 — b —b
(@) grllz}; Motra + 2hor1dor (b12 + b21 — b12g12 — b21G21)
1 1 A12A21G12q21
st |——— <(1—-a)|Ar, — A5,
‘Am Ao1 | Araqua +2A01G21 — ( )45, 21
41,492 € [03 1]

Similar to price fairness, this problem is equivalent to the access fairness optimization problem with param-
eters (Aq2,2M21) and (b12,ba1). Therefore, the optimal quantiles g;;(c) coincide with those in the two-node
case, just as in the price fairness setting. It implies that, as in the two-node case, access changes linearly
with a. Additionally, the three-node symmetric setting yields the same revenue and prices under any «, but

not the same total surplus, as observed in the price fairness case. O
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B.5. Multiple Units and Nodes

We consider scenarios where the system has more than two nodes and multiple units. The primary emphasis
of this section lies in exploring whether there are fairness not seen in situations with two nodes that manifest
in scenarios with 3 nodes. Moreover, we explore the difference between trip-based fairness (comparing all
pairs of nodes) and origin-based fairness (each node does a weighted average over destinations).

Even under this restricted setting, finding all six optimal prices is computationally challenging due to the
non-convex nature of the problem, even without fairness constraints (Banerjee et al. 2022). Section B.4 also
demonstrates that deriving a closed-form solution—even under simplifying assumptions—remains complex
when N = 3. Therefore, we rely on numerical analysis in this section.

Linear Demand. We conduct experiments on a small network comprising 3 nodes and 10 units under
linear demand. To find the optimal solution, we utilize Couenne, a solver designed to find global optima for
non-convex problems, within Pyomo, using an initial value obtained from running Ipopt (a solver that pro-
vides local optima) 10 times. The details of the experiments and the method for handling ¢ = max (O, 1- %Z_’)
in price fairness are explained in Appendix C.

Figure 8 illustrates both trip-based and origin-based price fairness. Unlike the two-node scenario, Figure
8 presents a case where the system abandons certain markets (origin-destination pairs). For instance, under
origin-based price fairness, beyond a certain threshold of « (in this case, 0.4), the system withdraws from
the market for the trip from node 3 to node 2. In other words, the price for this trip exceeds the maximum
support, bs o, leading to zero surplus. To achieve origin-based price fairness, the system strategically drops
this market, and, in fact, the gap between the average prices at locations 1 and 2 increases. Consequently,
origin-based price fairness may not be suitable in such situations, as it carries the potential risk of strategic
market abandonment.

Figure 9 depicts the results under both trip-based and origin-based access fairness. Similar to the two-node
scenario, both total surplus and social welfare decrease as « increases. However, in contrast to the two-node
scenario, some trips experience surplus gains. The loss of affordability for one trip can benefit other trips
that share the same origin, as vehicles are rerouted to those trips. A significant drawback of trip-based access
fairness emerges beyond a certain threshold of « (e.g., @ > 0.4 in Figure 9), where revenue, consumer surplus,
and social welfare decline sharply toward zero, resulting in a system shutdown. As Proposition 13 shows,

perfect trip-based access fairness leads to a system shutdown.
ProPOSITION 13 (Perfect Trip-Based Access Fairness Results in System Shutdown). If there

exists i € [N] such that 3, Nij # 3, ., Aji, then R(1) =S(1) =W(1) =0.
Proof. When perfect trip-based access fairness holds, 1I;¢;; = A for all ¢ and j due to the fairness con-
straint. The balance equations imply that
ZAikHiqik = ZAkinQki = (Z Aig — ZAM> A=0, Vie[N].
kit ki kit kit
If there exists i € [N] s.t. 32, Ay # >, Aji, A should be 0. Then,
R= Z ;A qijpi; = AZ Aijpij =0,

4,3 4,3
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S= ZHZ]E [(Vij —pi)T] = ZHiQijE (Vij —pij|Vij = pis] = AZE [Vij = pij|Vi; = pij] =0.
2,7 2%

2%

Figure 8 Impact of Price Fairness with 3 Nodes and 10 Units
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(b) Origin-based Price Fairness

Note. Parameters: (A1,2,A1,3,A21,A2,3,A31,A32)=(9,10,5,2,7,1) and (b1,2,b1,3,b2,1,b2,3,b3,1,b3,2) =(3,7,8,5,1,5).

