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E-Companion

We would like to highlight a remark regarding notations before presenting the proofs. For the proofs in
Appendix, we will frequently adopt 2(0) as a shorthand for 2(0; D) when no manipulations on dataset D.
Always keep in mind that the hat symbol " reflects implicitly the dependence on the underlying dataset D.
We also adopt the same notation for the derivatives VL () and minimizers 6. But when analysis involves
manipulating dataset D, we will explicitly express such dependence. Additionally, £(8) is the shorthand
for population-level function £(8;P), and the same rules are applied to population-level derivatives V.L(6)
and minimizers *.

Figure EC.1 below is the dependence diagram of proofs.

Figure EC.1 dependence diagram of proofs.
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EC.1. Proofs for Section 3
EC.1.1. Proof of Lemma 5

Proof. * Gradients in part 1 of this Lemma can be easily calculated from function ¢y, (-).
* As for part 2, L-Lipschitz continuity is by noticing supy ,, , [|V41(6; 2, )|, = 7B.; B-smooth is by
noticing the supremum of maximal eigenvalue of Hessian matrix is sup., , Ama (V241 (6;2,9)) =
SUPg. y Amax (K (y — 0" ) - xx”) < KB2/h.
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* To prove part 3, we first note that because kernel function K is symmetric, the value ¢;,(u) admits

many equivalent formulations:

ch(u):;/::|u+hv|K(v) dv+(r—1/2)u (EC.1)
= ;/_Z |u—hv'| K(=v")dv' +(r —1/2)u (change variable v' := —v)
= ;/Z |u—hv'| K (V") dv' +(r—1/2)u (kernel K is symmetric)
:;/Z|u—hv|K(v)dv+(r—1/2)u. (EC.2)

Combining (EC.1) and (EC.2), we know

1/°° ]u+hv[+|u—hv|K

5 5 (v)dv+(r —1/2)u.

cn(u) =

To show ¢, (u) > c(u), it suffices to show ¢;,(u) — ¢(u) > 0. This is true, because

1 [ |lu+hv|+|u—hv u
ch(u)—c(u)—z/ | ’2| |K(v)dv—’2‘
_1/ ‘“Jrhv‘ﬂu_h”‘—yu\ K (v)dv (EC.3)
2] 2
>0,

where the last inequality is by convexity of the absolute function |-|. Moreover, by symmetry of |-|, the

integrand in (EC.3) is strictly positive only in the set {v € R: |v| > |u| /h}. Consequently,

1 u~+ ho|+|u— hv

h
< - / |v| K (v) dv (triangular ineq.)
2 Juifol2ful/h
h h
< Z/R\U\K(v)dv =: §m,

where the last two lines give upper bounds.

EC.1.2. Lemma EC.1 and Proof

While objective perturbation has been known for more than a decade, there is a technical bug in the original
proof that has only been discovered recently (Agarwal et al. 2023, Redberg et al. 2024). In short, the bug
appears at the top of page 25.21 in Kifer et al. (2012): “Note that I' is independent of the noise vector.” The
independence claim is not well justified, leading to a wrong dependence on d in their conclusion. We follow

the recent advancement to fix this bug for the private newsvendor problem.
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Lemma EC.1 (Objective Perturbation for the Newsvendor Problem). Let D = {(x1,v1),...,(Tn,yn)}
be a dataset. Assume that the convex loss function can be written as £1,(0;x;,y;) := cn(y; — (x;,0)) for a
known function ¢, (v) defined in (3). Let L1,(0; D) = Ly 0u(0; 2, y;) be aloss function at dataset D. Let
L :=7B, be the upper bound on ||V ¢, (0;x;,y;)||, and let B be an upper bound on the maximal eigenvalue
0f V20,,(6; x;,y:). Then 0 := argmin Ly,(6; D) + A 16, +b"8/nis (¢,6)-DP if

1. the noise vector b is sampled from a multivariate Gaussian N (0,021, 4) with variance o® > L?* -

(8In(1/0) +4e)/e?;

2. the regularization coefficient X > [3/(ne).

Proof. The proof follows the same proof idea for Theorem 2 in Kifer et al. (2012), with the technical
bug being fixed. We will point out the bug and fix it in due course.

Let A(D) := argmin, LOP(6;D) = L,,(6; D) + A 02+ b%e, and we are going to show, for any v and
D~D

b

Pry[A(D) =] <ef

Pr4 [A(D') = v] ,  w.p.atleast 1 —¢.

By first-order condition, we know that for any given D, if the algorithm’s output is .A(D), then the noise
drawn must be b(A(D); D) = —nV L, (A(D); D) — 2nAA(D). Changing variables according to the func-
tion inverse theorem A35 in Billingsley (2017), we can represent the output A(D) as a function of b in a
probabilistic way; that is Pry [[A(D) = v| = pdf (b(v; D)) - |det(Vb(v; D))| for any possible output v. Here,
on the right-hand-side, pdf (b(-; D)) is the pdf of noise b, Vb is a function of v, and det(-) is the determinant
of a given matrix. Therefore, when the output is A(D) = v, we must have

PI’A [A(D)
PI’_A [A(D/)

v] _ pdf(b(A(D); D)) |det(Vb(A(D); D))|
v]  pdf (b(A(D);D")) |det(Vb(A(D); D))|’

Y. (EC.4)

Without loss of generality, we assume D’ has one more entry (x,,,y,) than D. We need to upper bound the
two ratios on the r.h.s. of (EC.4).
We first check the ratio between the two pdfs, b(A(D); D) and b(A(D);D’). There is a clear relationship

between the two random variables:

b(A(D); D) =b(A(D); D) + VL (A(D); T, yn) -

=:A(A(D))

Remember that, the noise b(A(D); D) ~ N (0,02I), and therefore, b(A(D); D) ~ N(A(A(D)),o*I).
Their likelihood ratio thus becomes

pfADYD) o (L IBAD): D)} /o?)
pdfBADID))  exp (3 [(A(D): D) — AAD) [ /o?)

exp

(
—exp (|- GADEDLAUD)) + IAUDNE /07). ECH
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Through the analysis, we know b(.A(D); D) and A(.A(D)) are not independent, whereas Kifer et al. (2012)
claims they are independent, which is incorrect. Since ¢}, can be written as a linear function ¢ with bounded

derivatives, the norm of A(A(D)) is bounded:
IACAD)) I, = [l - ¢, (yn — (A(D), )], 7By = L. (EC.6)
The inequality in (EC.6) is because ¢, (+) is bounded by 7. Moreover, by b(A(D); D) ~ N (0,0%1),

(b(A(D); D), A(A(D))) = (b(A(D); D), @, - ¢ (y — (A(D), z,.)))
= (b(A(D); D), ) - ¢}, (yn — (A(D); )
~ N(O, ||l 02) - ¢, (yn — (A(D); ). (EC.7)

Since ¢}, (+) < 7, it is immediate to conclude that the Gaussian random variable in (EC.7) has a lower variance
than N (0,72B20?) =: N'(0, L?0%). Let us denote the relationship that B’s variance is higher than A by
A'< B. Then, (EC.7) implies

(b(A(D); D), A(A(D))) < N(0, L%). (EC.8)

Note that, with linear models, the reasoning for (EC.7) (EC.8) bypasses dependence issues in Kifer et al.
(2012). Plugging (EC.6) and (EC.8) back into (EC.5), we get

pdf(b(.A(D);'D)) var 2 2 2 2
n (P DrD) = NV OL0) 1) o

It remains to find a sufficiently large o so that [N'(0, L?0?) + L?/2] /o> < £

By Gaussian random variable’s tail bound Pr [J\/ (0,1%) > y/2In(1/ 5)} < 4, it suffices to have £ — £> >

2Lo 2Lo —
L- 2In(1/6 2In(1/0)+e
\/2In(1/9). Solving for o, we get o > (vema/ )t\/ (/o)) . In other words, any o greater than the

stated value is sufficient for (¢, 0)-DP guarantee. We thus choose a slightly larger value:

L (2 21n(1/(5)+£) L /Sn(i/5) 4z

9 9

with probability at least 1 — 4.

g =

_ L?(8In(1/5)+4e)
-0 2

Therefore, setting o2 can ensure

pdf (b(v; D)) < el
pdf (b(v; D)) =

We then come to control the ratio between two determinants. The matrix Vb(A(D); D) and Vb(A(D); D’)

with prob. at least 1 — 6. (EC.9)

have a similar relationship:

Vb(A(D); D) = Vb(A(D); D) + V), (A(D); T, yn) -

-/

=F
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For a given d-by-d symmetric matrix X, let p;(X) > p2(X) > -+ > pa(X) be the eigenvalues of X. Spe-
cially, let p; > ps > -+ > pa > 0 be the eigenvalues of nV2L,(A(D); D), and let p, > 0 be the maximal

eigenvalue of F since E is at most rank 1. Then, the ratio between determinants can be evaluated as:

|det(Vb(A(D); D))| )det(—nVQEh(A(D); D) —2n\I — E)‘
|det(Vb(A(D); D))|

(—nV2L,(A(D); D) — 2n)\I)‘

)nl piln VQE,L(A(D);D)+2n)\I+E)‘

1%, pi(nV2L, (A(D); D) +2nu)(

< (p1+2nA+ p)) TIL, (pi +2n))
B I, (pi +2nA)
/

P1
2n\’

=1+

The inequality is due to Weyl’s theorems on eigenvalues for Hermitian matrices, which can be applied here
because all involved matrices are positive semi-definite. Since ¢, is S-smooth, the eigenvalue p} should
satisfy p} < B. To require

oy B s (EC.10)

1
+2 )\_ 2n)\_

it suffices to have \ > n%. Therefore, we have

det(VB(AD) D)) _ &
|det(Vb(A(D); D)) se (EC.11)

Plugging (EC.9) and (EC.11) into (EC.4), we finally obtain that

Pr, [A(D) = v] .
<e h _atleast 1 —
Pra [A(D) =v] — e, with prob. at least 1 — ¢,

ifUQZWand)\zn%.

EC.1.3. Proof of Theorem 1

Proof of Theorem I  According to Lemma EC.1, the minimizer §,?P of Objective Perturbation satisfies
(€,0)-DP, because (i) noise vector b is sampled from a multivariate Gaussian N (0,021, 4) with variance
0% > (81n(1/8) + 4e)/e?; and (ii) the regularization coefficient A > 3/(ne). By Post-Processing Lemma 4,
the final order quantity <0h ,a:n+1> is therefore (e, d)-DP

O

EC.1.4. Proof of Theorem 2

Table EC.1 below summarizes notations we are going to use for this proof.
Before proving Theorem 2, we first introduce the concept of Uniform Stability, and a related Lemma,

which will help with our analysis.
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Table EC.1 Notations for Objective Perturbation

Type Description Abbr. Functions Minimizers
. ERM L) L By o
Empirica Regularized ERM £4(6) LN U0, y:) + A H9H§ 6"
Private regularized ERM  £°F(0) % S O y) + A ||9H§ + bTTe 6°"
g ERM Lh(0) LS 04(0;m,y:) 6,
Smoothe Regularized ERM L7 (0) Ly (8, ys) + A H0||2 6,
Private regularized ERM ~ £OP(9) L LS (O, y) + N0+ 20 69P
: Risk minimization L(0) E (e, y)~p [£(0;2,y)] 0"
Stochastic Smoothed RM L,(0) E(w,Z)~]P’ [h(0;,y)] 0;,

Definition EC.1 (7-Uniform Stability). 4 randomized algorithm A : X™ x Y — R? is said to be T-uniform
stable with respect to function £ : R x X x ) — R if for any pair of neighboring datasets D ~ D’ that differ

in one data point only, we have
supE [((A(D);z,y) — L(A(D);,y)| <7
x,y

Lemma EC.2 (Uniform Stability Lemma). (Bousquet and Elisseeff 2002) Let A: X" x Y" — R? be a
T-uniform stable algorithm w.r.t. loss function £ : R% x X x ) — R. Let P be a distribution over X x ), and

D ~P" be samples i.i.d. drawn from P. Then, we have
Epen.a [L(A(D)) - £(AD))] <7

Proof of Theorem 2. We analyze the algorithm’s performance without projection, which gives a looser
upper bound. In the following analysis, we notationally suppress the dependencies on D and b unless explic-

itly manipulating them. Recall that the regret can be decomposed as
R(OP;P) = Ep,op | L(O5F) ~ L(BY7)| +En.op | La(OFF) — L(6")] +[£4(67) ~ L(67)].  (EC.12)

Thus, we can separately analyze the above three terms.
1) (Uniform Stability) We follow the standard stability analysis for strongly convex loss functions. For
any D and b, suppose that there is a dataset D’ that differs from D in only one data point (x’,y’), then

oP(D) - 65" (D) <£0P<H°P<D> D) - LY (657 (D), D)

— EOP(HOP( ) ) EOP(QOP(D) D)
N (897 (D), y) — £ (BF(D); 2, y)

n

N ((07°(D); ', y') — £,(67°(D'); ', y/)
n

2L-||8g* (D) - 69" (D)

< 2, (EC.13)
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The first inequality is due to strong convexity of [,ASP. The last inequality is due to the fact that égp (D)
is the minimizer to ming ESP(G; D'), and the fact that ¢;, is L-Lipschitz continuous. The inequality
(EC.13) implies that two OP minimizers trained on neighboring datasets are close to each other, i.e.,
H@?P(D) —6°P(D) , < 2L YD ~ D', b. Recall that function ¢(-) is L-Lipschitz continuous in 6,

thus
~, —~ ~ 2L2
(07" (D)) — £(6,"( D)~ 6°(D)| <~ VD~D'b. (EC.14)
Applying uniform stability Lemma EC.2, we get
~ ~ 217
Eop |L(OF7)— £(657)] < . (EC.15)
n

2) (Shrinking ERM) We now fix a dataset D and a noise vector b, and come to bound L, (é\,?") — Ly (6%).

