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Online Appendix to Assortment Optimization Under History-Dependent
Effects

EC.1. Meituan’s Grocery Flash Sale Channel

Figure EC.1 details Meituan’s flash sale channel. Figure EC.1a is the main page of the Meituan
online store. The main page lists the entry of the grocery flash sale channel and highlights its
remaining time in the current campaign. The flash sale channel runs each campaign on a daily
basis. Hence, the remaining time in our example is no more than 24 hours. Figure EC.1b is the
screenshot of the flash sale’s products. In each category, only a limited number of products are
offered. Please note that the products are the same for all customers.

Meituan aggregates all orders during a flash sale campaign and forwards the order information to
suppliers once the current campaign ends. Suppliers will then prepare the products and deliver them
to the pick-up stations the next day. Based on our discussion with Meituan, they must determine the
products for flash sales for a particular planning period ahead of time because Meituan needs lead
time to negotiate contracts with suppliers. As shown in Figure EC. ¢, the payment page details the
delivery and pick-up information, such as the customer’s chosen pick-up station and the expected
pick-up time. This time indicates when the product is expected to reach the pick-up station. If a
customer opts for home delivery, the products will initially be sent to the pick-up station, after
which the station’s staff will deliver them to the customer’s address. This case shows that inventory
is not the key concern of the platform because all the products are delivered from suppliers to the
pick-up station the next day.

To the best of our knowledge, Meituan plans assortments for its flash sales channel indepen-
dently. This makes our history-dependent assortment planning model well-suited to this relatively
clean setting. If a platform also has a regular sales channel, the flash sale campaigns may include
products that are simultaneously available outside of the promotion period, potentially influenc-
ing the demand of these regular channel products. This leaves an interesting problem of how to
plan assortments for both channels under this additional intertemporal effect. In this setting, our
model can handle assortment planning for a single channel by incorporating the terms of product
availability in the other channel into the utility function.

EC.2. Proofs of Section 2
EC.2.1. Proof of Proposition 1
PROPOSITION 1. (HAP) is NP-hard even when the planning horizon is two, the memory

length is one, and history-dependent effects are negative.
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Figure EC.1 Screenshots of Meituan’s grocery flash sale channel
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Proof. To prove the NP-hardness of (HAP), we will reduce an NP-hard problem—the 3/4-Partition
problem, to a special case of (HAP). The 3/4-Partition problem is defined as follows:

 Input: A set {c;,¢o,...,cy} of non-negative integers.

* Output: True if and only if there exists a subset S C [N] such that ;s c; = (3/4) 3 Zic v Gi-
We will show the NP-hardness of the 3/4-Partition problem by showing that any instance of a Par-
tition problem, a well-known NP-hard problem, can be reduced to an instance of the 3/4-Partition
problem. The Partition problem is defined as follows:

 Input: A set {wy,ws, ..., wy} of non-negative integers.

* Output: True if and only if there exists a subset S C [N] such that 3, g w; =3, n/5 Wi-
Notice that ;g w; = 3, (x5 wi if and only if 37, g w; = (1/2) 37, v w;. Given an instance of
the Partition problem, we solve it by solving a 3/4-Partition problem as follows. Define ¢; = w; for
i € [N] and cy41 = 3¢y wi- Then, solve 3/4-Partition with input (ci, ..., cy41). If the output is
true and returns an index set S such that ) . _cc; = %Zie[ ~+1] Gi then the output for Partition is
true, that is, 3 ;cq\ (1) Wi = D _jcn41)\s Wi 18  partition. The correctness follows from the fact
that the set S contains N + 1. If the output is false, then the output for Partition is also false, since
otherwise adding cy 1 into one of two sets yields a 3/4 partition.

Next, we introduce a special case of (HAP). In such a special case, the planning horizon 7" = 2,

the memory length M/ = 1, and all products have identical revenue, that is, 7, = r > 0 for i € [N]. In
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addition, we assume that the history-dependent effects are homogeneous, that is, for every i € [ V],

exp(B3}) = k for some k € (0, 1). Then, it turns out that (HAP) becomes

ax r Zie[N} le eXP(ﬂ?) n Zie[N] %2 €xXp (Bzo + leﬁzl)
el z2efo )N 2 | 14 Zie[N] xlexp(BY) 1+ Zie[N} x? exp(ﬁio + :1:11511)

We simplify (SPECIAL) by showing that the optimal assortment in the second period is #? = 1

} . (SPECIAL)

for i € [N]. Since all products have the same revenue, we can focus on maximizing the purchase
probability. Given an assortment x! € {0,1}", the purchase probability at the first period is a
constant, and the purchase probability at the second period increases with Zie[N] x? exp (ﬁ? +
z}B}). Since exp (Y + z!3})> 0 for each i € [N], then the optimal solution at the second period
is 77 =1 for i € [N]. Let v; = exp(53}) be the base attraction value and V' = 3",y exp(8) =
Ziem v; denote the total base attraction value. Thus, solving (SPECIAL) equals to solving the

following model:

1 T V=3 o T+ kY o T
r { Z'LE[N} 4 Z'LE[N} ZzG[N] . (EC.1)

mlgﬁ}f}f\f 21+ > iV Ty, 14V - > iV v+ k D ic(] Ty
Next, we show that the 3/4-Partition problem can be reduced to our special case (SPECIAL).
First, define v; = ac; fori € [N], k=1/4,and C' =}, ¢;, where
41 —V1—F) 16 — 8v/3
S CBO—RtaviokE-1) Covai-1 "
Hence, V =5 ie[N] Vi = aC'. Second, set the target average revenue as

z( 3aC n TaC )
24+ 3aC 16+ T7aC’

The Partition problem indeed has a solution if and only if there exists a ' € {0, 1} such that
r D iein) TiVi N V= e Tivi Tk Y e Tii
2 | 1+ @ivi 1+V =2 mivi + ki Tivi

f{ @ icin] TiCi . aC' — (1= k)a Y e ici }

2 L+adnrici 1+aC—(1=k)ad cnxic
< max & oy aC — (1 —k)ay _ f( 3aC N TaC )
velo,C12 | 1+ay  14aC—(1—-k)ay 244 3aC 16+ 7aC

This holds because if we view the objective function in the last row as a one-dimensional function,

denoted as

_r{ ay aC — (1 —=k)ay
hy) T2 (1—|—ay+1+aC—(1—k)ay ’

h(y) is concave in y and achieves a unique maximum at y = 3C'/4. O
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EC.3. Proofs in Section 3.1
EC.3.1. Proof of Proposition 2

To prove this proposition, we will invoke the following technical lemma.