; 5 . X dFihipij A, . XIFiBijAij
For all i € [3], p; := S oA and A; := Sk,
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Figure 9  Impact of Access Fairness with 3 Nodes and 10 Units
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(b) Origin-based Access Fairness

Note. (ALQ, /\1137 A2,1 ) Az’g, /‘\3,17 Ag,g) = (10, 2, 77 2, 6, 1) and (b172, bl,g, bg’l,bz,g, 173117 bg,g) = (5, 8, 10, 5, 9, 9)

FEzxponential Demand. Figure 10 illustrates both trip-based and origin-based price fairness. In contrast
to the scenario with only 2 nodes, Figure 10 reveals examples where the system gives up on certain markets
(origin-destination pairs). For instance, for the trip-based price fairness, beyond a certain point of «, the
price for the trip (2,1) (representing the trip from node 2 to node 1) experiences a significant increase. This
increase is indicated by the yellow line in Figure 10, leading to a decrease in its accessibility to consumers.
Additionally, depending on whether it is trip-based or origin-based price fairness, the change in surplus for
each trip varies.

Figure 11 depicts trip-based and origin-based access fairness for the same experimental setup. Similar
to the case with 2 nodes, both total surplus and social welfare decline as « increases. In contrast to the
scenario with 2 nodes, some routes experience surplus gains. The loss of affordability for one trip can lead to
advantages for other trips, achieved by rerouting vehicles to those routes. A drawback of trip-based access
fairness becomes evident beyond a specific a (e.g. @ > 0.3 in Figure 11), where revenue, consumer surplus,

and social welfare experience a sharp decline towards zero (system shutdown).
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Figure 10  Impact of Price Fairness with 3 Nodes and 10 Units

—_— s, Sp1 = 831 —_— 12 Pa1 = p31 — Ar Asy = A3y
— () —(g) — W(ﬂ)] —_— S = 53 —_— S, — D] 3 D)3 — 3,2 —_— A3 — A3 —_— As
120
———1 ] 0]
2.5 1 81
100 1 ——
o T~
6
80 4 15 T 0.24
101
44 014
GU’Q 0.5 1
0.0 4 0.0+

00 02 04 06 08 1.0 00 02 04 06 08 1.0 00 02 04 06 08 10 00 02 04 06 08 10
a a a a

(a) Trip-based Price Fairness

i Si1 T S
= Rrl@) = S(a) =— w(a)] _ 513 = S35 == S —py e e i’]} A A A |

120

e —— 3.0 1
81 0.35
2.5 1
1007 2.0 74 0.30
15 ]
80 e o R N B 3 0-25
1.0 4
0.20 4
0.5 4 5
o0 —-h\\
————— 004 0.15

0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0

(b) Origin-based Price Fairness

11 11 1
Note. (A1,27A1,37 A2,17A2,37A3,17 A3,2) = (47 57 57 87 107 2) and (/81,27ﬁ1,37/82,17ﬂ2737ﬁ3,17 /33,2) = (77 5 17 5787 E)
Figure 11 Impact of Access Fairness with 3 Nodes and 10 Units
i Sp1 = S5 P2 P21 == pa = Au: Azl T Az
—_— () —S() — w(a)] —_—G = 83 = S m— P13 3 P32 —_— An3 = Az = A3z

