Appendix A: Examples of Heavy-Tailed Distributions

We start this section by introducing and characterizing the log-normal distribution, which, as will be

explained in the following, has the “lightest” tail among all heavy-tailed distributions of our definition.

EXAMPLE EC.1. Log-normal distribution. The log-normal distribution X ~ Lognormal(yu, c?) is defined

by in(X) ~ N (u,0?), and has probability density function

exp (—M> : (EC.1)
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p(r;p,0) =
To\ 27

The distribution has properties EX = exp(p + 02/2) and Var(X) = [exp(c?) — 1] exp(2u + o?).

We now verify that the log-normal distribution satisfies Definition 1 of heavy-tailed distribution. From

definition of the log-normal distribution we have cdf

1 _
F(x;u>a):q)<nx M>7

g

where ®(z) is the cdf of standard normal distribution. Therefore, the tail probability is given as

]P’(X>x)=1—F(x;u,0)=Q<1nx_”>,

g

where the Q-function is the tail probability of the standard normal distribution, and can be upper and lower

bounded as (see Borjesson and Sundberg (1979), for example)

(1) o) <)< 22 a0

1422

where ¢(z) is the pdf of standard normal distribution. Therefore, for the log-normal distribution

Lognormal(pu, 0?), we have

o(lnz — pu) Inz—p\ o(lnz —pu) ox ~(Inz—p)?
P(X>x)>02+(lna;—,u)2.¢< o >_\/ﬁ(02+(lnm—u)2) p( 202 > (EC2)

To simplify the analysis, consider the case =0, o = 1, we have (EC.2) equal to

In . < (1111:)2) Inz (e < 1H$>)1n;p
X j— = X - T
Vr(+ M) P\ 2 )T Var (i (mep) \ TP\ 2
. Inx p(mo)/2 S #x—(lnw)ﬂ
V27 (14 (Inz)?) 2V2rlnz

for big x. Therefore, we have

1
InP(X >z) > In (z-™/?) —In(2v2rlnz) = —§(lnx)2 —In(2v2rlnx). (EC.3)

ecl
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To verify the definition by showing

InP(|| X
sy U > )

Z—00 xh

<-C
does not hold for any 3 > 0 and C' > 0, observe that
(Inz)? =o0(z"); In(lnz)=O0(z"),

for arbitrary 5 > 0, and take this into (EC.3). As a result,

hf: Soljp W{M =0,
contradicting the definition of light-tailed, which means the log-normal distribution is heavy-tailed.

To give a better characterization of the tail orders, we note that, roughly speaking, log-normal distribution
lies at the boundary between the lighted-tailed and heavy-tailed distributions, and is of limiting order of the
polynomial-order distributions, as the polynomial order «v (for P(X > x) = O(z~*)) goes to oc. Provided
in the following examples are the most common families of distribution with polynomial rate of decay. The

formulation and properties of these distributions are used many times in our work.

EXAMPLE EC.2. Location-scale t distribution. The location-scale t distribution 7 (v, i, 7%) has probabil-

ity density function

plz;v, p, 7°)
(4t <H1<x—u>2>”2“ (EC.4)
Movme e )

and is of polynomial order P(X > z) = O(z™"), |x| — oo. The distribution has properties EX = p for
v>1and Var(X) =7%v/(v — 2) for v > 2.

EXAMPLE EC.3. Pareto distribution. The Pareto distribution P(«, z,,) has probability density function

[e3
oxy,

P(E50,m) = = 5>, (EC.5)
xOé

and p(z; «, x,,) = 0 for z < x,,,. Note that the Pareto distribution does not have full support. The distribution
is of polynomial order P(X > x) = O(z~“), x — o0, and has properties EX = oz, /(o — 1) for o > 1 and
Var(X) =22 a/[(a — 1)*(a — 2)] for o > 2.

EXAMPLE EC.4. Zero Symmetric Pareto distribution. The Zero Symmetric Pareto distribution ZSP ()
is a generalization of Pareto distribution that has full support on R and is symmetric by zero. The probability
density function of ZSP(«) is

a

R EC.6
St japry CER (EC.H)

p(ryo, ) =

The distribution is of polynomial order P(X > x) =O(z~ %), x — o0.
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Appendix B: Proofs
B.1. Proof of Lemma 1

Proof:  The proof is straightforward. Note that S, = {x"") € S|||x|| > VaRat.(p)}. By definition of
S, and the definition of VaR, we have

Puaia(Sp = 0) = Paga{[| x| < VaRuaa(p), Vi =1,2,..., M} = (1 —p)™.
When M > O(p~2), (1 —p)™ < (1 — p)A/P-(/P) | therefore
lim ]P’data(Sp 7é @) =1-—1lim Pdata(sp = @) Z 17
p—0 p—0

which completes the proof.

B.2. Proof of Theorem 1

Proof:  For two arbitrary points xéj ) and xék) from the dataset S = {Xg'b)}le. We first have the same
upper bound as given in the proof of Proposition 1 of Song and Ermon (2020):

1 X(k) _X(J) 2
E (Oj))[T(X|X(()k))] < §exp (_HOOH )

2
a(x[x 804,

Let Xéj ) be replaced by X, and x(()k) be replaced by an arbitrary x € S, we have

2
8o,

Eqxix) [r(x[x)] < %eXp <—|5(_>_(”2> : (EC.7)

Next, starting from the definition of heavy-tailed data, we first show that Definition 1 of heavy-tailed is

equivalent to
 mP(X| > @)
limsup ——————=
z—00 xh

This can be checked by noting that P(|| X || > =) € [0, 1], therefore [InP(|| X || > z)]/z? <0, Vx > 0, and

=0, VYB8>0. (EC.8)

thus have supreme limit at most 0. If 3 3, > 0 such that it is not zero, then the definition of light-tailed
distribution holds. Therefore, (EC.8) gives the equivalent definition of heavy-tailed distributions.'
Using definition (EC.8), for a heavy-tailed random variable X ~ gq..(Xo), there is a sequence of {z,,}

such that x,, — oo, and

InP(|| X
fi 2PUXT>20) _
n—oo :En
Therefore, Ve > 0,3 N,Vn > N,
InP(|| X > z,) > —ex’. (EC.9)

! We note that (EC.8) can be compared to the formulation of heavy-tailed distributions given in Lemma 1.2 of Nair et al. (2013),
1
lim inf —711]1)(”)(” > )

T— 00 x

=0.

Therefore, the difference in the two versions of definitions of heavy-tailed distributions lies in only the choice of 3.
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We now look at the definition of VaR, given as
VaRx(p) = in}%{P(|X| >zx)<p}= in{{{lnP(!X\ >z) <Inp}.
pAS Te

Note that from (EC.9) we have P(|| X|| > z,,) > exp{—¢ez?}, Vn. Together with the definition of VaR, this
gives

,, < VaRy,(exp(—ez?)), Vn. (EC.10)

To explain, (EC.10) arises from that the risk level of x,, is bigger than p, = exp(—ex?), which means
VaR ., (exp(—ex?)) shoud be more to the extreme, i.e., on the right side of x,. Also, the relationship
between z,, and p, is established as x,, = (—Inp, /¢)'/?, and p,, — 0 along with z,, — co.

Now consider E(yx) [r(x;x?")]. Note that when p,, is sufficiently small, implying VX" € S] , ||x"||
sufficiently large, we have

SPn <2 SPn||2
Eq(x|x) [r(x|xP™)] < %exp <_prga_%xn> < %exp (—”j;;) .

By xP" € S, and the definition of ], , we have ||X”"|| > VaRyu(pn). Together with (EC.10), we have

<Pn||2 2
By i) <o (510 ) <enp (- 22 )

T T

Plug in z,, = (—Inp, /)*/#, we have

/B
) (~Inp,)>? 1\
- Pn N Thkn _
]Eq(x|x) [T(X|X )] S exp < QJ%El/ﬁ S €Xp 1n pfn R

where the second inequality comes from that ¢ is arbitrary. Also, taking the supremum over x € S, = gives

1\ 2/
sup Eyppx) [7(x[%)] <exp  — <1n > ,
ieSz’m DPn

lim sup B xs) [r (x[%)]exp { (In(1/p))* "} <1, ¥8>0.

p—0ZESy
B.3. Proof of Proposition 1

Therefore,

Proof: We first prove the case where 74, is sub-Gaussian. Note that Vx € 8 !