LEMMA EC.1. Let f:{0,1}" - R and L : R"™ — R" be an invertible affine transformation
such that L({0,1}") ={0,1}", and consider a composition (f o L)(x) := f(L(x)) for every x €
{0,1}". Then,

conc(f)(x) = conc(foL)(L ' (x)) forxe[0,1]".
Proof. Let g(x) := conc(foL)(L™*(x)) for = € [0,1]". Clearly, g(x) = f(x) for every = €
{0,1}", and g(-) is a concave function. Thus, we show that g(x) > conc(f)(x) forevery x € [0, 1]"
since the concave envelope is the smallest concave function on [0, 1]™ that overestimates f(-) on
{0,1}".

To show the opposite direction, we need the dual definition of the concave envelope (Rockafellar
1970), that is,

conc(f)(x) = max{z fv)A,

veV

w:Zv)\v, Z)‘Uzl’ Ay >0 forvEV},

veV veV

where V' := {0,1}". Now, consider a point Z € [0,1]" and let y = L~*(Z). We will argue that
conc(foL)(y) < conc(f)(x). By the dual definition of concave envelope, there exists a convex
multiplier {\, },ev such that gy =>" ;v\, and conc(fo L)(g) = >,y (f o L)(v)A,. It follows
readily that = L(y) = >_ ., L(v)\,, and thus

veV

cone(f)(Z) > > f(L(v)) - A=Y (foL)(v)- A, = conc(foL)(y),
veV veV

where the first inequality holds due to the dual definition of conc(f)(+) and & can be expressed as
D vev L(v) A, O
PROPOSITION 2 Constraint (6) is equivalent to the following system of linear inequalities.
yi < ai(hio) (Vi = Zipy) + Z ai(h{}) (Zipry = Zio(hsn) foro €
ke[M]
where Zi, 10y = 0, Zi,0) = Zigy if 0(K) & L, and 2,y =i — zj, 4 if 0 (k) € 1.

Proof. We start with the satiation case. Since 3, are non-positive, by Corollary 3.14 in Tawarmalani

=1 M ). Then, it follows from Theorem 3.3 in

i gee ey g

et al. (2013), ay(-) is supermodular over (x

Tawarmalani et al. (2013) that the concave envelope of «;(-) is given as:

COHC(Ozi)(ZL‘E—l, . 7:L,g—M) _ IIlGIél{az('wg)(l . ZL’Z_U(I)) + Z ai(wg)(ffz_g(k) B xz—o(k-i-l))}’
ke[M]
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where w§ = 0, w{ = wj_, + e, for k € [M], and o(MHD — 0. 1t follows readily that its

perspective function can be represented as follows under the presence of constraint (4):

pers(cone() () = minf (W)t ~ o) + 3 ) ey ~ ) .

ke[M]

where 2! o(M11) = 0

—m

For the general case of mixed satiation and addiction effects, we transform the variable x!~"" to

11—zl ™if B > 0, and obtain a transformed attraction value function, defined as follows:

a;(w', ..., wh) ::exp(ﬁg—FZﬁf(l—wk)—F Z ﬁfwk>

kel; ke[M\I;
—exp<5°+26’“+ > (18w )
kel; ke[M]

Now, the coefficients —|3F| are non-positive, and by Corollary 3.14 in Tawarmalani et al. (2013),
the transformed function @;(-) is supermodular. Thus, its concave envelope can be described
using (EC.2).

Next, we utilize conc(a;)(-) to characterize the concave envelope of the original attraction value
smo(M+1) _

function o;(+). Define 20 ™ = 2! " if m € [M|\ I;, z; " =1—a} ™ if m € I, and T;

We then build the following connections:

conc(ay)(zt ™, ... 2t ™) = conc(@;) (2L, ..., 2 M)
. _ o ~t—o(1 ~t—o(k ~t—o(k+1
—mip{ a1 2+ 3 awp)a o - i)
ke[M]
—nin{ )1 =570 3 ) o)
ke[M]

The first equality follows from Lemma EC.1, the second equality holds by (EC.2), and the last

equality holds since it follows from the definition of h in (SWITCHNESTED) that &;(w7) =
a;(h,).
Finally, we scale the concave envelope to obtain
pers(conc(a;)) (7}, 21) Zggg{ai(hio)(Vf—ifo(l)H PBEHUCAICHS —2fo<k+1>>}-
ke[M]

This completes the proof. U
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EC.3.2. Proof of Theorem 1

THEOREM 1 (CONIC) is a mixed-integer exponential cone formulation of problem (HAP).

Proof. By lifting, we equivalently decompose (CHOICE) into the choice constraints (2):

v =p'a} (2a)
2t =Atxt™™  for m e [M] (2b)
y; = pers(a;) (v}, z;) (2¢).

Thus, proving the equivalence of (CONIC) and (HAP) suffices to show that constraints (3) (4) (5)
and (7) construct an equivalent representation of the choice constraints (2). Clearly, since x is
binary, (3) (resp. (4)) models constraint (2a) (resp. (2b)). Next, we show constraints (5) and (7)
provide an exact representation of (2¢). By « € {0, 1}N *T and constraints (3) and (4), constraint (5)

equals to

yi > plefexp(B)+ Y Bl (EC.3)
me[M]

On the other hand, the constraint (7) is the concave envelope of «;(+) scaled by vf. That is, yf <

At - conc(ay) (27, ..., 2™). In our case, the concave envelope a; is the tightest concave exten-

e

sion oy (see Tawarmalani and Sahinidis 2002, Theorem 6). Thus, conc(a;)(z!™,... 2™) =
= oMY for #17™ € {0,1} and m € [M]. Therefore, constraint (7) equals to y! < 47 -

3 gee ey g

t=1 2~M) . Combined with constraint (3), constraint (7) equals to

i goe ey by

a;(x
a;(x
yi < plafexp(B)+ Y Bl (EC4)

me[M]

Constraints (EC.3) and (EC.4) suggest that constraints (5) and (7) are exact representation of (2c).

Recall that exponential cones are three-dimensional convex cones:
Kexp = { (21,2, 23) | 11 > zoexp(w3/32), 22 > 0} U {(21,0,23) | 21 > 0,23 < 0}.

By introducing new variable wj = 57} + >, c(a 572

m?

(5) can be represented by exponential

cones:
t .t t
(yzv/yz ’ wz) € ’Cexp~

Therefore, (CONIC) is an equivalent mixed-integer exponential cone programming of (HAP).
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EC.3.3. Proof of Theorem 2
THEOREM 2 Assume the absence of cross-product and cross-period constraints. Then, the

sequential-revenue-ordered policy solves (HAP) if the history-dependent effects are non-negative,

that is, 3 > 0.

