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Online Appendix

EC.1. Proofs of Results in Section 3

Proof of Lemma 1 'We prove by contradiction. Without loss of generality, we assume that in equilibrium, 14 > Ap.
For a customer of type x, the utility difference of choosing R versus A is given by (for ease of exposition, we use W;

and p; to represent W; (A4, A, Ar) and p;(da,dp,AR) fori = A, B, R, respectively)
ua(x) —ur(x) =c(Wg =Wa) = (2-2pa)tx+ (1 - pa)t, (EC.1)

which strictly decreases in x. Moreover, ua(x) — ug(x) and u(x) — 0 also strictly decrease in x. Thus, ua(x) —
max{ug(x),up(x),0} strictly decreases in x. As a result, if a customer of type X chooses option A, which implies
ua(x) = max{ug(x),up(x),0}, then all customers with x € [0,x) will also choose option A. Thus, there exists x4 such
that customers choose option A if and only if x € [0,x4]. Similarly, there exists xg < x4 such that customers choose
option B if and only if they have x € [1 —xp, 1]. For customers over interval (x4, 1 —xpg), they may choose option R or

balk. We next discuss three different cases.

Casel:us(xs)>0andug(l—xpg) >0.Since us(xs) >0, customers in the interval (x4, x4 + €) must have a positive
utility from choosing A, for some sufficiently small € > 0. Since those customers do not choose A, they must have
chosen R. Thus, customers at x4 must be indifferent between options A and R. In other words, x 4 is the intersection
point of the utility curves u4(-) and ug(-), and thus,

ua(xa) =ur(xa) = v—txa—cWa=pa(v—txa)+(1-pa)(v—1(1—xa)) —cWg

= (1-pa)t(1-2x4) =c(Wa - Wg). (EC.2)
Following the same logic, customers of type x = 1 — xp are indifferent between options B and R,

up(l—xp)=ur(l1-xp) = v—txg—cWp=pa(v—1(1-xp)) + (1 —pa)(v—txp) —cWg

= pat(1-2xp) =c(Wp—-Wg). (EC.3)

In the CUS mode, we have derived p 4 in Lemma 2, and the expected response times are obtained from Gardner et al.

(2015). After substituting these expressions, we have c(W4 — Wg)/(1 —pa) = m and c(Wg —Wg)/pa = #_j'\xB .
So (EC.2) and (EC.3) are equivalent to

c c
,and r(1 —2xp) = .
- Axa Ly e

In the CUE mode, the expressions for p4 and the expected response times are provided in Lemma EC.3. After
cAQu—-AxA)(XxaA+XB+XR)

pu(pu—Axa) Qu+A(XB+XR—XA)) and C(WB - WR)/pA =
where xg is the proportion of customers who take option R. So (EC.2) and (EC.3) are

l(] —ZXA):

(EC.4)

substituting these expressions, we have ¢(W4 — Wg)/(1 — pa) =

cAQu—-Axp)(xs+xB+XR)
u(u—Axp) Qu+A(xa+xr—xB))

equivalent to

cA(xa+xp+xR) (1+ u
HQ2u—2Axs+A(xa+xp +xR)) H=Axa

1(1-2x,) = ). (EC.5)
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cA(xa+xp+xR) u

t(1-2 = 1+ . EC.6
( *5) uQ2u—2Axp + A(xa +xp +xR)) ,u—AxB) ( )

Since 14 > Ap, we have x4 > xp, and thus y — Ax4 < u — Axp. Then, combining equations in (EC.4) in the CUS

mode or combining (EC.5) and (EC.6) in CUE mode both lead to contradiction.
Case 2: us(xq) =0and up(1 —xpg) > 0. As shown in Figure EC.1, x4 is the intersection of the utility curve u4(+)

and y =0, and 1 — xp is the intersection of curves ug(-) and ug(-). Moreover, ug(x) =v—pgt+ (pg — pa)tx — cWg

strictly increases in x since pp > p 4. Thus, ug(-) must intersects with y = 0 with a unique xg € [x4, 1 — xp) such that

a customer chooses R if and only if x € [1 —xp —xg, 1 —xp).

Figure EC.1 Utility Curves in Case 2
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Since customers with x = x4 have zero utility, we have

v—txa—cW4=0. (EC.7)
Since customers with x = 1 —xp —xg also have zero utility, we have
0=pav—t(1-xp—xg))+(1=pa)(v—1t(xp+xg)) —cWg=v—ips—t(xp+xg)(1 =2pa) —cWg
>v—tpa—t(1=x4)(1-2pa) —cWg. (EC.8)
Combining (EC.7) and (EC.8) gives
(1=pa)t(1=2x4) =2 c(Wa - Wg). (EC.9)

We also know that a customer with x = 1 —xp is indifferent between options B and R, which leads to Equation (EC.3).
Since 14 > Ap, as we argued in Case 1, we have x4 > xp and u — Ax4 < 4 — Axp. Then comparing Equations (EC.3)

and (EC.9) leads to a contradiction for both CUS and CUE, as discussed in Case 1.
Case 3: uy(xs) >0 and up(1 —xp) = 0. In this case, 1 —xp is the intersection of the utility curve up(-) and the

horizontal line (y = 0). Thus, we have ug(1 —xg) =v —txg —cWpg =0. And we also have us(xa) =v—txa—cWa >0.

Taking the difference gives
0<up(xa)—up(l—xp)=t(xp—x4) —c(Ws—Wp). (EC.10)
On the right-hand side of the above inequality, #(xg —x4) <0 and W4 — Wg > 0 because x4 > xp due to 14 > Ag. Then
it leads to contradiction.
We have thus proved that 14 > A is impossible at any equilibrium.
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EC.2. Proofs of Results in Section 4

Proof of Proposition 1 Before presenting the proof, we first provide the expressions of (x,,, A1, Az, 7, k):

. _AC._ c AC._ v—t]2—c o~ _ _ 1-2Ax;—c/(v-t/2)
- in the CUS mode, Al _Al =1- v—_l‘/2’A2 —A; = m,[—V,K— W,
XAR> ift<v, 0rifA<A§'andt>v,
Xy =
" Xg, ifAZAg andt>v,

_t+A-\(1-A)212+8Act L t/24Av=V(t/2-Av)*+4Act |

where xag := Th7 and x; o ;
- in the CUE mode, A; = Af, which is the root in (1,1_v—2_1(‘:/2’1_v+[/2) of v — % - Av—e -

(1-A)t 262 (1-A¢) ’(%—VZZ/ZW(viilz)z—%)(vii/z— (%/2)2_%)
c(1-Z+ L =) - 5 s =0, Ay = AS =
Af (2v-1) (1-A7)-2c(2-A7) AT ((2v-1)(1-A7)-2c) ’ 2 v_t)2 W ’
v ¢ (T) -7 —C
PN P
e N T AN
e 1 e
XS R 1fA<A1, i )
Xim = 1 X4 o if A>A¢andr<v—-2<orif A <A<ASandt>v -2,
. 2
X, 1fA2A§andt>v—4%,
e - . 1 1 e _ 2c(1-Ax§g)A o e\ .
where x¢ . is the root in (0, 5) oft(j xAR) = T e (xAR,/lR) is the root of
t(l 4 )_ 2c(17/\xf‘,R)(2/\x§;},+/l;) X
2 TAR) T (142%)(1-2Ax€,) ) e
R AR —
. . c(l-2040n) with x% , € 0,2 ,A%€(0,1).
27 1-25-2Ax¢, l+ag >

Next, we proceed with the proof. By Lemma 1, there exists x,, such that customers over [0, x,,] choose A while
[1—=x,,, 1] choose B. Again, since 14 = A, customers who choose R have an equal likelihood of receiving service from
Server A and Server B. Thus, all customers have the same utility ug(x) for choosing R regardless of their parameter
x. Therefore, there can be three cases for customers over (x,,, 1 —x,;,): (1) all choose R, (2) all balk, and (3) choose R
with probability x and balk with probability 1 — « (equivalent to a portion of customers choosing R). We next show that
it must be one of the three cases depending on the system parameters. We next prove for CUS and CUE separately:

CUS mode: Let x4r denote the intersection point of utility curves u4(-) and ug(-), so that us(xag) = ur(xagR)-
Let x40 denote the intersection point of curve u4 () and the horizontal line y = 0, so that u4(x49) = 0. It is clear that
customers over [0,x,,] will join choose A, where x,,, = min{xsg,XA0}-

xAr can be solved from (EC.2). By plugging in the expression, we get the following equation,

1 c
I(E_XAR)_—I—ZAXAR =0 (EC.11)

As t>c, (EC.11) has a unique solution

t+ At —+/(1=A)2%t2 + 8Act

= 0,0.5]. EC.12
XAR e el 1 ( )
When A < Af =1- v+1/2’ we have
t
UR(XaR) =v-— TN >0, forall x € [0,1]. (EC.13)

That implies curve u4 (-) intersects ug () first and thus x,,, = xgAr < x49. Moreover, the calculation of ug (-) assumes that
no one has balked, in which case the utility of choosing R remains non-negative. Therefore, customers over (x,,, 1 —x;,)

must all choose R when A < AT.
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When A > A{, the left-hand side of (EC.13) gives a negative value. Thus, not all customers in (xXm» 1 — x,,,) would
choose R. Then they will balk with a certain probability or all balk. In either case, we have u 4 (x,,) = 0 and ug (x,,,) <0,

which leads to the following conditions.

Cc C
=Vt — - -0, EC.14
Ul = Y = = e T T= A%, (EC-1
t c
= Y———— <. EC.1
urm) =v=3 - <0 (EC.15)

If all customers over (xp,, 1 = xp,) balk, then Ag = 0. Then (EC.14) and (EC.15) lead to the conditions A > A :=

i/ . . \(t/2=Av)+drct . . .
% and 1 > v, in this case, Ag = 0, x,, = x, = LHAVNUWIZAVTHAT G 1he unique solution in (0,0.5) to
Vv —tx — m =0. Whenr<vort>vand A € (AC,Ag), (EC.15) holds with equality for some Ag > 0, so we

have customers over (x,,1 — x,,) choosing R with probability +— /{lf_ o = I_ZA;\‘Z”I:;Q (")_ t/ 2), where X, = xag :=

t+Ar—\ (1-A)212+8Act

v is the unique solution in (0,0.5) to (EC.11).

CUE mode: Let x¢ , denote the intersection of the utility curves u(-) and ug(-) in the CUE model when nobody
balks. In this case, from us (x4 ) = ur (x4 ), we have
1 2¢(1=AxGp)A
3~ ar) = (1+Ag) (1-2Ax% )

To have all customers over (x¢p,1 —x¢.) choose R, we must have ugr(x%z) =0 so that x,, = xag and Ag =

( (EC.16)

A(1=2x%z). Thus, the sufficient and necessary condition for full coverage is
t ( 1 1-2Ax% 5 )
-=--c
2 I—A 1+A(1—2xAR)

ur(x4g) =v (EC.17)

where x 18 the solution to (EC.16).
We next show that (EC.17) holds when A < A{ for some A{ € (0, 1). First, (EC.16) can be written as

1
fSAN) = t(§ - x%R) —

cA cA
(1+ A= 265,)) (1-2Ax%,)  1+A(1 —2x;R)) B
It is easy to verify that for any fixed A € (0, 1), 9fx.A) (x A <0and f(0,A) >0> f(0.5,A). Thus, there is a unique solution
x4 (A) € (0,0.5) such that f(x§ . (A),A) =0. From then on, we will regard the solution to (EC.17), x . as a function
of A, which allows us to examine how x¢ , and the associated utility value ug (x¢ ) changes with A.
By invoking the implicit function theorem to the function f (x4 (A), A), we have

¢ iiny = (OF 0
() = =G0 G

(1 =204 ) (1= 205 ) (=) + (1 =205 ) (1 + A = 280 ) (- =325)
A
2(1+A—2Ax2R)(1—ZMZR)+(1—2xf4R)(1+A—2ij‘R)m+2(1—2xAR)(1—2ij‘R)A
<0. (EC.18)

t(1-2x6 ) (1+A-2Ax¢S ) (1-2AxS ,,)
A AL from (EC.16).