Eqx5) [r(x[%)] = Z(X|Xq) XT;'?Z i / Ja(x[x).

The inequality comes from that ¢(x|x) is the pdf of Gaussian distribution, and we assume o7 > 1 w.l.o.g.

Now consider | ¢(x|X)q(x|X). Similar to the proof of Proposition 1 of Song and Ermon (2020), we have

[ a0 = L [ (=g [l 52+ e ) ax

1 1 1 i o
- (2)4/2(2mo2.)4/2 (QW(UT/\/E)Q)d/z /exp <_4(UT/\/§)2 [HX_XH + [lx — x| ]) dx

1 % —x]*
(4mo2.)d/? P 402, ’

(EC.11)
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where the last equality uses the same technique in the proof of Proposition 1 of Song and Ermon (2020),
and we simply plug o1 /+/2 into their equations and omit the details of deriving the result.
The definition of sub-Gaussian gives that 3 C' > 0,

InP(|| X
s U > )

2
Z—00 X

<-C.
Therefore, 3A such that Vz > A,
C
InP(|| X]|| > x) < —EJL'Q.

Also, we have

VaRy(p) = inf {InP(|X| > ) <Inp)
TE

Therefore, Vo > A, let p(z) = e—Ca?/ 2, by definition of VaR, which takes the infimum, we have x >

VaRx (p(x))-
Now consider Eq(yjx) [r(x|%P®))], where x**) € 88/, . From (EC.11), for small enough p(z), we have

|[xP(®) — z|| < 2||xP@)||, which gives

i 1 [xP(®) — %2 1 7|2
E,(x P > __ - — > - .
o) [P OR] 2 e e ( 402 = M(aro2)in P\ 7 52

By x*(®) € 98,y and the definition of S, we have |%P(®)|| < VaRyyu(p(x)) < 2. Therefore, we have

- 1 s 1 a?
E, .. PEN] >+ _ > ——
a(x|%) [T‘(X|X )} = M(47TU%)d/2 exp ( 20% = M(47TU%)d/2 exp 20_%

Plug in z = /—2Inp/C, we have

~n(x 1 Inp
_ p(z)
Eq () [T(X|X )] > M(47TU%)d/2 exp (CU%) :

Take o7 = 1/+/C, we then have

1
_ <P () .
]Eq(x\x) [T(X|X )] 2 M(47TO'%)d/2 b,

giving the result of the first part.
Now consider the case that my,, is heavy-tailed. We first note that, with the condition that my,, has a

probability density function, we can apply the L’Hopital’s rule to (EC.8). Note that

LIP(|IX[>z)  f(2) lxlfﬁ,

L gh C1-F(x)B

Since /3 can be any positive real number, we can take 3 = 1. The R.H.S. becomes f(z)/[1 — F'(z)]. By con-
dition of the proposition, lim, ., f(x)/[1 — F(z)] exists, which implies lim, ., InP(|| X || > z)/z exists

and is equal to the supremum limit, 0. In this case, the sequence {z, } in the proof of Theorem 1 can be
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any sequence such that lim,,_, ., x,, = oo, therefore p,, = exp(—ex,,) can be any sequence such that p,, — 0.

Modified from the proof of Theorem 1, we have

lim sup Eqx [r(x]X)]exp {(ln(l/p))Q} <1.

P=0zeas)

e 1-6)
exp} [ In— = - ,
D p

In(1/p)

Note that

therefore,

sup E,x) [r(x[X)] <p
;26681/7

for small enough p.

Specifically, Sup;eas; Eq(xix) [r(x|x)] decays faster than any polynomial of p.

B.4. Proof of Proposition 2

Proof: First note that x has a differentiable probability density function for Langevin process to be
defined. For a sub-Gaussian random variable with probability density function ¢(z), we have g(x) e=al”,
where 5 > 2. According to Section 2.3.1 of Roberts and Tweedie (1996), the diffusion is exponentially
ergodic, that is, it achieves exponential convergence.

For the log-normal distribution, for simplicity take 4y =0and o =1,

(o) = ——exp (— ““2‘””)2> ,

and
(Inz)?
2

1
logp(x) =— —Ilnx — B In(27).

Therefore,

— —0, z—o0.
z

1
|Viogp(x)| = ‘ (14+1nx)

According to Theorem 2.4 of Roberts and Tweedie (1996), the Langevin diffusion is not exponentially
ergodic when |V logp(z)| — 0. Therefore, when ¢(z) is log-normal, Langevin diffusion does not achieve
exponential convergence.

For distributions of polynomial order, i.e., ¢(z) o z~*(a > 0), we have |Vlogq(z)| = |a/z| — 0 as
x — 00. Using Theorem 2.4 of Roberts and Tweedie (1996) again gives that the Langevin diffusion does

not have exponential convergence.
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B.5. Proof of Proposition 3

Proof: Note that we have

(v+ 1)z
V.l =——". EC.12
ogp(z) e ( )
For statement 1, we update with
1 B
X, 1= X, — Xt ,
t—1 m < t \/1_7@69( t )) +O-t€
with gg(x,t) = —0,V log p(x; 1,0, 1), this is equal to
1 of (v+ 1)Xt>
Xy 1 =—( X;— + o€, EC.13
= (R e ) e
For statement 2, we update with
Xi1 =X +5Vxlogq(X; 1)+ v2se,
which is equal to
St(V+ 1)Xt
Xt,1 = Xt — T){? + v 28155. (EC14)

We note that equations (EC.13) and (EC.14) have similar forms, and are different only in terms of constants.
Therefore, for simplicity we consider (EC.14) for demonstration. Note that 1/2s;e is a Gaussian random
variable and provides only the Gaussian tail. Therefore, we only consider the order of the first term, i.e.,

_ St(l/ + 1)Xt

=X v+ X?

Note that the relationship between Y and X, are deterministic. Without loss of generality we consider only
the one-sided tail probability, lim, ., P(Y > y). Note that, for Y to be sufficiently large, we also need X,

to be sufficiently large. Therefore, we have

si(v+1)X s(v+1
]P’(Y>y)—]P><Xt—t(V+X)t2t>y>SIP’<Xt— (Xt )>y+5(y)>, (EC.15)

where lim, ., d(y) = 0. The equation is established by the equivalence of events when y is sufficiently
large. To explain, the event Y >y gives X; > f(y), where lim,_, f(y) = oo. This further gives |(s,(v +
X))/ (v+X?)—(s:(v+1))/X:| = O(f(y)~?). Therefore, Y > y implies X; — (s, (v+1))/X; > y+d(y)
with §(y) — 0. The last term of (EC.15) solves

_ YW+ (y+0W) + s (v +1)

X 5

(EC.16)

For sub-Gaussian X, we have
InP(X; > )

£U2 S _Cv

lim sup

r—00
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therefore, replacing « of the above equation with the R.H.S. of (EC.16), we have

4InP(Y
lim sup nPY >y) < —C.
y—oo (Y+0(y)++/(y+6(y))2+4s(v+1))?
Note that
) 4InP(Y >y) . InP(Y >vy)
lim sup =limsup ———.
yooo (Y+0(y)+/(y+6(w)2+4s,(v+1))2 yooo Yy

Therefore, we have

InP(Y > y)

I/\
JQ

lim sup
y—+o0

giving that Y is a sub-Gaussian random variable by definition. Therefore, X; ; =Y + /2s;¢ is also sub-

Gaussian. By induction, we have Xr_ g for finite K is sub-Gaussian.

B.6. Proof of Lemma 2

Proof:  According to the definitions, we have

2
q(x|x)q(x|x) 1
Evculr(ci)] = [ a0 ¢ [ otz ax, | [ <N) .
) OARYICIE D

where the inequality follows from the Cauchy-Schwarz Inequality for integrals.