By strong convexity of £OP and Cauchy’s inequality, we have

% _ poP POP (¥ ~OP ( nOP Pt P (nOP bTéﬁi bTé}?P | _OSPHQ
N0 - 827 | < 29787 — 227 (B57) = £1(8)) — £4(8) + 2t - 2 < LS
which gives ||@% — §°P < Il By relationships amon minimizers, we further notice that

g h h - by p g
2
~ ~ 2 ~
C(@2) - L) = | £1027) - [ | - [0 - 3107 ]
2
—~ o~ o~ —~ 2
<236~ L0+ (10713 - 627
< [21.87)| - [Zh@n)] +Ale°13
o bTHOP R bTo* .
— | zoragr) - 0T | ey - 0 e
[ bTHOP SN bTO* .
< | 2raen) - 0T - aoraee) - 0 e
S A
< + (67
15115
<2467, (EC.16)

— n3A

where the first inequality is from é\}j is the minimizer to [Z‘;‘L, the second inequality is by dropping a

2 .
; the third inequality is by replacing 6}, in the second bracket with minimizer
2

negative term —\ Hé\gp

é\gp. The reasoning here holds for any D and b, and therefore taking expectation over D and b yields

~ ~ ~ s | I[Bl5 do?
Epor [£4(85°) — £,(07)] < ?[M} MOE< B gCa)

3) (Convolution approximation error) We first notice that the population-level approximation error is
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L,(0%)—L(0") =E 4 y)p [ch (y 0" x ) —c (y 0"z )]
Ep [Eer(a) [cn(0* Tz + € (x) — 0" @) — (0" @+ € (x) — 0" x)]]
Ee [Ees() [cn(8 @+ €* () — (6 @ + € (x))]] (let § :=6* — %)
Eo [Eet (@) [gn(0 @+ €*(x))] ] . (by definition of g, (+))
From the proof of part 3 of Lemma 5, we know that function g;,(u) can be upper bounded as:

gn(u) < h/ vK(v)dv, YueR.
[ul/h

Therefore, the population-level convolution approximation error can be upper bounded as, Va € X,

E e (x) [gh(é :]3+€ <h/ / dUdF6*|m( )
STw+u‘/h
—5T$+U}L
—h/ / V) dF 5 (u) dv (by Fubini’s Theorem)
§Tax—vh

_h/o VK (V) (Ferjo(—0 @ +vh) — Forjy(—6 @ — vh)) dv.

Since we assume €*(x)’s CDF F..|, is s-Lipschitz continuous, we have F.«,(—8'x + vh) —
Forj(—=8"x — vh) < svh. And therefore,

Ee o) [90(6 @ + € (x))] < h? -2 / K (v) dv
0
:h%/ > K(v)dv=:h*-M, Yh>0,

where M := sk, is a constant that depends on the Lipschitz parameter of F.+|, and kernel function
K (-). Since the upper bound h? - M holds for any x € X, the overall convolution approximation error
L, (0*) — L£(6*) is upper bounded as

L,(07) — L(6") =Ey [Ecr(a) [90(8 '@+ €*(2))]] <E, [W*M] =h"M. (EC.18)
Lastly, combining the three parts together and plugging (EC.15), (EC.17), and (EC.18) into (EC.12), we get

2L d
R(OP;P) < —+L+>\B§+h2M. (EC.19)

n 2\
Set)\:Biew/£+d" andh—K = we get

R(OP;P) < 2B,

2 do? | K*BIMB;
2 2[2ne?24do2e?’
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To ensure the first term on the r.h.s. dominates the second term, it suffices to have 2By 2L2 4 do? >

n ’I’L2
K2BiMB3 . . . . Kk By 1
sIznerra.5-2- A sufficient condition to make it true is € > s\ B T Consequently,

212 do?
R(OP;P) <4B,(/ ==~ + =
n n

= 4BQer\/2 L d(8In(1/0) +4e)

n n2e?

2 16dIn(1/9
§4B9B$T\/+n(/) (since § < e™%/% & 4e < 81In(1/9)).
n n2e?
The desired Theorem then follows by noticing that the above analysis can be applied to any distribution P
that satisfies stated assumptions.
O]

EC.1.5. Proof of Theorem 3

Lemma EC.3 (Advanced Composition). (Dwork et al. 2010) For all €,6,0" > 0, the class of (¢,6)-DP

mechanisms satisfies (€1/2k1n (1/8") + ke(e® — 1), kS + &")-DP under k-fold adaptive composition.
Proof. We start by using Gaussian Mechanism (Lemma 1) and Advanced Composition Lemma (Lemma

EC.3) to derive a variance that nearly has the same magnitude as stated. We notice that, for any 8 € R?, the

Global Sensitivity of the empirical gradient function th is

GS = sup ||VL,(6,D)—VL,(6,D)

D~D’

2 2L
< —sup [|[V4,(0;2,y) |, < —. (EC.20)
27 N gy n

Therefore, by Gaussian Mechanism (Dwork and Roth 2014, Theorem A.1), when the variance of injected

2L%1n(1.25/680)
2.2

noise is 0% = , it ensures (g9, 0g)-DP for each iteration. By Advanced Composition Lemma

(Lemma EC.3), to ensure an adaptive algorithm with 7' iterations to be (£,9)-DP, it suffices to set

= and &g = % Substituting these values into the expression of o2, we obtain o2 =

f0 = S aTm@e)

2 5 . . . .. . .
GATL"In(257/5)n(2/3) ' The derived variance o2 nearly matches the magnitude of that of injected noise in

n<e

Algorithm GP, but the constant and logarithmic terms show room for improvement.
To get rid of the dependence on InT" and further reduce the constant from 64 to 8, we can utilize Moments

Accountant method (Abadi et al. 2016) or Rényi differential privacy (Mironov 2017) to track privacy loss

2GS2T'In (1/5)
62

more carefully, see for example Theorem 1 in Abadi et al. (2016), where they show that 0% =
is sufficient for (e, §)-DP. Substituting GS with 2£ gives the statement.

The recent advancements in privacy accounting techniques found that both Advanced Composition and
Moments Accountant are informationally lossy for compositions of Gaussian Mechanisms, meaning that
o suggested by them is unnecessarily large. Composition Lemma by Gaussian DP (Lemma 2) tightens the

accounting and gives the smallest o(¢,0) := inf{o > 0:d(0,e) <} with §(0,e) =P (—ﬁ \/ics) =




e-companion to Chen and Chua: The Differentially Private Newsvendor ecll

e d <—ﬁ — ‘/ZGS) To see the improvement, we draw o versus ¢ under various o in Figure EC.2. Evi-

dently, the noise given by Gaussian-DP is much less than that by moments accountant. For details of Gaus-
sian DP and broadly f-DP, interested readers are encouraged to refer to Dong et al. (2022). Nevertheless,
because the value of o(g,d) by Composition Lemma through Gaussian-DP does not admit a closed-form
expression, we will stick to the closed-form variance given by moments accountant. Having a closed-form
expression allows us to establish a clear understanding of the relationship between the price of privacy and

the parameters (¢, 9).

Figure EC.2  Noise level suggested by different accounting techniques for (e, §)-DP. § takes values as indicated in the subplots’

title. T is set to be equal to n?. For all curves, the lower the better.

0=0.005 §=0.01 0=0.05
3
3 3 10 4
10" § — 1077 — —
\ by momer.1ts accountant \ by momer.ns accountant \ by momelj]ts accountant
by Gaussian DP by Gaussian DP by Gaussian DP
2
= 10° = 10’ <0
[ [ [
1
101 10' 10
107 107" 10 107 107" 10 107 107" 10

EC.1.6. Proof of Theorem 4

Proof.  We analyze the algorithm’s performance without projection, which gives a looser upper bound.
We follow uniform stability and shrinking ERM framework to complete our proof. The regret can be decom-

posed into two parts by injecting the term E(@fp):
R(GP:P) =Ecp p | L(B5F) ~ L(BS7)| + Ece p [L(B7) ~ £(67)] . (EC21)

where the expectation Egp [-] means taking expectation over algorithm’s randomness, i.e., sampling noise
vectors {w; }1 ;.

When deriving the upper bound for the first term in (EC.21), for notation brevity, the superscribe 7 will
be omitted, and we use é\h’t and g;m to represent vectors in ¢-th iteration trained on neighboring datasets D
and D', respectively. Their different data point is indexed by k, and let D—%, D’~* denote datasets with n — 1
data points by removing k-th data point. So D~* and D’~* are identical. We first conjecture that, if step size

n <2/, then
2Int
S -

2 n

~ -
Heh,t - eh,t

. Vt=1,...,T. (EC.22)
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This conjecture can be proved by induction. When ¢ = 1, by the setting of initial points, obviously it is true.

Then suppose it is true for ¢-th iteration, it remains to check (¢ + 1)-th iteration. By the update rule,
| =11 (8 = (VLB D) + w)) — (80— (VLB D) +wi) |

~ n—1) _~ ~ ~ n—1_~ ,
SH(Gh,t—U( n )v£h<0h,t;p_k)>_(0h,t_nnVEh(Hh,t;D k))

~ -~
0h,t+1 - 0h7t+1

2
+ g HVéh(é\h.ﬁ T, Yr) — Vgh(@b,ﬁm;my;g)

.
Then, the first term can be upper bounded by the non-expansiveness property of gradient update rule from
Lemma 3.6 in Hardt et al. (2016):

0, n—1 ) o n—1_+ 0 /—
\ (810" 292D - (G- n™ VL@ )

n
and the second term can be wupper bounded by Lipschiz continuity arguments, i.e.,
veh(é\h,t; T, Yr) — Vﬁh(é\;uﬁ x5, Yy

7

o
<|6.. -8,
2

n
n

‘ < QLT” Consequently,
2

~

" , oLy _ 2Ln(t+1
Heh,t+1 =0}, + i < ! )

2 n n

o
<o,

Therefore, our conjecture (EC.22) is correct. With this result, we are able to establish uniform stability:

T T
~ ~ 1 ~ L—2Lnt L*n(1+T)
. 7 7 _
f(@h,az,y)—f(eh,w,y)gL- th_; (Oh,t_gh,t> 2§th_1: n_ n ) \v/may
Hence, by uniform stability Lemma EC.2, we have
~ A L’n(14+T
Epom op [£(05°) - £(65%)] < Z1UHT)) (EC.23)
n

It remains to control the second term in (EC.21). Let us fix a dataset D. By the relationship in Lemma 5

part 3 and convexity of £, (), we can show that

~ ~ (1 &4 N 1
Ece |L(05) ~ £(6")| <Ecp | Li (T.Zegf;)_ch(a*) + 5hri
t=1
1 e ~ (pGP ~ * 1
ST EGP Z(Lh(ﬁhyt)—ﬁhw )) +§h1€1
L t=1
1 < OGP * G 1
ST ]EGP Z<0ht—0 ,Vﬁh(eht)> +§h:‘€1
Lt=1
1 = nGP * ~ (pGP 1
:T.EGP Z<0h’t—0 ,Vﬁh(ehyt)+wt> +5hl€1
L t=1
1 1ol ns~jo 7 (a 2] 1
<Z.E 21 H L, (65" h
=7 GP_ 2n +2§Vh( h7t)+wt2 +2 K1,
1 16715 . % N v 1
2
< T ‘Ecp o 2+ QZ HVE;L(GSFZ) + ﬁZEGP [Ilwtllg} +§h/€1,
L t=1 t=1
o> nL? ndo® 1
N6y | nl”  mdo® L, (EC.24)
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where the second and third lines are due to convexity of Eh; the fourth line comes from the fact that w,
is drawn from a zero-mean Gaussian distribution and is independent of 522; the fifth line follows from a
classic gradient descent analysis (Shalev-Shwartz and Ben-David 2014, Lemma 14.1) and from the gradient
descent update rule in our algorithm; the sixth line comes again from the zero-mean w; being independent;
the last line is due to L-Lipschitz continuity of EAh and the fact that H ot Hi is a x? random variable with
d-degree.