120 150
2.5

100 4 125+
2.0 031

80 4 100 +
60 4 151 75 0.2 1

404 1.0 4 50 4
0.1

204 0.57 254
04 0.0 { 04 0.0 1

0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0

(a) Trip-based Access Fairness

— 12 Si1 T S
= Rla) = S(a) =—— h?(a)] S T S3 Sy, m— Py Py e

. 12 o
0.35
100 1 10 1

0.30

8/
80 1 24
0.25
64
14
60 +

0.20 1

0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 L0 0.0 0.2 0.4 0.6 0.8 L0

(b) Origin-based Access Fairness

Note. Parameters are the same with Figure 10.
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B.6. Access Fairness Heuristics

Figure 12 Comparison between Original and Approximated Framework under Access Fairness
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(b) Origin-based Access Fairness

Note. We use an exponential demand model, ie., Aj; = Ajjexp(—fBi;pij). The access Aij from node i to

node j is calculated based on §(a), given by A;; = Gij(a)Il; (Gij(e)) for all (i,j) € A. The average access

2(i,5)eatij and A; = Z(i,j)eA/{i,-
are (A1,2,A1,3,A21,M23,A31,A32) = (4,5,5,8,10,2), (B1,2,51,3,52,1,82,3,85,1,83,2) = (1/3,1/5,1/4,1/5,1/8.1/6), and

(N1727M1,37H2,17M2,37M3,17N3,2) = (17 27 3> 17 17 1)

values are defined as A; := for all i € [3]. The parameters used
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C. Experimental Detalils

We use Ipopt and Couenne to obtain the optimal solutions. The settings for each solver are the same as their
default configurations, except that for Couenne, we set time 1imit=7200 (2 hours).

When there are more than 2 units under linear demand, we need to consider the case that the price exceeds
the support, i.e., p;; > b;;. To reflect this case, we use the following optimization problem with 3 nodes K
units with an arbitrary large number M > 0.

qgli}éo iez[g] je%{i} Auaopitl

subject to (%) Z Nijgij = Z Ajgum(x—e;+e;) Vxe{x|xeSs;k,x;>1}, Vie[3],
JeB\{i} JeBI\{i}

> ax)=1,

x€ES3 Kk
I, = Z m(x), Viel3],
xe{x|xeS3, K ,x;>1}

Qijzoa VZaJG[SLZ¢]7
Pij . .
qij:( _j) Zij7 VZ,jE[S],Z#j,

1-28 5 Yige[3 ity
b = K ) P Js

y
1= 20> M- (1= 2y), Vije[3,i#],

Py >0, Vi€ 3liti

ZijE{O,l}, Vi, €[3],1# 7,

=< (=) (mxol, —mingl, ) Vig kL€ Bl £k L

The above problem addresses trip-based price fairness. For origin-based price fairness, the last constraint

can be replaced as follows:

Zi;ﬁk Aikpik _ Z#k Ajrpii <(1-a) ( Zi;ﬁk Airpi, . Zi;ﬁk AiDiy,

max — min , Vi,je3],i#7.
Zi;ék Aig Zj;ék Ajk g Z#k A g Z#k A ) [ ]
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D. Price Fairness Heuristic Algorithm

Algorithm 1 (Trip-based) a-Price Fair Algorithm
Input: A, {p};}ijyeas {dijhieas {Fijhapea {Aij}anea {#ijtanea K, a, grid, step

Output: ph€, RALC
.. - = . p:‘ P:,
1: (g,l) ,(1,7) (argmln(m)eA ﬁ, argmax; e ﬁ)
. _ A P;l Pf?
2: (]2, p,RLG)%(d; %,0

3: for Bin [1,...,a+grid,a] do
W (1-5)(p-p)
(bottom, top) < (maX(O,Q— %), max(0,p — LUANE W)

for (i,j) in A do

4:
5:
6: while top <p+ % do
7
8 if Z—; < bottom then
9

Dij < bottom- d”

10: else if % > top then

11: Dij < top-d;;

12: else

13: Dij < Dij

14: if bottom < p then > Consider a feasible solution under a tight condition
15: Pi,j ¢ bottom- di,g'

16: else if top > p then

17: D7 ¢ top-d;;