Before proving the result, we present some preliminary results that will be used in our proof. Given
a vector of attraction values v € ]Rf , consider a single-period assortment optimization problem
under the MNL model given as follows:

mgmx{MNL(S, v):= Z rivi/(1+ Z v;)

i€S i€S

S C[N] } (EC.5)

We assume that products are indexed such that r; > --- > ry. For k € [N], we will use [x] to
denote a revenue-ordered (RO) assortment. Talluri and Van Ryzin (2004) show the optimal revenue
is achieved by a RO assortment [] for some cut-off product « € [IV]. Without loss of generality,
we assume that there exists a unique optimal solution; otherwise, we will use the optimal RO

assortment with the largest number of products.

LEMMA EC.2. Let v € ]Rf and assume that vy > --- > ry. Then, we obtain the following
results:

1. The RO assortment k| is optimal if and only if r,, > MNL([x],v) and 111 < MNL([], ).

2. If the RO assortment [k| is optimal then, for every p such that p > v, MNL([], ) >
MNL([s],v).

Proof of Lemma EC.2. Part | follows from Talluri and Van Ryzin (2004). To prove Part 2, we
consider g such that ; > v; for j € [k] but p; = v; for all 7 ¢ [], and observe that

MNL([x], ) = MNL([x], ) = § " 2iel i (7 (BR%) 1]
0 otherwise.

Due to Part 1, we obtain that 7; > MNL([x], ) for j € [s]. This completes the proof. O

The next result establishes that assortments generated by our policy are nested.

LEMMA EC.3. Let [r!],...,[rT] be a sequence of RO assortments generated by the sequential-

revenue-ordered policy. Then, k' > k?--- > KT,

Proof of Lemma EC.3. Let v = (v}, ..., v7) be corresponding attraction values, that is,

vii=a;(1( € [£71]),..., 1(i € [&"M])) fort € [T] and i € [N].
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We prove that N > k! > .- > k' > 1 holds for every t € [T)]. Clearly, it holds for 7 = 1. Assume

that it holds for some 1 <7 < T'. Now, we observe that
Ter 1 < MNL([7],v7) < MNL([7], v™1) < MNL([s" ], 0711,

where the first inequality follows from Part 1 of Lemma EC.2, the second inequality holds due to

Part 2 of Lemma EC.2 since 3 > 0 and ! > --- > x7 imply that ™! > v7, and the last inequal-

ity follows from the optimality of the RO assortment [£”"!]. Thus, r.-;; < MNL([x"],07"1).

Therefore, by Part 1 of Lemma EC.2, we can conclude that k7 < k7. OJ
Now, we are ready to prove Theorem 2.

Proof. Let Z, and Zro be the revenue generated from solving (HAP) and from using the sequential

revenue-ordered policy. Clearly, our policy generates a feasible plan and thus Zgro < Z.. To show

the reverse, we consider the revenue generated from solving the following optimization problem,

1
Zy = 7 Z msz%x{MNL(St,VtU) StC [N]}7

te[T)
where 1/671 is the attraction value of product ¢ in period ¢ obtained by assuming that the product : is

offered in all past periods, that is,
vy =a;(1(t—1>0),...,1(t— M >0)).

Moreover, for each ¢t € [T, let [x{)] denote the RO assortment that maximizes MNL(-,v{)). To
complete the proof, we will show that Z, < Zy < Zro.

Now, we show that Z, < Zy. Let S!,...,ST be an optimal solution of (HAP). Let v, =
1

(vl,...vT) denote the corresponding attraction values, that is, for ¢ € [T'] and i € [N],

V=i (1(ie S, .. 1(ie STMY),

*,2

where S° := () for s <0. Then,
1 t t
Zu=1r > MNL(S!, o).
te(T)

Now, for t € [T1], let k. € [N] such that the RO assortment [x!] maximizes MNL(-,2"). Then,

*

Z, < Zy follows by observing that

MNL(S!, 1) < MNT, (jst], ) < MNL ([st],v) < MNL (i, ).
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where the first (resp. last) inequality holds since the right-hand-side is the optimal revenue that can
be achieved under the attraction value v (resp. v/{)), and the second inequality follows from Part 2
of Lemma EC.2 since 3 > 0 implies v}, > VL.

Last, we show that Zy = Zgo. Let [kpo); - - - , [FRo) be the sequence of RO assortments given by

our policy, and let g, be the corresponding attraction value, that is,

vhos = ai(L(i € [kgo ), L(i € [Ko 1))

where [r§g] := 0 for s <0. In general, 3 > 0 implies that vk5 < v}{,. However, due to the nested
structure on K, - - - , Ko in Lemma EC.3, for each ¢ € [T, we obtain that v}, = 1), for k €

[kko) and, thus

MNL([k], vho) = MNL([K],2,)  fork € [rho). (EC.6)

Moreover, since ko] maximizes MNL(-, vko ), Part | in Lemma EC.2 shows that
Pt = MNL([kbol, ko) > Tt 11 (EC.7)

By (EC.6) and (EC.7), we obtain 7, > MNL([Kgo],¥/y) > 7yt_41- By invoking Part 1 in

Lemma EC.2, we obtain that s}, = kky. Therefore, we can conclude that
MNL([KII;OL VEO) = MNL([’%?O]? VIIEJ) = MNL([’%J]? Vﬁ)?

showing that Z, = Zgo. [

EC.3.4. Proof of Proposition 3
PROPOSITION 3 Assume the absence of cross-product and cross-period constraints. Then,
there exists an optimal assortment x = (x',. .., ") of (HAP) such that {Z € [N] ‘ Zte[T] xt > 1}

is revenue-ordered.

Proof. Let = (x',...,2”) be an optimal solution, and let ' = (}),cn) be the attraction value
vector in period ¢, that is, v/ = a;(2!™%, ..., 2/ ™). For each t € [T, let S* denote {i € [N] | 2! =
1}, and define S := U, S*. Suppose that S is not revenue-ordered. We assume that products are
indexed such that r; > --- > ry, then there exists a pair of products, 7 and j with 7 < j, such that

i ¢ Sbut j € S. We consider two possible cases on the revenue of the i product.
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Suppose that there exists 7 € [T'] such that MNL(S7,v") < r;, where MNL(-, ) is defined as
in (EC.5). Let Revuap(ZY, ..., ZT) be the objective value of (HAP) if Z* is the assortment for the

" period. It follows readily that

Reviap(SY, ..., 871, 87U {i}, S7, ..., 8T) ( > MNL(S t)+MNL(STU{z'},uT)>
te[T\{7}

1
> = > MNL(S, v') =Revuap(S', ..., S7),

where the first equality holds since i ¢ S* for all ¢ € [T']. The inequality holds because MNL(S™ U
{i},v7) = Ari + (1 = ) MNL(S™,v7) > MNL(S7,v7), where A = v] /(1 4 Y, co- Vi + V).
If MNL(S™,v7) = r;, then we obtain a new optimal solution with the same revenue as that of
St ..., ST If MNL(ST,v™) < 1y, the condition is not possible because the above inequality con-
tradicts the optimality of S!,..., ST,