Thus, plugging (EC.23) and (EC.24) into (EC.21), and then letting h = nK B2 (which ensures n3 = 1,

and the prerequisite for our conjecture (EC.22) is thus met), we obtain

R(GP;P) <

L*(1+T)y  |16*];  nL®  ndo®  nKB?
(; ) N8lly  nL?  ndo®  nKBis (EC.25)

2Ty ' 2 2 2

It is safe to replace HG*H; with its upper bound Bj. Then minimizing the r.h.s over 7, we know that we

B3 (L2(1+T)

KI?B‘%

should use n = + %2 + % + -5 ), and replace T with n?. Plugging these values and

2T n
stated ¢ into (EC.25), we obtain

sup R(GP;P) < By

2.2 2
PEP(X X)) n n-e n

202 8dL2In(1/8) L2 KB?2 2]2
\/+ 1/9) , LK 20

4 In(1 1 K/72?
gB(,er\/+8dn( [0) | L+mK/T (by L= B,7)

n2g? n2

n
/ In(1 1 K /72
n n2e 4

B 1 dln (1/6)

_O<\/ﬁ+ ne >’

which completes the proof (The sup is by noticing that the above analysis applies to any distribution P).
O

EC.1.7. Proof of Theorem 5

Proof.  Our stochastic gradient perturbation is a variant of Algorithm 1 in Bassily et al. (2014) by remov-
ing a multiplicative factor n in their update rule. Therefore, the variance of the injected noise in our algorithm
is 1/n?-times theirs and can still guarantee (e, )-DP.

O]

EC.1.8. Proof of Theorem 6

We analyze the algorithm’s performance without projection, which gives a looser upper bound.
Proof.  The proof follows exactly the same idea as the proof of Theorem 4. Therefore, we omit some

details here and only highlight the key steps. We first decompose the regret into two parts,

R(SGP;P) = Escp,p [L(B5F) — L) | + Esce p [L(B3F) — £(67)] (EC.26)
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where the expectation Esgp [-] means taking expectation over algorithm’s randomness. Note that there are
two types of randomness, one randomness comes from sampling record (x(,), y(:)) for evaluating gradients,
and another randomness is from sampling noise vector w;.

First, we bound the first term in (EC.26) by using the uniform stability Lemma EC.2. Because of L-

Lipschitz continuity of ¢, we have

Esp [((65° (D); 2, y) — LB (D)) | < LB [|05°(D) - 57 (D)

}, Va,y,D~TD.
2

Therefore, it suffices to control the expected deviation between the returned vectors trained on two neigh-

t SGP

boring datasets. For notation brevity, the superscrip and the dependence on D are omitted throughout

this proof, and we use é\h)t and 5;” to represent vectors in ¢-th iteration trained on D and D’, respectively.

Firstly, we conjecture that, when step size n < 2/, we have

L 2Lt
ESGP[eh’t—egt }gi, Ve=1,...,n% (EC.27)
2 n

This can be proved by induction. When ¢ = 1, by the setting of initial points BA;LJ = 52’1 =0, obviously it is
true. Then suppose that (EC.27) is true for ¢-th iteration, it remains to check (¢ + 1)-th iteration. Let us fix a

sequence of noise vector {w, }/_,, then,

y H <§h7t - n(V&L(é\W; T(1),Yry) + wt)) - <§;Lt - U(V&L(éﬁm w@pyét)) + wt)> H2

=[|(8nc = VuOniz ) = (8o —n- V(8 sl vt )|| - EC28)

~ ~,
)‘0}L7t+1 - 0h,t+1

Note that because (1), y(:)) and (z{,, y(;)) are uniformly drawn from D and 7', it implies that, with prob-
ability 1/n, (@), yw) # (ac’(t),yzt)); ind wi/t\h probability 1 — 1/n, (xu),yw) = (m’(t),yzt)). When drawn
0106,

points are not the same, (EC.28) < + 2nL by triangular inequality. When drawn points are

~ ~
Oh,t - ah,t

3.6). Consequently, taking expectation over the randomness of the algorithm, we have

the same, the gradient update rule is 1-expansive, i.e., (EC.28) < )

(Hardt et al. 2016, Lemma
2

~ N 1 ~ ~ 1 ~ ~
Esce [[Oer =B ] < (1 - n) Bsce [[0ns — 8| |+ Bsce [0~ 8| +20L]
~ ~ 2nL
< Escp [Hah,t - B;m } + ==
2 n
_ 20L(+1)
n

Therefore, by induction, our conjecture (EC.27) is true. Recall that final output (9\;1 = %Zthl §h7t is the

averaged vector over all iterations; thus,

1
<> Esce |
2] - T Z SGP
t=1
By uniform stability Lemma EC.2, the above inequality implies:

(14+T)nL?

n

6,0, 0,,-0,.| | <=

T n n
t=1

T

1 2nLt  (1+T)nL
b B
sp =T

Escp.p [ﬁ@’f”) — EA@‘ZGP)] < (EC.29)
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Then, we come to bound the second term in (EC.26). By convexity of Eh(-), when we fix algorithm’s
sampling noise randomness SGP*" and sampling record randomness SGP*", following the first three lines
for (EC.24), we can show that

T
LO) ~L(0) < = > [(855 — 0" VLu(B:T) )| + 5. (EC.30)
t=1
Since record (x ;) , (1)) is uniformly sampled over D and independent across iterations, the expected gradient

over sampling record (sr) randomness is unbiased, i.e., the relationship Eggps- [Véh(ah T y(,))]

VL, (GZ’GtP) ,Vt is true. Thus, substituting the relationship into (EC.30) gives

T

~ -~ 1
L(6;%") ~ £(8") < Escprr [T > (65 -0 VBT 2 m0))

t=1

1
—h
+2 K1
2
2

Since wy is a zero-mean Gaussian vector, taking expectation over {w;, }, on both sides removes the second

1

T
16*115 | n a5
< T Esgpsr [2772 + 5 ; th(oh?tpé w(t)vy(t)) + wy

T
1 45 .
— Esgpsr [T Z <0hip -6 7wt>

1
—hky.
+ 9 K1

term on the r.h.s. And following the same argument for (EC.24), we obtain that

~ = 0%||2 nL* ndo* 1
Esce | L(03°F) ~ £(07)] < 1671l = EC31
sep [L£(0,7) —L(67)] < 5Ty T2 5 ( )
Therefore, substituting (EC.29) and (EC.31) into (EC.26), and then plugging in h = results in
(L+T)nL? 6"l , nL*  ndo®  nrKB?
R(SGP;P) < . EC.32
(SGP;P) < n + 2T + 2 * 2 + 4 ( )
: «_  [1IBall3 (1+T L2 Lﬂ mK
Lastly, taking n —\/ / ( L2 + ) gives the desired upper bound:
L? 8dL2In(1/§) L2+k KB L
R(SGP,;P) < V2B L4 —
S (SGPy;P) < V2 e\/ e T ot
/72
< V2B,B.7 2 8dln(1/5)+1+m1K/7’
n n2e? 2n?
T /72
<+V2B,B,7 +M (Sincenzﬂ)

4

n2e?
B 1 dIn(1/4)
o[ 1 /amin)

where the sup operator is by noticing that the above analysis can be applied to any distributions.
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EC.1.9. Proof of Theorem 7

Proof.  The proofincludes four steps. In the first three steps, we find some lower bounds for the minimax
risk of an (g, d)-DP algorithm A : X" x V" — C, where C := B(By). These lower bounds finally lead to a
minimax risk of an (&', §’)-DP d-dimensional classification problem. The sample complexity of DP classifi-
cation problems for achieving a certain accuracy is well studied in DP literature, from which we can derive
the accuracy under a specific sample size. Consequently, the accuracy provides an overall lower bound.

1) Step 1: relax the feasible region of the inf problem & restrict the feasible region of the sup problem

We first lower bound the minimax risk by relaxing the feasible region of the inf problem. Note that,
in the minimax risk infa¢ Fes SUPpep (%)) R(A;P), the inf is taken over F. s, a set of mappings from
X" x Y™ toaEuclidean ball C = B(By) := {6 € R : ||0||, < By }. If we relax the output space from an
Euclidean ball C to a superset Co. := {0 € R?: ||0]| . < By} abox set with ||0]| _ :=max;_, 4|0l
the corresponding feasible set of mappings 3, which includes all DP mappings from X™ x Y™ to
Cwo, 18 therefore much larger. Thus, we get a lower bound by relaxing the feasible region of the inf
problem:

inf  sup R(A;P)> inf sup R(A;P). (EC.33)

AT 5 PEP(X XY) ACFZS PEP(X XY)

We further discover a lower bound by restricting the feasible region of the sup problem. Specifically,
we restrict P to a smaller set of probability measures Ps where S € X™ x V" is a n-samples dataset
with a specific structure, and P is a distribution generated from the given dataset S by assigning each

sample probability 1/n:
EC.33) > inf supR(A;Ps).
( )—Aelfé’% Spsp (A:Ps)

The inequality holds as S will be restricted to a specific structure to be elaborated later. As a result of
that, Ps is optimized over a more restrictive region, leading to a smaller objective value. Therefore,
the r.h.s of the above inequality is a lower bound.

The dataset S is constructed as follows: let context matrix X := {«;}? ; be an n x d matrix,

where x; € X = {*\% , %}d. Denote the average vector by Z = - >""  @;, and its sign vector by

sign(x) := (sign(z,),...,sign(z4)) € {—1,1}%. Then, the dataset S is constructed as
S=(By- Xsign(z), X).

By our construction, dataset S depends only on the context matrix X ; therefore, the supp, is actually
optimizing over X . We will use S(X) to indicate such dependency when necessary. We conclude this
step by writing down the lower bound explicitly for later reference:

inf  sup R(A;P)> inf supR(A;Ps)

1
AETes PeP(XXY) AEFTS Ps
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where R(A;Ps) is the excess generalization risk of A under distribution Pg.
2) Step 2: reduce excess generalization risk to excess empirical risk
We notice that, since Pg is an n-valued distribution generated from S, for any 6, the population
risk £(6;Ps) w.rt. Ps is equal to an empirical risk 2(0; S) w.r.t. S by definitions of £ and L ie.,

~

L(0;Ps) = L(0;S). Therefore, (EC.34) becomes

(EC.34)= inf sup {EA [EDNW [E(A(D);S)H — min 2(0;5)}. (EC.35)
AEFZS Pg S

0€Coo

The inner expectation in the first term is taken over D ~ P%; that is, we i.i.d. draw n samples with
replacement from a given S. Thus, we can treat “subsampling D from S, then run A(D)” as a new
algorithm B, which takes S as the input and outputs an estimator A(D). By a mild revision of notations

only, we have

0€Coxo

(EC.35) = inf sup {EB [Z(B(S);S)} — min 2(0;5)}. (EC.36)
B: subsampling, then run A, o

where A € FZ25

It would be helpful to check whether algorithm B is DP. Following the definition of
DP, we consider two neighboring dataset 7 := ((z1,v1),- .-, (Tk,Y), 5 (Tn,yn)) and T’ =
((x1,y1)s- - (s 91), -+ s (T, yn)) that differ in k-th sample only. Datasets 7 and 7" here do not
necessarily follow the specific structure in Step 1; instead, they are conceptual here for checking if B
is DP only. Let the set Z € {1,...,n}" be an index set with indices from i.i.d. sampling with replace-
ment, and let 7 (Z) be the resulting dataset with index set Z. Denote the number of different samples
between 7 (Z) and T'(Z) by A(Z) :=|T(Z)\T'(Z)|. As T and T" are neighboring and differ in k-th
sample only, the value A(Z) follows an n-trial Binomial distribution with success probability 1/n;

thus, it should be small with high probability. Specifically, we should have
Prz [A(Z) > z+ 1] =Pr[Binomial(n,1/n) > z+ 1] <exp (—2*/3), Vz>0,

where the inequality follows from multiplicative Chernoff upper tail bound. Equivalently, the above
implies that A(Z) > 3/In(1/7) + 1 := u with probability at most . Now, we are ready to check if B
is DP by definition: for any subset I/ of the output space of B(7), we have