18: if R (p) >R and ¥, ., 2509, (p) <K then
19: (P"¢, R™) « (p, Rk (p))

20: (bottom, top) < (bottom+ step, top+ step)

Figure 13 provides an overview of Algorithm 1. The algorithm introduces a sliding window, W, that adjust
the original solution within the window. We explore several sizes of windows, all of which are equal to or
smaller than the fairness gap, i.e., (1 — /) (maxiyj Z—’: — min, ; %) where 8 € {a, v+ grid,...,1} (lines 4-5).
The window is initially centered around the minimum price (line 5) and then gradually shifts towards the
maximum price using a specific size (lines 6 and 20). The feasible solution exceeds the top (or falls below
the bottom) of the window, it is readjusted to align with the top (or bottom) of the window (lines 8-11).

If the prices are not tightly bound by the window, we adjust the maximum (or minimum) price of the
feasible solution is adjusted to the top (or bottom) of the window (lines 14-17). In the final step, we select
the solution that yields the highest objective value among feasible solutions (lines 18-20).

Within the algorithm, the determination of the objective value for the modified price, Ry (p), entails the

calculation of steady-state probabilities. For the computation of steady-state probabilities, we use dynamic
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Figure 13  Algorithm for Price Fairness

A Price
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v step step+1

Note. Each blue circle represents the price of a trip. A sliding window of size (1 — 8)(plax — Piin) 1s employed with
di; =1, where 8 € {a,a+grid,a+2-grid,...,1}. At each step, the algorithm adjusts prices to fit precisely within the
specified window. For instance, the algorithm shifts dashed orange circles (prices outside the window) to the window

boundary and repositions dashed blue circles (prices closest to the boundary without a price) to the boundary.

programming with a time complexity of O(N?K). Further details on this approach can be found in Section
D.1.

In the context of origin-based price fairness, additional conditions are required to assess whether the
disparity between the maximum and minimum weighted average prices falls within the designated price
threshold. To elaborate further, adjustments are necessary in the line 16 as presented:

Aii Fij(aij)

if Ric (p) > R*“ and P
ij

(i,4)EA
and max <ZT”§U> — min (ZTWSW> <(1-pB)M* then,
J

pL . Pl
where M* := max; (Z] T;; ﬁ) — min; <EJ Tij 32 )

Figure 14 illustrates the algorithm’s performance (both for trip and origin) with 3 nodes and 5 units.

IL (p) < K

Figure 14a shows that our algorithm struggles to account for price fluctuations within the range of maximum
and minimum prices, resulting in a disparity of total surplus between the optimal scenario and the heuristic
approach. However, both the trip-based and origin-based pricing algorithms effectively approximate the

revenue, particularly for small values of a.
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Figure 14 Comparison between Original and Approximated Framework under Price Fairness
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Note. Demand function and parameters are the same as Figure 12.
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D.1. Modified Buzen Algorithm in Closed Queueing Networks

As mentioned in Banerjee et al. (2022), the system is modeled as a closed migration process (Kelly and

Yudovina 2014). The steady-state probability of a state x € Sy i for a given q is expressed as:

W(X)Zm H (Z LA i H LLii yul y
k i€[N] ke[N]\{i} “Hikdik (i.5)EA i ij'

where w;(q) and w;;(q) are the invariant distributions corresponding to the N? x N routing probability

matrix. This matrix is defined by P; ;; = % and P;;; =1 for all (4,5) € A. We remark that
€ i} Nikdi

the invariant distribution, w, can be computed based on the invariant distribution without travel time, .