Now, assume that MNL(S*, v") > r; for all ¢ € [T]. However, this is not possible as we argue

next. Let 7 be the last period such that j € S™. Then, we have MNL(S*, v") > r; for all ¢ € [T]. We

obtain a contradiction to the optimality of S',... ST as follows.
Revip (S, S71,87\ {j}, 57+, .. ( S MNL(S',v') + MNL(S™\ {5}, w))
te[T\{7}
>—ZMNL — Revpap(S?,...,57),
te[T)

where the first equality holds due to j ¢ S* for ¢ > 7 + 1. The inequality holds because
MNL(S™,v7) = Arj+(1—=X) MNL(S™\{j},v7) < AMNL(S7,v7)+ (1 —=A) MNL(S"\ {j},v7),
where A =7 /(1+ 3, cs- Vi ). The above inequality contradicts the optimality of S*,...,S". [

EC.4. Proofs of Section 4

We derive a graph representation of (HAP) for proving cyclic policies. With each instance
of (HAP), we associate a directed graph D = (V, A) with nodes V' and arcs A, referred to as
assortment graph, as follows. A node in the assortment graph is a tuple of historical assortments,
(=1, 2"™™). Thatis, anode v = (v!,...,v™) in V has M elements, and each one is an assort-
ment. The first element denotes the latest offered assortment, and the last one is the earliest one

in memory. The number of nodes is 2V, We say a node p = (u',..., ) is a predecessor of

v= (... oM)if yk =ov* for k=1,2,..., M — 1. Then, an ordered pair (u,v) is an arc going
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from p to v if u is a predecessor of v. Therefore, the arc set in the assortment graph is given as
follows:

A:={(u,v)| if u is predecessor of v and p,v € V'}.

The number of arcs is 2"+ The arc (1, v) records the latest assortment v* and drops the earliest
one 1M, which defines the updating process of history assortments within memory. Then, we can

define an arc’s weight as

w(%“) = Z Tiﬂ—i<vl>ﬂla Tt nuM)
1E€[N]

where 7;(+) is the purchase probability of ¢ given current assortment v! and historical assortments

(ut, ..., u™) defined in Section 2.1. Here, we omit the superscript of period ¢ for simplicity.

EC.4.1. Proof of Theorem 3
THEOREM 3 Given an instance of (INFTY), there exists a positive integer L* such that L*-

cyclic policy is optimal to (INFTY).

Proof. We show that finding an optimal assortment planning for (INFTY) equals finding the maxi-
mum mean cycle in the assortment graph, which is the cycle with the largest mean weight.

First, we show an assortment planning of (INFTY) maps to a path in the assortment graph.
Suppose x*, 2, ... is an assortment planning of (INFTY), it defines a path in the assortment graph,
that is, vg,v(1),v(2), ..., where vg = (0, ...,0) and

e it —k>0
v(t) = forke[M]andteZ, .
0 otherwise,

It suggests v(t)’s first element records the assortment decision in period ¢, and the following

M — 1 elements record the historical assortments before x’. Then, the mean weight of the path

equals the average revenue of the assortment planning. That is,

. 1 . 1 trot o t—1 t—M
lim ?Zw(v(t—l),v(t)) = lim TZ Zrﬂri(w i AN A P

oo e te[T] i€[N]

Next, we show that to solve (INFTY), it suffices to find the maximum mean cycle denoted as C*.
Since any assortment planning is a path in the assortment graph, solving (INFTY) equals finding
an infinite-length path with the largest mean weight and the starting node vo. We call such a path
an optimal path. Because the assortment graph has finite nodes and arcs, an optimal path will

inevitably repeat cycles in the assortment graph. Given an infinite-length path, we can repeatedly
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replace each cycle in the path with the maximum mean cycle. Finally, we obtain a path that repeats
the maximum mean cycle forever and has a larger mean weight than the initial one. We do not need
to consider the path’s weight from the starting node vq to the maximum mean cycle because it will
vanish when taking the average over an infinite horizon 7'.

Next, we show how to recover an assortment plan from the maximum mean cycle. Suppose
the maximum mean cycle is C* = v(1),v(2),...,v(L* — 1),v(0) where L* is the length of the

maximum mean cycle. We can construct a cyclic policy as follows.
x' =v'(t mod L*)fort € N,.

It suggests x' is the first element of v(¢# mod L*). Therefore, we prove that an optimal solution
of (INFTY) is a cyclic policy. The average revenue generated by the cyclic policy is identical to the
mean weight of the maximum mean cycle C*, and the length of the cyclic policy is L*. If we know

L*, we can compute the cyclic assortment planning via (CYCLE-CONIC). U

EC.4.2. Proof of Theorem 4
THEOREM 4 Assume that M < N. An (M + 1)-cyclic policy is optimal for problem (INFTY) if

the cross-period constraint is non-overlapping.

Proof. We prove this result by showing any L-cyclic policy with length L. > M + 1 will be domi-
nated by the (M + 1)-cyclic policy in terms of the expected revenue. Recall that we do not consider
cyclic polices with length L < M + 1 because they contain empty sets.

Given an L-cyclic policy satisfying the non-overlapping condition, x!, ..., x”, the purchase
probability of product 7 in period ¢ is

2t exp(9)
W(ﬂ:t,wt_l,...,a:t_M — 3 ) ’
) =TS o 2l exp(BD)

because a2} + 2!t + .- + 2" <1 for i € [N] and ¢ € [L]. Hence, we can simplify the average

revenue of such a cyclic policy as follows
Rev, = — ZR Zanexpﬁo 1+erxpﬁo
te[L te[L] 1€[N] 1€[N]
For any L-cyclic policy with length L > M + 1, we show its average revenue is a convex com-
bination of cyclic policies with length M + 1. We rewrite Rev, as

(M+1D)R(xY) + -+ (M+1)R(x")
(M+1)L

RevL =
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(R(z') + R(z?) + -+ R(x™™)) + -+ + (R(z*) + R(x") + - - - + R(z™))
(M+1)L
_LR@)+ R+ + R L R@Y 4 R@) 4+ Rt

L M+1 L M+1

*
<Revy,.

The first equation holds by multiplying both the denominator and numerator by M + 1. The second
equation holds by re-arranging orders of R(x!),..., R(zl). The third equation shows that we
construct L cyclic policies with length M + 1 by abstracting M + 1 adjacent assortments in the
cycle !, ..., x. Each cyclic policy is a feasible solution of (CYCLE-CONIC) with length M + 1
since they are non-overlapping. Then, we have the last inequality because Rev), , is generated by
the optimal solution of (CYCLE-CONIC) with length M + 1. Therefore, the (M + 1)-cyclic policy

has the largest revenue under the non-overlapping condition.