(EC.18) implies that x¢ , strictly decreases with A. We next look into how the associated utility ug (x4 ) changes

In deriving the above equation, we used the equality ¢ =

with A. With slight abuse of notation, we regard u R as a function of A and adopt the notation ug (x4 (A), A). Its

dMR(xZR(A)’A) Our + auR AR
dA 9N T xt XS R

auR

derivative is given by > 0. Thus, we

have W < 0. Furthermore, when A =1 —

. It is not difficult to verify that R <0and

V_—t/z,wehave
t 1 1 =2AxG R (A) t 1

e (A),A)=v—L— AR L. o
UR(FaR (A A) =V =3 = ¢\ TR+ 774 e, S T2 TEA
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When A= /1 - V_z—f/z, we have ug (x4, (A),A) >v -5 — = A2 =0, where the first inequality follows from

2¢ ) 2¢ c c(1=2Ax5R) 2c¢A%x ‘R
1-AY TT-A2 T-A T+A(I-26%,) (1+A)(1+A(1—2x

ur (¥ (). A) = (v = 2 ~ 0.

ar))

2¢

Therefore, there must exist a unique A{ € (/1 - Tyl 1 — 5=773) such that ug (x§ 5 (A7), A{) = 0. This is because

v—t/
uR(xZR(l—V_;;/z),l—v_;;ﬂ)<0<uR(xZR(\/1 = t/Z) \/1 o z/z) and ug (x4 5 (A), A) strictly decreases in A. As

a result,

>0 if Ae[0,A],

<0 otherwise. (EC.19)

ur(xig(A). A) {

v—t/2°
1 (1-A)t 2¢2(1-A%)
C( Ae + 2v-0)(T-A9)-2c(2- A"))_Af((Zv—t)(l—A‘f)—Qc)

So (EC.17) holds and it’s full coverage whenever A € [0, A{] for some constant A{ € (, 11— 21— v—;t-/Z)’ and A7 is

=0.

the root of ug (x4 (A), A) = 0,i.e., therootof v— 5 — 2> —
1

When A > Af, (EC.17) does not hold. That means some customers will balk. Let x ., 1% denote the intersection

of the utility curves u4(-) and ug(-) and the arrival rate of customers choosing R at the equilibrium in this case. From

uA(xZ'R) =ug (xz'R), we have

1, 20(1=AxSp) 2AxS  + %)
"3 =) = — )(1—2AxeR) '

(EC.20)
Let all other parameters including A be fixed, we consider the solution x¢ ‘g to the above equation as a function of 15%.

Then (EC.20) implies that

cA 2cA

A T AT A T TG 142%)2 1+2¢
R _ (3~ Axag) R oA (e - %) “A K< _2A<0. (EC.21)
0xS» 2c(1-AxSR) (1-2Ax R) (1 - Ax¢ R) 1 - Ax$p
(1+1%)?
Moreover,
825,
dug 2A+a . A(1+/l )+ (u— Ax§ R)m
_/ ey —C
0xSr (1—2Axi —/le)2 p(1+2%)?
1 1 85, 1 1—2Ax;’R
= -2Ac e’ e e |~ o ¢ e’ e\2 e)2
(1 -2Ax% R — %) L+A% | oxSr | (1=2Ax% =A%) (1+2%)
015 1 1
> —c(2A+ e’,e)( 7 e)>0,
OxGr \ (1 =2AxS, — %) + A%

9UR () as the expected waiting time for option R increases in A5%.

48,
where 2A + Py a1

AR
Therefore, we have

< 0 due to (EC.21). We also have

dug _ OugR dxiR Oug

= — <0.
dAg  0xq, dig 045

For a given A > A{, then for Ag that satisfy Ag = A(1 — fof"R (AR)), uR(xj‘/R (Ar),AR) < 0 as result of (EC.19).
Therefore, when A > A¢, there is a 1% € (0, Ag) such that ug (x4 (1%), %) = 0 if and only if ug (x5 (0),0) > 0, which

is equivalent to the following set of equations

(L (0)) = c(1-Axj (O))Axe, ! —142Ax¢,(0) (EC.22)
2 AR 1/2(1/2 A (0) |\ T=2Ax4(0) ARV | ‘
ug (x$(0),0) = v - % —c (m +1 —2Ax;’R(0)) >0. (EC.23)
AR
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The second inequality is equivalent to

e’ %_ v4c/ + (V t/2)2 1
X% p(0) < . . (EC.24)

Since the LHS of (EC.22) deceases in xi & (0) and the RHS increases in xi r(0), (EC.24) is equivalent to the following

inequality in (EC.22),
1_v-t/2 v=t/2\2 1
1 273 (G ) g 1 _v=t)2 [v= t/2 2
t(2 A )<C(V-t/2_\/(v-t/2)z_1 2 T )?-
1_v-t/2 v=t/2\2_ 1 1+%= t/2 v— t/2 2_1)(1=2= 1/2 v— t/2 2_1
o 3 4C+A4C) 4>%_C(+ (==7)2-D( )2-1) (EC.25)
1 VZ—Q”—J(”Z—L”V—U
The RHS is negative if and only if r <v — == Thus ift<v-—-=% then (EC.22) and (EC.23) always hold. If t > v —
then (EC.25) holds when
t l_v t/2+ v42/2)2 )(v t/2 _ v— t/2)2 )
A<AS = . (EC.26)
—1/2 2
(5P - - D e
Soifr<v-— 4# and A>Afort>v—== 2 and AY < A < AS, then the customers over (xiR, 1 —xiR) choose R with
probability W (x¢ g5 A%) is the root of

t(% eA,/R) 2¢(1- AxAR)(ZAx" +/le)’ |
t ) I+ 2% >L<(11 22’;);14;)) with x¢, € (0, 5) ,A% € (0,1). (EC.27)
VT2 T g o, RV

Ifr>v- % and A > A;, then (EC.22) and (EC.23) do not have a solution A%, > 0. That implies that no customers

would join queue R. x,, = x; in this case. ]

Proof of Proposition 2 Similar to the analysis in Lemma 1, there must exists xg such that customers over [0, x]
choose A while [1 —x;, 1] choose B in equilibrium. When %, (0.5) =v — % - m > 0, full coverage is possible, i.e.,
when A<A;:=1- . t/2’ =0.5.

When x; <0.5, it must be be the intersection of u% () and the horizontal line y = 0. This implies

V—txg — ﬁ -0, (EC.28)
. s
. . -V - 2 c
(EC.28) have a unique solution x, = L2 (;ft Av) +ACt ¢ (0, 0.5]. n

Proof of Proposition 3 Denote A, as the arrival rate of the pooling system at equilibrium. The utility functions

under CUS and CUE are given by u”(x) =v -5 — =5, u’(x) =v -}
P

C
1-22
respect to A, Thus, full coverage is possible when A <Aj, :=1- v+tﬂ and A <Af, =1 - 55 t /2 Otherwise, the total
throughput is limited to A}, and Aj,. ]

COROLLARY EC.1 (Throughput and Social Welfare Under Multi-listing).
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(i) In the CUS mode, the equilibrium throughput of a multi-listing system is given by

A, if A< AS,
Th,, = l—v—t/z, ifAZATandtSv, 0rAf§A<A§'andt>v,
2Axy, ifAZ/\g andt>v.

Social welfare in equilibrium is given by

A(v =5 - 55 +1(xar)?), if A<Af,
SW, =3 At(xar)>, FA>ASift<v, or NS <A<ASift>v,
Atxg2, ifAzAg andt>v.

(ii) In the CUE mode, the equilibrium throughput of a multi-listing system is given by

A, ifA<AS,
ThS, = {2Ax + 2%, lfA>Aeandt<v—§, or NS <A<ASandt>v -4,
2Axs, lfA>Ae andt>v——.

Social welfare in equilibrium is given by SW, =

. (1-2Ax% ) .
Ay - 755 — T +1(:507) . FASAL,
At(xAR)2 ifAZAfandtSv—%, orAe<A<Aeandt>v—45,
At(xg)?, ifA>AS andt>v -2

COROLLARY EC.2 (Throughput and Social Welfare Under Single-listing). The equilibrium throughput of a

single-listing system is given by

A, 4fA S AS’
Ths= ,
2Axg, if A> Ag.
Social welfare in equilibrium is given by
2¢ .
SWYZ A(V;%_lfl\)’ l:fASAS,
Atxg®, if A> Ag.

COROLLARY EC.3 (Throughput and Social Welfare Under Pooling).
(i) In the CUS mode, the equilibrium throughput of a pooling system is given by Thy, = min{A, A, }. Social welfare in

equilibrium is given by

av o IAV=E-TR). FASAG,
"o, ifA>AS,.

(it) In the CUE mode, the equilibrium throughput of a pooling system is given by Th, = min{A, A},}. Social welfare

in equilibrium is given by

e - A(v—g—lchQ), iFA<AS,
o iFA>AC
) fA>AS.

EC.3. Proofs of Results in Section 5

Table EC.1 Throughput Under CUS

A [0,A] [ [AsATT [ [ALAST ] [A‘ o]
Pooling A -5 =
Single A \ 2Axg
Multi A ‘1_v+t/2‘1 t/2,1f1<v 2Axg, ift>v
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Proof of Theorem 1 From Corollary EC.1, Corollary EC.2 and Corollary EC.3, it is straightforward that Th,, =
Thy,=Ths when A< Ay, and Thy,, =Th, >Ths when A < AZ =A{. When A > A;, we first compare the throughput
rates between a pooling system and a single-listing system, namely Th,(A) =1 - v+m and Ths(A) = 2Axs =
1- m, the final equality is derived from (EC.28).

Note that Thy(A) =1 - =5 7 does not change with A; while Thy(A) =1 -

<0.Asa result, either the two curves Th, (A) and Thy(A) never 1ntersect, in which case Th, > Th

dxy _
strlctly increases in A as g =

CXg

T A+ (1/2=Ax,)?
for all A> A, or Thy, and T hy intersect once, in which case Th), > Thy before the intersection and Th), < Thy after

the intersection.

Whent <v,wehavev—1/2>v/2>v/2~txs/2,50Th,(A) =1- >1- T—Th (A), forall A> Ag. Sothe

v— t/2 v

two curves never intersect. When ¢ > v, we find that the two curves intersect at AS := ﬁivfﬁ as Thy(AS) =Thy(AS).
Thus, Th;, (A) > Ths(A) when A € (Ag, AS), and Thy(A) <Thg(A) when A> AS.
The comparison between T h,,,(A) and Th,,(A) (or Thy(A)) follows immediately as T/, (A) is the maximum of

Th,(A) and Thy(A) by its expression. [

Table EC.2 Throughput Under CUE

A TI0ATT TALASTTAS.AST] [A@ AST ] [A3, ]
Pooling A \/1 o= t/2
Single A ] 2Ax
Multi A | 2Ax%, + AR | 2Ax9 + Ag if 1 <v =2 DAy, if 12 v — 4

Proof of Theorem 2 For A < Af,, the comparison is straightforward When A > A}, we first compare Thj, and
Thg. Similar to the CUS case, when A > A7, ThZ(A) = o r/2 while Th{(A) =2Axs =1-

T, strictly increases
in A, and either the two curves never intersect or intersect only once.