Prg [B(T) € U] < Prgz [B(T) e U|A(Z) <u]-Prz [A(Z) <ul+~
=Praiz [A(T(Z)) eU|A(Z) <u]-Prz [A(Z) <u]+7
< (2@ =Pra7 [A(T'(T)) €UIA(T) < u] 4+ A(T)5e2P)) - Prz [A(T) < u] +

< e"Prgz [B(T") e U|A(T) < u|-Prz [A(T) <u] + (ude" +7)
<ePrg [B(T') eU] + 7,
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where the third line follows from the fact that A is (£, §)-DP and Group Privacy Lemma (Vadhan 2017,
Lemma 2.2). Therefore, the algorithm B is (¢, 0")-DP with £’ := ue and ¢’ := ude" +~. Moreover, we
notice that algorithm B is very restrictive in the sense that it must follow a “subsampling, then run A”
framework. If we remove the framework requirement and only require B € 7275 a set of (¢’,0")-DP
mappings from X" x Y" to C,, we will get a lower bound to (EC.36):

(EC.36) > inf sup {EB [Z(B(S);S)} — min

6eCxo

3(9;5)}

B € F 5,1 subsampling, then run A,
where A € F25

> inf sup {EB [Z(B(S);S)} — min

BeF°p T S 0cCoo

2(0;5)} . (EC.37)

3) step 3: convert excess empirical risk to DP binary classification error
Now, we start to analyze the excess empirical risk Eg {E(B(S );8)] — mingec., £(6;S) for any
given dataset S. Recall that the dataset S is constructed as (X - sign(Z) - By, X ) in Step 1. Hence,
the empirical minimizer is 6 := arg mingc_ L(6;8) = sign(T) - By € Coo, and the empirical risk
L£(6:S ) = 0. We therefore only need to focus our attention on Eg [E(B(S ;S )} . It is straightforward

to show

. [E(B(S) }

%Z Twmu—r>-<B<s>Twi—yi>+>]

|

>min{r,1 —r}Eg H (sign(z) - By — B(S))TEH . (by triangular inequality)

>min{r,1 —r}Eg [n Z ’(szgn(:f) By —B(S)) x;

By simple algebra, the absolute value in the expectation operator is

> Iz (8); - sign(T);)

Jj=1

|(sign(®) - By — =

d
Z ;] (By — B(S); - sign(&);) (Since |B(S);| < By)

%5 1 {sign(z); # sign(B(5);)} .

HM&

Putting the above analysis together, we further obtain a lower bound:

d

> 1751 1 {sign(z); # sign(B(S),)}

j=1

(EC.37) >min{r,1 —r}By- o 1nf sup Eg

/5/

=min{r,1 —r}By- . inf  sup Eg [Z |Z,;| 1 {sign(z), #sign(B(S(X))j)}]

EFF Y Xexn
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d
>min{r,1 —7r}By- inf sup Ec Z |Z,;| 1 {sign(z),; # C(X);}]|,
C:am - {1,134 X j=1
Cis (¢,8')-DP
(EC.38)

where the second line is due to the dependence between dataset S and feature matrix X that S does
not provide more information than X; the third line follows a similar idea to (EC.37), and C: X" —
{—1,1}¢ is a DP binary classifier. The expectation term in (EC.38) can be viewed as the worst-case
expected error of estimating the sign vector of the (column-wise) average vector of X when using a
DP binary classifier C.
4) step 4: bounding the classification error with sample complexity

To facilitate further analysis, we use Error(C, X) := Ec Z?Zl |Z;| 1 {sign(x®); # C(X),}| to
denote the expected error of a DP binary classification algorithm C for a given n X d matrix X . Denote
the smallest number of samples to achieve a certain minimax risk a > 0 as the sample complexity:

S(a,e,0) :=min{n: inf sup Error(C, X) <a}.

CeFe s.classifier C x c yn

By Proposition 1 and Lemma D.2 in Asi et al. (2021), for €, §’ defined in step 3, the sample complexity

satisfies

Vd
/ ! > .
S(a.€,07) 20 <a5’lnd

The lower bound on sample complexity implies a lower bound on the minimax risk:

sup Error(C,X)2(2< vd )zQ( vd )

in
CEF,s s classifier C x ¢ xn ne'Ind nelnd

Combining the preceding four steps, we obtain

inf  sup R(A;P)Z§<ﬁ>, (EC.39)

AT s PeP(X X Y) ne

where a logarithmic factor Ind in the denominator of r.h.s of (EC.39) is hidden. Moreover, since the oracle
complexity of stochastic convex optimization is Q(ﬁ), the minimax risk is therefore further lower bounded

by the maximum between oracle complexity and (EC.39):
~ 1 d
inf  sup R(A;P)>Q(max | —, £
AEF: 5 PEP(XXY) Vn' ne

~( 1 d
()

where the second line gives the desired bound.
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EC.1.10. Proposition EC.1 and Proof

Proposition EC.1 (Inconsistent Order Quantity by Output Perturbation). Consider a sampling case
DP-NV problem without features. Assume demand y ~ P € P([0,7]) where P has a CDF F supported on
[0, 7] with bounded § > 0. Let optimal order quantity be q* := infycg {y: F(y) >r}, and let non-private
data-driven order quantity be q := inf,cp{y : ﬁ(y) > r}. For any given (g,9), let g9 := g+ N(0,0?) with

proper o by Gaussian Mechanism 1. Then, there exists a strictly positive constant C' > 0 such that

Pr[

g% — q* >e|>C>0, Vee(0,max{¢".7—q"}),

where the probability is taken over Gaussian noise. In other words, q° is inconsistent.

Proof.  For given demand observations y := {y;}?_; and critical ratio r € (0,1), we first notice that
q := infyep {y L F(y) > r} = Y(tnr])» Where Y (rnp7) is the [nr]"-smallest value. As a result, the Global
Sensitivity of g is GSg = sup,,_, [q(y) — q(y')| = y. This is achievable by a pair of neighboring demand
samples with [nr] — 1 points at 0 and n — [nr] points at §, and differ only in the [nr]"-smallest point.
Whether the [nr| " _smallest point is at 0 or ¢ determines whether the order quantity is 0 or 3. Consequently,
by Gaussian Mechanism 1, there exists a valid o > \/21n(1.25/8) - /e such that g% := g+ N(0,0?) is
(€,0)-DP. Then for any given y and € € (0, max{q*,y — q*}), we have

=

PrH@g—

] Pr‘—I—/\/’OJ

r [+ N(0,07) q*ze]+Pr[?j+/\/’(0,a2)—q*§—e}

v

[
Pr|
Pr[O—H\/OJ —q* > €| +Pr[g+N(0,0%) —q" < —¢]
Pr[

H>q +e]+Pr[ (0,02)2§—|—e—q*], (EC.40)
where all probabilities are taken with respect to the algorithm’s randomness, i.e. the Gaussian noise. Since

the standard Gaussian z ~ N (0, 1?) admits a tail bound that Pr [z > ¢] > F i -e=*/2, Yt > 0, it naturally
leads to a lower bound for (EC.40):

1 tl —t2 2 t2 —t2 2
(EC.40)227r<t%+1-e i/ +ﬁ-e 22) >0,

with ¢, ;= (¢* +¢€)/oand ty:= (g +€—q*)/o.

EC.2. Omitted Materials for Sections 2 and 3

EC.2.1. Compare to the Concurrent Work Zhao et al. (2025)

Table EC.2, furnished with more details compared to Table 4 in the main text, summarizes the technical
setup of Zhao et al. (2025) and our work. Because their algorithm is a gradient-based algorithm, comparisons

here are mainly about gradient-based algorithms.
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Table EC.2 Comparison with the Concurrent Work Zhao et al. (2025)

Assumptions on Groundtruth Demand Model Privacy ~ Analysis Tool Perf. Metric
Structure Features Error Term
Ve
-CDF F_;(r)=0
=1 - pdf f.|o exists

Zhao et al. (2025) y = (0", x) + €(x) Gaussian-DP High-dim. stats.  Est. error

- &_1 SubGaussian - f|, Lipschitz cts.
Afu> 08t feo < fu
- more assumptions?

Generalization

This work  y = (0", x) + *(x) « bounded No assumptions (e,6)-DP  Convex opt. Risk

Note. Comparison of assumptions in this table is stated for gradient-based policies (Section 3.4), because the only algorithm
in Zhao et al. (2025) is gradient-based. The demand model in the concurrent work is stated with an (unknown) population-level
minimizer 8* := argming pa B, y)~p 7 (y — (0,2))* + (1 —7)((0,2) —y)T] and a so-called “observational error term” e(x) :=y —
(6%, x); so any assumptions imposed on their error term are unverifiable in practice. ¥More (unverifiable) assumptions: (i) 3f; >
0 such that infic(0,1],v:v)p=1 Bz [fs‘w(t (w,v))(w,v)z} > fi where w:=X""2g and ¥ :=E[zz"]; and (ii) 3f/ > 0 such that
influ <1 i fi’u fé‘m(v) dv > f]. Abbreviations: "“Perf. Metric”= performance metric; “Est.error”= estimation error; “High-dim. stats."=
high-dimensional statistics; “Convex opt."= convex optimization; “cts.”= continuous.

Demand model. Our model is the most natural and straightforward model y = (6*, x) + ¢*(x) without
assumptions except linearity and boundedness. In contrast, the demand model in Zhao et al. (2025) is rather
complicated: it is stated with the optimal population-level minimizer

0" :=argminE g y)p [ (y — (0,2))" + (1 —r)((8,2) —y)*],

9cRd

and a so-called “observational error term” e(x) := y — (6*, x). Please pay attention to 8* and 6*, they are dif-
ferent in general. Additionally, they imposed many restrictive assumptions on the observational error term,
which appear to create a backdoor to bypass the inherent hardness of the private newsvendor problem; we
will provide more details later when discussing convergence rates. Moreover, these assumptions are unver-
ifiable in practice, because one has to figure out the optimal 8* first. And only after that, the observational
error term can be properly defined. Lastly, these assumptions implicitly force demand y to be continuous at
least in some regions, which might conflict with business applications where demand is discrete and products
are indivisible. In contrast, we do NOT make any assumptions on the error term.

Convergence rates. We first repeat the convergence rates:

(ours) O %+T ; (theirs) O Tfﬁ+ﬁ

It is spurious that their rate has a better dependence on sample size n. But this is because of the technical

ne

1 dIn(1/6) fud 1 <d+lnn>2

assumptions they imposed on their demand model, rather than solely by a more involved analysis.
Assumptions made by Zhao et al. (2025), especially the two we restate in the note of Table 4, restrict
their observational error term e(x) to stay around the origin of loss functions with reasonable probability.

Because around the origin, the smoothed loss function locally behaves like a strongly convex function (see
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Figure 3a), they can employ strong convexity and get a faster convergence rate matching that of DP-SCO
under strongly convex functions. If their assumptions do not hold, i.e., f; = 0, then their convergence rate
becomes meaningless. Therefore, their convergence rates and upper bounds should be understood as bounds
for distributions in a smaller set satisfying their strong assumptions. To better support this statement, one fact
from our analysis of lower bounds is that the lower bound is achieved by a set of “discrete” distributions that
stay away from the origin. That means their assumptions rule out the distributions that inherently capture the
hardness of the private newsvendor, allowing them to break through the information-theoretical lower bound
(Theorem 7) on general nonsmooth DP-SCO for a faster rate. In summary, their faster rates are consequences
of assumptions imposed on the demand model, rather than the consequence of leveraging the structure of
the newsvendor problem as they claimed in their abstract.