EC.4.3. Proof of Theorem 5

THEOREM 5 Zpounp-rree < ZeyeLe-conie If the cross-period constraint is non-overlapping.

PI‘OOf. In the follOWIHg, we Will ShOW that ZBOUND-FREE S ZMCCORMICK S ZCYCLE-CONIC’ Where

Zmccormick 18 the optimal objective value of the continuous relaxation of the following integer

programming:

max Tzuz%
te [M+1]i€[N]
st xl+ Z M <1 fori e [N] (EC.8a)
me[M]
P unl=1 fort € [M +1] (EC.8b)
1€[N]
V< phrat fori € [N] and t € [M + 1] (EC.8c¢)
M<p4pial—pl  fori€[N]andte [M+1] (EC.8d)
Vi > pt+ ppt — oy fori € [N]and t € [M +1] (EC.8e)
> ph fori € [N] and t € [M + 1] (EC.8f)
x'exn{o, 1}V fort € [M +1], (EC.82)

where constraints (EC.8c)-(EC.8f) are exactly (3), obtained by using the McCormick envelopes to

linearize ! = pal.
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First, we prove Zgounp-rree < ZMmccormick- Since the bound-free formulation (12) and formu-
lation (EC.8) have identical objectives, it suffices to show that any feasible solution of the con-
tinuous relaxation of (12) is also feasible for that of (EC.8). More specifically, we need to show
that constraints (EC.8c)-(EC.8f) are implied by (12b)-(12¢) of the bound-free formulation. Con-

straints (12¢), I'}; <+ for i # j from (12d), and T'}; = 7} from (12¢) imply that
(14X w )
jEN
which is (EC.8f). Constraints (12b) (12c), I'}; < 4% for i # j from (12d), and I'}; = ~; from (12e)
imply that
<A+ u =i+ 1- g
JE[N]
which is (EC.8e). Also, constraint (12c), I'}; > 0 for i # j and I'}; =~} imply

t t
xi Zf)/l7

which is (EC.8¢). Constraint (12b) (12¢), Ft >+ 73 ptfori# 7, Tt =4, and 7} < p' imply

22t + Y u(i At = ) = (14 Y w) (= o) + (L ud)f + 3
i J€IN] J#
=1+ 3w =) ulp H 1=yt > (14> ) (= o) + 1,
FE[N] JEN]

which is (EC.8d).

Next, we prove Zvccormick < ZcycLe-Conic- INote that in this case, (CYCLE-CONIC) becomes

M1 2. "

ze[N]te[M-H}
s.t. xi+ Z 2] < fori € [N]
me[M]
,0+Zyz—1 for t € [M +1]
1€[N]

max{0, pfa] " + 41— pf,} < 2f,, <min{y}, pha] "} for t € [M + 1], m € [M]
(EC.9a)

(3), (5), (10b) fort € [M +1],i € [N]
x' e XN {0,1}" fort € [M +1],
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where (3) and (EC.92) are McCormick envelopes linearizing v/ = p'z! and 2! =~!2]"™") respec-

tively. (5) and (10b) are convex and concave extensions of y!, respectively. Letting (x, p,~) be
a feasible solution of the continuous relaxation of (EC.8), and define y! = ~!u; and z,, = 0 for
all t € [M + 1] and i € [N]. To complete the proof, we only need to show that (x, p,~v,y, z) is
feasible to (CYCLE-CONIC). Clearly, constraints (3), (5) and (10b) are satisfied. Next, we verify

constraint (EC.9a) is satisfied. Clearly, min{~/, pfsz(mlt)} > 0= z{,,. On the other hand,

Pyl ™ byt — oty < ol il — oy

= pby (@] 2t — 1)

<0=2z!

m?

where the first inequality holds because of (EC.8c) and the second inequality holds because

of (EC.82). O

EC.4.4. Example of the Unstable Maximum Mean Cycle Length
The following example shows that a slight fluctuation in one parameter could result in a different
maximum mean cycle length if there are no non-overlapping constraints.

EXAMPLE EC.1. Consider a case where a firm sells three products to customers with a mem-
ory length of one. There are no cross-period or cross-product constraints. The outside option has

utility 0. Table EC.1 provides a detailed parameter setup. The two-cyclic policy has larger revenue

Table EC.1 Product parameters

Product Price Base utility One-period history-dependent effect

1 6 1.3 -0.5
2 16 -0.6 -0.8
3 17 0.2 -0.9

than the three-cyclic policy. However, once the base utility of product 3 increases from 0.2 to 0.3,

the average revenue of the two-cyclic policy is smaller than that of the three-cyclic policy. 0

EC.5. Additional Material to Section 6
EC.5.1. Multilinear Extension Based Formulation

In this subsection, we introduce the multilinear extension-based formulation of (HAP). For the

nonlinear structure (CHOICE), we first use the multilinear extension to present the attraction value
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function «;(+) (O’Donnell 2014), and then recursively apply McCormick envelopes to derive a
linear representation. It is well-understood that both the quality and the size of the resulting lin-
ear representations depend on the recursive sequence, and finding an optimal recursive sequence
amounts to solving a difficult combinatorial optimization problem (Speakman and Lee 2017, Kha-
javirad 2023). Speakman and Lee (2017) show that the relaxation quality depends on the sequence
of recursion, but we do not exploit the best sequence in this paper. Even though the number of intro-
duced variables and constraints increases exponentially with the memory length, this formulation
is solvable under a small M.

We represent the attraction value function via a sum of multiple multilinear functions. Given
memory length M € Z,, {Si | Sy C [M], k € [2M]} is the collection of all subsets of [M]. For
every S, k € [2M], let x°* be its indicator vector, that is, the m™ coordinate of x°* is 1 if and only

if m € S;.. We can rewrite the attraction value function as

ai(zth M) = Z (ILnes, ™) -ag  for i€ [N],
ke[2M]
where a;, = a; (x) — 28, Qi

Then, introduce 9519 to present the multilinear term, that is,
0, =at- (Hmegkxﬁ’m) = Hmesku{o}xf’m forie [N],te[T], ke [QM].

We recursively use McCormick envelopes to linearize 6%, . The idea is to sequentially introduce
artificial variables and reduce the number of variables in the multilinear term. First, select any two
components p,q € Sy U {0}. Then, introduce a variable h(p,q) that corresponds to the bilinear

product and the multilinear term changes to

efk = hﬁ(p, Q) : HmESkU{O}\{p,q}x}Zim

. ) ) t—p t—
We can use McCormick envelopes to linearize hf(p,q) =z, "x; ?,

max{0, xf_p + :E;?_q — 1} <hi(p,q) < min{:z:ﬁ_p, xz_q}.