2
When ¢t <2v — ﬁ, we have

2¢ 4e(v—c) 2¢ 2¢
>af[l-————=1-—>1- =Th¢(A), forall A. EC.29
—t/2 V2 v g v — X s(A), fora ( )

Th,(A) =

In (EC.29), the first inequality follows from # <2v — VV—_ZC and the second inequality follows from x > 0.
1 c

When ¢ >2v — VVTZC, we find that the two curves intersect at AY), := — V2 as Thi,(AS,) =Thi(AS,). Thus,

t
St

Thi,(A) > ThS(A) when A € (As, AS),), and Thi,(A) <Th$(A) when A > A5,

2vt

When A7, <A <A{, only the multi-listing system achieves full coverage, and thus, maximum throughput.
When A > A‘f andr <v-— ‘L ,or when A € (Ae,/\e) and r >v — —'2, Th;, = 2AxiR + A;, where xi’R and /l; are

characterized by (EC.27) in the proof of Proposition 1. By adding up the two equations in (EC.27), we have

y 1 1-2Ax,  2(1 = Ax9 o) (2AxY p +1%)
V—leR =cC o p + 1+ 1 + p
1-2Ax¢, - 25 +5 (1+25)(1-2Ax,)
1 1+228 — 2Ax4 A5,
=c > +
1-2Ax4, = 2% (1+2%)(1-2Ax9,)
B 1 1 A%
“ Ty, —xg TToan, TG
AR R AR
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2 A% A%
C ’ + - ’ ’
1 -2AxS, — A% 1+% (1 =2AxG ) (1 =2AxG p — A%)
C

ST e
2 AR T R/

We next prove x§ , <xs. Recall that x4 , is the intersection of u(-) and ug(-), i.e., ua(x ) = ur(x4,) =0. We

then consider the expected utility when a customer with parameter xi’ r choosing A in a single-listing system. We have

/ / 2c t c c /
why(xGp)=v-—tGp——————>Vv— = — — = ; =ua(xjg) =0.
A(War) AR T T oA 27 T-2AxG,  1-2Ax9, - A5 AWXar)

In the same time, we have v, (x5) = v —txs — 0_5_‘—Axs = 0. We then deduce that xiR <Xgasv-—tx is strictly

__c
0.5-Ax
. . . ’
decreasing in x. With x% , <x, we have

c

i = The(A) = 2Axs < 2AxS o + A% = ThE,(A).
I/Q_MZR_A;/Z s(A) S AR R m(N)

c ,
— =V —fx, <V—1x5, <
1/2 - Ax; g AR

Finally, we prove that T'hy, (A) > Thf,(A) when A > A{. Note that T'h;;, (A) have different expressions depending on
the values of A and 7. We discuss the two cases separately.
Whent<v-— 4c? and A > Af, orwhent>v— 4c and A € (A"’,As), we have Th,(A) = 2Axf4/R +/l;,. In this case,

v v

we have Thé,(A) = 2Axf4'R +A% > /1~ vf—f/z =Th,(A) due to the following inequality,

t 1 1-2Ax,
vt I T W
1= 2Ax¢, - 25, + 29
. | 1 2AXE (A +2A% )

; + ; - ;
1=2Ax, =A% T4+2Ax + 2% (1+25)(1+2Ax, +2%)

1 1
’ + ’
1-2Ax4, — A% 1+2Ang+/1;)
C
1= (2Ax4, +1%)?/2

When t >v — 4%2 and A > Ag, we have Th¢,(A) = 2Ax,. In this case, no one chooses meaning the utility for R is
negative even if Ag = 0. Specifically, ug =v — £ — (95 + 1 - 2Ax) <0. This implies

Lo 2
2 1-02Ax)2 2

)<v—£—c(

1-2 .
1—2Ax 1+2Ax 2 G T2 <0

Therefore, in this case, Th¢,(A) =2Ax > (/1 - V_Zf/2 = Thf,.

Proof of Proposition 4 From Corollary EC.1, when A < A¢, both CUS and CUE have no customer balking,
resulting in equal throughput. When A{ < A < A{, CUS has full coverage while CUE has balking, thus CUS has higher
thourghput. When A > A{ and the multi-listing queue is non-empty for CUE, players in the multi-listing queue has

non-negative utility, therefore v — é > 0, thus 2Axi rTAR<1- v—;t-/Z’ implying less throughput than

T I2AxY -8,
CUS. When A > A{ and the multi-listing queue is empty for CUE, then CUE has throughput 2Ax;, also resulting in

lower or equal throughput compared to CUS. [
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Table EC.3 Social Welfare Under CUS

A [0, As] | [A. AST] [ASAS] ] [AS, ]
Pooling Av-5-15) 0
Single || A(v—-%- 12_‘;\ ‘ Atx,?
Multi Av-5—-75+ t(xar)?) \ At(xaR)? \ At(xag)?ift <v; AtxgZ if t>v

Proof of Theorem 3 When A < Ay, itis straightforward to show that SW,,,(A) dominates both SW(A) and SW, (A)
by comparing those expressions in Corollary EC.1, Corollary EC.2 and Corollary EC.3, and noting

C
A 1-2Axar

SWin(A) =W, (M) = A =S =15 —xar) (5 +xAR)) zA(L 15— xar)| = A )>0.

1-A 1-A
We next compare SW,(A) and SW,,(A) when A < Ay.

(i) When r < 4c, for all A < Ay, we have SWy = A(v—§ - 25 +5) <A(v -

£ PO SAC= = 1) =SW,

where the first inequality follows from 7 < 4c, and the second inequality follows from < > c.

(ii) When 4c <t <v and A < Ay, solving SW(A) < SW,,(A) shows that it is equivalent to A > 1 —4c¢/t. Thus, when
A<1-4c/t, SWy(A) > SWp(A) and when A > 1—4c/t, SWs(A) <SW,(A).

(iii) When 7 > v and A < A, we note that customers of type 0.5 in a pooling system have a positive utility by joining
either queue due to A < Ay. This implies that us =v — 5 — 12_”/\ > 0, which implies that +< < ¥ — £ < L Consequently,

1-A 2 4 4
SWe(A)=A(v -5 - 25+ 5> A(v -5 - 55) = SW, (A).

(iv) In addition, when 4¢ > v, we must have v > since 5 >v —2c¢ > %, the second inequality is due to Assumption
1-(i), thus A > 0 > 1 —4c/t always holds, so we must have SW;(A) < SW,(A) in this case.

When A > AS and 7 > v, we have SW,,,(A) = Atx?, in which case SW,,,(A) = SW(A).

When A > Af and 1 <v,or when A{ <A<Afand7>v, SW,(A) = At(xAR)z. In the proof of Theorem 2, we have
proved xi’R < xg; following a similar argument, we can prove xag < X. As a result, SW,,(A) = At(xag)> < Atxf =

SWS (A) |

Table EC.4 Social Welfare Under CUE

A [0,A] | [AGAT] [AGATT [ [A]AS] | [AF, ]
Pooling A(v-5— 135\2) 0
Single [[A(v -1 -5 | Atxy?
. c c(1-2Ax%,) e 2 e \2 o 2. 4c2 . 2 . 4c?
Multi A(V—%—H—W+I(XAR) ) At(xAR) A[.XAR 1ft£v—%,/\txs lf[>V—%

Proof of Theorem 4 When A <Ay, it is straightforward to show that SWy, (A) > SW} (A) by noting

2c c c c C(l—ZAXZR)
= + > + .
1-A2 1-A 1+A 1-A 1+ A=2Ax,

We can also show that SW¢ (A) > SWs(A) when A < Ag:

¢ c(1-2AxS,)
1-A  1T+A-2Ax,
¢ c(1-2Ax%,) 1 1

A - —1(5 = x5) (5 +4
(1-/\ v A oA, 3 TTaR) (3 XAR))

SWE (A) — SWy(A) =A( +t(X,‘;R)2—£)
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N cA(1 = AxSp) (3 +x4) )
I=A T+A-2Ax%,  (1+A-2Ax%,) (4 - Ax4,)

N _62(%—AxZR)2+A(1—Ax2R)(%+xZR))
1-A (1+A=2Ax%,) (3 — AxS,)

N _C%(1+A—2AxZR)—A2x2R %—xZR))
I-A (1+A=2Ax%,) (5 — Ax%p)

>SA|—— - < >0,

I-A  1-2Ax4,

where the last inequality follows from 2Ax4, < A <Ay < 1.

AR =
To compare SW(A) and SW,, (A) when A < Ay, we calculate their difference as
t 2c 2c t 2cA
s(A)=SWeA) =A(=+———-——)=A(-———).
SWo(A) = SWi (A) = A(§ + 705 = 7o) =A(G = T=5)

The RHS of the above equation has a root @. By monotonicity, SW(A) > SW,(A) if A < @,
and SW;(A) < SW7(A) otherwise. Therefore, when 7 > dv=3e—Ny -2vetIe W, we have Ag =1 — vff/z < @_46,
and thus SW,(A) > SWE(A) for all A < Ay < YI6H2ode yhep ¢ < JvmdeoVyrdvesde?  Visesilode ¢ (0, A). So
SWy(A) > SW,,(A) when A € (0, Y6224 and SW, (A) < SW,, (A) when A € (VI6Ztizte A )

When A > A{, SWy =0 and thus is always the smallest among the three. The proof of SWy, (A) < SW¢(A) when

A > A7 follows the same argument as the CUS case by noting xf{R < Xs. [

Proof of Proposition 5 Recall that xag and xiR denote the values of x at which the curves ua(x) and ug(x)

e’

intersect under the CUS model and CUE models, respectively. The value x4,

must satisfy equation (EC.20), which
then implies
¢ 1-2Ax4, — AR

1,
H(= —x%p) — = 0. EC.30
R Ly P (BC30)

. . . 1 c _ . l _ _ c . . . e/
While (EC.11) implies ¢ (5 —xAR) ~ TR = 0, since t (2 x) To5A; 18 decreasing in x, we must have x4 . > X4R.

Therefore, Corollary EC.1 implies that CUE results in higher or equal social welfare than CUS when A > Af. ]

EC.4. Proofs of Results in Section 6

Proof of Proposition 6 To prove this result, it suffices to show the structure of the optimal solution to Prob-
lem (4) for any fixed arrival-rate vector (14,4p,Ag) (including the optimal arrival-rate vector). Let (xZ,x*B,x;) =
(Aa/A, A/ A, Ar[A). We next solve the following optimization problem for given (x’,, X%, xp):

1
Jy (Ga(¥)ua(x) +Gp(x)up(x) +Gr(x)ug(x))dx (EC.31)
0<GA(x)<1,0<Gp(x)<1,0<Gr(x) <1, Vxel0,1]

max
Ga(-),GB(-),Gr(")

Ga(x)+Gp(x)+Gr(x) <1, Vxe[0,1]
Xy = ) Gadr, x3 = [ Gp()dx, x5 = [ Gr(x)dx
ua(x)=v—tx—cWyu
up(x)=v—-t(1-x)—cWp

ur(x) =v—patx = (1=pa)t(l -x) - cWg.
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Note that for fixed (xz,xg,x;), Wa, Wy, Wg, pa are all fixed. The objective function is

[ (Ga)ua(x) +Gp(x)up(x) + Gr(x)ug(x)) dx

1 1
= / (v—tx—cWA)GA(x)dx+/ (v=t(1-x)—cWp)Gp(x)dx
0 0

1
+‘/0 (v+(1=2pa)tx—(1=pa)t—cWg)Ggr(x)dx

1
/(; (v=cWa)Ga(x)+(v=t—=cWp)Gp(x)+ (v—(1=pa)t—cWgr)Gr(x))dx

a fixed number since xz,x}}

1
+/ t(=xGA(x)+xGp(x)+ (1 -2pa)xGr(x))dx.
0

,x;\, are fixed

With fixed x,, xj; and xj, maximizing the objective function is equivalent to maximizing

1
/ (—xGa(x) +xGp(x) + (1 =2pa)xGRr(x))dx.
0
To proceed, we first prove the following lemma:

LEMMA EC.1. For C € [0, 1], the optimization problem

maxg(.) /01 xF(x)dx (EC.32)
st. 0<F(x) <1, Vxe[0,1]

/01 F(x)dx=C

has the following optimal solution:

_ 0, xe[0,1-C)
F(x)_{l’ vell-c.1l. (EC.33)

Proof of Lemma EC.1 Suppose F*(+) is the optimal solution, we prove by contradiction that ﬁic F*(x)dx=C.

If /11—¢ F*(x)dx < C, then /OI_C F*(x)dx=C - /11—c F*(x)dx > 0. It implies that there must exist an #; < 1 — C and
€1 > 0 and Aty > 0 such that F*(x) > €, Vx € [t1,1] + At;] with £; + At; <1 —c. Also, since fll—c F*(x)dx < C, there
must exist 1, > 1 — C and e, > 0 and Az, > 0 such that F*(x) <1 — e, Vx € [t2, 12 + At].

Let € = min{e}, &2}, At = min{At{, At,}, define

F*(x) —e, Vx € [t1, 1 + At],
F*™(x) =< F*(x) +e, Vx € [tr,1p + At],
F*(x), otherwise.