Questionable optimality claim. The authors of Zhao et al. (2025) claim their parameter convergence
rate is optimal under their setting. However, their optimality claim is not supported with proper evidence
of a minimax lower bound. The minimax lower bound invoked by the authors is Theorem 4.1 in Cai et al.
(2021). But in fact Cai et al. (2021, Theorem 4.1) proves the minimax lower bound for a different linear
model: a model with a zero-mean independent Gaussian error term. Besides this obvious difference, there
are many other nuances that make invoking Cai et al. (2021, Theorem 4.1) improper. First, the zero-mean
Gaussian’s r-th quantile is not 0 (unless r = 1/2). But Zhao et al. (2025) assumes the r-th quantile of their
observational error term to be 0, see their assumption FJ; (r) = 0,Vx; thus zero-mean Gaussian is not a
valid “observational error term”. As a result, the invoked lower bound is not applicable. Second, the lower
bound in Cai et al. (2021, Theorem 4.1) is proved by tracing attack argument (now known as score attack
Cai et al. 2023), which heavily relies on the zero-mean nature and the independence of the Gaussian error
term, see the second paragraph in the proof of supporting technical Lemma 4.1 in Cai et al. (2021). It is
unclear immediately whether the analysis can still go through, if the error term is not zero-mean and not
independent. Third, other assumptions imposed on the observational error term by Zhao et al. (2025) further
obfuscate the connection with Cai et al. (2021), making it unclear whether zero-mean Gaussian satisfies
these assumptions. For these three reasons, invoking Cai et al. (2021) is improper, and there is a necessity to
formally prove a minimax lower bound under their setting. Unfortunately, the authors of Zhao et al. (2025)
did not provide any proof or make the connection with Cai et al. (2021) clear. They simply claimed optimality
and highlighted it as a main contribution. In contrast, we clearly noticed the discrepancy and thus provide a
formal proof of the lower bound; see Theorem 7.

Minor distinctions. Other minor distinctions are summarized below. (i) Practicability. Our algorithms
are implementable. In contrast, either their Algorithm 1 or update rule Eq.(7) requires information of X :=
E [scccT] or f; and f, to run with provably theoretical guarantees. (ii) Sample complexity. Our bounds of
gradient-based policies hold for n > 2, whereas bounds in Zhao et al. (2025) hold only for n > /T - %
(see Theorem 2 in their work), an incalculable value if no available information of the observational error

term. Again, if their assumptions do not hold, i.e., f; = 0, the sample complexity is meaningless.
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Contributions. Besides the above distinctions, our work has more contributions. (i) We propose two more
algorithms OP and SGP, where OP follows a completely different design philosophy and requires new ana-
lytics tools. (ii) We also fix a technical bug of privacy accounting that appears in the first paper on Objective
Perturbation (Kifer et al. 2012); see Lemma EC.1 in the Appendix for details. Building upon derived per-
formance bounds, (iii) we further examine the internal impact of DP in Section 4; and (iv) investigate its

external impact, i.e., supply chain implications, in Section 5.

EC.2.2. Comparison between Convolution Smoothing and Moreau Envelope

The problem considered in our work technically belongs to nonsmooth DP-SCO. In nonsmooth DP-SCO
literature, the most common smoothing technique is the (Standard) Moreau Envelope. Because we chose
convolution smoothing for the studied problem, we would like to give a comparison between convolution

and Moreau Envelope.

EC.2.2.1. Introduction to Moreau Envelope
Moreau Envelope is a smoothing technique that returns a smooth approximation function cye(u) of the
original nonsmooth cost function ¢ : R™ — R. The approximation function cye(u) is given by a minimiza-

tion problem,
1
(Moreau Envelope) cue(u) = 16%1;1{0(1:) + o l|lu — a:||§}, Vu € R™. (EC41)

Whenm =1and c¢(u) =ru™ + (1 —7)(—u)*, its Moreau approximation cye (u) has three pieces and admits

a closed-form expression:

(rfl)ufh%, ifu<(r—1)h;
v if (r—1)h<u<rh;

ru—hé, ifu>rh.

CME(U) =

The three pieces are plotted in Figure EC.3, compared to the newsvendor loss function in black. Formally,
the smoothed function cye by Moreau has many similar properties to that by convolution.
Lemma EC.4 (Properties of cyg, Beck and Teboulle (2012)). Let ¢ : R — R be the newsvendor loss
function, which is T = max{r, 1 — r}-Lipschitz continuous. Then its smoothed function by Moreau Envelope
cpe possesses following properties:

1. cueE is first- and second-order differentiable;

2. cme is convex, T-Lipschitz continuous, and 1/h-smooth;

3. The approximation error is

~max{r? (1-r)*}

—h <cme(u) —e(u) <0, VueR.

It is evident that these properties are analogous to properties of convolution in Lemma 5. Therefore, in

terms of approximation, Moreau and convolution are very similar.
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Figure EC.3 The smoothed function by Moreau has three pieces highlighted in orange, purple, and green. The black curve is

the newsvendor loss function.

0.6
0.4

0.2

-0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 038

-0.2;

-0.4

EC.2.2.2. Technical Challenges

However, there are many technical challenges brought about by Moreau.

1. First, the approximation error by Moreau is noticeably higher than that by convolution. Specifically,
the error by Moreau is linear in h, while the error by convolution might be faster than A, which depends
on the kernel function chosen. If the kernel function has a light tail with an exponential decay rate,
then the approximation error by convolution can be exponentially small. The poor approximation of
Moreau poses a significant challenge: gaining smoothness from Moreau is more costly than from
convolution. Recall that, we hope to gain smoothness to apply algorithmic stability lemma, and it is
natural to have smoothness at a lower price; otherwise, the approximation error may harm convergence
rates. While it may need further investigation to determine whether the linear rate error by Moreau
harms convergence rates, the exponentially small error by convolution is definitely preferred.

2. It is evident from Figure EC.3 that cye approximates from below. But recall that the newly developed
risk decomposition (7) heavily relies on the fact that convolution approximates from above. The fact
that Moreau approximates from below means the new decomposition is not directly applicable, and
all analyses developed in this work may not hold for algorithms using Moreau.

Given these two challenges here, more technical tools are deemed necessary to uncover the potential of
Moreau. As we have developed tools to take advantage of convolution, we would like to leave the exploration

of Moreau for future research.

EC.2.2.3. Generalized Moreau Envelope Does Not Help

The form of (EC.41) is typically known as the Standard Moreau Envelope. There is a more general-
ized Moreau Envelope that uses functions other than 1 ||- ||5. It is natural to wonder whether the previously
mentioned challenges can be addressed by the generalized Moreau Envelope. Unfortunately, the answer is

negative.
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We begin the discussion with an introduction to the Generalized Moreau Envelope. Let ¢ : R™ — R be a
(B-smooth function satisfying some regularity conditions (Condition 1).
Condition 1. The smooth function ¢ : R™ — R should satisfy following conditions:
1. function ¢ is continuously differentiable, strictly convex, and B-smooth;
2. its Fenchel conjugate function ¢*(Y) := SUP,,c jom 1 (Y, u) — ¢(u)} exists, and the domain of ¢* is a
superset of subgradients of g, i.e., dom ¢* O UgexOc(x).
There are many choices of function ¢ as listed in Table EC.3. For any ¢, let ¢, (-) := ho(-/h). Then, the

Table EC.3 Eligible Functions ¢(-) for (Generalized) Moreau Envelope

Functions| ¢(x) dom ¢ Smoothness’| ¢*(y) dom ¢* Convexity'
Energy* | |2/ R 1 Syl R 1
tynom | & ) R f Tl R 3

Blell;/2, Jell, <1, a 1yl 1
Fuber { B Hw\lz - B/2, otherwise. R p 25 1Yl B(#) B
Hellinger | 81/1+ ||z R¢ B *\/52*”9”3 B(B) %

T with respect to lz-norm [|-||,; ¥ p,¢>0s.t.1/p+1/g=1;
approximation function by generalized Moreau Envelope cgme () is formally defined as
come(u) = inf {c(@)+dn(u—x)}, YuecR™ (EC.42)
@x m

Similarly, cgme has many desired properties.
Lemma EC.5 (Properties of cgme, Beck and Teboulle 2012). Let ¢ : R™ — R be a closed, proper, convex,
and L-Lipschitz continuous function (w.rt. ||-||,), and let ¢ : R™ — R be a [-smooth function satisfying
Condition 1. Then the Generalized Moreau Envelope cgne possesses following properties:

1. Veome(u) = Vo (u —x*(u)), where x*(u) is the minimizer to the r.h.s problem of Eq.(EC.42);

2. ceume is convex, L-Lipschitz, and (3 /h)-smooth, w.r.t. ||-

¥
3. Let ¢* : R™ — R be the Fenchel conjugate of ¢, and let ¢* := SUP,cp(1) ¢*(y) be its uniform upper

bound. Then, the approximation error is
—h¢* < ceme(u) — c(u) < he(0).

It is evident that the lemma here is an analogue to Lemmas 5 and EC.4. However, technical challenges
brought about by Moreau are still there:

1. the approximation error is linear in h;

2. it is unclear immediately if Moreau can approximate from above.

Fortunately, the second issue can be resolved by choosing the Hellinger function as ¢. If so, Table EC.3
suggests ¢(0) = 3 and ¢* = 0, implying that Moreau Envelope now indeed approximates from above. But

the approximation quality is much lower than convolution, see Figure EC.4. Therefore, while generalized
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Moreau can approximate from above, the approximation quality is still lower than convolution. Because of

these observations, we prefer convolution over Moreau.

Figure EC4  Comparison between Convolution and Moreau. The ¢ function for Moreau is Hellinger.

r=0.2 r=0.5
1.5 1.5
1.0 1.0
0.5 0.54
0.0 0.01 i i ’ i i

(5) == comel®) (h=0.5) === exp(e) (h=0.5)

EC.2.3. Extend OP to Other Nonsmooth Loss Functions

Extending OP to other nonsmooth functions is beyond the scope of our study. But for readers who are
interested in the advantages of convolution in more general cases, we provide some preliminary results here.
Let z := (x,y) ~ PP be the data point, where € R? is the feature vector, and y € R is the label. We

consider a nonsmooth loss function that follows the form
0(6;2) == |A(2)0]|, + f(279),

where A : R'*? — R™ and f : R — R are known mappings; in additional, assume f is smooth in its argu-
ment, and thus the nonsmoothness issue purely comes from ||-||,. This form covers many interesting cases;
specially, it admits the newsvendor loss function as a special case. Below are some examples:
1. the newsvendor loss function. To see this, we can let @ = (1,0_;), f : z — z/2, and A(z) :=
(y.—) /2.
2. ReLU activation function max{0,u} = (Ju| +w)/2. It admits a reformulation with A(z):= 2" /2 and
f(u) :=u/2, where u is the residual derived from z 6.
3. 7-soft-thresholding (ju| — 7)* = EZJ::%;
The considered nonsmooth structure contains a symmetric term || ||, . Therefore, we can apply convolution

—T.
1

to this part. Denote uw := A(z)6, we obtain a smooth approximation:
cp(u) = / c(u+hv)K(v)dv.
vER™

It can be found that c;,(-) has similar properties to that in Lemma 5.
113
Lemma EC.6 (Properties of ¢,). Let K(v) =e 2" /(v/21)™ be the high-dimensional Gaussian kernel.

Then, the approximation function c;, has the following properties:
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1. ¢y, is convex, \/m-Lipschitz and \/m/h

2. cn(u) =l + 7, (/27mesp (3 ) 2wl (-11))
Proof of Lemma EC.6. The first property is from Duchi et al. (2012). The second property is by direct

calculation:

u) = + K II 1 v?
vER™ Um ’U1 T
Uu 2 |u|
” H1 <hﬁwexp< 2h2> _2]uj|q><_hﬂ )

Immediately, we can upper bound the approximation gap as

en(u) —c(u Z(h\/%eXp (—W> —2|u]|<1><—|12j|>>

j=1

<\2/m- hZexp( 2h2> Yu € R™.

The approximation gap is again exponentially small. We thus expect the analysis of newsvendor loss func-
tions can be generalized to other nonsmooth functions with a term ||-||,. Nevertheless, there is an additional
factor of m, and the Lipschitz continuity and smoothness parameters are now also contingent on m. Further
investigation is needed to determine whether the dimension dependency affects convergence rates. We leave

this interesting question for exploration in the future.

EC.2.4. Extend OP to Newsvendor Problems with a (restricted) Discrete Demand Model

In Theorem 2 (performance of OP), we assume the error term to be Lipschitz continuous. However, this
assumption may (or may not) implicitly imply a continuous demand model. Here, we consider a restricted
discrete demand model and show that OP still works under mild assumptions.
For technical reasons, in addition to Assumption 1, we impose more assumptions on the demand model.
Assumption EC.1 ((Restricted) Discrete Demand Model). We assume
1. (Exogeneity) the error term €* is exogenous;
2. (Intercept) the first element of feature vector is x1 = 1;
F=

3. (Local Behavior) there exists a threshold T > 0 such that Pr [ * S )‘ < t] <exp(—1/t?),Vt <

7. The CDF of €* is continuous at its r-th quantile.

The first two assumptions are common in the literature, and are without loss of generality. The third
assumption is mild, because it only imposes restrictions on €*’s local behavior around its r-th quantile
F>'(r). Outside the T-neighborhood of F5'(r), €* is not required to follow any assumptions. Therefore,
under this new assumption, €* can be discrete outside the local region; thus demand y is also discrete at most

points. We call it a restricted discrete demand model because it indeed has some restrictions around F," (7).
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Moreover, we want to mention that the third part of Assumption EC.1 is unverifiable in practice. Therefore,
the derived theorem below is just for illustrative purposes.