Specifically, w;(q) = %uﬁz(q) and w;;(q) = %u?l(q) e

)\i = ZkE[N]\{l} Aquﬂc7 U)Z(q) = w; for all 7 € [N] (as well as wm(q)), and ZN,K(q) = ZN,K-

Nijdij
NI\{i} Nikdik

(Banerjee et al. 2022). For simplicity, let

To calculate metrics such as revenue, total surplus, and social welfare, we first need to determine II;(x)

for all 4 € [N], which is given by
ZNK—1 Wi
II;(x) = X)=———.
(= 3 mx)= L
x|z;>1 ’
Here, Zn i (q) is the normalizing constant that ensures the sum of steady-state probabilities equals 1, i.e.,

Znk(A) =D sy . T(X). However, computing Zn, k (q) requires evaluating (KHIV:_l)

possible states, which
is computationally expensive.

To address this, we use a modified version of the Buzen Algorithm (Buzen 1973), which incorporates travel
time into the algorithm originally designed for negligible travel time. We use dynamic programming using

the fact that

ZN,K = Z 7T(X)+ Z 7T(X)

xESN, K,z N=0 XESN, K,xN>1
K i—1
wy wi\ " wi; \"7 1
= ) USRSl II (% 11
AN ) A o Hij yij!
k=0xesy k. N ei=K—k x€SN, k,xN21 [i€[N] (i,5)eA

HiN yin! \ i YNi-

K YiN YN
w; 1 WN; 1 w
= E E - N ZN—l,K—k"‘iN IN K-1
;! AN
k

=/ w, W, g w
( Ny NZ) ZN71,K71¢+7NZN,K71,
HiN UN AN

wq

k
where we initialize Z; ;, = (71) for k € [K] and Z, o =1 for n € [N]. Then, we can compute Zy x in
O(NK?).
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E. Case Study

Figure 15 Neighborhoods of Manhattan Mapped to 10 Zones

TLC Taxi Zones
Manhattan
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S Y |

= New York City Taxi and Limousine Commission May 15, 2018

Note. 10 neighborhoods are constructed based on taxi zones.

E.1. Detalils

Table 1 presents the average residual sum of squares for uniform, exponential, and logistic demand relative
to the empirical distribution, highlighting that logistic demand has the lowest RSS. Figure 16 shows the
empirical distribution of prices and the fitted logistic distribution for a randomly selected set of 4 trips. It is

evident that the price distribution reveals a poor fit for the uniform and exponential distributions.

Table 1 The Average RSS of Each Demand Function

Demand Function | Uniform Exponential Logistic
RSS 0.1828 0.1893 0.0403
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Figure 16  Logistic Demand Estimation (Price per Miles)
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Note. The bins represent the empirical distribution of prices in the dataset, while the red curve illustrates the

estimated logistic distribution.

The following tables present the estimated parameters of network. Each value within the tables corresponds

to the respective value from node i (row) to node j (column).

Table 2 The Number of Trips via Uber (U;;)

1 2 3 4 5 6 7T 8 9 10
11 - 216 120 66 56 80 31 16 11 26
21236 - 130 152 37 76 68 16 18 20
31133 72 - 279 148 359 65 35 7 52
4|34 101 238 - 91 529 169 45 17 97
5139 20 66 84 - 397 99 109 17 118
6 |43 23 73 134 238 - 168 137 38 142
7124 17 54 188 121 520 - 109 52 105
8§13 5 17 80 137 318 110 - 38 161
9| 7 14 19 52 61 179 104 101 - 106
10| 17 11 28 45 148 244 97 143 44 -

Note. Each value corresponds to the number of trips undertaken
by Uber between 7:00 AM and 9:00 AM on March 3, 2023.

Table 3 Estimated Market Size (A;;)

1 2 3 4 5 6 7T 8 9 10
11 - 357 189 113 79 127 47 26 16 37
21389 - 235 271 55 125 97 20 31 29
31268 177 - 623 274 685 129 62 12 91
4|65 284 526 - 182 1108 384 77 40 180
517 39 151 150 - 692 175 173 27 194
6| 7 38 154 351 451 - 413 245 63 262
7140 39 105 406 206 932 - 179 94 178
8120 7 36 116 215 511 182 - 62 225
9114 28 26 8 96 276 176 144 - 151
10020 13 39 72 200 355 149 197 76 -