We can see that we will still have /01 F**(x)dx = C and

/leF**(x)dx—‘/leF*(x)dx

t1+At t1+At th+At th+At
/ x(F*(x)—e)dx—/ xF*(x)dx+/ x(F*(x)+e)dx—/ xF*(x)dx
1 H 1% 15

t+At h+At
—e/ xdx + e/ xdx > 0.
1 4]
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The last inequality holds because ¢t} < 1 — C < t;. So F*(-) cannot be optimal, 11_ cF (x)dx < C does not hold, we
must have ./11—(: F*(x)dx > C and since /11—c F*(x)dx < /01 F*(x)dx = C, we can have fll—c F*(x)dx = C, so (EC.33) is

the optimal solution. ]

To find the solution that maximizes fol (=xGA(x) +xGp(x) + (1 =2p 4)xGg(x)) dx, we first relax the constraint
Ga(x)+Gp(x)+Ggr(x) <1, Vx € [0,1]. As we will later see, this constraint will be satisfied even after relaxation.
We further suppose that W.O.L.G, p4 < % given (x7,xp,xg). Thus, x > (1 =2pa)x>0> —x.

We maximize /01 —xG z(x)dx and /01 xGp(x) + (1 =2pA)xG g (x)dx, separately.

/01 (xGp(x)+(1-2pa)xGr(x))dx = fol (1-2pa)x(Gr(x)+Gp(x))dx + fol 2p axG p(x)dx. Maximizing the
first term in this equation is equivalent to maximizing fol x(Gr(x) +Gp(x))dx with constraint fol (Gr(x) +
G p(x))dx = x} +xp. According to Lemma EC.1, the optimal solution is

0, x€[0,1-x3—x%),
1, xe[l—x*B—x;,l].

Gr(x) +Gp(x) ={

o . . o 1 . . 1 .
Maximizing the second term is equivalent to maximizing /o xG p(x)dx with constraint fo G (x) = xj. According

to Lemma EC.1, the optimal solution is

0, x€[0,1-x%)
G — 9 B 9
5(x) {1, xe[l=xi1].
Subtracting G g(x) from Gg(x) + Gp(x) gives
1 xe[l—xb—x%,1-x%]
G _Jh B~ R Bl
R() {0, otherwise.

For /0 —xG 4(x)dx, similar to Lemma EC.1, we can also prove that the optimal solution to maximizing
1 . . 1 .
/0 —xG 4 (x)dx with constraint /0 Ga(x)=x, is

1, X € [O,xZ],
0, x € (x, 1].

Ga(x) ={

Since x’, +x +xy < 1, the constraint G4(x) + Gp(x) + Gr(x) < 1, Vx € [0, 1] is indeed satisfied. Hence, the above
(G 4,Gp,GR) is optimal.

This implies that an optimal solution to Problem (4) must have the structure specified by Proposition 6.

Proof of Lemma 2 Gardner et al. (2015) consider a system with 2 servers, where the service times are exponentially
distributed with rate y; and u,. There are three class of jobs: A, B, R where type A (type B) customers queue only for
server A(server B), and type R customers queue for both servers. The arrival rate for type ¢; is A,. Write the state of
the system as (¢, ..., -1, Cn), Which means that there are n jobs in the system, and c; is the class of the i-th coming

job in the system.
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LEMMA EC.2 (Gardner et al. (2015)). The limiting probability of being in state (cy,...,cu_1,Cy) depends on cy, as

ap /lA ap /lB b /lR r
) (#1+ﬂ2) (ﬂlﬂlz) (ﬂlﬂlz)
by /IA ap /IB b /IR r
) (#1+ﬂ2) (#1+#2) (ﬂ1+#2)

e :Cw( Aa )‘11( Ap )bl( AR )r
(R,..., Cn-1-Cn) Ui+ o U1+ (o pi+p2)

where ay is the number of class A jobs before the first class B or R job, by is the number of class B jobs before the first

follows:

Sl EIS

class A or R job, ay (respectively, by) is the number of class A (class B) jobs after the first job of class R or B(A),r

is the total number of class R jobs, and

en= (-5 (138 (- )
M1 M2 Hi+Ho—Aa—AB

is a normalizing constant.

Based on their results, we can first calculate the probability of each server serving a type-R customer.
When ¢ = A, server A must be serving type A customer, server B is serving type R customer if the first job in the
queue (cy,...,Cn-1,Cn) thatis not A is R. It has total steady probability base on Lemma EC.2:

& (AP A E (Aa+Ag+Ag \K pl pl
N B el D e B P e rerr)
S\ M+ ) =4 M1+ o pr—=Aa )\ +pr—Aa—Ap

When ¢ = B, similarly we will have the total steady probability for server A serving type R and server B serving B

customer is

=) by 00 k
A A Aa+Adp+A4 A A
CWZ( B) ( 3 )Z( ey R) :CW( 5 )( > )
pooh \H2 IR Y e M1+ po Ho—=Ap [\ +pus—Aa—Ap

When ¢ = R, the total steady probability for both servers serving type R is

AR\ (Aa+Ap+Ag\K AR
W Z =Cy .
M1+ o ) & M1+ U H1+p2—Aa—Ap

So server A serves type R customer in steady state with probability

B AR AR _ H2 AR
Cyw + Cw =Cyw .
o= Ap [ \pu1+ur—Aa—Ap M1+ py—Aa—Ap o —=Ap [\ +pus—Aa—Ap

Server B serves type R customer in steady state with probability

Aa AR AR M1 AR
Cyw + Cw =Cy .
1 —=AaJ \ 1 +up—Aa -1 M1+ pp—As—Ap H1—=Aa \ 1 +pup—Aa -

So type R customer will be served by server A with probability

M2 AR
Cw (ﬂz—/lB) (#l+ﬂ2—/lA—/lB)“1 _ H1—Aa

pPA= = .
) AR M AR H1+up—Aa—Ap
Cw (Hz—ﬂB) (/~l1+ﬂz—/1A—/l1=3)/“l1 +Cuw (,ul—/lA) (M1+H2—/1A—/13)/J2
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Proof of Proposition 7 Under the CUS mode, the social optimum is achieved by plugging in the expressions into
Problem (5):

_ _txa _ c _ c c
o nax S(xa,x,XR) = Axa [V 2 T 05-Axa  T-A(ia+xptxr) T 1—A(xA+xB)] + (EC.34)

_txp
Axp [v 5

_ C _ C + C +
0.5-Axp I—A(XA+XB+XR) l—A(xA+xB)

¢ A(xa—xg)(1/2—xp—xR/2)
Axg [V_E'” 4 1fA(xA+x:) - I*A(xAixB”R)]

s.t. 0<xp<x4<0.5
0<xr<1l—-x4—xp
AXA<O.5

A(XA +XB +XR) <1

(1) After variable substitution x4 =y +z, xp =y —z and x4 + xg + xg = w in (EC.34), the problem becomes

_ 2,2y _ew cy(1=2Ay)+2cAz? Y i (w=2y) (1-w+2z)tAz
mai(vS(y,z,w)—wv 1" +2) = T58w ~ 05 an AT T 05oAy ~ 2 (W20 + T-2Ay

¥,z
s.t. 0<y<0.5, (EC.35)

A(y+7)<0.5,

0<z<y< %<

(1R
=

So we have

AS(y,z,w) (1—2y)+ 2¢ (0.5-AY)2+A%Z2  (1-wA)(1—w+22)tAz
PVLW) _ - —c _
dy P I 2T (05— Ay —a22)? 2(0.5- Ay)?

(EC.36)

At the same time, when y = 0, we must have z = 0 and therefore %’;’W) | y=0 =t +2¢ >0, so we must have y > 0 in

optimal solution, i.e., 2y = xj‘ + x> 0, some customers are single-listed.
(i) and (iii) We first prove that when x% > 0 and x7, +xj + x5 < 1, we will have x’, > x},. After variable substitution

x4 =Yy +z xp=Yy—zin (EC.34), the social optimal problem becomes

_ 2 2 c(2y+xR) cy(1-2Ay)+2cAZ? cy xRrtAz(1-2y—-xr+2z)
yIE,a;; S()’, Z’-xR) - (2y +.X'R)V _l(y +2z ) - 1_A(2y+I;R) - (0.5-Ay)2—A272 + 0.5-Ay %XR + %
s.t. 0<y<0.5, (EC.37)
A(y+2)<0.5,
0<z<y,
0<xr<1-2y.
From (EC.37), we have
0S(y,2,xR) o 2¢(0.5-Ay)Az 2tAzxg  xgp(1 =2y —xg)At
RS A b s\ YA, PN
0z ((0'5_Ay)2_A2Z2)2 0.5-Ay 1-2Ay

So when x}, >0 and x7, + x} + x}, < 1, suppose y* is the optimal solution, we must have 1 —2y* —xp > 0, thus
IS(y",z,xR) _ Xp(1=2y*—xR)As
3z l:=0= I-Ay”

> 0, therefore, we must have z* > 0 in the optimal solution, that is x*A > x;.
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We then prove that when Xy +Xp +xp =1, we must have Xy =Xy When Xy +xp+txp= 1, after substituting

xa=y+zandxp=y—-zandxg =1-2y in (EC.34), we have

— o (v2 a2y c(0.5-Ay) cy (1-2y)Arz?
H;:’J.;(S(y,z) =107 +2) A((0.5-Ay)2-A2z2) - O5-AY PV o5y
s.t. 0<y<0.5,
A(y+1z2)<0.5,
0<z<y.

(0.5-Ay)*+A%z>  (1-A)tAZ?
((O'S_Ay)z_,\zzz)z (0‘5_/\}’)2
same time, when y =0 and y = 0.5, we must have z = 0 and therefore

2¢
(1-2Ay)?

So we have %yyl) =t(1-2y)+ - . It is a decreasing function of y. At the

98(y,2) dS(y,z) c
—0=t+2c>0and =05=—"7T7"—"""— <0.
ay |y—0 +2c>0an ay |y—045 (1 ~ 2[\)2 <
So if y* and z* are the optimal solution, we must have
2 0.5-Ay")? + A?z?2 1 - A)tAz*?
((1-2y) ot O A (- Aie (EC.38)
(1=2A9)7 (0.5 -Ay*)2 = A2z2)*  (0.5-Ay")
so for all y and z that satisfies (EC.38), we must have
(0.5—/\y)2+A222 _ 2¢
2 _ 2
_ ((0.57/\y)27/\222) (1-2Ay) _ C ((05 — Ay)4 + 4(05 — Ay)2A212 — A4Z4) (EC39)
— 2 2 )
(1-2y) - G35 2((0.5- Ay)2 = A222)*((1-2y)(0.5 - Ay)2 - (1 - A)AZ?)

so we must have ((0.5 — Ay)% = A2z2)*((1=2y)(0.5 - Ay)> — (1 - A)Az2) > 0.
At the same time, we have
0S(y,z2) :tA—O.S—Ay B cA(0.5-Ay)
072 0.5-Ay ((O.S—Ay)z—Azzz)z’
which is a decreasing function of z2.
IfA-05-Ay* <0, % <0, then we must have z* = 0. If A—0.5— Ay* > 0, then for all the y and z that satisfy
(EC.38), by plugging in EC.39, we have

38(y,2) c A=0.5-Ay (0.5-Ay)*+4(0.5-Ay)2A22 - A%Z*
2 - 3 X 5 —— —2A(0.5- Ay)
dz 2((0.5-Ay)2 = A2z2)*\ 0.5-Ay (1-2y)(0.5-Ay)* = (1-A)Az
c
X

T 2((0.5- Ay)2 = A222)2(0.5 - Ay) ((1 - 2) (0.5 — Ay)? — (1 - A)AZ2)
((0.5 = Ay)* =A%) ((3Ay = A= 0.5)(0.5— Ay)> + (A= 0.5 — Ay)A%Z?)

~ c((0.5-Ay)2 - A?Z?)

T 2((0.5— Ay)2 = A222)2(0.5 - Ay) ((1 - 2) (0.5 — Ay)? — (1 - A)AZ2)
(=2(0.5-Ay)(0.5-Ay)? = (A=0.5 - Ay)((0.5 - Ay)* - A*Z?)) <0.