Proof of the upper bound:
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Note that the second term of R.H.S. can be summarized into a constant C'; independent of the choice of

7 and k chosen from the dataset. Now consider the first term, note that

[ laxmaxf i
:f[l/z (%) |:1+((j__2x)d;;:|_(v+1) [1+((f:§)(2;}—(u+1)dx
v+l 4 Fgtig)/2 p—z 2] P y —(r+1)
f(crbite) (" i) o]

(v—2)o2
1/ w27 (1)

1+

(Zg+2q)/2 =2 o 227D
/ [Hfﬂwz] in+ | [1 L@ m)z] .
—o0 (v—2)o7 (ZBg+7q)/2 (v—2)o7

:f{l [1 + M] —(v41) {/(:dJr:zd)/Z (%)4 [1 ) ((j__;d;;] (1) N
+ (:;d (UTI:/(%F;)(;)y [1 + ((:__j)di;} ~(v+1) .
:1;[ [ (Z4 —x)d;%] —(v+1) {/:C <UT1:/(7%;)(12/)>4 [1+ ((Z"__;d;;] —(v+1) "

+

too [ (uhL 4 ERYE )
/. <aw(ﬁr)<;>> e
@, T (&4—3a)2] """
2ol 45 55]
To explain, the reason for (1) is that (w.l.o.g. assume at some dimension d, T, < Z4) for x € ((Z4 +
Z4)/2,4+00), qa(z|X) < q4((Za+Z4)/2|X), this is because the pdf of ¢,(x|X) keeps decreasing after crossing
Z4, and decreases on ((Z4 + Z4)/2,+00). To derive (2), let v = (m — 1)/2, where m is the new parame-

ter, and the integral becomes some constant (independent of X and x) times the integral of the pdf of a t

distribution on (—o00, +00). Summarizing all inequalities together, we have

ZUd _ l’d) —(v+1)
x|x X|X <Cl\/ CQH |:1—|- :| y

—2)o2

where taking C' = C'; v/ finishes the proof of the upper bound in the proposition.
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Now we further show that this implies E,xx)[r(x|%)] = @ (||x — x[|=“*). Note that max,{(Z; —

Za)*} < ||x = || < Dmaxy{(Za — ¥a)*}, and

v+1

]
} <1 foralld.

(Za —Ta)*

{”4@—%

Thus, we have

D P 2D
~ (Tg—Tq)? maxy{(Zq — Zq)*}
) < | | \td T Hd) <
Bl [r(x|%)] < C [1 + 4(v —2)o2 <O+ 4(v —2)o2
d=1
Ix—x| 17" C o
< 1 _ (v+1)
—C{ T IDw—2)02 < D —2)07) e F X

Proof of the lower bound:

For the lowerbound, we have

X|X)q(x|x 1 _ -
B )] = [ LEPIIOB > L gimiaxixin

n= 1qx‘x )

Note that
/ o(x[%)g(x[%)dx

d=1Y —

and we investigate the lower bound of the integral for each single dimension d.

When z; = 24, the integral above becomes

2
oo T (L =27 (D)
/ ( 2 ) 1 + ($ xd)Q dx,
—oo \ Or/TVI(%) (v—2)o7F
which has an explicit expression (note that the expression inside the integral is just a constant times the pdf

of a t distribution):

(T N[ w1 (T Ty
/—w<UTWF(Z)> [1+(V_2)0_%} dx_(aﬂ/?ur(;) T VW or

For simplicity, we denote it as A.
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When |z, — Z4| — oo (w.lo.g. assume Z, < Z,), we have
2
/oo T ( v+1 ) - (z— fd)Q —(v+1)/2 - (z— .CEd)Q —(v+1)/2 b
oo \or/TVUI (%) (v —2)o2 (v—2)o2
2 . _ —(v+1)
==t (Za+2q)/2 (v+1)/2 o5 2
oo/mr (D)) U, - >oT =27
Tq (z— J_Jd)Q —(v+1)/2
e
(Zg+2q)/2 (V - 2)0%
2 —(v
(T3 14 (Fa—a)? ]~
ory/TvI(%) 4(v —2)o2

(Zq+7q)/2 _m2 - wHD/2 Ig o2 -(w)/2
/ [1 + (56%)2:| dx —|—/ |:1 + (= $d)2 :| da
Ty (v—2)o7 (Tg+7g)/2 (v—=2)o7

]*(V+1)/2

1+

(Zg—24)/2)° e (EC.17)
1—#—(]/_2)02 da:} .
T

(v+1)/2 .
Note that for x € [Z4, (Z4 + Z4)/2], we have [1+ (z—54)2 } > [1+ (E=50)”

2)(7
1 (90c1—55¢1)2 —()/2
+ (V—Q)O'% i|

(ZBg+Eq)/2 a2 wHD/2 Zq o2 -(D)/2
/ {1 a0 xd)Q } dx +/ [1 MG xd)z ] dx
T (v =2)o7 (Ta+3a) /2 (v —=2)o7

JEa—za [ (Ea =70 S/
-2 (v—2)o2 ’

; and for x €

—2)0Z . Therefore, we further have

(v+1)/2
[(Za+ Ta)/2,%a], we have [1+ (@=24)° ] > [

Combining with (EC.17), we have
2
9] T v+1 7 )\2 —(v+1)/2 _ A5 )\2 —(v+1)/2
/ r¢ 14 (z xd)2 1+ (z fﬂd)Q e
oo \or/TVI(%) (v—2)o7 (v—2)o7

)

As |Z4 — T4| — oo, the lower bound above has order |Z, — 4]~ (***Y, i.e., there exists a constant C' and

6 > 0 such that

o 2 —(w+1)/2 - —(w+1)/2
/ F(i) 14 (x—xd)2 v/ 1+ (ﬂﬁ—l“d)Q v/ da:>C|:E _F ’7(21/4»1)
Coo \ O7/TVI(%) (v—2)o% (v—2)o2 = d T )
as long as T4 — 24| > 0.

Recall that when |z, — Z,4| = 0, the integral above equals to A > 0, and the integral is apparently strictly

positive for any Z4 and Z,. Therefore, we have the following lower bound for any z,; and Z4:

2
00 F( v+ ) (%—i’d>2 —(v+1)/2 (a:—:f?d)2 —(v+1)/2
1+ ——r 14 4 >min{ A To— [~
/ (aT\/m/F(;)> [ +(y—2)0%:| [ +(u—2)a%} dz > min{A, C|Zq—Z4| }

oo
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Combining all the dimensions, we have

/ g(x|5%)q(x|%)dx

> H min{A, C|Z4 — &4|" Y}

d=1
As ||x — x|| — oo, we have [ ¢(x|x)q(x|x)dx > C|x — x|~ *DP where C| is a constant and D is the

dimension of x.

B.7. Proof of Proposition 4

Proof: 'We prove this result by leveraging Lemma 2 and relating the distance between data points to tail
probability under the heavy-tailed distribution assumption.

Recall that the definition of 05, is the boundary of S; = {x|||x|| > VaRata(p) }. Under the heavy-tailed
distribution assumption with tail index , for tail points x € 9S,, we have P(|| X|| > [|x]|) ~ p. This implies

-1/«

that ||x|| ~ p asp— 0.

For data points X from the central region and tail points x € dS,,, we can bound the distance as:

% —%[| = %] — [|%]| ~p~°
% — x| < 2/|%]| ~p "
when x is sufficiently far in the tail.

From Lemma 2, we have: D
Eqy(xjs0 [ (X[X)] > Cs]|x — x| =Y

Eoyxiz [1(x]%)] < Cyfjx — %[~ 1.

Substituting our distance bound, there exists constants C3 and C} such that for any x € JS,,, we have
E(x50) [r(x]%)] > Cz’g(pfl/a) (2v+1)D C/p(21/+1)D/a

and

E [r(x]%)] < O (p~ /o)~ ¥ +D) = Ol plv+D/e

q(x(|%)
B.8. Derivation of the Conditional Score Identity

Here we show that in Algorithm 3, the score function used to update the target dimensions reduces to
the conditional score function. Since the unconditional network s, (X3!, o;) approximates the joint score
function, its output can be decomposed as

cond 3 targ)
t

d otar
V cond Iqu Xcond Xtarg)( COn 7Xt g)

Y
V. targ log q(Xcond Xtdr%) ( y X

Vgan log gan (x) = (
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~t
Sall __ (X;:ond arg

where we write X} , X, ®). Since Algorithm 3 replaces the conditional dimensions by c at each

step and only updates the target dimensions, the Langevin iteration at noise level o, is

targ targ

X(?,) — (,L 1) + V tdrg log Q(Xcond Xtarg)( cond =C X;arg Elargl ) + fntarg

. .. . ~ ~1 ~ ~t
By factoring the joint density as q(xgond, X‘zarg)(xgond xiore) = Gccond (cond) . Qs gond (x178|%cond) and

taking the gradient with respect to X,*®, we obtain
Vizarg log q(xgond xtore) (x5ord = ¢, x%;'8) = V}z;‘“g log Ggond (c) + vi?rg log qxg‘"g\Xgond( %127 )

_ ~targ
= viiarg log quarglxgond (Xt |C),

where the first term vanishes because ggcona (c) does not depend on %;**®. This gives Equation (16), con-

firming that the Langevin dynamics in Algorithm 3 effectively uses the conditional score function.