Note. Each value corresponds to the number of trips undertaken
by Uber between 7:00 AM and 9:00 AM on March 3, 2023.
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Table 4 Estimated £, ;

1 2 3 4 5 6 7 8 9 10
1 - 297.00 331.10  1779.63 12627.13 1611.61 232620.86 2864746.28 12989702.72 290554.83
2| 219.83 - 1664.15 166.08 10394.42 1008.56 33889.19 1156.98 40034.44  279481.01
3 75.96 0.20 - 3287.73 382.53  625.02 18465.05 2348.84 339.67 3804.07
4 | 1125.65 100.67 2330.11 - 758.02  349.14 215.04 643.57 597.39 6939.68
5 | 2870.71 1510.94 100.37  9426.91 - 481.50  1978.04 634.49 1366.90 3210.78
6 | 3264.35 1739.99 702.07  482.07  333.29 - 515.19 518.42 279.20 927.66
7 | 4460.56 209.24 3272.19  328.79 7066.89  346.40 - 1769.82 144.82 355.97
8 |21527.60 48263314.95 1400.02 1026.71 1793.69 633.41 1073.84 - 1536.10 185.77
9 | 5066.28 9808.57 593.63  873.74 5085.45 1530.41  250.28 259.04 - 87.74
10 | 1263.55 12738.92  25668.42 2062.02 2494.80 582.00 255.49 185.45 342.35 -

Table 5 Estimated S,

1 2 3 4 5 6 7 8 9 10
- 0.84 094 1.31 2.16 1.51 2.69 3.33 4.13 2.98
0.76 - 0.98 0.61 1.73 1.11 2.01 1.48 2.66 3.17
0.70 -0.21 - 090 0.76 0.76 1.36 1.24 0.93 1.58
1.18 052 0.86 - 0.92 0.68 0.72 1.02 1.30 2.02
1.77 136 0.53 1.11 - 0.58 0.79 0.76 0.91 1.21
1.68 1.17 0.73 0.65 054 - 056 0.69 0.67 1.03
1.96 0.86 0.99 0.62 094 054 - 0.84 0.62 1.14
2.00 2.93 1.06 0.93 0.88 0.76 0.81 - 0.66 0.53
1.88 2.04 1.03 1.04 1.06 0.92 0.66 0.48 - 0.59
1.56 1.94 1.65 143 1.13 097 0.92 0.52 0.71 -

© 0 O Ui W N+

[y
o
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E.2. Additional Results (7 - 9 AM)

Figure 17 The Change of Weighted Average of Price/mile, Access, and Surplus
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Figure 18 The Price/mile Changes across 10 Neighborhoods under Price Fairness
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Figure 19  The Availability of Each Location
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Note. The x-axis corresponds to «, while the y-axis corresponds to availability. Each color represents a distinct region,

and the length of each bar indicates the corresponding availability, IT;, obtained from the approximated problem.
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E.3. Another Time Frame (6 — 8 PM)

We maintain the same setting as described in Section 5, but adjust the time frame. Specifically, we analyze
trips with pick-up times between 6 PM and 8 PM on March 3, 2023, during which there are K = 3680 units.

The optimal value we obtained have less than 5% error.

E.3.1. Access Fairness Table 6 presents the effects of access fairness on revenue, total surplus, and
social welfare for different o values under origin-based access fairness. Revenue and social welfare consistently
decrease as « increases, consistent with the findings in Section 5. For total surplus, there is a slight initial

increase followed by a decrease.