X

The last inequality holds because ((0.5-Ay)?— Azzz)2 ((1-2y)(0.5-Ay)? = (1-A)Az?) > 0 from (EC.39). Therefore,
Z* =0 in this case.

We have thus proved that when xj‘ +Xp +xp =1, we must have a symmetric optimum, i.e., xj‘q —x’g =z"=0.

We next prove that when A <1 — \/E , the social optimum is full coverage without balking, while A > 1 — \/% ,
the social optimum has balking. From problem (EC.35), we have

0S(.zw) ot e (142y+22-2w)tAg
ow 2 (1-Aw)? 1-2Ay

(EC.40)
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It is a strictly decreasing function of w. If w = 1, we have z = 0, then w =y-

S (y,z,w)
have &3t =y — £ — Tap 20 thatis A< 1 - /V_%.
Sowhen A<1- / s the social optimum has no balking, when A > 1 — [—<+, the social optimum has balking.
V=3

t_
3T A)z,tohavew—l we must

Finally, we prove that when t <v, we must have x% % > 0. From (EC.37), we have

0S(y,2,XR) t c (1 -2y +27)Atz t c t c
— T g0 =V — = — + Sy ——— > ——ty——zo
Oxr 2 (1-2Ay)? 1-2Ay 2 (1-2Ay)? (1-2Ay)?
the last inequality will be proved in the following (EC.41), and v — % > % —ty is because t <v and y > 0. [
Proof of Theorem 5 (i) We have proved that when A <1— /-5, both the social optimum and equilibrium have
2

the same throughput (full coverage). So customers under-choose multi-listing in equilibrium, q;q < X} is equivalent to
proving 2x,, = qA + qB > x’) +x7 (which is also the proof for (iii)).

Proposition 1 showed that x,, is either x4r or x;. We first prove xz + x;} < 2xagr. From (EC.36), we know that

w is a strictly decreasing function of y. In the meantime, when y = 0, we must have z = 0 and therefore
%’yz’wny:o =1+2¢>0.Wehave y <0.5and y < %2 — z, when y get close to min{0.5, %2 — z}, we have %;W) <0.

So if y* and z* are the optimal solution, we must have either 2y* <w and

. 2c (0.5 Ay*)? + A%z (1=wA)(1 —w+27)tAZ*
t(1=-2y") + 5 ¢ 5~ — =0,
(1-2Ay%) ((0.5—Ay*)2 = A2z%2) 2(0.5-Ay")
or 2y* =w and
2 0.5 - Ay*)2 + A27*2 1 -wA)(1 —w+27)tAZ*
H(1-2y")+ < — —¢ ( ) < 2—( WA W*ZZ) = >0
(T=2A9)7 ((0.5 - Ay*)2 - A2z2) 2(0.5-Ay*)
The above equations are decreasing functions of 7*2, s0 in both cases, we can have
. c
Therefore, we can have #(1 —2y*) — TS 2/\y >t(1=-2y") - m > (, since we have ¢ (% —xAR) - m =0. So

Y <Xxagast (% - x) - m is a strictly decreasing function of x, thus 2y = xj‘q +x*B < 2XAR.
Next we show that x’, +x7 < 2x;. At optimality, everyone must has non-negative utility (which will be proved in the
proof of Proposition 8). Therefore,

1x’ ¢ ¢ + < >0
V—=IX,— - =
AT05-Ax, 1AW +xp+xy) 1= A +x3)

That means v — £x7, — > 0. Similarly, we can prove x7, <x;.

C C
0.5-Ax’, 1 =A(x} +x +xR) 1-A(x}, +x3)

.. eq eq eq _ _x * ® .
(ii) We have proved that when A < 1 — ,v—_t/Z’qA +qp tqg =X, +xp+xp /vf—%,

the equilibrium has full coverage. In this case, the social optimum has less throughput. When A > 1 — VL,, the

equilibrium has throughput greater or equal to 1 — , , so next, we will show that social optimum has less throughput

than 1 — v—L when v > ¢, which completes the proof.
2

Since (EC.40) is a strictly decreasing function of w, the optimal solution must have v — % - (1—/L\—W)2 +
W = 0. At the same time, we have 0.5 - Ay > Azand 1 +2y+2z—-2w=1-2(y—z) —2xg < 1, so we
have W < L. Therefore, v — (1/\—)2 >0=>Aw<1 -

v——>2candv>t [ ]
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Proof of Proposition 8 Suppose x’y, X}, X} are the optimal solution to Problem (5). Without loss of generality,
assume customers with x < x’ join queue A only; customers with x > 1 — x} join queue B only; customers with
1 —xp —xk <x <1-x} are assigned to multi-listing in the social optimum (as shown in the Figure 5). Next, we show
that the social optimum could be achieved by the pricing scheme P4 = ua(x7}), Pp = up (1 —xp) —ur(l —xy) +ug(l-
Xy —Xp), Pr=max{ug (1 —xj —x%),0}. We first show that each customer derives non-negative utility in the optimal
solution. If there are customers with negative utility, removing such customers from the system reduces the waiting
times for other players, resulting in higher utility for the entire system as W4, Wg, Wg decrease when A4, Ap or Ag

decrease. We have proved in Theorem 5 that x) > 0, and x, < x’,

"o thus up (1 —x%) > ua(x’) > 0. Next we show that

up(l=x%) >ur(l-xy).

up(1=x%) > up(l-xy) < 1(1-2x%) > (EC.42)

c
0.5-Axp
(EC.42) can be proved from (EC.41). When x}, > 0, to ensure that ug (1 — xj — x%) >0, we have Pg > 0. If x;, =0,
Pp=up(1-xp)—ur(l—xp) +ur(l —xy—xp) =up(l-x3) 20.So Pp is non-negative in both cases.

Next, we will show that under such a price scheme, the equilibrium of the multi-listing system is the same as the
social optimum. If customer x( joins the queue A only, then all customers with type x < x¢ will also join queue A only
because they will have higher utility than customer xq for joining the queue A only. So there must exist a threshold
xXa < % such that all the people with x < x4 will join queue A only. Similarly, there must exist a xg < % such that all the
people with x > 1 —xp will join queue B only. All customers in between will be multi-listed or balk.

At the same time, (x4,XB,XR) = (X}, X}, X)) is an equilibrium under price scheme P4 = ua(x’,), Pp =up(l-x3) -
ur(1=xy) +ur(l —xp —xg), Pr = max{ug(l —xp —x%),0}. Customers x < x’ join queue A only and customers
with x > 1 —x will join queue B only, customers with 1 —xj —x} <x <1 —x} will be multi-listed and the rest of
customers will balk. Under this price scheme, customers with x = x’ are indifferent between joining queue A and
balking; customers with x = 1 — x7, are indifferent between joining queue B and multi-listing. No one will make a
different choice from the one in the social optimum.

It’s easy to see that Pp > P as Pp = Pr +up(1 —xp) —ur(1 —x%) > Pgr. We next prove that when A <1 - \/%,
P4 > Pg. In this case, social optimum has full coverage, therefore, x:; =X}, S0

c c 1 c

1
Ps—Pr= ) — l—xp—xp)=t(z—x})— + >tz —xy) - ——— =0,
A R MA(XA) ug( Xp XR) (2 xA) L= ,: 2y—A(xZ+x*B) (2 XA) =1 Z_
the inequality can be derived from (EC.41). So we can have P4 > P in this case. [

EC.5. Social Optimum and Revenue Maximization under CUE

For the CUE mode, we build on the results of Visschers et al. (2012) and derive in Lemma EC.3 the expressions of
the expected response time for choosing option i € {A, B, R}, W;(14,4p,Ar) and the probability that a multi-listing
customer ends up having her request completed by Server A, pa(4d4,4p,Ar), as a function of (14,15, Ag). To obtain
closed-form expressions, Visschers et al. (2012) assume that when a multi-listing customer arrives at an empty system,

AR+Ap

she is assigned to server A with probability 5774 Tatin aRtAA__

and server B with probability 57-4 Tasdp’ i.e., she is less likely
to be assigned to a server facing more single-listing demand. We follow this assumption. Note that in a symmetric case

with A4 = Ap, she is assigned to each server with equal probability.
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LEMMA EC.3. In the CUE mode of the multi-listing system, given (14, Ap, AR), the expected response time for being

assigned to queue A is
Wa(da,dp,AR) =
(AR +2a) (AR + A4+ Ap) (2 = Aa = Ap) p + AR (A5 = 2Aap + App))

u=Ar = Aa—Ap) (U= A (A% (2 = Aa = Ap) + (Aa + Ap) 2 — Ap — Ap)p + AR (4p® — pdp — pda — % = 12))’
the expected response time for being assigned to queue B is

Wg(Aa,4B,AR) =
(AR +AB) (AR + Ap + Aa) (2 = A = An) i + AR (A% = 2App + Aap))

(24 = AR = A = Aa) (1= AB) (A}, (2 = Ap = Aa) + (Ap + Aa) 2 = Ap = An)p + AR (4% = pdp — pds = A3 = 13))
the expected response time for multi-listing (option R) is

Wr(Aa,AB,AR) =
(AR +Ap +A4) (AR +Ap) (AR +A4) 2u—Ap—Aa) .
1 (A% (21 = Ap = Aa) + (2= A = Aa) (Ap + Aa) + AR (44> — pdp — pda = A5 = 23)) Q= Ar = Ap ~Aa)’

the probability that a multi-listing customer ends up having her request completed by Server A is

pa(da,Ap,AR) =
(g +AR)(Aa — ) (Aa —Ap + AR +2p)
A (AR + 1) + A (AR + 1) = 2AR (AR +20) + Aa (A + ARp+2(Ap = ) + Ap (A + Arpt = 24%)
Proof of Lemma EC.3  There are three types of customers C = {R, A, B} with arrival rates Ag, 14 and Ap, and
two servers C (m) = {R, B}, C (my) = {R, A}, with service rates u; = us = u.

First, we need to calculate the activation rate for all the cases, to satisfy the assignment condition, we have the
activation rate as follows:
Amy ({m2}) = AR + A3,
Amy, ({m1}) = Ag + Aa,
/lR + /lB

20 +Ap+ A4~

AR + 14
A =(Ap+Agp+Ay) ——48M8 .
my({0}) = (AR + A + A4) Mkt it

Therefore we have the steady-state probability from Equation (32) in Visschers et al. (2012):

/lml ({(Z)}) = (/lR +Ap+ /lA)

oy 2 A ) presre il 2(0) = et A8+ L) (e dg)

o U 1—/173 (u=AB)(2Ar +Ap+Aa) 7
(Ar +p +1A)% 1 (AR +Ag +A4) (A +4)

w(-,my) = 7 7(0) = m(0),

7 -4 (1 =2A4)(2Ar + Ap + Aa)

(e + 4+ 00) 28328 ) Qg+ 24)

1
12 PPN PESPERIRAL)

H 2u
(AR +Ap+A4) (AR +AB) (AR + A4)

n (- my,my) =

= O b
(u=AB) Qu—-Ar—Ap—14) 2Ar + 1B +/1A)ﬂ( )
( ) ((/IR +Ap+14) u;lf:{;lﬁ/u) (Ar+4p) ©)
T,my,my) = T
. 2 _ /l_A _ /lR+/lB+/lA
Mz 1 m 1 =S

_ (AR +Ap+A4) (AR +AB) (AR + A4) x
(t—=A4) Qu—-Ar —Ap—A4) QAR +Ap + A4)

(0).
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so we have:

7(0) = (2AR + A+ A4)2u—Agr —Ap —Aa) (= Ap) (1 — )
(A 2p = = Aa) + p(2u = Ap = Aa) (Ap +Aa) + AR (4% — pdp — pda = A = 23))

() = (AR +Ap+A4) (AR +Ap) 2 — AR — Ap — Aa) (1 — Aa)
’ 1(A%Q2u =g —A4) + u (2 = Ap = A4) (Ap + Aa) + AR(4p® — pdg — pda — 1% - 12))’

() = (AR +Ap +A4) (AR +A2) 2 —Ag —Ap = Aa)(u — AB)
’ 1A% Q2u =g =A4) + u (2 — Ap = A4) (Ap + Aa) + AR(4p® — pdg — pda — 13- 12))’