Theorem EC.1 (OP for Restricted Discrete Demand). Suppose Assumptions I and EC.1 hold. If the kernel
function is Gaussian kernel, § < e /2 and e > Kf””BQ -max { ﬁ, #, In (W%) /\/5} then running

Algorithm OP with A = 7/ + 95" and h =

supR(OP: P) < 4V2B, Br n+8‘“n(1/5) @<1+C”n(1/5)>,

n2e? Vn ne

. _ 1 [212 | do? _ KB2
Proof of Theorem EC.1.  From (EC.16) and (EC.17) and letting A = B\ T and h = 5=, we

know
2 2
R(OP;P) < 2Bm/£ + di +[£,(67) — L£(67)].

Since 02 = L2(81n(1/5) +4e)/e2,and 6 < e~*/2, the first term in the preceding inequality can be simplified;
thus
8dIn(1/6 )

R(OP;P) < 2v2B, B,F S +[£,(6%) — L£(6%)]. (EC.43)

By the fact £, (0;x,y) — ((0;,y) < % [ ol >y (0.2) |/ |v| K (v) dv and the fact kernel K is Gaussian, the

approximation error in the bracket can be upper bounded as

L) - L) < gEm’y |:/v!|va—<0*vw)/h o) dv}
o ()

By Lemma EC.8, 6* := 0* + [F.'(r),0,...,0]. So,

Therefore,
* F:l 2
L,(07)— \/TW h-E [exp( —( 2;2 (r)) )]

If parameters are properly chosen such that /A < 7, by the third part of Assumption EC.1, we have

£ oo (- E2 O i, g (O ZEOPY | o o ] . [ - o) > A
+E. [exp(—W) || =Fan)] < \F] o |Je = F(r)] < VA
con(-2) 1w (1)

<2exp(—1/h).
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It immediately implies an upper bound on L, (0*) — £(8*) as follows:

L,(07)— <+/2/m-hexp(—1/h). (EC.44)

Plugging it back to the regret upper bound, we get

R(OP;P) < 2v2B, Bem/n+8dln Uf0) o /aTr - hexp(—1/h). (EC.45)

To ensure the first term in (EC.45) dominates its second term, a sufficient condition is

KBz B
h <72 527\/5;729.ﬁ

KB.B
\/2/7Th<]_ = £> ?ﬁg'ﬁ .
exp (—1/h) < 2v2B, Byiy/ L + 2151/0) e > K?Bg - m(%ﬁ\/t@Bgr)

: KByB 1 1 Vn
Therefore, if e > =724 - max{ 7, 7=, In (WW)/\/i}, then

R(OP:P) < 4v3B, Byry| - 4+ 4 (1/0) (9(1+ dln(1/5)>'

n n2e? vn ne

The requirement on the choice of € is not restrictive, because it decreases at a rate of ﬁ

EC.3. Proofs for Section 4
EC.3.1. Lemma EC.7 and Proof

Lemma EC.7. Let P be a distribution that satisfies the assumptions in Theorem 8. Denote z := HEI/ 9~
Then,
1. The CDF of demand F,(t) = (®* fe1,,) (t/2) is the convolution between CDF ® of a standard
normal random variable and an adjusted PDF fo« ;,(t) := fo(t/h)/h.
2. The CDF of demand F, is differentiable and strictly increasing; therefore, q* Fy‘l(r) =argmin{t €
R: F,(t) > r} is unique and well-defined.
Proof. To show part 1, we need to check the CDF of demand y. Let f, be the PDF of « and f, be

2.

the PDF of a standard multivariate Gaussian z := (z1,...,24) ~ N (0, I;,4) with independent coordinates.
Rescaling and rotating give & = 3'/?z. Denote z := ’ =20+ ) then we have:
F,(t)=Pr,[y<t]= (0", x) + e <t
/OoPrw )y <t—u]- fo(u)du
= /oo Prz 0* »/2z > <t-— u} « fer(u) du (rescale and rotate)

/ Pr., (t—u /H21/20*

oo

} fer(u)du  (by rotational invariance of Gaussian z)
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= / o <t - v) - fer(vz)zdv (change variable v := u/z)
e \Z

= d <i - v) “fex1/2(v) dv (by definition of fex 1)

= (P fer1/2) (t/2), (by definition of convolution (3))

where fex ,(t) := fer(t/h)/h is an adjusted function of the pdf f.«.
As for part 2 of Lemma EC.7, it is a corollary of part 1 by applying the differentiation property of con-
volution that the derivative of convolution can be obtained by taking derivative first on either function and

then doing convolution, i.e., (f * g)' = (f * g) = (f * ¢). Therefore, we have

d(P* fox 1/5
F(t)= ( fd)t/ ) (t/7) = (D' fer 1) (t/2) - % >0, WVt

which implies F), is differentiable and strictly increasing, ensuring the uniqueness of ¢* := F,- L(r).

EC.3.2. Proof of Theorem 8

Proof. Before proving the Theorem, we highlight that this proof heavily relies on technical Lemma EC.7
and reasoning therein.

In this proof, we notationally omit the superscript >** and the dependence on y in ¢°**(y) and simply use
q to represent the SAA order quantity. Now, we come to prove Theorem 8. First of all, because of 7-Lipschitz

continuity of newsvendor loss function ¢(+), the excess generalization risk can be upper bounded as

A

Eyylc(y—a(y))] —Euy[c(y—(0",2))] <Euy [T — (67, 2)] - 7
<E,[|g—q"] 7+E.[lg" — (6", )| - T, (EC.46)

where ¢* := F,"!(r) is unique and well-defined by Lemma EC.7 part 2. Since the second term on the r.h.s
of (EC.46) is a constant and strictly greater than 0, it remains to control the distance |g — ¢*|.

By Lemma EC.7 part 2, we know that the CDF F, is continuous and strictly increasing; thus
FY(F,(u)) = u for any u. Let the bold symbol y denote a dataset {y;},, then for any e > 0, by standard

Yy
analysis, we have:

Pry[§—q" > €] =Pr, [7> F ' (F,(¢" +¢))] (apply F,, * (F, () = u)
=Pr, Z 1{y; <F,(¢"+e€)} <nr
i=1

= Pr[Binomial(n, F,(¢" +€)) < nr]

<exp(—nDgyr (r || Fy(q" +¢))),
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where the last line follows the classic Chernoff tail bound on Binomial random variable, and
Dgr (p1 || p2) :=p1In (%) +(1—py)ln (1:—2) is the Kullback-Leibler (KL) divergence between two
Bernoulli random variables with success probabilities p; and p,. Similarly, we can obtain the bound for the

other side that
Pry[—q" < —¢] <exp(—nDk (r || F,(¢" —¢€)))-

Combining both sides results in
Pry[[g—q"| > €] <exp(—nDxy (r || Fy(¢" +€))) +exp (—nDxr (r | Fy(q" =€) (EC.47)

Since F), is strictly increasing, there must exist 7 > 0,5 > 0 such that for any ¢ in the punctured 7-
neighborhood of ¢* defined as {g € R : |[¢ — ¢*| < 7,¢ # ¢*}, the slope (F,(q) — F,(¢*))/(q¢ — ¢*) > s.
Consequently, if we assume e is small enough so that e € (0, 7), then ¢* + € is in the punctured neighborhood;

and

Fy(q"+e) > Fy(q") +se=r+se
—€

Fy
Fy(q¢" =€) < Fy(q") —se=1— se.

IN

Therefore,

(EC.AT7) <exp(—nDgy (| r+se)) +exp(—nDgy, (r || r— se)) (by KL-divergence)

<2exp (—2n5262) ,

where the last inequality is by applying Pinsker’s inequality that Dy (a | b) > 2(a — b)%. Setting
2exp (—2ns?e?) = v and solving for €, we get € = %\/ W That implies, with probability at least 1 —
over data sampling process, the order quantity ¢ by SAA satisfies

1 /In(2/y

g-g'| <y 20

~ s on

for large enough n. Plugging the above inequality back into (EC.46), we obtain the desired Theorem.

EC.3.3. Proof of Proposition 1

Proof.  The (g,9)-DP is a corollary of Advanced Composition Lemma EC.3, and the values (e, dy) are

set accordingly. By setting (£¢, d) as stated values, the regret for each single product is:

1 /SdIn(S/s
sup R (IndepRun,; P,) = O < + n(/)> , (EC.48)
seS vn ne

which directly follows from the regret results of proposed algorithms, see Theorem 2, 4, 6.
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To show the total regret R(IndepRun;P), we take a look at Algorithm OP as an example; results on
other algorithms can be obtained from a similar analysis with proper modifications. We first notice that,
independently running the .S models is equivalent to the following problem,

1l 6°.b
mln—ZEh(es;mi;yi)+)\H95H2+< >, (EC.49)
i=1

S N “ n

where (,(0°;x;,y;) = > ses tn(0s;x4,yis), which is the loss function associated with R(IndepRun;P).
Noise b ~ N (0,0?3) is a dS-dimensional random vector with oo = L+/81n(1/y) + 4€o/eo. Thus, upper

bounding the total regret amounts to upper bounding the regret of (EC.49). We can show that
1. £,(0%) is #° B,/S =: L°-Lipschitz continuous;
2. £,(0%)is KB2\/S/h=: 35-smooth.
This is because, for a pair of estimators 8,05 trained on a pair of neighboring datasets, we have

(Lipschitzness)  £,(0%) — £,(65") = [4(0,) — 4(6.)]

seS

<7B, Z 10, —6.], (because /), is 7° B,-Lip cts)

seS

<B.VS5|0°-6%|,;
(Smoothness)  V£,(0%) — V£,(65") =Y [VL(6,) — V4 (6))]

(by Cauchy’s inequality)

s€S
<KB?/h Z 16, — 6], (because ¢}, is K B2 /h-smooth)
sES
<KB2/S/h HOS - 65’ H . (by Cauchy’s inequality)

Therefore, following the analysis in the proof of Theorem 2, we can upper bound the total regret as

. (LS)? dSc} 9 S8
R(IndepRun; P) <O .Y + ) +AM/Bj + Nenzel (EC.50)
by uniform stability by shrinking ERM approximation error

The r.h.s of (EC.50) is slightly different from (EC.19). Differences and reasons are summarized below: (i)
in the second part, which is by shrinking ERM, the additional S in the numerator of its first term is due
to increased dimensionality in b; and M /B2 comes from the upper bound of demand M. (ii) in the third
part, which is approximation error, the numerator S® originates from two sources: regularizer A now should
satisfy A > % because of the increase in dimensionality, which modifies the exponent on the l.h.s of (EC.10)
to S, thus contributing a S?; The increase in the smoothness parameter contributes another .S.

After getting (EC.50), we can set A = (# + dSaf

/S 8din (/3
R(IndepRun;P):C)(\/S—F 55 gn(s” VP, (EC.51)
n n

if e > Q(S%*/n'/*). Comparing (EC.48) and (EC.51) gives the proposition immediately. O

)/ (M /B2). Following the remaining analysis steps

for Theorem 2, we get
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EC.4. Proofs for Section 5

Lemma EC.8 (Closed-form of 6* and F,,(0) = r when error term is exogenous). Suppose demand
Jollows the true linear model y = (0*,x) + €*(x), where €*(x) = €* is independent of x, and has a CDF F .
We further assume x, = 1 to incorporate an intercept term. Let 0" := argming _gq £(0), and let F5* (r) :=
inf{y € R: F..«(y) > r}. Define a new error term €(x) :=y — (0*, x).
1. If the CDF F.« is continuous at its r-th quantile, then 6* = 6* + [F.'(r),0,...,0]", and F.,(0) =
r, V.
2. Ifthe CDF F.. is discontinuous at its r-th quantile, then * = 6* +[F.'(r),0,...,0]T, and F,;(0) >
r,Vea.

Proof of Lemma EC.S.  Itis well known that the expected newsvendor cost £(6) = E,, , [c(y — 0T x)] =
Eger [c(0* @ + € — 07 x)] is differentiable at any 6 € R:

VLO)=Eper [r-(—x) 1{0" "+ —0"x>0}+(1—-71)-z-1{0 x—60""x—c >0}]
= ]Em,e* [ﬂ? -1 {OTw - 0*T$ - 6* Z 0}] — T‘Ew [m] .