Table 6 Revenue, Total Surplus, and Social Welfare Changes
under Origin-based Access Fairness (%)

o 0.2 0.4 0.6 08 1.0
R(a)/R(0) | 99.88 99.53 99.14 98.64 97.63
S(a)/S(0) | 100.24 101.07 101.14 100.21 98.92
W(a)/W(0)| 99.98 99.95 99.69  99.07 97.99

However, since the surplus is calculated based on prices from heuristics, it is challenging to definitively
conclude that it increases, particularly given that the optimal values obtained have an error margin of
less than 5%. Therefore, we infer that all metrics exhibit only minor changes during this time frame. This
subtle variation can be attributed to the relatively small initial access disparity; in other words, origin-based
access is relatively uniform even without fairness criteria. Specifically, the access disparity, defined as the gap

between maximum and minimum access, is approximately 0.2, compared to approximately 0.5 in Section 5.

Figure 20  The Surplus Change across 10 Neighborhoods under Access Fairness (%)
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Note. The scale corresponds to %@Sf(o) x 100 for all locations i € [10].

Figure 20 illustrates the change in weighted average surplus at each location with respect to that without
fairness criteria. With a little access fairness, the majority of locations experience a small surplus gain, except
for a few zones including the Lower East Side (location 9) and SoHo (location 8), which initially had the

highest access, as shown in Figure 21.
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Figure 21 The Change of Weighted Average of Price/mile, Access, and Surplus
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This aligns with the expectation that reducing access is associated with increasing prices for trips orig-
inating from the Lower East Side and SoHo, leading to surplus loss. Conversely, with higher a, midtown
(locations 6 and 7) and the Financial District (location 10) notably experience surplus enhancement due to

their initially lower access.

E.3.2. Price Fairness Table 7 shows the influence of trip-based price fairness on revenue, total sur-
plus, and social welfare with . As « increases, revenue and social welfare decrease, but consumer surplus

experiences a decrease and then increase at o =0.8.

Table 7 Revenue, Total Surplus, and Social Welfare
Changes under Trip-based Price Fairness (%)

a 02 04 06 08 10
R(a)/R(0) | 98.64 93.01 83.19 68.72 58.55
S(a)/S(0) | 97.84 89.78 79.39 73.18 90.78
W(a)/W(0) | 98.42 9212 8214 69.95 67.41

In Figure 22, trips originating from Upper Manhattan (locations 1 and 2) show a significant surplus
reduction, attributed to their initial lower prices that are subsequently raised by price fairness. In contrast,
trips originating from midtown (locations 6 and 7) and Lower Manhattan excluding the Financial District
(locations 8 and 9) show surplus gains. This pattern can be linked to the changes of prices of individual
trips with « in Figure 23. Trips originating from Upper Manhattan experience an overall increase in prices,
whereas those from midtown predominantly experience price decreases. Additionally, beyond o« = 0.8, prices
tend to decrease as shows in Figure 23, which causes the total surplus to increase after this point.

Moreover, the change in surplus is not solely due to a change in affordability, instead, the decreased
availability further contributes to surplus changes. The Upper Manhattan area experiences a particularly
noticeable decline in availability, resulting in a decrease in surplus. In contrast, the availability of the Lower
Manhattan area remains relatively consistent throughout the initial values, resulting in surplus gains. The

changes in availability across each location are illustrated in Figure 24.
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Figure 22 The Surplus Change across 10 Neighborhoods under Price Fairness
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Figure 23  The Price/mile Changes across 10 Neighborhoods under Price Fairness
— ) — 2) — 3) — 4 — (5 — 6 — 7)) — (8 —— (19 — (410)
origin 1 origin 2 origin 3 origin 4 origin 5

s AN

s /\ 65 0
. 7
60 60 65
7
554 55 60 s >
6 "

a5 a5
40 40
— PR S— PR —— 4
00 02 04 06 08 10 00 02 04 06 08 10 00 02 04 06 08 10 00 02 04 06 08 10 00 02 04 06 08 10
a a a a a
Origin 6 Origin 7 Origin 8 Origin 9 Origin 10
10 1 9 10

0 : N
1 i \ AN

/

Figure 24  The Availability of Each Location
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Note. The x-axis corresponds to «, while the y-axis corresponds to availability. Each color represents a distinct region,

and the length of each bar indicates the corresponding availability, I1;, obtained from the approximated problem.