_ (AR + Ap +A4) (AR +Ap) (AR + A4) (L —AB)
ﬂ("ml’mz)_ 2 2 2 2 )
(A% Q2u=Ap—Aa) + (2 —Ap = A4)(Ap + Ap) + AR (44> — pdp — pds — A3 — 13))

S (AR +Ap+A4) (AR +Ap) (AR + A4) (1 —24)
T (A% 2u—Ag—2a) + (2= A = A4) (A + Aa) + AR (4p? — pdp — pda — 1% — 1))

According to equation (33) in Visschers et al. (2012), taking the derivative with respect to s and substituting s = 0 gives

the expected waiting time for type R and B, A:

1
E (Wg) = (n (- +7 (- my,my)) —————————
(Wr) = ( (;m1,ma) + 7 (-, ma ml))2u—/lR—/lB—AA

(AR +Ap +24) (Ar +Ap) (AR +Aa) 2u— A5 —14)
M (/I%Q(Z/J —AB—Aa) +pu(2u - A — A4) (A + An) + AR (4p® — pdp — pda — A5 —/134)) (2u—Ar—Ap —2A4a)

o ) + ! o ) 1
(-, my,m n(-,my,m
2 ! ,u—/lB 2/1—/1R—/13—/1A ! 2 2

U—AR—Ap—Aa

E(WB) :ﬂ(',ml) ,u—/lB

(AR +AB)(AR + Ap + Aa) (2 — Ap = Ap) pt + AR (A = 2Au + App))
(pu=Ag = Ap = A4) (= AB) (A% (21— Ag = Aa) + (Ap + A4) 2u = Ap — A + AR (42 — pdp — pda — A% =A%)

similarly E(W,) =

(AR +AA) (AR + Ax +AB) (2 — Aa — Ap)*pu + AR (A5 = 2Aap1 + App))
(p—Ar =24 =) (= Aa) (A% (2 = Aa — Ag) + (Aa + Ap) (2u — Aa — Ap)pu + AR (42 — pdg — pda — A% = 13))

The total expected response time Wgr = Eg + ;lu Wg=Ep+ ,lll and Wy =FE4 + [l,l And for the multi-listing customers,

the service probability is
D= u(m (-,mp) + 7 (c,my,mp) + 7 (,ma,my)) = Aa
p(m (oma) + (- ymy,mp) + 7 (,ma,my)) —Aa+ p(m (- omy) + 0 (c,my,ma) + 7 (-, ma,my)) — A
_ (A +AR)(Aa —p)(Aa —Ap + AR +2p)
(A +p) + A% (AR + 1) =24 (AR +21) + A (A% + Arp +2(Ap — p)p) + Ap (A% + Agp — 242)

The expressions in Lemma EC.3 are generalizations of the expressions provided in Table 1 by allowing for 14 # Ap.
As we can see, asymmetry (14 # Apg) significantly complicates the expressions, precludes analytical traceability, and

necessitates a numerical investigation. Our goal is to show that many key insights from the CUS case extend to the

CUE case.
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Figure EC.2 Socially Optimal Routing Under CUE
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Figure EC.3 Social Optimum vs. Equilibrium Under CUE: Proportion of Multi-Listing Customers
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Note.v=3,t=0.5.

EC.5.1. Social Optimum

First, Figure EC.2 confirms that the structural insights from Proposition 7 and Figure 6 into the socially optimal routing

policy carry over from the CUS case to the CUE case. Importantly, in the CUE mode, we also observe asymmetry

in the socially optimal routing when unit misfit cost ¢ is low and demand size A is large or when ¢ is high and A is

intermediate.

Second, Figure EC.3 presents the comparison between the social optimum and the equilibrium in the CUE mode.

It echoes the message from Theorem 5 and Figure 7 that customers under-choose multi-listing in equilibrium relative

to what they should in the social optimum when the demand size A is small but it could be the reverse case for other

demand sizes.

Third, Figure EC.4 presents the socially optimal prices in the CUE mode. Similar to the CUS case (Proposition 8

and Figure EC.4), we observe that the socially optimal prices in the CUE mode are also nonnegative and that when
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Figure EC4 Socially Optimal Prices Under CUE
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the demand size is small, the socially optimal price for multi-listing is lower than that for single-listing with either
server. However, just like the CUS case, we observe that in the CUE mode, this relationship may change when the
demand size is large. In particular, Figure EC.4-(b) shows the possibility of the socially optimal multi-listing price
being slightly higher than both single-listing prices in the CUE mode. Finally, Figure EC.4 shows that the optimal

pricing is asymmetric for sufficiently large demand size.

EC.5.2. Revenue Maximization

For the CUE model, characterization of the revenue-maximizing equilibrium is analytically intractable. However, we
numerically find that the revenue-maximizing prices can still be asymmetric, as illustrated in Figure EC.5. We observe

similar structural properties to those for the CUS model summarized in Proposition 9 and illustrated in Figure 9.

Figure EC.5 Revenue-Maximizing Prices Under CUE
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Note. v=1,c=0.1.
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EC.6. Proof of Proposition 9 in Section 7

As shown in the proof of Proposition 8, given prices (P4, Pg, Pr) with P4 < Pp (without loss of generality), there exist
(xa,xp,xR) With xg < x4 < 1/2 such that customers with x € [0,x4] choose to single-list with server A; customers
with x € [1 — xg,xpg] choose to single-list with server B; and customers with x € [1 —xp —xg, 1 —xpg) choose multi-
listing and the remaining customers balk. Moreover, customer 1 — xp must be indifferent between multi-listing and
single-listing with server B, which gives ug(1 —xp) — Pp = ur(1 —xp) — Pgr. Under revenue-maximizing prices, we

must have up(x4) — P4 =0 and ugr (1 —xp — xg) — Pr = 0. Therefore, the revenue-maximizing prices satisfy
Pa=ua(xa), Pp=up(l-xp)—ur(l-xp)+ur(l-—xp—xg), Pr=ur(l-xp—xR). (EC.43)

Note that P4 = Pp © x4 = xp. Hence, we reformulate the revenue-maximization problem as an optimization problem
over (x4,xp,xg) and examine when x4 = xg (which implies P4 = Pp) and when x4 # xp (which implies P4 # Pp).

Substituting (EC.43) into the revenue-maximization problem under CUS gives

_ e . .
o max R(xa,xp,XR) = Axa [" IXA = 05-Axs ~ T-A(a+xpiag) T l—A(xA+xB)] + (EC.44)
_ _ c _ c c _ _Alxa-xB)
Axp [V IXB~ 05-Axp ~ ToAatrpixn) T ToAGatxs) ~ T-Axa—Axp th] +
t o, Axa-xp)(1/2-xp—XRr) _ c
A)CR [V —2 +1 l—A(xA+XB) l—A(xA+xB+xR)]

s.t. 0<xp<x4<0.5
0<xgr<1l-—-x4—xp
Axp <0.5
Alxa+xp+xg)<l.

After variable substitution x4 =y +z, xp =y —z and x4 + xp + xg = w in (EC.44), the problem becomes

cw cy(1-2Ay)+2cAz? cy

— 2 2 2tAz(w=2y)(0.5-w+2z)
max R(y,z,w) = wv =20(y"+2) = 135 = Sgsarans *os-ay 2 (W -2+ T2Ay
s.t. 0<y<0.5, (EC.45)
A(y+2)<0.5,
0<z<ys¥<j.
So we have
OR(y,z,w) _ (11— dy) + 2 (0.5-Ay)*+A%22  (1-wA)(0.5-w+22)1Az (EC.46)
dy (1=2Ay)*  ((0.5-Ay)2 - A222)° (0.5-Ay)? '

%’;’W) ly=0 =t —2c > 0 because Assumption 1 (ii),

At the same time, when y = 0, we must have z = 0 and therefore
so we must have y > 0 in optimal solution, i.e., 2y = x, +xj > 0, some customers are single-listed.
We first prove that when x3 >0 and A > 2, we will have xz > x7,. After variable substitution x4 =y +z,xp=y -z

in (EC.44), the social optimal problem becomes

_ 2 2 c(2y+xR) cy(l—2Ay)+2c'Az2 cy t 2tAzxR(0.5-2y—xg+2z)
yr’r;?)g;R(y,z,xR) = 2y +xr)v =21(y"+2°) = 5oy rap) — (05-Ay)2-A2z2 T 05-Ay ~ 2Rt T—2Ay
5.1, 0<y<0.5, (EC.47)
A(y+2)<0.5,
0<z<y,

0<xg<1-2y.
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From (EC.47), we have

OR(y,z,XR) 4tz 2¢(0.5-Ay)Az 4tAzxg  2xr(0.5-2y —xg)At
0z ' ((O'S_Ay)z_/\zzzf 0.5-Ay 1-2Ay
When A > 2, we must have 2y +xg < 0.5, so and if x} > 0 and suppose y* is the optimal solution, we must have
9R(y ;’zz’x’@ l2=0 = By (Osli%\yy_ XA 0, therefore, we must have z* > 0 in the optimal solution, that is x > x7,.

* * * ¥ ok * * * : :
We then prove that when Xy + X5 +xp =1, we must have x’, = x. When Xy +xp+txp =1, after substituting

xa=y+zandxp=y—zand xg =1-2y in (EC.47), we have

c(0.5-Ay) cy Atz(1-2y)(2z-0.5)

P S N
max $(y.z) = ~2t(y* +2°) MOy nz) Hm +1y+ e
8.t 0<y<0.5,
A(y+2)<0.5,
0<z<y.
So we have
052 _ 4, 26(05-Ay)Az (1-2y)(8z=1)At
9z ((O.S—Ay)Z_Azzz)2 1-2Ay
! 2¢(0.5— Ay)A
= (A(1-2y)(8z—1)—4z(1 -2Ay)) — c( y)Az i
1-2Ay ((0.5 — Ay)? _Azzz)
2¢(0.5-Ay)A
= (—4z(1=A) = (1 -47)A(1-2y)) - c( y)Az <o,
1-2Ay ((0.5 - Ay)2 - A22)

which means optimal z* =0, i.e., optimal solution must have xj; = x*B.
We next prove that when A < 1 — /vf_u the revenue optimum is full coverage without balking, while A > 1 — /‘,f_u
2 2

the social optimum has balking. From problem (EC.45), we have

0S(v,z, t 1+4y+47—-4w)tAz
o80zw) _, 1 c | (tdy+dz-dwiiiz (EC.48)
ow 2 (1-Aw)? 1-2Ay
It is a strictly decreasing function of w. If w = 1, we have z =0, then%zv—%—m,to have w = 1, we must
S(y,z,w) _ . . -
haveT—v—%—(]f—A)zzO,thatlsAsl— Vi%.

the revenue optimum has

T
2

So when A <1 - /-5, the revenue optimum has no balking, when A > 1 - /V%
2
balking.
Finally, we prove that when ¢ <v and A > 2, we must have x} > 0. From (EC.37), we have

dS(y,z,xR) t c (0.5-2y+2z)Atz t c t
— " |xg=0=V — = — + >y————————>— =2ty
Axg 2 (1-2Ay)? 1-2Ay 2 (1-2Ay)2 2

c
T
when A > 2, we must have 2y < 0.5, thus the first inequality holds, the last inequality will be proved in the following
(EC.49), and v — & > £ — 2ty because r <v and y > 0.

(EC.406) is a decreasing function of z. Therefore, when z = 0, we must have its value non-negative, which means

2

t(l—4y)—m20.