1. Continuous CDF. Because (i) we assume x; = 1; and (ii) F.« is continuous at r-th quantile, which

implies F.«(F'(r)) = r, we can show that the gradient at 8* := 6* + [F;'(r),0,...,0] is O:

VL(O")=E, [@ E [1L{F:'(r)z — € >0}]] — rE,[x]
=E, [z Pre [¢" < FS'(r)]] — rEg[x] (by z, =1)
=E, [z 7] —rE.[z] (by E(F3'(r)) =7)
=0

Therefore, 6* is an optimal solution to ming £(€). We next show the argument F,,(0) = r, V:

F.2(0) =Prle(x) <0] =Pr[(0*, ) + € (x) — (0", x) <0

=Prle"(z) < —(d,x)] (let 6 := 60" —07)
=Pr[e*(x) < FL'(r)] (since 6 = [~ F;'(7),0,...,0],and 2, = 1)
=Pr[e" <F.'(r)] (by exogeneity €*(x) = €¥)
=r. (by continuity of F.+)

2. Discontinuous CDF. When F.. is not continuous at 7-th quantile, following the similar argument on
VL(0*), we know the right derivative of loss function ¢(-) is F/(F..'(r)) — r > 0. On the other hand,
its left derivative is smaller than 0. This implies 8* is the optimal minimizer. Below shows the quantile

of e(x) at 0:

Fla(0) = Pr[e() < 0] = Pr[y — (6", 2)]



ec34 e-companion to Chen and Chua: The Differentially Private Newsvendor

=Pr[¢*(2) < F2'(r)]
=Pr [e* < FE:I(T)]
=F.(Fz'(r))

>

The last line can only take inequality because F .« is not continuous at r-th quantile. And by definition

of F~!, we know this inequality is true.
O

EC.4.1. Lemma EC.9 and Proof

Lemma EC.9 (Population-Level Minimizers’ (Asymptotic) Behavior). Let 6* := argmin, £(0),
0; = argmin, £,,(0), and 6} := argmin, L} (0), and 6°°* := argmin, LOP(0). Denote J :=
Es [fez(0) - @a ] = 0. Then, under Assumption 2, if \ = o(1) and h = o(1), we have

(i) 0; — 0" = —1hZky0 + o(h?), where v =J'E, [ ;lw(o)m} ;

(ii) 0 — 05 = —2X\J10; + o(\) + o(h?);
(iii) 097 =07~

Proof:  We first express gradient VL,(0) = E,, [[lCh (BT:z: — y) — r] :c] and Hessian matrix
V2L(0) = Eqy [Ky (y—6T) -@a™] for any given # € R? as functions of the estimation error & :=
6 — 0. Although these expressions are well-known in the literature (Fernandes et al. 2021), we provide

detailed proofs for completeness and for later use. We first note that, conditional on feature «, we have

(5] [ 15 o

— % /_ Z F(t)K <5Ta}i_ t) dt (integration by parts)
_ / T (6T @ — uh) K (u) du (etu= (872 —1t)/h)
- / T [Fya(67 2 —uh) — Fio(0)] K(u)du, (Fija(0)=r and / K=1)
- (EC.52)
and
e (B0 -0"0fe] = [ i (T Y an
_ /m K (u)f.e(8" @ +uh) du. (etu=" _ST‘”) (EC.53)

Following (EC.52) and (EC.53), the gradient and Hessian matrix can be expressed as

[eS) 5T z—uh
VLLO)=E, [E€|m [lCh (6T.’£ — e) —r] w} =E, / K(u) / fez(t)dtdu-x|; (EC.54)
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V2L4(0) =By [Eopp [Kn(e— 8 @)] - wa” [ / K(u) - fie(8" @ +uh) du-wo } (EC.55)

With above expressions, we are ready to prove the three statements in the Lemma.

(i) According to (EC.54), the gradient at 8* (which implies § = 0) is
V0= | [ K / Fonlt) = FanO) iz ([ K(w)- (-uh)1a(0)du=0)
=FE, [/ K(u)- /—uh tf,(0) 4 o(t) dt du ZE:| (by Taylor expansion)
—c0 0
_ %h%zEm (/1 (0)] + o(h?).
And according to (EC.55), the Hessian matrix at 0% is

V2L, (0%) = [/ K(u) foz(uh) du-zx }
= [/ K(u) - [ fqe(0) + fli2(0)uh + o(uh)] du-zx™| (by Taylor expansion)
=J +o(h),

where J :=E_ [ fe1z(0) - mar:T} . The Taylor expansions can be applied because of our assumption that
el is differentiable at 0. We further notice that, with 8y, the population-level gradientis VL, (6;) =0
Let 07 := 0; — 0™, then

—VLu(07) = VL,(6;) = VLL(O) = V*Li(07)5;, + o([|5}]1,),

where the first equality is due to First-Order-Condition that V£, (0;) = 0, and the second equality
follows from Taylor expansion of V£, at 8*. By omitting the higher-order infinitesimal o(||J;|,), we
have &; = — (V2£,(8)) " VL,(0"). Replacing the gradient and Hessian matrix with their expres-
sions derived above gives the first statement.

(i) As for the second part, from First-Order-Conditions, we know V£, (0;) = 0 and VL;*(6}*) = 0
According to (EC.54), we can express

(07" —6")Tz—uh
VL (07) = l/ K(u / felz(t) dt du-x

_E, /_ Z K(u) /O e L) dtdu-m]

o Sszfuth(Gi*fO;)Tz
E. / K(u)/ Jelz(t) dt du -
—o0 é

* T
5 x—uh

00 62Tm7uh+(9f‘ 79;;)Tm
/ K(u)/ fee(t) dtdu-x
—o0 4

* T
hmuh

+2)00;*

+2)07"

=VLL(0;)+E, +2)\07*. (EC.56)
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Since |6} ]|, = O(h?) and 0" 7 6; as A\, 0, the upper limit u(d;) := 6;. '@ — uh + (6} — 6;) "«
and lower limit [(8}) := &; " @ — uh of the most inner integration on the r.h.s. of (EC.56) will tend to

0; thus we can approximate the integration by Taylor expansion at O:

u(8,) 1
NGRS Fa0) 4 £1a 0)u(87) + 5 00026 + 0(u2(07)|

1(87)
e+ 21000050 + G 11 0P ) o0

= Fe(O)0F —6) @+ f1,(0) [200 e —uh)(OF — 6;) Tz + (6] —67) ]|

2

= Fua 08}~ 67) T — uhf, (06} — ;) T+ 1 11,(0) [(6) —67) ]

),

(
+o(h?) +o(||6f —6;
(
+o(

h2 +0 HO#* 0*

where the last equality is due to ;" x(07* — 0;) "z = O(h?)o(1) = o(h?). Plugging above value into
(EC.56), we can obtain that

VLU0 =B || FaalO)(01 ~ 00w+ 7 0) 165~ 07) ]| -] + 201

+o(h )

J (6] —6;)+ %Em [f;‘z_(()) (67 —6;) ] - m] +2X6;" + o(h*) + o(||6}" — 6,
=J( )=

“)+o([ (6} —6})

)

07" — 0;) + 2007 + o(h*) + o(HOZ* -0,

Rearranging the above expression gives 07 = (I + 2AJ~1)7'0; + o(h?) + o(||0}* — 6;]|,). Then
the second part of this Lemma directly follows from inverse matrix approximation with second-order
Neumann series that (I + A)"' =T — A+ A?if A— 0.
(iii) The proof for the third part of this Lemma is straightforward and is shown below:
OPs . AOP b'o
09" := argmin L2 (0) = argminE ,, ), | L4 (0;2,y) + X |65 + —
OcRd OcRrd

=argminE ) [(,(0;2,y)] + A ”eHg

0cRrd
=argmin £} (0) = 0"
=arg h =Up -
0cRrd

O]

Lemma EC.10 (Lemma 9.21 in Wainwright 2019, rephrased). Denote 6* := argmin, £(0), 6 =
argmin, L(8). For a given radius ro, if L(6* + 8) — L(8*) > 0, V6 € {6 € R* : 8], = 70}, then
Hé\— o+ S To.

2
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EC.4.2. Proof of Proposition 2

Proof.  Recall that, for any upcoming feature vector x, the private order quantity is g = <§}?P, :I:>;
thus, we only need to show égp = 0" — 2 \u — ;hkv + O, (ﬁ + %), with w, v, and J as stated. In
the following analysis, we will ignore the infinitesimals of X and h? for conciseness. Let symbol PP repre-
sents dataset sampling randomness, symbol Q represents the algorithm’s randomness, and let 897*(b) :=
argming_. £} (0) +b' 6 /n for any given b. From Lemma EC.9, we know that, by ignoring o(\) and o(h?),
09> — 9" = —2)\u — Lh2k,v. Therefore, it remains to show 697 20, 9P+ at the given rate =+,
or equivalently to show (i) 897 = §°P*(b) at rate 7 for any given b; and (ii) 677" (b) 2, 9P+ at rate z
simultaneously.

We first fix a noise vector b and show the former convergence 897 = 89 (b). Let us treat £, (8) + b 6 /n
as a new loss function of interest. Because we assume that feature space X' and parameter space C are
compact, and assume that the new loss function has a finite expectation. Therefore, by uniform laws of large

numbers, we have

sup
occ

(E*; 0)+b'0 /n) — (££(0)+b76/n) ‘ L

Furthermore, we know that function £} (0) + b"6/n is strongly convex, implying a unique and well-
separated minimizer 897 (b) for any given noise b. Consequently, the sequence of empirical minimizers
{697} will converge to 89P*(b), i.c., %7 = 89P*(b). More importantly, the convergence rate can be
shown to be (’)p(ﬁ) by standard Bayes’s risk analysis, which is tight.

Now, we come to show the latter convergence 89 (b) - @9P*. We conjecture that 897 (b) = 9P+ +
O,(2), and highlight that the stochastic convergence rate O, (%) is NOT tight; instead, infinitesimals of A
and h? should be included to get a tighter bound O, (2 + o(\) + o(h?)). However, we deliberately ignore
them for conciseness. To show 0F*(b) = 097 + O, (2), by the definition of stochastic convergence, it is

equivalent to show

Pry |[[697(b) - 67"

> e%} <O, VYe>0, (EC.57)

with a constant C. that depends on e. Therefore, we only need to find a proper C.. By a contrapositive

statement of Lemma 9.21 in Wainwright (2019) (Lemma EC.10), i.e., if || 27" (b) — 677" ||, > €2, then
bT(QOP* +9) bT QOP*
i #(gOP+ O WUn 7O\ _(prgory L 2 %0 < ‘
aeag(let;/n) (ﬁh(eh +0)+ n > (‘Ch(gh )+ - ) <0, (EC.58)

it suffices to upper bound the probability on the Lh.s. of (EC.57) by the occurrence probability of (EC.58).
Working on the Lh.s. of (EC.58), we have

b'o
Lh.s. of (EC.58) = 6eag(lefg/n) £(09P +68) — L} (8%P") + —=

! b'o
~ _inf / VL (0P 4 t8)dt-6+ -2,
€0B(eo/n) 0 n
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) 1 b'é )
= inf 3T+ N|6|F+ — (by (EC.54), Lemma EC.9, and Taylor expansion)
5€0B(ea/n) 2 n
e2o?  ||b]|, €0 . . .
> Amin - (Amin > 0 is the minimal eigenvalue of J)
2n? n?