B.9. Proof of Theorem 2

Proof: For simplicity, throughout the proof, we denote the joint distribution of

targ

Scond
q(xtlarg’xcond) (Xl X ) as

JOln( targ =cond

as qQ rg cond )

%8 x¢ond) and the joint distribution of real data qgae. (%52, XS

g)oin( garg Xaond)-
Similarly, we denote the corresponding marginal distribution of ggcona (x5ond) as g8 (x5ond), and the

marg

marginal distribution of real conditions g, (x5°"?) as qq gond)

(x5

o .. . ~ ta ~ ~t
As for the conditional distributions, we denote Gxtors xccond (x,"8|x5md = ¢) as ¢ (x1M8c), and

tar

Jdata (XO g ’Xcond

=c) as ¢5”" (x5"*[c).

According to the definition of conditional distribution, we have

cond( tdrg‘ ) quOln (Xgarg’ C)

q T marg; .\
0 % o(c)

..cond( ~targ ‘ C) _ q*jloin (i‘iarg’ C)

The KL-divergence between ¢5°" and ¢¢°"? is given as

D cond || ~cond) __ cond [, targ 1 q80nd( al"g|c) d targ
kel M) = | g™ () log |~ gy ) 4%
Xtarg

G e c)

_ / qg)om(xtarg7 C) log <qg)oin (Xtarg7 C) ' qinarg(c) ) dxtarg
Xtmrg )

q(r)narg (C) qglarg(c) qJ10m (Xtarg’ C
Now we investigate the joint and marginal distributions of the data perturbed with o4, i.e.,

GO (%58, x50 and ¢ (x5°"). Since we know that

(EC.19)

ctarg  _targ targ
X; "=Xy - tom
cond cond cond
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cond)

where n?!! = (n'are p is the heavy-tailed noise we have chosen to perturb the data. The dimension of

cond

7 is the same as the dimension of X*°"¢, and the dimension of 1**® is the same as the dimension of

all

X'e_ For simplicity, we will denote the joint density function of n*' = (n**&,°*4) as p? cond))

(nrere, meond),

and the marginal density function of "¢ as p;‘,"“d(ncond). Since the perturbations to each dimension are

1.1.d., we have that

dtarg dcond

pzll (,r’targ7 ncond) — H Pn (n;arg) H Pn (n;ond)’
i=1 j=1
dcond

p;:]ond (ncond) — H p'r] (T]Jc_ond)’
j=1

where p,,(-) denotes the density function of the 1-dimensional heavy-tailed noise added to each dimension,

targ

n," ¢ and 17;?0“‘i denotes the i-th element of 1**"® and the j-th element of °°®4, respectively. In our framework

where we use student-t noise to perturb each dimension, p,(-) is the density function of the corresponding
student-t noise.

t
Moreover, we also have that x;® L n'*'® and x{°"¢ | n°°"4. Therefore, we have

pall <xtarg_utarg c_ucond)
. ., n a1 7o
q_]101n (Xtarg’ C) — qg)om(utarg7 ucond) . — s dutargducond’ (EC20)
t d diare+d
(X arg7/ycon ) 0'1
cond [ c—uc°nd
~marg marg /__cond pn 71 cond
g, "% (c) = gp " (une) - g du® (EC.21)
xcond 0'1

Now denote N (c,d) as the set {x € X" : ||x — ¢||o. <} (i-e., the set of = such that max; |x; — ¢;| <
8), and N, ((x"8 c),d) as the set {x € X8 x Xoord: ||x — (x'*'8 ¢)||o, < &}. Since log gy (+) and
log g™ (-, -) are both uniformly continuous, we have that for each > 0, there exists a § such that

1. for any u®™ € N (c,d), we have gy (u"?) € [(1 —&)qp ™" (c), (1 +€)gqy " (c)],

2. for any (u'2 u") € N ((x*%,c),d), we have ¢’ (u'€, u?) € [(1 — &)™ (x*¢, ¢), (1 +

e)qgfi“ (x5 ¢)].
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Therefore, we have a lower bound for §°" (x**'2, c)

all (xtarg_utarg C_ucond)
qjoin (Xtarg C) — qjoin(utarg ucond) . i 71 ’ 1 dutargducond
1 ) 0 ’ dtarg 4 gcond
(Xtdrg Xcond) 0’1
all (xtargiutarg Ciucond>
toi n o ) o
join /__targ . cond) 1 1 targ 1. cond
2/ 9 (u ,u ) dtarg 4 qcond du du
Noo ((x%ar8 c),5) 04
all xtarg _targ ciucond
>(1- )l (x5, o P o) gy e
- 0 ) dtarg+dcond
Noo((xt218,c),0)
Jtar8 (mzarg utarg dcond wcond u;ond)
oin/_ targ g1 targ cond
=(1—¢)g)™(x"2, c) ! du'*tdu
Noo((xt21%,¢).8) Gy 71 =1
o dE s 1 Utarg qeond +6 1 ,Ucond
- [T [ S ! ~ v,
T J-5 01 5 O 1 01
i=1
5 dtarg+dcond

—(1 - )g" (x5, ) /“m@m
(EC.22)

Next, we obtain an upper bound for ¢;"***(c), in which we will use the following lemma. The proof of

the lemma is given at the end of this section.

LEMMA EC.1. If qy"*"®() has full support and logqy *¢(-) is uniformly continuous, then q5*"*(-) is

bounded. In other words, there exists an M > 0 such that g;*"®(u®°"?) < M for any u®"d € xeond,

Since Sup yeonde yeond g & (1) < M, we have

pcond (c ucond >

n o

~marg _ marg /__cond 1 cond

7 (C)—/ @ t(0") s —— g —du
Xcond

decond
01
pcond (cfuco'rld ) pcond (cfuco'rld )
n o n o
o marg /__cond 1 cond marg (__cond 1 cond
_/ qO (u ) ! O.dCO“d du +/ c QO (u ) : Tdu
Noo(c75) 1 Noo(c75) 1
pcond c—ucond pcond c—ucond
1 marg n 71 d cond marg /__cond n 71 d cond
<(1+e)g"*(c) T gl u %@ t(u )'T u
Noo(cyé) 1 NOO(C 6) 1
pcond <C—ucond > pcond <C—ucond )
n o1 n o1
marg cond cond
(]‘ + 6) (C) / decond du + M deond du
Noo(c,9) Ul Noo (076)C 0-1
5 dcond 5 dcond
marg 1 1
<(14¢)gy*®(c) py(v)dv +M\|1- py(v)dv ,
) )
~or —or

(EC.23)
where the last inequality can be derived by the same steps as (EC.22).