(EC.49)
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EC.7. Proofs and More Results for the n-Server System in Section 8

EC.7.1. Proof of Proposition 10

Before presenting the proof, we first provide the expressions of (x7,, An,, An,, Kn,xzo):

For even n:
e XN ifr <Dy or A< A, and 7> 200,
"N, A A and 7> 2Dy,
For odd n: | A
3 n
5 1ft§mvandA<l—v_%(l+%),
no._ no : 4_n _ c
Xy 1= (X0 Rs T 2< vand A> 1 —vi%(Hn%),
Xy, ift > n+1v
=1- , = . Kpi=
" v—t/4 " 2 —4vn(n-1) " A(1=2x1)
ne ._ 20+ At - V2 +An)22 —8Ant(t —4c(n— 1))
AR 8Ant
wo ._ 2+ AL+ A~ V2 +A+An)22 —8A1((n+ 1)t —4cn?)
AR 8Ant ’
t+2Any — /(1 +2Anv)2 = 8Ant (v — nc)
Xy =
$ 4Ant
w20+ Ar+4ARP(v—1/4) - V@t + At +4An2 (v —1/4))2 - 8At(4n2 (v —¢) — (n® — l)t)
RO 8Ant
Next, we proceed with the proof. When 4| = 4, = ... = 4, = 4, the expected utility of multi-listing is

ug(x) = v——Zd(x)—

nu—nl—Ag’
n Z, if n is even,
Zdi(X)I n 1 . lnx] |nx] 1 i
i Z—E+mln{x—T,T+z—x}, if n is odd.
Hence, for x € (0, 1/(2n)),
n t C . .
t y—Lft—-—c if n is even,
uR(x) =v == 3 di(x) - —————={ e o
I’li: I’l/,t—l’l/l—ﬂR v—;x—z(l— ) m, if n is odd.
When 41 =4y = ... =4, =4, Wy =W, = ... = W,,. Thus, if a customer chooses to single-list, it is optimal for her to

single-list with the nearest server (which gives the highest expected utility). Hence, for x € (0,1/(2n)), the expected

utility of single-listing (with the nearest server, server 1) is

c(n-1)
us(x)= max u;(x)=v—1tx-— - .
ie{l,...,n} nu—nd—Ar nu—nd

We next characterize customer strategy for x € (0, 1/(2n)). The remaining x follows from symmetry.

. _ - (n— l)c
If nis even, us(x) =v —tx — m =3 ur(x)=v-1% m Let x'} , denote the intersection point of

utility curves us(-) and ug(-), so that us(x’}.) = ur(x’y ). Let x{ denote the intersection point of curve us(-) and
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the horizontal line y = 0, so that ug(xy) = 0. It is clear that customers over [0,x/,] will choose single-listing, where

= min{x’; ., x{}. Thus, 1 = 2Ax7,. Substituting the expressions into us (x’} ) = ur (x} ) gives:
1 c(n—1)
t|-—xp] - —————=0 EC.50
(4 XAR) 1= 2nAx" (EC.50)
With conditions in Assumption 2 (ii) and (iii), (EC.50) has a unique solution

2t + Atn— /(2 + An)212 — 8Ant(t —4c(n—1 1
n—V(2+An) art—den=1) o Ly (EC.51)

8Ant 2n

When A<1 - v+1/4’ we have ug(xy ) =v — T— 155 20, forallx € [0, 2n] That implies curve ug(-) intersects

uR(-) first and thus x,, <x4. And customers over (x/ —x!) must all choose R.

=X4g S m’ﬂ

When A > 1 - = v=r73- ot all customers in (x]} —xJ3,) choose R. Then they will balk with a certain probability or

m> 2n

all balk. In either case, we have ug(x7,) =0 and ug (x7,) <0, which leads to the following conditions.

c (n=1)c

n — —t n __ — = 0, EC.52
S P Py vy il y e (BC.52)
n t c
= y———_—— <. EC.53
ur(m) = V= 4 T oA~ An (EC53)
If all customers over (xm, 3 —x,) balk, then Ag = 0. Then (EC.52) and (EC.53) lead to the conditions A > A, :=
2
2U=c/W=t/D) ang ¢ > 4(" 4n=1) ), in this case, AR =0, X"} =x{ = ff2tAny- \/(Z/ZZ\\Z:) —2Ant(v=en) s the unique solution

tn?—4vn(n-1)
in (0, 2-) to v —rx - 2 = 0. When 7 < MV or 1> 22Dy and A € (A, Any), (EC 53) holds with equality

_ 1-2nAx},—c/(v-t/4)
A(1-2nx}},) ’

A _yn
for some Ag >0, so we have customers over (xm, 3, —Xm) choosing R with probability 7= 2n =

_ 2t+Atn—\(2+An)212—8Ant (t—4c(n-1)) .
=Xyp = SAnt

where x}}, is the unique solution in (0, E) to (EC.50).

— v — fr — c _ _(n=De —
If nis odd, us(x) =v — 1x - 1= — Toamaxr UR(X) =V -

= - 41— 2) - m Customers with
x € [0,x7] choose single-listing. For customers over interval (xm, 5- — X1 ), there exists xg such that customers choose
option R if and only if x € [x},,xgr]. Let x4 , denote the intersection point of utility curves ug(-) and ug(-), so
that ug(x’} o) = ur(x’y p). Let xj, denote the intersection point of curve ug(-) and the horizontal line y = 0, so that
ur(xg,) = 0. Let xg denote the intersection point of curve us(-) and the horizontal line y =0, so that ugs(xy) = 0. By

plugging in the expression, we get the following equation,

t(n+1 c
el DA - -0 EC.54
( 4n xAR) 1= 2nAx" (FC>9)
Len Lo Ly ¢ 0 (EC.55)
v——xho—--(1l-—=)—-—— = .
nRO4T 2T 1 - 2nAxp,
cn
-t - ———=0 EC.56
T T T Ay (H20)
By comparing (EC.55) and (EC.56), we deduce that if t < - +1 v, xRO > xy, xRO > x'; 5 While if 7 > n+1 v, xRO <xy,
X <Xy g- Since S+ 40" <t< 40” , (EC.54) has a unique solution
2t + At + Atn— (2 + A+ An)2t2 = 8At((n+ 1)t —4cen?) 1

= 0,—]. EC.57
AR = 8Ant c10.5,! (EC.5T)

When A>1- W (EC.55) has a unique solution
v—= 7 niz

2t + At +4An* (v —t/4) — (2t + At +4An2 (v — t/4))2 = 8At(4n2(v —c) — (n2 — 1)t 1
= n*(v=1/4) =( 8Zn§v /4) (4n*(v—c)—(n ))E[O’E]' (EC.58)
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When A > 1 - Vf—”L, (EC.56) has a unique solution
2n

t+2Any —+/(t +2Anv)?2 = 8Ant(v — nc 1
v= v ) ( ) € [0, —]. (EC.59)
’ 4Ant 2n
Soift < %v, when A< 1- Wilz)’ we have uR(zi) =y-1(1+ iz) — 5% 2 0. That implies full coverage:
customers over [0,x’}.] choose single-listing and all customers over (x/} . 21,1 x"ig) must all choose R. When
A>1- ﬁ, customers over [0,x” 5] choose single-listing, and customers choose option R if and only if
T+ %
x € [x4 ps X0l
Soif t > -y, Yo < XY, X <xAR, 1 , we can have cn > (" l)v , thus 7 > 2%y >

€t
2n l—

2n(v — nc), which lead to 1 — -~ <0, so we must have ”S(zn) =v- < 0. That implies customers over

2n
[0,x7] choose single-listing. Since xj, <xg when > — +1 =Ly, customers between (x4, 1/(2n)] have ug(x) <0, thus all

balk. ]

EC.7.2. Additional Analytical Results

COROLLARY EC.4 (Throughput and Social Welfare Under Multi-listing). In the CUS setting, the throughput of

a multi-listing system with n > 2 servers at the symmetric equilibrium is given as follows.

e Even n:
A, ifA<Ay,
Thy,={1- 7 if A=A, and 1 <2020y or A <A<A,, andt> Hooby,
2nAx", ifA> Ay, and t > 4(” Dy
e Odd n:
A, lft< 4nV Cl}’ld/\<1—ﬁ,
D)
Thy, =4 2nAx", ift < 4"1vandA>1— Ty
2nAxY, ift> % n+l
Social welfare at the symmetric equilibrium is given as follows.
e Even n:
A =7 — 155 +nt (X% )2), ifA<Ap,
SW = nAt(x )2 A2 A, ift <2205 or Ay <A< A, ift> 221y,
nAt(x;’)z, ifA>A,, andt > @v.
e Odd n:
A =5 —-55+ (= DS, 2), lft<4”v andA<l—m,
SWph =4 Ar(x% ) + (n = 1) Ar(x"9,)2, ift <Ay, and A2 1~ — .
V-7 )
n\2
nAt(x)”. lft>n+1v

PROPOSITION EC.1 (Single-Listing Equilibrium). The single-listing system has a unique equilibrium at which

customers with x € [0,x}] choose queue A; those with x € [1/n —x%,1/n] choose queue B; and those with x €

(xg, 1/n—=xy) balk. In particular, xy = ﬁ (that is, no customers balk) if A < A§ :=1- —<".

2n
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COROLLARY EC.5 (Throughput and Social Welfare Under Single-listing). The equilibrium throughput of a n-

server single-listing system is given by

T = 1 FASAS,
2nAxY, if A> AL
Social welfare at the equilibrium is given by
SWn = A(v - £ - £%). ifA<AL,
nAr(x™)?, ifA> AL

PROPOSITION EC.2 (Pooling Equilibrium). The n-server pooling system has a unique equilibrium:
e when n is even:
(i) all customers join the queue if A< 1— v+1/4"
(ii) customers join the queue with probability (1 - v+t/‘*) /A and balk with probability 1 — (1 - m) /A if A >
1-—==;
v—t/4’
e when nis odd:
(i) all customers join the queue if A <1 — —<——;
v71(1+n—2)
(ii) customers with x € [0, x| U [% — Xl join the queue, while others balk.
COROLLARY EC.6 (Throughput and Social Welfare Under Pooling).
(i) When n is even, the throughput of a n-server pooling system at the symmetric equilibrium is given by Th, =

min{A, 1 - v+m}‘ Social welfare in equilibrium is given by

SWn:{A<v—a—lvA>, yAS 1o,
P10, fA>1==
(ii) When n is odd
A<
. A, ifA<1 PN
p 2Anx" ifA>1- <
RO’ L+

awn A(V_zt_l_ﬁ/\)’ ifA<1 —3(1 Ty
P A ()2 ifA>1 v_7<i+ 5

The proofs of the results in this subsection are straightforward and thus omitted.

EC.7.3. Proofs of Theorems 6,7, and 8

Proof of Theorem 6  The result follows from the throughput expressions in Corollaries EC.4, EC.5, EC.6, and the

4(n 1)

observation that 2nAxy > 1 — — ot ifand only if 7 > == —v and A > A, for even n and xi > x}, if and only if 7 > %%

+1
for odd n. [ ]

Proof of Theorem 7 We prove this theorem by proving Theorem EC.1 for even n and Theorem EC.2 for odd #,

stated as follows:

THEOREM EC.1 (Social Welfare Comparison for Even n). In the CUS mode, for even n, multi-listing achieves
higher social welfare than pooling (SWy, > SW) but achieves weakly lower social welfare than single-listing (SWy, <

SWZ) when A is high. See Table EC.5 for more specific social welfare comparison.



e-companion to Chen, Ding, and Yang: Multi-Listing for Horizontally Differentiated Services ec29

Table EC.5 Social Welfare Comparison for Even n Under CUS

Condition Comparison

A<A”v<(n+2)corA<A"t<4nc< vorl dncft <A< A} dnc<t< 4"v SWp, > SW5 > SW¢
A<1-4nc/tdnc <t < vorA<Ay,t> Ay > dnc SWp > SWr > Swn
A> NS <D ”vorA; <A<A§,t>4("n f SWI > SWi, > Swn
Az NS> 20Dy, SWI' = SWJ, > SW?

THEOREM EC.2 (Social Welfare Comparison for Odd n). In the CUS mode, for odd n, multi-listing always
achieves higher social welfare than pooling (SWy, > SW}) and higher social welfare than single-listing when A < A{

(SW,, > SW?). More specific social welfare comparison is summarized in Table EC.6.