The above analysis implies

2o? b0

Lh.s. of (EC.57) < Pry | Amin - o3 o

b
§0:| :Prb |:H ”2 Z)\ming:|

g

<2exp (—A5n€’/(8d)) =:C., Ve>0,

min

where the last inequality is from Gaussian vector’s tail bound since b ~ N'(0,52T). The constant C, defined
above validates (EC.57), further confirming our conjecture 877" (b) = 097 + O, (2).
Combining above analyses together, we get OA,?P =0"—2\u— %h%gv +0, (ﬁ + %) , which immedi-

ately results in the desired proposition.
O]

EC.4.3. Lemma EC.11 and Proof

Lemma EC.11 (Asymptotic Covariance Matrix of GA,?P). Suppose Assumption 2 holds and (0*, x) > 0 for
any x. If we set A =0(1) and h = o(1), then the variance of estimator obtained from Algorithm OP satisfies

N 2
Varp [\/ﬁ : 0,?P} = IS, T - e AT IS, T - 2K %J‘lJ‘l,

where J :=E; [fz(0) - xx”] =0, B, :=r(1-7)2 =0, K:= [~ uK(u)- [*_K(v)dv-du € (0,r1),
and ¢y > 0 is a constant. Higher-order infinitesimals of h and \ are omitted. The randomness is taken over
both dataset D generating process and algorithm's randomness.
Proof of Lemma EC.11. Because the following four facts hold for any 2, A > 0:
(i) the loss function (9P (0;x,y) == £,(8;x,y) + \||6]5 + E’TTG is differentiable in @ and has a finite
expected gradient E [ngp(eﬁp*)
OP : RB% . .
3" is also (== 4 2A)-smooth, implying that

;} < oo at optimal 897" if o < O(n). Furthermore, the function

K B?
| VERF(61) = VEF (82)]], < (= +24) 1161 = 6s]],,  VO.,6;

(ii) the population-level function L£97(6)’s Hessian matrix Hj(0) := V2L,(6) + 2A\I is positive
definite at optimal @9F* (or equivalently at 0}*, see Lemma EC.9), ie., Hj := H}(0}) =
Eay [Kn(y— 05 T@) xx’ | +2X - 0;

(iii) the empirical gradient satisfies VLOP(09F) = 0;

(iv) the private estimator 89F EELEN 00" =07,

by Van der Vaart (2000, Theorem 5.23), the private estimator §2P admits a Bahadur representation:

V(6% — 097 = —H!~ . \/nV L (69P%) + 0, (1), (EC.59)
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where the stochastic convergence o, (1) is with respect to both data sampling and algorithm’s internal ran-

domness. To obtain (EC.59), we need to check the validity of preceding four facts. The first three facts are

easy to check. The fourth fact is a corollary of Lemma EC.9 and is an intermediate result in the proof of

Proposition 2.

Hence, by (EC.59), the asymptotic covariance matrix of /n 8 is
Varp [\/ﬁ é\,?P} — H''Varp, [\/HVEQP(GSP*)} HE
Since the middle term of the preceding sandwich expression is

Varp,, [ViVLP(627)] = Varp, [VaVE (6])]

1< . ., b
:n-VaFD’b [nZVKh(OZ ,ml,yl)+2)\0z +g

i=1
2

= Var(zyy) [th(gz*)] + %I,
it remains to figure out H; ' and Var [V, (0}*)]. We will show later that

H =g 2. J I -V")J ' +0(\)+o(h) >~ 0;
Var [V0,(677)] =3, +X- (4r —2)V — h-2KJ + 0(X) + o(h) >~ 0,

(EC.60)

(EC.61)
(EC.62)

where matrices J = E, [fe‘m(()) -xa:T] - 0, V = E, [fe‘m(O)(J*H*)T:I; . :cacT} - 0, V' =
E. [fe’lm(O)(J‘le*)Ta: : aca:T] ,and X, :=r(1—7)X - 0; constant K:= [~ uK(u)- [*_K(v)dv-du€
(0, k1) is derived from kernel function K and independent of h by definition. Substituting preceding two

expressions into (EC.60), we obtain by dropping dominated terms,
Varp,, [vVin 02F| = J 75,07 = AT [(4r = 2)V +4(T = V)T 'E, ] T

2
—hooKT % TN 4 0(A) + o(R)

2
ST N TS, T b 2KT T %J*IJ” +0o(N\) +o(h), asAh—0,

for some positive constant c;. Thus, we get the desired statement.

To complete the proof, we only need to derive (EC.61) and (EC.62). Denote §;* := 07* — 6*.

» We first derive (EC.62). By noticing that

Var [V6,(00%)] = [V, (6]) - V0,(0/)T] —E [V, (6)] - E [VE,(6])]

we can separately address the two terms. Following (EC.54), we have

%) éi*T:c—uh
E [V£,(6})] = Eo / K(u)- /0 Fon(t) dt du-a

(EC.63)

(6} =0} —0")
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o —2XA(J710*) T@—uh+o(N)+o(h?)
=E, / K(u)- / felz(t) dt du w] (by Lemma EC.9)
—oo 0
=E, [/OO K(u) [fee(0)(—2X(J7'0%) "@) + o(A) + o(h?)] du-m} (Taylor expansion)
(EC.64)
=Eqo [~2M e (0)(J'0%) T - 2] + 0o(X) 4 o(h?)
= —2X0" +o(\) +o(h?). (EC.65)

We then come to address E [V, (67) - V£,,(0;) "], which is equal to

E[(KnO] T2 —y)—r)* xx'| =E, [(Eqs [K3 (0, @ —y) — 2Ky (0] @ —y)| +7°) -xx].
(EC.66)

We focus on the inner expectation term E, |, [-] conditional on « on the r.h.s. of (EC.66). Following a

similar idea for (EC.64), we can show that,
Eee [K (0] Tx —y)] = / Fle(t)-2K,(87 Tx —t) K, (8; '@ —t)dt (integration by parts)

= / Fe(8) @ —uh) - 2K, (uh) K (u) du

LS Jz*—r:cfuh
_ / / Fol(t) dt
—00 0
=1

i /_OO (20 1o (0) (T 10°) & — fura(O)uh+ 0o(A) + 0(h?)) - 26y (uh) K (u) du

oo

2K (uh) K (u) du+r /OC 2K, (uh) K (u) du

— 00

=7 —2Xfu(0)(J'0") & — 2h f. 1z (0)K + 0o(\) 4 o(h?), (EC.67)

where K= [* K (uh)K (u) du € (0, k1) is a real value derived from kernel function K and inde-

pendent of h by definition. Additionally, following the analysis on E [V £, (67*)] and (EC.64), we have
Eee [Kn(0) T —y)] =7 — 2Xf(0)(J 710") Tz + 0(X) + 0(h?). (EC.68)

Plugging (EC.67) and (EC.68) back into (EC.66) gives
(EC.66) =X, +2\(2r — 1)V — 2hKJ + o(A) + o(h) = 0 (EC.69)

where 3, :=r(1—r)E = 0,and V :=E,, [ f.(0)(J'0") @ - zx ] - 0 as 0" x is always positive
by assumption. Lastly, inserting (EC.65) and (EC.69) into (EC.63) gives (EC.62).

* We next analyze H| '
—2M =E, [Ec, [Kn(y— 0} T2)] - zx "]

=E, {/ K(u) fuz(8) Tx +uh)du-zx’ (by (EC.55))
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=E, [/_Oo K(u) [f6|w(5i*ch+uh) —fdw(O)] dummT] +J
=E, [/_ K(u) [—2/\f6"m(0)(J_10*)Tar:—l—uh} du-mmT] +J +0(A\) +o(h?)
=-2\V'+J +0(\) + o(h?),

where V' := E, [ fi(0)(J “10*)Tx-xx"|. Then, applying second-order approximation of an
inverse matrix to H} leads to (EC.61).
O

EC.4.4. Proof of Proposition 3

Proof.  According to Lemma EC.11, the conditional variance of non-private and private order quantities

are
1 2
szrlm
Var[g(z)|x] = ————2 Vo € X;
n
1 2 1 2 12
[zt |52 e |7 all, | o2 e
Var [g;" (z)|x] > 2 2 2hK 2+ 2 VzeX
n n n n

where J :=E, [fe(0) - zz”] - 0, and &, :=7(1 = )= = 0, K:= [~ _uK(u)- [*_K(v)dv-du €
(0,K1), 1 > 0 is a constant, and o < 7/In(1/J)/e. Hence, the increase in conditional variance due to DP
algorithms AV (g7 (x), q(x)) := Var [¢}" (x)|z] — Var [g(x)|x] is lower bounded as

A —cph) (1 — 2 g2
AV @)t > CAZEN IO g g
2

=0 <r(1 —r)_)\n_ hy Zi)
—Q <r(1 —r)_An_h ln(1/5)> .

;, Vee X

+ max{r,1—r} oy

The upper bound is a corollary of Proposition 2 as the increased deviation is of order o /n.

EC.4.5. Formal Statement of Proposition 4 and Proof

Proposition EC.2 (Supplier Gains a Lower Profit Share; formal). Consider a newsvendor-supplier chan-
nel under the wholesale price contract with production cost v > 0, wholesale price w > v, and retail price
p > w. Assume demand y = (0*,x) + N(0,1?), and Assumption 2 holds. Further assume that the optimal
order quantity ¢*(x) := (0*,x) is always positive for any x € X, where 6* := argmingcga L(0). For any
algorithm A associated with an estimator 64, let the order quantity be 7 (x) = <§A, x), Ve € X, let the
expected profit of the newsvendor under policy A be TI¥ (x) =B, [pmin{y, ¢*(x)} — wg?(z)] ,Vz € X,
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and let the profit of the supplier be 115 (z) = (w—v)q* (). Then, with high probability, adopting the private
algorithm OP would raise up newsvendor s profit share (correspondingly, pull down supplier's share):
vz ReN(@)-C-U

[V (x) +1I5(z) Rev(z)—C —U — P(x,D)

, VeelX, (EC.70)

by setting a positive value of P(x,D) := (w — v)(¢*(z) — ¢°°(x)) in (EC.70). The value P(w,D)
is the supplier’s revenue loss due to newsvendors private learning process. Other values on the
right hand side of (EC.70) are constants: Rev™(x) := (p — w)q*(x) is newsvendor’s revenue

at optimal order quantity; Rev(x) := (p — v)q*(x) is the whole chain’s optimal revenue; C =
p—w
N p

the revenue loss due to demand uncertainty. Infinitesimals of P(x, D) appearing both in the numerator and

ming B, [(p— w)(y — 0 @) +w(@" @ — y)T| is newsvendor s minimal cost; U := (p — w)®~1(2=2) is
denominator of the right-hand side term of (EC.70) are omitted.
Proof. Let C(0) = E,,[(p—w)(y—0"x)" +w(@Tx—y)"| be the newsvendor’s cost at 6.

By Lemma EC.8, we know that the minimizer 6* := argmin,C(0) takes the form 6* :=

0* + [@*(E —#),0,...,0], and the data generating process can be reformulated as y = 0"z +
—1(p—w 2
N S CORCA )
Given a dataset D, let 84 be an estimator to 0*. Let ¢*(x) := 6*Tx and ¢*(x) := T = be the order

quantities under context x. Recall that, under context x, the newsvendor’s expected profit with an estimator

64 is
Y (z) = Eyj |[pmin{y, é\ATm} - ngTaz}

~(p-w)r @)~ p-we (10) @

~ =)' (@) - - we (P2) () - 031},

where § := 94 — 0%, and the last equality follows from analysis by mean-value theorem:
1
CO)—-CO)=6" / VC(0" +1d)dt
0
1 — J—
—57 / E, [(cb <t6Ta:+ﬂI>1(pw)> - pw) a:] dt
0 p p
=0(|8]3) > 0.
Similarly, under context x, the supplier’s profit is
I () = (w = 0)7* ().

Therefore, when the newsvendor adopts Algorithm OP, the profit share of the newsvendor is:

i~ (z) (= w)a (@) (p—w)®* (52) ~ C(67) - O(l6]3)

@) +15(@)  (p—w)g*(@) = (p—w)@~ (152) = C(67) = O(I613) + (w — v)i(a)
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B Rev" (z) — U —
a Rev(z) —-U—-C—P
B RevV(x) — U — 0
a Rev(z) — U — C — P(x,D

The second line basically only involves notation changes: Rev'(z) := (p — w)g*(x),
P@D) = (w — o)@(@ — §°@); U = (p — wd(5); C = 0O) =
mingE, . [(p—w)(y—0 @)™ +w(@"x —y)*]; and Rev(x) := (p — v)g*(z). In the last line, we replace
O(]|8]13) with o( P(z, D)) since P(z, D) = O(||d]],).

To show the profit share of the supplier is decreased, it suffices to show ﬁ(m,D) = (w—v)(¢*(x) —

q°% (x)) is positive with high probability. Recall Proposition 2, we know that

P(z,D)=(w—v) |22u"z + ;hQ/@'vT:l:} +0, <\}ﬁ + Z) ,

with u = J 10", v = J'E, [f/(0)z], and J :=E, [f.(0)-xx | = 0. As we assume ¢*(x) := 0" " is
always positive, the value u " x is therefore always positive. Additionally, under our assumptions (Assump-
tion 2, standardized x), we have vz = f/(0)/f.(0). Since € ~ N (=@~ (> %), 1):

« when (p—w)/p<1/2(i.e.,w > p/2), we have f/(0) > 0, which ensures v " x is always non-negative,
and further ensures P (z,D) is positive w.h.p;

« when (p—w)/p>1/2(i.e.,w < p/2),v' x is negative. Nevertheless, recall that when running OP, we
require A > h? (this can be verified by the values of ), h, ¢, and analysis around Eq. (EC.19)). Hence,
the positive value of u " will finally dominates the negative value of v ", resulting in a positive
P(xz, D) w.h.p.

Combining both cases completes the proof.
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