% we denote the complement set of Nu (¢, d) and Noo (%58, ¢),8) as Noo(c, )€ and Noo (x5, ), §)C, respectively. In other
words, Noo (¢, 8)C = {x € X" : ||x — c[|oo > 0} and Noo ((x'*'2,¢), )" = {x € X8 x X ||x — (x'*"8 ¢)||o0 > J}.
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For simplicity, let’s denote [ 7% p,(v)dv as G(a%) Notice that this is just P(|n| < ﬁ) Thus, for any
71
fixed 6, we have lim,, g G(%) = 1. Applying (EC.22) and (EC.23), the term inside the logarithm of

Dxr (g5 5™ is

o . mar 5 cond 5 cond
q_]001n (Xtmg, C) qi‘ﬂarg (C) qg)om (Xtarg7 C) (1 + 5)(]0 g(C)G(i)d + M (1 — G(f)d )

o1 a1
O I T R (1= o) (s )G e

g1
cond
1-G(2) )

(1 + €)G(i)dcond + M(T
i o1 a5 (e)
(1 - 6)G¢(i)dtarngdcond

o1

cond
 14e M (1-G(2)*™)
TG (@ @G

o1

(EC.24)
and notice that the right hand side is not dependent on x"*'¢,

Therefore, we have

_D cond || ~cond\ __ qg)om(xtarg’c)l qg)om(xtarg7c) qinarg(c) d targ
KL (qO qu ) - marg Y marg " Soin . X
xtag Qo o(c) g °(c) " (xtarg c)
join/_ targ ~marg
log <(J0 ng;g ,C) T (c) )

4o (C) ('jjlom(xtarg’ C)
1+¢ M(l—G(%)ﬁond)
96 ™ T 1 e (a2

g1

< sup

xtarg e ytarg

(EC.25)

<log

Moreover, recall that for fixed € and 9, we have lim,, oG (%) = 1, which means that

lim 1+4¢ _1+e
o1—0 (1 — g)G(%)dtarg - 1—¢’
M(l_G(i)dcond>
lim 7 =
10 (1= 2) g () G &y
Therefore, we have
M 1_G(i)dcond)
- 1+4+¢ ( o1
hm DKL(qCOHd”qCOHd) S hm log ar + mar ar, con
o1—0 0 1 o1—0 (1 —E)G(%)dt & (1 —6)(]0 g(C)G(%)dt g-doond (EC.26)
1+¢
=log .
1—¢

Since this is true for arbitrary € > 0, letting € — 0, we have

lim Dxr, (g5 gs) = 0. (EC.27)
o1 —0
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B.9.1. Proof of Lemma EC.1

Proof:  Since log g;"**® () is uniformly continuous, we have that for each 0 < € < 1, there exists a ¢ such

that for any u, v € X" such that ||u — v||, <, we have

@ () €[(1=e)gp " (v), (1 +€)gy 5 (v)]-

Suppose in contrast that gy **(-) is not bounded, then there exists v € X°°"? such that ¢y *'(v) >

o Thus, forany [lu vl < 6, we have 8" (w) > (1 £)g8™(v) > 2.

Since ¢;"**(-) has full support, we have

2 2 cond
g% (u)du 2/ ¢ (u)du> ——o / du=——=(20)" " =2.
/Xcond 0 () o (u) (20)4" N (v.s) (26)4 7(20)

N (v,0)

However, since ¢, "*%(-) is a probability density function, we must have [, ..a ¢ =(u)du = 1, which

contradicts to the inequality above.

Therefore, gy *"*(-) must be bounded.

B.10. Proof of Proposition 5
Proof: We need to prove that for any £ > 0, there exists > 0 such that for any ||x —y|| < J, we have

|log f(x) —log f(y)| <e.

First, since the distribution has polynomial tail order, we have

@) _ .

lzl—oo [|2||~*

Therefore, there exists > 1 such that for any x with ||x|| > r, we have

o i) P ACORPOY CP it )
e +1 l|lx||—* ez +1

meaning that

e —1 e
log (o—ceg +1> ~ klog|[x]| < £(x) < log (oweg +1> ~ klog x|

Thus, for any x and y such that ||x|| > r and ||y|| > r, we have

11 —1
o659 ~ o £(y)| <log €+ 051 ) ~tow (€= €557 )+ og ] o Iy

2e% 2
—tog (€21 ) —tog (€57 ) + kllog x|~ og Iy

9 S 9
=5 tkllogllx|| ~log[lyll| = 5 +kllix = llylll < 5 + kllx ~y].

(EC.28)

Therefore, when ||x|| > and ||y >, as long as ||x —y|| < 5, we have |log f(x) —log f(y)| < 2e.
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On the other hand, since {x : ||x|| <} is a compact set, we know that a continuous log f(z) implies that
it is also uniformly continuous on {x : |x|| < r}. Thus, there exists d; such that, for all ||x|| < and ||y|| <r
with ||x —y]|| < &;, we have |log f(x) —log f(y)| < 1e.

Therefore, for arbitrary x,y € R? with || x — y|| < min{ 5,4, }, we have

1 3
|log f(x) —log f(y)| < je+ je=e,

which implies that log f(x) is uniformly continuous.

Appendix C: Framework Details

In this section, we describe the details of our framework, including the architectures of our score network

so(x?!1 o), as well as the training and generation details.

C.1. Architecture

Our architecture is based on the settings for forecasting of CSDI (Tashiro et al. (2021)). Details of the
network structure is provided in Figure EC.1.

Input to the Network. Here we emphasize the input of our network. Following the ideas in Tashiro et al.
(2021), the input has three components: data input (including condition data x°°¢ and target data x*48),
noise label ¢ (corresponding to noise level o;), as well as side information including time embedding and
feature embedding.

As for data input, we concatenate the condition dimensions x°°"¢ € X°°"d with the target dimensions
x're € X're creating a full matrix x*!! = (x4 x'*'8) For the two experiments mentioned in Section 5,
after data normalization, we have X<°*d = Ytare — R1*P where D = 10 for the correlated Pareto experi-
ment and D = 20 for the queueing system experiment. In other words, the condition space is the same as the
target space, and thus the concatenated data x*' € R?*?_ with the first element being the condition space
and the second element being the target space. We regard this 2 x D total input matrix as “time series” data,
with time length being 2 and number of features being D. In other words, we regard the conditional data
x°nd ag the observation of the D features at time 0, and x'*"¢ as the observation of the D features at time

1.3 In this way, we can easily fit our settings into the CSDI architecture.

C.2. Training Process.

In the training process, x°°"¢ and x''¢ are perturbed together with the same noise level o, and we input the

perturbed concatenated data X3! = (%$°"¢, %;*'#) into our network s, (x2"', o). The output of the network is

Fall

also a 2 x D matrix, aiming to approximate the score function of the perturbed data distribution X3, namely

Vsange (x21). In other words, we hope to match the score of the joint distribution of (x¢°", %;*®), and the

loss function is an unified loss function across all {7, }Z_,, as described in (14).
3In fact, in the queueing system experiment, our data is already time series data, with x°°"¢ being the numbers of customers at

7o = 50 and x"*'® being the numbers of customers at 7; = 100. For consistency, we also regard our copula data as “time series” so
that the same architecture can be applied.
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[ Data Input x24I = (x°°, xt4) ] [ Noise Level t ] [Side information]

| !

[ Convl X 1 and ReLU ] [ Fully Connected and ]

SiLU
* )
;
) 4
i Convl X 1 and ) A
Expand skip connections
Temporal and Feature
Transformer

Convl x 1
+

ReLU
& A
Convl x 1

Convl x 1

[ tanh | [ sigmoid]

Convl x 1

Residual layers

Figure EC.1 The Architecture of our networks. This architecture is based on the settings of CSDI (Tashiro et al. (2021))

C.3. Generation Process.

After the network sy is trained, we use annealed Langevin dynamics with conditional constraints for the gen-
eration process, as described in Algorithm 3. The difference with the standard Langevin dynamics (shown
in Algorithm 1) is that, after each step ¢, we manually replace the conditional dimensions of the generated
data x¢°"? with the real value of the condition x¢°" before going to the next step. This achieves our goal of
“generating conditional distribution from joint distribution”. Also, X, is no longer initialized from A/(0, 1).

Instead, it is drawn from a pre-specified heavy-tailed distribution, such as t-distribution.

Appendix D: lllustrative Experiments on the Choice of » of the Perturbation Noise

This section investigates how the choice of the degrees of freedom parameter v in the perturbation noise
affects the performance of our SHD method proposed in Section 4. We conduct controlled experiments on a
one-dimensional synthetic dataset to isolate the effect of this key hyperparameter. For more comprehensive

experiments on realistic, multi-dimensional datasets, please refer to Section 5.
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D.1. Dataset and Experimental Setup

Dataset: We construct a synthetic dataset by sampling from a one-dimensional location-scale t-distribution

2 is specifically chosen to

T (v, p, 7%) with parameters v = 6, = 0, and 72 = . The scale parameter 7
ensure unit variance, providing a standardized setting for comparison. This choice of v = 6 corresponds
to a tail order of a = 6, representing heavy-tailed behavior. We generate 50,000 independent samples for
training and 1,000 samples for testing.

Model Training: To systematically study the effect of the perturbation noise parameter, we train 9 dif-
ferent models: 8 SHD models with varying v values {1.5,2,3,4,5,6,7,8,9,10,15,20} for the student-t
perturbation noise, and one baseline model using the vanilla SGM method with Gaussian perturbation noise.
All models use identical architectures and hyperparameters to ensure fair comparison.