Table EC.6 Social Welfare Comparison for odd n

Condition Comparison
A<SA!v<(n+2)cor A<SANt<dnc< yorl—dnc/t <A<AMdnc<t <y SWp > SWn > SW
A<l-dnc/tdnc <t < Hyor A<Ag 2Ly >t>2y>dncor A<1- Ty t> 2y SW">SW”>SW"

Table EC.7 Social Welfare for Even n

A [0,AY] ‘ [AS, An ]| [Anys A, ‘ [An,, 0]
Pooling A(v -I-) 0
Single [[A(v—4£ - ﬁ | nAt(x})?
Multi Ay =% — 55 +nt(x%)%) ‘ Ar(x5,)? ‘ Ar(x)?if 1 < 4(” =D, At(x™)?ift > 4(" Dy,

Proof of Theorem EC.1 When A < A}, it is straightforward to show that SW} (A) dominates both SW*(A) and
SWj (A) by comparing those expressions in Corollary EC.4, Corollary EC.5 and Corollary EC.6, and noting
SW™ (A)—SW"(A) = A((’; IA)C —t(”4_nl — n(x"¢, 2)) zA((’;:lA)C —r(}1 - A(( i\)c 1 5”2;22%) >0.
We next compare SW¢(A) and SW;(A) when A <A{.
Solving SW{(A) < SWj(A) shows that it is equivalent to A > 1 —4nc/t. (i) When ¢ <4nc, we have 1 —4nc/t <0,
so SW{ < SWy. (ii) When 4nc <t < 75v, 0 <1 —4dnc/t <AY, so SW¢ > SW), when A <1—4nc/t, SW{ < SW), when
1 —dnc/t <A< Af. (iii)) When t > 75v > 4nc, 1 —dnc/t > A}, so SW > SW), when A <AY. (iiii) If v < (n +2)c, we
must have ¢ <4nc, thus 1 —4nc/t < 0 and SW¢ <SW7.
When A > A, and 7 > @v, we have SW” (A) = At(x™)?, in which case SW” (A) = SW"(A).
When A > A{ and 7 < @v, or when A, <A< Ay and t > 4("n_1)v, SW(A) = At(x%e)z. We next prove

e n
X% <xy. We can have

Yo txe — Sy gyne < _ =) >0
AR —2nAxne, AR T —2nAxme, —Ag  1-2Ax"¢ T

: n nc _ ne n _
In the same time, we have v —fx}] — To2nAT = 0. We then deduce that x"}% <X} as v —1x — =355

in x.As aresult, SWy, (A) = At (x'} )2 < At(x™)? = SW™(A). [

is strictly decreasing
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Proof of Theorem EC.2  SW,(A) > SW;(A) follows from the expressions in Corollaries EC.4 and EC.6; in
particular, when ¢ > -* 1v we have shown in the proof of Proposition 10 that xj, < xy, which implies SWy, (A) >
SW3(A). Next, we compare SWy, (A) and SW{ (A). When A < AY, SWy, (A) > SWY (A) because

SWZZ(A)—SWZ‘(A)=(H—1)A( ¢ L >>)

1-A n 4

c t n+1
> —1A_——_— no
2 (n-1) (1 A n( 4n AR)
= (n—1)A( < __yso.

1-A  1-2nAx75,

We next compare SW¢ (A) and SWj(A) when A <min{1 - ﬁ AL}
When ¢t < 2%y, 1 - m > A§. Solving SW(A) < SW(A) shows that it is equivalent to A > 1 —4nc/t. (i)
7 w2
When ¢ < 4nc, we have 1 —4nc/t <0, so SW¢ < SWp. (ii) When 4nc <1 < n4fzv 0<1-4nc/t <A}, so SW! >SW,

when A <1—4nc/t, SW} <SW, when 1 —4nc/t <A <A, (111)Whent> a5V >dne, 1 —dnc/t > A}, s0o SWI > SW),
when A < AJ. (1111) If v < (n+2)c, we must have 7 < 4nc, thusl—4nc/t<0and SW¢ < SWp.

When ¢ > v, 1 - —T € — <Al and 1 -2 >1- — € ——, so we must have SW! > SW” when A <
v-g(l+-3) ’ v=g(l+-3) ’ p
- — ,(T+])<A§‘. u
—g(I+3

Proof of Theorem 8 The matching probability with server i is

A |57 W if 7 is odd
pi= Hi l _Jpa= l—nlA(xA+xB)’ ’
LTy . noa.T L-2Axp e
L — . — n
ijl Hj 2171 J PB = T ioatan)” if i is even.

If a customer x chooses multi-listing, her expected utility is

UR(X)=ZPi[V—fdi(X)]— <

1 -nA(xs+xp)— AR’

Let & be the arc distance between customer x and her closest odd-indexed server. If n is a multiple of 4, then }."" | p;d;(x)

will be independent of x because:

X i) =pa (i 5 24 24 222 (2 s (B2 s G
P n n n
+pB((1+x>+(§+x)+---+(”/2—_1+x)+(”/2 —%)+ (”/2 )z)+...+(1—)z))=l.
n n n n n 4
If n is not a multiple of 4 (but still an even number),
Y pidit) = pafee e 2 n e B (B 1 (MR 2 o)
Py n n n n n
won(Gen+Ganes (B2 s (B2 p e -)
n n n n
o o onP=4 1 Alxa-xp)(5; —2%)
—pr+p3(Z—x)+ 4n? _Z+ 1 -nA(xg+xp)

The social welfare maximization problem is

XA txp
max nAxx [v -— = cWA(xA,xB,xR)] +nAxpg [v -— - CWB(XA,XB,XR)]
XA.XB,XR 2 2

+}’lA)CR

n
1 X
V= ( 21 Pidi(; -Xp— TR)) t _CWR(xA,xB,xR)l ,
i=

1
S.t. Xpa+xp+xp<—,xa>2xp>0,xg >0.
n
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If n is a multiple of 4, the social welfare maximization problem is

cn

_txa _ _ c c
xAr,I)lc?;),(xR nAxA [V 2 1-2nAxa 1-nA(xa+xp+xR) + ]—n/\(xA+xB)] +

_txB _ cn _ c c
nAxB [V 2 1-2nAxp 1-nA(xa+xp+xR) + l—nA(xA+xB)] +

_r___ ¢
nAXg [V q l—nA(xA+xB+xR)]
S.t. xA+xB+xRS,ll, xa2xp20,xg >20.
It is equivalent to
_xa _ _cn _XB _ __cn _t
cmax oxa (V 2 l—2nAxA) +tXp (V 2 l—2nAxB) +xr (v—§)
__c(xatxp+xr) c(xa+xp)
1-nA(xa+xB+XR) 1-nA(xa+xp)
s.t. Xa+xp+xp <t xa>xp>0,x8>0.

*

The optimal solution must be symmetric with x’, = x7.

If n is not a multiple of 4 but still an even number, the social welfare maximization problem is

_txa _ cn _ c c
xAI,I)lci),(xR I’ZA)CA [V 2 1-2nAxa 1-nA(xa+xB+xR) + l—nA(xA+xB)] +

_Ixp _ cn _ c c
}’ZA)CB [V 2 1-2nAxp 1-nA(xa+xB+xR) + l—nA(xA+xb»)] +

_t, Axa-xp)(1/n=2xp-xg) _ c
I’l/\)CR [V 4 +1 1-nA(xa+xp) l—nA(xA+xB+xR)]

s.t. xA+xB+xRS}1, xa=xp=0,xg >0.

After variable substitution x4 =y + z, xp = ¥ — z, the problem becomes

_ 2 2 c(2y+xR) 2cny(1-2nAy)+4n’cAz> 2cy t 2xRrtAz(1/n-2y—xr+2z)
yrg?;(R Sn(y» vaR) - (2)’ +.XR)V - t(y +z ) - 1—nA(2yfo) - (1-2nAy)2—4n2\222 1-2nAy - ZxR + K 1-2nAy B
S.t. 2y+xR§%,yZZZO,xRZO.
So we have
9Sn(y,2,xR) 8nc(1-2nAy)Az 8xptAz  2xptA(1/n—2y —xR)
— =21z~ .
0z ((1 —2nAy)2—4n2A2z2)2 1-2nAy 1-2nAy

1

So when xj >0 and x’, + x} + xj <, suppose y* is the optimal solution, we must have ,ll —2y* —xp >0, thus

9Sn (¥",2,Xg) _ 2xptA(1/n=2y"—xy)

oz |,=0 = T=3nAy" > 0, therefore, we must have z* > 0 in the optimal solution, that is x 0> Xp []

EC.7.4. Social Optimum for Odd »

Motivated by the equilibrium structure characterized in Proposition 10 for odd n, we propose the following routing
policy. Starting from server 1, label servers alternately as A or B until server (n+1)/2 (i.e., server 1 as A, server 2 as
B, server 3 as A, etc). Then label server (n + 3)/2 with the same letter as server (n + 1)/2, then label the rest of the
servers alternately as A or B. For customers on each A — B segment of the circle, let customers located within x; (x2)
units from server A (B) single-list with server A (B); assign customers between x; units and xj + x3 units away from

server A and those between x; units and x, + x4 units away from server B to multi-listing and the rest of the customers
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Figure EC.6  Proposed Routing Policy for 3 Servers

Server 1
A

A B

0 173 0.5

| m—— | — e — >
X1 X X4 X2 X2 X5

. ? l\]/v w f

B B Single(A)  Multi-listing Single(B) Multi-listing
Server Server 3

on the segment to balking. On the segment between servers (n+ 1)/2 and (n+3)/2, if itis a A — A (B — B) segment,
then let customers within x; (x») units from either server single-list with that server; assign customers between x; (x7)

and x| + xg (x2 + x5) units away from either server to multi-listing and the rest to balking. See Figure EC.6 for an

illustration of the proposed routing policy for n = 3.
Next, we examine the case n = 3 more closely. The matching probability with server i is

1-2Axp

b= i — A _|Pa= TRy ifiis 1,
L= yn _\n . T-2A PR
Z.,vzl Hj Zj:l A pPB= %, if i is 2 or 3.

If a customer x € [0, 1) chooses multi-listing, her expected utility is

C
—ZA(XA +2XB) —/1R,

Ur(x)=v—1 " pidi(x) = -
i=1

where
pax+3(1-pa), ifo<x<i,
. (ZpA—ll)x+%(l—pA), if%gs%,
Zpidi(x)z pr-l-g(l_pA), 1f§SxS§,
i=1 —PAx+%(1+5PA), if%gxsé,
(1-2pA)x+31Bpa-1),  if2<x<,
—pax+3(142py), if 2 <x<1,
Thus, the social-welfare maximization problem is
tx -
x"xzr’r}éifi“"“ 21 [v aea 1/3762/\)51 - 1*2/\(X1+2x2+x3+x4+x5) + 172A(§1+2x2)] *

_Ix c _ c c
4Ax2 [V 2 T I3-2Ax;  T-2A(xi+2xrixsixaixs) T 1—2A(x1+2x2)] +

1/3-2Ax 1 1/3-2Ax .
2Ax3 [V — (1A rany 1 +x3/2) + 3(0 - 5RG,0) — 1—2A(x1+2xcz+X3+X4+)C5)] +

1/3-2A 1 1/3-2A
2Axy [V - t((zm = 1)(1/3=x2—x4/2) + 5(1 - ]72/\(x1+)2(i¢2))) - 1—2/\(x1+2x2+x3+x4+xs):| +

1/3-2Ax 1 1/3-2Ax
2Axs [V — (A (13 +x2+x5/2) + (1 - T332 ) — 1—2A(x1+2x§+x3+x4+xs)]

s.t. X1 +x3< Lo +xa< é, X2 +x5 < L X1,X2,X3,X4,%5 > 0.

Our numerical study suggests that the optimal solution to the above problem can be symmetric (as illustrated in

Figure EC.7-(a)) or asymmetric (as illustrated in Figure EC.7-(b)).
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Figure EC.7 Social Optimum Within the Proposed Policy Class for n =3

) . 0.50 ) ,
0.50 Single with A ’ g\\ Single with A
%~ Single with B //' AN 0.45 I\ === Single with B
0.45 1 Multi-listing / N Multi-listing
Zoa04 | ' 2 0407
= =
= 0351 S 035 -
0.30 - 0.30 4
0254 %1 X3 X4 X2 X2 Xs 0.25 3 g)‘4 2 27‘5E
T T T T T T T T
0.0 0.1 0.2 0.3 0.4 0.5 0.0 0.1 0.2 0.3 0.4 0.5
X X

(a) Symmetric whenv=1,¢=0.1,r=1.7,A=0.6 (b) Asymmetric whenv=1,c¢=0.1,r=1.7,A=2.9