This procedure can be recursively applied to the remaining parts until 6%, is completely linearized.

We use a notation # (i, ¢, k) to present the corresponding McCormick envelopes.
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Note that 9;,{: € {0,1}, we also apply the McCormick envelopes to linearize p'6!, denoted by

wf,.. That is,

wh, <min{p 0% + o' — pi, pi0} (EC.10a)

wiy, > max{ py 04, 0 + 0" — P }- (EC.10b)

Finally, we obtain a mixed-integer linear formulation of (HAP) as follows.

max 730 3 v

te[T)i€[N]
s.t. {0, 1} NXandxcP for t € [T] (MULTILINEAR)

pt—i—ny:l for t € [T]

1€[N]
Yl = Z whagk fort€[T]and i € [N]

ke[2M]
0L, € H(i,t, k) for t € [T],i € [N] and k € [2"]
(EC.10) for t € [T],i € [N] and k € [2].

EC.5.2. A Projected Cutting-Plane Implementation for Bound-Free Formulation (12)

The bound-free formulation (12) has O(NN?) variables due to the presence of I' variables. We
design a cutting-plane procedure to implement (12) for computation efficiency. Recall that (12) is
reformulation of ((M+1)-CYCLIC). In our implementation, we first reformulate ((M+1)-CYCLIC)
as a base model. Next, we use a projected separation oracle to cut off infeasible solutions for A
rounds.

We linearize (M+1)-CYCLIC) to a base model as follows. First, following the idea in

L

t) with constraint p' +

Section 3.1, we introduce variable p’ to denote 1/(1+3_, n u;z
> e wiTspt = 1. Next, let 7] denote the bilinear product 2;p" and apply McCormick envelopes

to linearize the bilinear term. We also notice that, for t € [M + 1],

pH(1+ Z x?u]) >1,
J€[N]
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which is a valid convex constraint and is representable via the second-order cone. Let w' =1 +
> €[] whu; for t € [M + 1] and add the above constraint into our formulation. Finally, we obtain

a mixed-integer second-order conic formulation of ((M+1)-CyCLIC) as follows.

max M;—H Z Z r,ufyf

te[M+1] ig[N]
st ab+ Z 27 < fori € [N]
mée[M]
pt—l-Zunf:l fort € [M +1]
1€[N]
vi <min{pl i+ p' —p}, pat}  fori€ [N],t € [M +1] (BASE)

vi >max{piai, ppai+p'—py} forie[N],te[M+1]

ph+w' > ||pf —wt, 2| fort € [M +1]

wt:1—|—2$§uj fort € [M +1]
JEIN]

x' € {0,1}Y fort € [M +1],

where p and p}; are lower and upper bound of p' for t € [M + 1], respectively. Here, although we
need the bound of p’ when implementing (12), we do not require it to be very tight, and we use it
only for getting an equivalent formulation of (M+1)-CYCLIC).

We tighten the base formulation through a projected separation oracle (Algorithm 2). Given a
solution (&, 4, p), the separation oracle checks whether the projection of (12c¢) in the space of the
base formulation is violated for each i € [N] and ¢ € [M + 1]. More specifically, we replace I'}; in

(12¢) with the bounds in (12d) and (12¢), then we have

Wa+uw)+ D wymin{0,9f +f—p't <2l <Af 4+ Y wymindy), L) (EC.11)
JEIN]j#i JE[N]

If the current solution violates (EC.11), we add the corresponding constraint to the base model. We
detail each step in Algorithm 2.

Running the separation oracle once is a round of cut generation. We add new cuts for K rounds
and the final formulation as BF-K, where BF denotes “bound-free”. In each round k € [K], the
cutting-plane algorithm solves the continuous relaxation of current formulation BF-(k — 1) and
obtain an optimal solution (&, 4, p). Then, the algorithm calls the separation oracle (Algorithm 2)
to generate new cuts. The algorithm finally solves BF-K with binary constraints and obtains an

optimal integer solution. We present details of this implementation process in Algorithm 3.
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Algorithm 2 Projection-based separation oracle for (BASE)

1: Input: (&,4, p) and base utility u

2 Cuts 0, A< 0, B+, and C < ()
3. forie[N]andt e [M+1]do

4. for j € [N]do

5 if 4; +45> p,and i # j then
6: A+ AU{j}

7: end if

8: if 45 > 4] then

9: B+ BU{j}

10: else

11: C+CU{j}

12: end if

13:  end for
14: lower-bound < (1 +u;) - 4f 4 3 4 wi (3 + 35 — pr)
15: upper-bound < 4} + > p Ui + D70 Ui

16:  if @ <lower-bound then

17: Cuts 7 > (1+ i)y + 3 5e 4w (% +75 — )
18:  else if #! > upper-bound then

19: Cuts < 7 <7 + > 5ep UiV T D jec Wi

20:  end if

21: end for

22: Output: Cuts

EC.5.3. A Cutting-Plane Implementation for Large Memory Length

One of the main difficulties of solving (CONIC) is that for each i € [IN] and ¢ € [T], the number of
linear inequalities used to describe the concave envelope of the attraction value function in (7) is
M!, which grows factorially as M becomes large. In the following, we will implement constraints
in (7) in the so-called lazy fashion. More specifically, we use the Callback routine of Gurobi
to implement (7) as lazy constraints. Constraints in (7) are removed from (CONIC) and placed in a
lazy constraint pool. Then, Gurobi solves the relaxed problem and checks whether inequalities in

the pool are violated at each integer solution generated in the branch-and-bound tree. If a violated
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Algorithm 3 A projected-cutting-plane implementation of bound-free formulation (12)

1: Input: Formulation (BASE) (denoted as BF-0) and a positive integer K

2. k1

3: while £ < K do

4. (&,4,p) + an optimal solution to the continuous relaxation of BF-(k — 1)
5. Cuts « Call the separation oracle, Algorithm 2, to separate(z,~, p)

6:  BF-k < Add Cuts into BF-(k — 1)formulation

7. k<—k+1

8. end while

9: Solve BF-K with binary constraints of x

10: Output: An optimal solution of BF-K, (x*,~v*, p*)

inequality is found, it is added to the node, the integer solution is cut off, and the node is resolved.
We elaborate on our implementation as follows.