Training Configuration: We set the number of noise levels to 7" = 20, with noise scale boundaries
o1 =0.01 and o7 = 5.0. Training uses a batch size of 1,024 over 25 epochs. For sample generation, we

employ annealed Langevin dynamics with 100 steps and step size 1 x 10~* for each noise level ¢ (from

T =20 down to 1), generating 1,000 samples for evaluation.

D.2. Evaluation Metrics

We assess model performance using two complementary metrics that capture different aspects of distribu-
tional accuracy:

Following the evaluation framework in Section 5, we compute (i) the Wasserstein distance between gen-
erated samples and the true distribution, measuring overall distributional similarity, and (ii) the absolute
percentage error (APE) of the Value at Risk (VaR) at different confidence levels (p = 0.95,0.99,0.995),
assessing tail behavior accuracy. For detailed metric definitions, see Section 5.2.2.* Lower values indicate

better performance for both metrics.

D.3. Key Findings
Table EC.1 reveals several important insights about the choice of v:

Performance stability across moderate v values: SHD models with v € {3,4,5,6,7, 8,9} achieve com-
parable performance across both distributional similarity (Wasserstein distance ~ 0.18-0.20) and tail accu-
racy (VaR errors typically below 0.4). All these models substantially outperform the vanilla SGM baseline,
which shows notably higher errors particularly in tail estimation. This demonstrates the critical importance
of heavy-tailed perturbation noise for modeling heavy-tailed data.

Performance degradation for v < 2: Models with v € {1.5,2} exhibit significantly worse performance,

with Wasserstein distances exceeding 1.0 and VaR errors reaching 0.7-1.1. This degradation occurs because

*In Section 5.2.2, we defined MAPEv.r for multi-dimensional data as the average APE across dimensions. Since our experiments
here are one-dimensional, we report the APE directly without the need of averaging across dimensions.
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Table EC.1 Wasserstein distance and APEv,r of different v values on the one-dimensional experiment.

METHOD WASSERSTEIN DISTANCE p=0.95 p=0.99 p=0.995
SHD (v =1.5) 1.077 1.763 6.173 7.926
SHD (v =2.0) 1.065 1.007 7.862 11.265
SHD (v =3.0) 0.190 0.349 0.387 0.356
SHD (v =4.0) 0.162 0.251 0.329 0.368
SHD (v =5.0) 0.196 0.278 0.204 0.130
SHD (v =6.0) 0.196 0.191 0.234 0.202
SHD (v =7.0) 0.196 0.270  0.225 0.203
SHD (v =8.0) 0.179 0.336  0.273 0.204
SHD (v =9.0) 0.205 0.295 0.187 0.136
SHD (v =10.0) 0.224 0.238 0.223 0.160
SHD (v =15.0) 0.285 0.339 0.308 0.279
SHD (v =20.0) 0.282 0.290  0.293 0.302
GAUSSIAN 0.472 0.705 0.514 0.424

student-t distributions with v < 2 does not have finite variance, leading to highly unstable training dynamics.
Therefore, we recommend v > 2 as a practical requirement for stable SHD training.

Performance degradation for large »: Models with v > 10 exhibit worse performance than the ones
with v € {3,4,5,6,7,8,9}, especially in terms of Wasserstein distance. Specifically, the Gaussian noise can
be viewed as a special case of the student-t noise with v = co. This degradation of performance for large
v is consistent with the theoretical analysis in Proposition 4 that when the noise is much more light-tailed
than the data, and tail regions are not sufficiently explored and thus the performance of SHD is degraded.

Theory-Practice Connection: The relationship between our theoretical framework and empirical results
deserves careful discussion. The ground truth distribution has tail index oo = 6. According to Proposition 4,

to achieve the ideal O(p) decay rate for the connectivity measure E,x ) [r(x|X)], the theory requires v €

[(y—l

5> — 1] = [2.5,5]. Within this range (i.e., v € {3,4,5}), the results indeed confirm strong performance,

consistent with the theoretical prediction.

Values moderately above this range (e.g., v € {6,7,8,9}) also yield comparable empirical performance
in our experiment. We hereby provide the explanation for this result: when v > o — 1 = 5, Proposition 4
implies that the connectivity measure decays as O(p“+1)/®) with an exponent (v +1) /a > 1, i.e., faster than
O(p). In principle, this means tail exploration becomes less effective relative to the theoretical benchmark.
In practice, the observed robustness for v slightly above the theoretical range can be attributed to two factors:
(i) the bounds in Proposition 4 involve multiplicative constants that may compensate for a moderately
suboptimal exponent, and (ii) in this one-dimensional, single-distribution setting with ample training data,
the tail region may be sufficiently covered even with a somewhat faster-decaying connectivity measure. We
caution that this empirical robustness may not extend to higher-dimensional or more challenging settings,
where adhering to the theoretical range becomes more important.

Importantly, the clear performance degradation for v > 10 and for Gaussian noise (v = co) confirms the

theoretical prediction that excessively light-tailed perturbation noise fundamentally impairs tail exploration.
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The theoretical range [(« — 1)/2, a — 1] should therefore be understood as providing a principled starting
point for selecting v, with moderate deviations above the upper bound tolerable in benign settings but not

guaranteed to be safe in general.

Appendix E: Experiment Details and Additional Results

In this section, we add more details about the settings of the experiments in Section 5, as well as some

additional demonstrations of the results.

E.1. Correlated Pareto Sample Experiment
E.1.1. Copula Generation Method Here we describe how to generate the Pareto distributed samples
with inter-correlation, as well as samples from the conditional distribution.

Generating joint samples (training set). We first sample from a multi-dimensional normal distribution
Y ~ N(0,X), where the diagonals of X are set to 1. This results in the marginal distribution of each
element of Y following the standard normal distribution. By applying the standard normal cdf to each

component, the new random vector
U= (Uh Ty U20) = ((I)(Yl)7 e aq)()/Q()))

has marginals that are uniformly distributed on [0,1]. Then we apply the inverse of Pareto cdf, (i.e.,

F ' u)=(1- u)_a%'), on each component of U, which generates the new vector

X = (Xy,--, Xo0) = (FyH(U1), -+, Fiy' (Uao))-

The marginal distribution of X; then following Pareto distribution with tail order o; and domain [1, +00).
And the elements of X are correlated as long as the original 32 matrix is not diagonal.

Combining all the steps above, the correlated Pareto samples are generated by
X = (X, Xop) = (Fy H(R(V)), -+ By (B(Ya0))), (EC.29)

where Y = (Yin---,Yy) ~ N(0,X). We then shift each X; by —1 so that the new X is distributed on
[0,+00).
Generating conditional samples (evaluation set). To generate samples following the conditional distri-

bution (X711, , Xoo | X1 =21, , X710 = x10), we first calculate

(W1, 5 y10) = (@7 (Fi(21)), -+, @7 (Fro(710))),

then we sample Yi;,---,Y3 from the conditional distribution (Yi1,--+,Y2|Y1 = y1, -+, Y20 = y20).

- 211 212 . . 10 x 10 10 x 10
3= [221 >, with sizes 10x 10 10 x 10 | °

Assume that
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then the conditional distribution is given by

(Yir, -, Yoo [Yi =y, 75@0:y20)"’/\/(ﬁ72)7
where

n= 22121_11 (Y1, y10)", E=3p — 2]2121_11212-

Then, by applying the same transformation in (EC.29), we get
(th T 7X20) = (F1_1(<I>(Y11))7 T 7F2731((I)(Y20)))7 (EC.30)

which follows the conditional distribution (X1, -+, Xa0 | X1 =1, , X109 = 210).

E.1.2. Details about the Datasets We use the above-mentioned copula method to generate 20-
dimensional Pareto samples. The Pareto parameters «;, ¢ = 1,---,20 of our dataset is randomly chosen
from {6,7,8,9,10}, aiming at creating different tail orders at different dimensions. As for the X, we first
generate a 20 x 20 matrix A with all elements uniformly selected from [—1, 1]. Then we convert it into a
symmetric positive semi-definite matrix by the transformation F(A) = 1(A + AT)(A + AT). After that,
we normalize the new matrix so that the diagonals are all 1’s. We then round all the matrix elements to 2
decimals, and make sure that the matrix is still positive semi-definite. Then we use the selected v and X to
simulate 10° samples for the training process.

As for the evaluation, we simulate 10? conditional benchmark samples using the conditional generation
method, with the first 10 dimensions fixed to a given vector (z1,---,x10). The z4’s (d = 1,---,10) are

chosen around the unconditional mean of X .

E.1.3. Training and Sampling Details First, we describe the hyperparameters used for the implementa-
tion of SHD. We set v = 3.5 for the student-t noises added to the real samples, and the number of noise levels
T =20, with o7 =0.01 and o7 = 1.0. As mentioned in Section 5, in order to increase the importance weight
of data at the tail, the noise added to the d-th dimension of the sample is scaled by 2(1 4 exp(—2|zq|)) ™
for any noise level t =1,--- ,T". As for the training samples, we split them into train/validation set with a
ratio of 9 : 1, with the first 9 x 10* samples as the training dataset and the other 10* for validation after every
10 epochs. We set the batch size as 1024 and number of epochs as 20. In each epoch, we iterate along the
whole training set, meaning that we have [90000/1024| = 88 iterations in each epoch. We use Adam opti-
mizer with learning rate starting from 1 x 10~ and exponentially decay to 1 x 1075, As for the model, we
set number of residual layers as 4, residual channels as 8, and attention heads as 2. We use 32-dimensions
embedding for the diffusion step. Besides, we use 16-dimensions temporal embedding and 8-dimensions
feature embedding in the side information. Since the data is distributed at [0, +00), we randomly add a

negative sign to the training samples, which creates a data distribution with full support on R?°.
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In the generation process, the starting point X, is initialized from 7 (v = 3.5,0, ”T_Q = %) which is a t-
distributed variable with v = 3.5, mean 0, and variance 1. Then, for each ¢ from T'= 20 to 1, we set L, = 50
and € = 0.0001 in the annealed Langevin dynamics. We generate 10* samples for evaluation. We then take
the absolute value of each generated samples to convert the domain back to [0, +00).

As for the implementation of SGM, to make everything consistent and comparable, we use the same
parameters and settings as SDH, but with all the noises changed to standard Gaussian, including the noises

added in the training process and the initial distribution in the generation process.

E.1.4. Additional Results Here we present some additional results about the comparison between SHD
and SGM, which help to demonstrace the advantages of heavy-tail noise compared with Gaussian noise.
The QQ-plots and density plots of all the 10 target dimensions (namely Xy, ---, X5g) are presented in
Figure EC.2 and Figure EC.3, respectively. The QQ-plots of SHD are closer to the 45-degree line in most
of the dimensions, and the SGM results have lighter tails in almost all the dimensions. This implies that
heavy-tailed noise scheme generates a better result on the dimensions where Gaussian noise can fail to

capture the tail pattern.
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Figure EC.2 QQ-plot of between generated data and real data for all target dimensions in the correlated Pareto experiment. The
green dots correspond to the standard SGM method, and the blue dots correspond to our SHD method. For each
dataset, we take the smallest 99.5% of the data points for plotting, because the last 0.5% percent are empirically

unstable and less informative.

In addition, we also plot the log(1 — F'x(x)) for real data and generated data to directly compare the tail
order, where F'x () is the cdf of X. We present the plot for all dimensions in Figure EC.4. According to the
results, using student-t noises works better in general at capturing the conditional distribution of real data,

especially at the tail.
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Figure EC.3  Density plot of between generated data and real data for all target dimensions in the correlated Pareto experiment.
For each dataset, we take the smallest 95% of the data points for plotting, because the density at the last 5%

percent is too low to be clear on the plots.
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Figure EC.4  Plot of log(1 — CDF(z)). The orange line corresponds to the real data; the green line corresponds to standard
SGM method; and the blue line corresponds to our SHD method. CDF(x) is estimated using the kernel density
method. For each dataset, we take the smallest 99.5% of the data points for plotting, because the last 0.5% percent

are unstable and less informative.

E.2. Experiment on Vector Autoregressive Model

E.2.1. Details about the Vector Autoregressive Model Our synthetic dataset is generated from a 3-
dimensional vector autoregressive model with p = 3 lags of the endogenous variable. The model can be

expressed as

Y =AY + Ay + Asy_3 + &4, (EC.31)
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where y; = (Y1¢, Yat, Y3¢) is the endogenous variable and e, = (£1¢, €2, €3;) 18 the random noise.

The coefficient matrices take the following values

0.7 -0.1 0.3 0.1 0.05 0.05 0.05 0.02 0.02
Al=|(-0.1 04 0.1 A2={0.05-0.4 0.05 A3=0.02 0.050.02 |,
0.3 01 -08 0.05 0.05 0.1 0.02 0.02 0.05

and the random noises €;’s are i.i.d. across time. For each ¢, the three dimensions of €; are also i.i.d., and

e ~ ZSP(3.0).

E.2.2. Details about the Dataset and Evaluation In this experiment, the task is to generate the distri-
bution of the next 5 steps conditioning on the data of the previous 5 steps. We simulate a path of y; using
the above-mentioned model. We first simulate for 1000 steps so that the system gets close to its stationary
distribution. Then, starting with the current time point, we continue to simulate for 10° steps to create a
long sample path. Then we create samples of length 10 from each 10 consecutive time points, which in total
generates 10° samples. Each sample is a sequence of 10 vectors {y;}2, with y; = (y1¢, y2r, y3:). For each
sample, we use the data of the first 5 steps {y; }?_, as condition, and the last 5 steps {y; };24 as target.

For the training process, we use the Hill estimator to estimate the tail order of the data distribution, and
the estimated average tail order is 3.50. We treat v as a tunable hyperparameter and expand our search space
to v € [2.5,5.0], and select the one with the best performance on the training set as our final choice. Similar

to the correlated Pareto experiment, we apply the adaptive noise scaling strategy by scaling the noise added

to the d-th dimension by 2(1 + exp(—£|24|)) ™" to enhance tail exploration.
For evaluation, we generate 10* conditional samples, with the conditions {y;}?_, being fixed at a
pre-specified value. We evaluate the performance on the target points {y,};s, which in total contains

3 (dimension of y,) x 5 (number of steps) = 15 dimensions.

E.2.3. Training and Sampling Details We set v = 4.5 for the student-t noises added to the real samples
in our SHD training process. The number of noise levels is selected as 7' = 20, with o7 = 0.01 and o7 = 1.0.
We split the 10° training samples into training and validation set with a ratio of 9 : 1. The batch size is set
to 1024 and the number of epochs is set as 40. We use Adam optimizer with learning rate starting from
1 x 1072 and exponentially decay to 1 x 10~°. Other hyperparameters of the model architecture are set the

same as the correlated Pareto experiment, with details mentioned in Appendix E.1.3.

E.2.4. Additional Results Here we present some additional results about the comparison between SHD
and SGM. The QQ-plots and density plots of (Y1, Yo, ys:) for t =6,- -, 10 are presented in Figure EC.5
and Figure EC.6, respectively. We can see that, in general, the SHD method performs better in capturing the

tail pattern of the real data.
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Figure EC.5 QQ-plot of between generated data and real data for all dimensions and time steps in the vector autoregressive
model experiment. The green dots correspond to the standard SGM method, and the blue dots correspond to our
SHD method. For each dataset, we take the smallest 99.5% of the data points for plotting, because the last 0.5%

percent are empirically unstable and less informative.

E.3. Experiment on queueing System

E.3.1. Additional Details of the queueing System Our queueing system has D = 20 service stations.
Each station d has n, homogeneous servers. We randomly select n, from {1,2,3,4,5,6} for our 20 sta-
tions. The service time S, in station d follows log-normal distribution Lognormal(0,c3), where o3 is
randomly selected from {2,3,4,5}. The exogenous arrival process of customers to each station follows a
Non-Homogeneous Compound Poisson Process (NHCPP), with the cumulative arrival number until time 7

being Y (1) = vaz(f ) A;, where N (7) is a Non-Homogeneous Poisson Process with intensity

1 2nT
AT = — (0.75+0.25sin 27~
(7)=10 +0-2o8m{ 955 ) )
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Figure EC.6 Density plot of between generated data and real data for all dimensions and time steps in the vector autoregressive
model experiment. For each dataset, we take the smallest 99% of the data points for plotting, because the density

at the last 1% percent is too low to be clear on the plots.

and A, follows Poisson(X;) with X; follows Pareto distribution P (2, 1). The Poisson distribution is used to
make sure that A;’s are integers. Thus, the distribution of both the service time and arrival rate has heavy-tail
characteristics.