Since Gurobi does not support the exponential function, we linearize the exponential conic
constraint (5) using the subgradient inequalities of the continuous relaxation of «;(-) and treat the
subgradient inequalities as a lazy constraint as well. Note that the continuous relaxation &;(+) is a

closed convex function over [0, 1]*. Thus, by Rockafellar (1970), for (2!, ..., z!=™) € [0, 1]M

a;(zi . M) = mgx{&i('w) + Z (™ —w™) By (w) ' w € [0, 1]M}.
me[M]
where 37 a;(w) is the m™ partial derivate of V&;(w). Therefore, using the variable ~/ to scale the
subgradient inequalities, the exponential conic constraint (5) is equivalent to
vi > vfes(w) + Y (2 — ™)l og(w)  forw e [0, 1M, (EC.12)
me[M]

To implement (7) and (EC.12) as lazy constraints in Gurobi, we use Algorithm 4 to solve the
separation problem. Given a point (solution) (y,4, 2) in the space of these two constraints, for each
product ¢ € [N] and period ¢ € [T], we check whether constraints in (7) and (EC.12) is violated.
For constraint (7), we obtain a permutation ¢ by sorting { g/, }cn in a non-increasing order, that
1S, Gisy) = "0 = Gis(ar)> Where gi, =24, if m ¢ I; and g}, = 4 — 2, if m € I;. The constraint
in (7) corresponding to the permutation ¢ is

yf < ai(’l?o)(’yf - 55&(1)) + Z a( ?k)(gf&(k) - 5f&(kﬂ))- (EC.13)
ke[M]
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The given point (y,%,2) satisfies (7) if and only if it satisfies the constraint (EC.13). For
the convex part, we directly check the subgradient constraint obtained at historical assortments
/\M)

(’UAJl,...?w :<211/&57725M/’7f)

Yt >t (0, .. M) + Z (2 —A™) By (W ... ™). (EC.14)
me[M]
The given point (y,4, 2) satisfies (EC.12) if and only if it satisfies the constraint (EC.14). We
summarizes the above procedure in Algorithm 4
The idea of separating constraint (7) is as follows. Since constraint (7) is the scaled Lovasz
extension of the attraction value function, the separation problem reduces to identifying the correct
linear inequality from its piecewise-linear representation. Each linear piece corresponds to a spe-

t—1 t—M
R A

cific ordering (permutation) of the coordinates, that is, the historical assortments (z
Given a candidate solution &, the permutation ¢ obtained by sorting the historical assortments in a
non-increasing order identifies which simplex contains the current point and determines the linear
interpolation that yields the Lovész extension. For example, when the memory length is two, in
Figure 2a, nodes in the blue shaded triangle satisfy 2!~ > /2, which corresponds to permutation
(1,2). This permutation maps to the nested vertices (0,0) — (1,0) — (1,1) that define the Lovész
extension for these nodes. In the mixed case shown in Figure 2b, we sort the switched historical
assortments, i.e., 1 — 2!™" > 2!~  again obtaining permutation (1,2). Since the linear scaling (by
7¥) preserves the relative ordering, we can directly sort ¢!, , as done in our algorithm. We provide

a formal proof of the separation procedure of both constraint (7) and (EC.12) in the following

Lemma EC.4.

LEMMA EC.4. Let Y = {(y,7,2)| (7),(EC.12)}. Algorithm 4 solves the separation problem

of set Y in polynomial time.

Proof of Lemma EC.4: We need to show that if current solution (y, 4, 2) ¢ ), then the returned
cuts can separate current solution and ). First, it is easy to check that the returned cuts are valid
inequalities for ). That is, each point (y,~, z) € ) satisfies (EC.13) and (EC.14).

Next, we discuss two cases when the returned cuts could cut off the current solution. We argue

that it is sufficient to consider positive 4! because the integer solution must be £ = 4! =

t—-'-_
N =

zhy =9k =0if 4 =0, which is feasible. If (y, -, z) violates at least one constraint (7). That is,
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=min{a; (h) (3 — ghor) + D (h%) (9hoty — Ghotrsn)) }
ke[M]
= Ozi(h?o)('% - gf&(l)) + Z Oci(hfk)(gf&(k) — gf&(k+1))7
ke[M]

where ¢! is switched with ! defined in Algorithm 4. The first and second equalities hold by the
definition of the Lovdsz function of «;(-). Clearly, such a solution can be cut off by (EC.13). If
(y,4, 2) violates at least one constraint of (EC.12). That is,

gf<’%ai(251/’ﬁ7“'725M/&f):/ﬁai(wla'“?wM)_}' Z ( ’% Am)ﬁimai(wlv'“va)v
me[M)]

where the equality hold by the definition @™ = 2! /4%, Such a solution can be cut off by (EC.14).
OJ
The last element in our implementation is to select a starting formulation before calling
Gurobi. We solve a collection of relaxed models to obtain continuous solutions and call the sep-
aration oracle to add new cuts. The relaxed models contain a subset of constraints (7) and (EC.12),
defined as follows:
s, 723

s.t. 2 e[0,1]]"NXandxcP forte[T]

P+ ZEZN] y; =1 for t € [T RLx)
(3), () fort € [T]and i € [N]

(7) forc € QF,t € [T] and i € [N]

(EC.12) forw € W}, t € [T] and i € [N],

where QF C Q (resp. WY C [0,1]M) is a subset of permutations (resp. nodes). Given a continuous
solution, we call the separation oracle (Algorithm 4) to add new cuts and update RLX}, to RLX (31).
We add K rounds of cuts and set the final RLXj with binary constraints as a starting model for
Callback. We present details of the implementation process in Algorithm 5.

EC.6. Supplementary Numerical Studies

EC.6.1. Performance under Cross-product and Cross-period Constraints

In this numerical study, we add cross-product and cross-period constraints to understand how such

constraints impact the computational performance of our formulations. We consider the cardinality



e-companion to He, Zhang, and Zheng: History-Dependent Assortment ec23

Algorithm 4 Separation oracle for (7) and (EC.12)

2:

3:

4:

9:

10:

11:

12:

13:

AAAAA

Cuts<— ()
for i€ [N]andt e [T]do

Generate ¢ by sorting {gf&(m)}me[m such that 95&(1) > > gf&( arys Where g, =zt if
mé I;and ¢! =4t — 2t ifme L.
if (EC.13) is violated then
Cuts«+ (EC.13)
end if
Find the historical assortments (!, ..., wM) = (2}, /4, ... 24, /A1)
if (EC.14) is violated then
Cuts (EC.14)
end if
end for

Output: Cuts

Algorithm 5 A cutting-plane algorithm for (CONIC) with large memory length

1:

2:

3:

10:

Input: Parameters v, {3 };cn), 3, M, N, T, {Q},, Wi }iein e, and K
k<1
while £ < K do

AAAAA

AAAAA

RLXj41 < Add Cuts into RLXy,

k< k+1

- end while

Add binary constraints to the final RLXx and solve it through the Callback routine of
Gurobi to call the separation oracle Algorithm 4

Output: An optimal integer solution (x*, y*, p*, v*, z*)

constraint for each period:

Y al<C fortelT). (EC.15)

1E€[N]
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That is, the number of offered products in each period is no more than C', a positive integer. For
the cross-period constraint, we consider that the number of times provided for a product i € [V]
shall not exceed K. That is,

» al<K forie[N]. (EC.16)

te[T]

We focus on the satiation effects and generate parameters as follows. The revenue and base
utility of a product are randomly generated from uniform distributions with ranges of [1, 10] and
[—1,1], respectively. The history-dependent effect 3} is uniformly sampled from [—1,0] for each
i€ [N].We fix N =30,7 =5 and M = 1. We generate 5 synthetic instances for each configuration
of C'€{5,10,15,30} and K € {2,3,4,5}. We use the MILP model, Env, to solve each instance
within 3600 seconds and with an optimality gap 0.5%.

Table EC.2  Computation time, end gap, and root gap of Env formulation under weak

satiation effects with cardinality constraint (EC.15) and offering constraint (EC.16)
(N=30,T=5M=1)

C K #sol Ty Gend(%) Groot(%) C K #sol Ty Gend(%) Groot(%)
5 2 1 801.20 2.15 13.58 15 2 1 796.22 1.93 13.23
5 3 4 509.65 1.73 7.49 15 3 4 38527 1.46 7.03
5 4 4 36920 1.28 5.81 15 4 4 20741 0.86 4.86
5 5 4 139.18 1.18 4.41 15 5 5 86.74 0 3.26
10 2 1 960.74 1.96 13.22 30 2 1 871.66 1.86 13.22
10 3 4 33998 142 7.03 30 3 4 439.71 1.44 7.03
10 4 4 187.44 0.71 4.86 30 4 4 21448 093 4.86
10 5 5 82.12 0 3.27 30 5 5 89.89 0 3.26

Table EC.2 summarizes the computation performance of Env under constraints of (EC.15)
and (EC.16). The first two columns are the limitations of cardinality size and offering times, respec-
tively. The third column #s0l indicates the number of instances solved to optimality within 3600
seconds. Tgpt is the average computation time of solved instances and Genq is the average end gap
of unsolved instances. The last column G is the average root gap of all instances. Table EC.2
shows that our formulation is more sensitive to the cross-period offering constraint (EC.16) than
the cross-product cardinality constraint (EC.15). For instance, under the same offering times K&,
the average computation time, end gap, and root gap are stable under different cardinality sizes C'.
However, under the same C), if we increase the offering times K from 2 to 4, the average compu-
tation time, end gap, and root gap shrink by more than one-half. It is because our formulation does
not characterize the problem structure in the space of cross-period choice probabilities, (1!, 3:").

Although not all instances are solved to optimality, the end gap is no more than 2.5%. It indicates

the robustness and efficiency of our formulation.
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EC.6.2. Performance of Instances with Large Memory Length
This numerical study demonstrates that our (CONIC) formulation, combined with the cutting-plane
algorithm, can solve instances with moderately large memory length.

We fix the number of products N = 20 and planning horizon "= M + 1 for M € {4,5,6}.
We consider both addiction and satiation effects. Specifically, a product has an addiction (resp.
satiation) effect with probability 6 (resp. 1 —6), where 6 € {0,0.1,0.2}. For products with addiction
(resp. satiation) effects, its {5} },,c[as) are uniformly sampled from [0, 1] (resp. [—1,0]). For each
configuration of M, T, and #, we randomly generate 10 instances. The revenue and the base utility
of a product are from uniform distributions with ranges of [1,10] and [—1, 1], respectively. To
initialize the cutting-plane algorithm, we set €2}, by randomly generating 2,10, and 20 different
permutations over [M] for memory lengths of 4,5, and 6, respectively. We initialize W} by adding
w € {0, 1}M satisfying |w||; € {0,1,2, M}. When computing the starting model for Callback,
we do not fix K rounds to add cuts. Instead, we call the separation oracle until the reduction of the
objective value of (RLX}) is less than a small constant €. We set ¢ = 10~® in the numerical study.

Table EC.3  Average computation time

of solved instances and average end gap
of unsolved instances

M T 0 #sol Time (s) Geniw)
4 5 0 10 31713 0

4 5 01 10 2.94 0

4 5 02 10 17.00 0

5 6 0 9 273.89 1.6
5 6 01 9 1632.32  3.19
5 6 02 10 170.72 0

6 7 0 6 3416.57 296
6 7 01 8 963.53 3.8

6 7 02 7 18.16 2.75

Table EC.3 summarizes the computation results, where we set a time limit of 7200 seconds or
an optimality gap tolerance of 0.5%. The first three columns show the memory length, planning
horizon, and the proportion of products with positive effects. The last three columns present the
number of solved instances, the average time of solved instances (including set-up time of the
starting model and Callback time), and the average end gap of unsolved instances. Table EC.3
shows that the cutting-plane algorithm can solve most instances to optimality within two hours,
even when M = 6. For instance, when M = 6 and 6 = 0.2, 7 instances are solved to optimality
using only 18.16 seconds on average. While some instances cannot achieve optimality within two

hours, their end gaps are small and no more than 4%.



ec26 e-companion to He, Zhang, and Zheng: History-Dependent Assortment

EC.6.3. Performance of (M + 1)-cyclic Policy

In this numerical study, we evaluate the (M + 1)-cyclic policy on synthetic data and compare its
performance with Sequential — RO and Sequential — LOSPO. We fix the number of products N =
30 and vary the memory length M € {1,2} and planning horizon 7" € {10,30,50}. We generate
product revenue, base utility, and history-dependent effects in the same way as the numerical study
in Section 6.1 and only consider strong satiation effects. For each combination of M and 7', we
generate five instances.

Table EC.4 shows the average revenue gap of the (M + 1)-cyclic policy and two heuristics
against the best feasible solution obtained by solving the envelope-based formulation, ENV, in
7200 seconds. In general, the (M + 1)-cyclic policy has a very small revenue loss, which is no
more than 1% in most cases and about only 2% of revenue losses of the two heuristics. The revenue
gap can even be negative, indicating that the cyclic policy can outperform the best feasible solution
obtained within the time limit. Moreover, the revenue gap shrinks when 7" increases, which matches

the asymptotical optimality of the (M + 1)-cyclic policy.

Table EC.4 Revenue gap (%) of (M + 1)-cyclic policy and heuristics

(N =30)

M T (M +1)-cyclic Sequential —RO Sequential — LOSPO
1 10 0.5 12.79 11.42

1 30 0.01 14.51 13.16

1 50 -0.08 14.86 13.51

2 10 1.03 27.63 26.12

2 30 -0.48 35.94 34.79

2 50 -0.68 37.74 36.67