When a customer arrives at the service system, he randomly selects a station d to enter. At station d,
if all servers are busy, he waits in a First-In-First-Out (FIFO) queue to be served, and is otherwise served
immediately. A server can only serve for one customer at the same time. After finishing his service at station
d, the customer either leaves the system, or immediately randomly enters another station to be served.
The choice of the customer after finishing service at a certain station is governed by a transition matrix
P = (p; ;), where p;; is the probability that a customer leaving station ¢ immediately goes to station j. We
have 230:1 pij <1lforanyi=1,---,20, with 1 — Z?il p;; being the probability of leaving the system. The
P matrix in our experiment is randomly generated with the conditions above being satisfied.

We focus on the number of customers in each station at time 7. Note that the customers under service is

also counted as “customer in the station”.

E.3.2. Simulating the queueing System Now we briefly describe how to simulate sample paths of cus-

tomer numbers in each station d from time 7 = 7y to 7 = 7. If number of customers at 7 = 7, is not 0,
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Algorithm 1: Simulating the Non-Homogeneous Compound Poisson Arrivals

Input: Start time 79, end time 7, intensity function \(7), maximum intensity rate Ay, > max; \(¢),

Pareto distribution shape parameter «, previous arrivals (before 7y) list L™

arrival

Output: Full sorted arrival list L2

arrival

1 Initialize 7 < 79;
. d pre
2 Initialize L .. < L

arrival ®

3 while 7 < 7; do

4 | Draw u ~ Uniform(0,1);
5 74— 7 — log(u) / Amax;
if 7 < 7, then
P =MNT)/ Amax; // p is the acceptance probability

8 Draw v ~ Uniform(0, 1);

9 if v < p then

10 Generate X ~P(2,1);

1 Generate A ~ Poisson(X);

12 fort=T1to 1do

13 | Append (7, d) pair into Lg;.;;
14 return L? .

we have to input the arrival time of each customer, because the service time distribution Lognormal(0, o2)
is not memoryless, meaning that the remaining service time depends on how long a customer has been
served. We then simulate the exogenous arrivals between 7y and 7; at each station. To simulate the Non-
Homogeneous Poisson Process, we use the thinning methodLewis and Shedler (1979). After the exogenous
arrivals are generated, we combine them with the previous arrivals (before 7) into a full arrival list, with
each element being a (7., d) pair, where 7, is the arrival time and d is the station number. After that, we

sort the arrival list according to arrival time 7 in ascending order, creating the sorted arrival list L% . . The

arrival*

d
arrival

entire process of generating L is summarized in Algorithm 1

In each of the service station, we record the “next available time” 7,y Of each server, which is the time

when its current service is finished. The “next available time” is initialized as O for all servers. Besides,

d
depart

d

(3 3 eal
we create an “departure list” L depart

for each station. L2 ., and L will be used to calculate number

of customers. Then we create an “event list” Leyen; by concatenating all L¢ . | and then sort by the arrival
times.

Then we go through each of the elements in the event list L, from the beginning to the end. For each
element (7,,,d), we send it to station d, and assign this customer to the server that has the smallest “next

available time”. The starting time of the service is then Ty, = max{ Ty, Thex }- We then sample the service
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time from Tyrice = Lognormal(0,03), and the service end time is thus Teng = Tyart + Teervice- After that, we
set the “next available time” 7., of this server as Te,q, append (7enq, d) into the departure list Lﬁepm of
station d, and decide the next destination of the current customer according to the transition matrix P. If
the customer leaves the system, we go to the next element in the sorted arrival list; if the customer goes to
station d’, we regard this event as a “new arrival” at station d’, and insert the element (7,4, d’) into our event
list Leyen as well as L;fmval at the right place so that the ascending order of arrival time in the two lists are
kept.

We stop when the current 7 in the current element is greater than 7y, or when we have gone through all

the elements in L,.y,. To calculate the number of customers in station d at time 7;, we can just count the
d

event

number of (Tyy, Tena) pairs in L that satisfies 7,; < 7 and T.q > 71. The entire process of simulating

number of customers X, at 7y from 7, is summarized in Algorithm 2

E.3.3. Details about the Datasets We use the above-mentioned simulation method to simulate the num-
ber of customers at 7, = 50 and 7; = 100. For the training set, our simulation starts at 7, with no existing
customers in the system. We simulate 10° samples for the training process.

As for the evaluation, we fix the number of customers at 7, = 50 as integers around the unconditional
mean of X, = (X, 1, -+, X, D), where X, ;4 is the number of customers in station d at time 7, and
D = 20 is the number of stations. Our simulation of the evaluation set then starts at 7y = 50, with number of
existing customers fixed to the given numbers. For simplicity, the arrival time of all the existing customers
are set as 50, equal to 75. We simulate 10* conditional samples for evaluation.

The Hill estimator on the training set yields an average tail order of 3.75. Following the same procedure
as in the correlated Pareto experiment, we conduct a grid search over v € [2.5,5.0] and select the best-

performing value on the training set.

E.3.4. Training and Sampling Details For the implementation of SHD in our queueing experiment, we
set v = 4.5 for the student-t noises added to the real samples, and the number of noise levels T = 20, with
o1 = 0.01 and o7 = 1.0. We split the 10° training samples into training and validation set with a ratio
of 9 : 1. The batch size is set to 1024 and number of epochs is set as 30. We use Adam optimizer with
learning rate starting from 1 x 10~% and exponentially decay to 1 x 10~¢. The hyperparameters of the model

architecture are set the same as the correlated Pareto experiment, with details mentioned in Appendix E.1.3.

E.3.5. Additional Results Again, here we present some additional results about the comparison between
SHD and SGM. The QQ-plots and density plots for all the 20 stations are presented in Figure EC.7 and
Figure EC.8, respectively. According to the results, heavy-tailed noise scheme generates a better result on
the dimensions where Gaussian noise can fail to capture the tail pattern (especially the 9th and 15th stations),
while keeps working well on the dimensions where Gaussian noise already works well.

In addition, we also plot the log(1 — Fx(x)) for real data and generated data to directly compare the tail
order, where Fx(x) is the cdf of X. We present the plot for all dimensions in Figure EC.4. In general, the

log(1 — Fx(x)) curve of SHD is closer to the curve of real data, especially at the tail area.
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Figure EC.7 QQ-plot of between generated data and real data for all stations in the queueing system experiment. The green
dots correspond to the standard SGM method, and the blue dots correspond to our SHD method. For each dataset,
we take the smallest 99.5% of the data points for plotting, because the last 0.5% percent are empirically unstable

and less informative.

E.4. Experiment on Bike-sharing Dataset

E.4.1. Details about the Dataset The entire dataset contains hourly rental count data of shared bicy-
cles from January 1, 2011 to December 19, 2012. The dataset is provided by Kaggle® (Fanaee-T and
Gama 2014). The data is split into daily observations. Each observation is a 24-dimensional vector x() =

(xgi), g, ,:Cgi)), where xy

) represents the number of rental counts in the j-th hour on the ¢-th day. The
dataset also provides other features including weather, windspeed, etc, but we only focus on the number of

rentals in each hour.

5 Data source: https://www.kaggle.com/competitions/bike-sharing-demand/data


https://www.kaggle.com/competitions/bike-sharing-demand/data
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Figure EC.8 Density plot of between generated data and real data for all target dimensions in the queueing system experiment.
For each dataset, we take the smallest 99% of the data points for plotting, because the density at the last 1%

percent is too low to be clear on the plots.

We aim at learning the conditional distribution of hourly rentals from 12:00 to 24:00, with the hourly
rentals from 0:00 to 12:00 being the condition. In other words, we train our model to generate samples of
(213, -+ ,Z24) conditioning on (z1,- - , T12).

We remark that the pattern of hourly rentals on weekends are quite different from the pattern on weekdays.
On weekdays, the hourly rental counts peak at around 8:00 and 17:00, which are the morning and evening
rush hours. On weekends, the hourly rental counts has a single peak at around 13:00. However, we will train
a unified model for all days and we do not specify whether a day is a weekday or weekend. We will let the
model to extrapolate such pattern from the entire dataset by itself. The results in Figure 3 indicates that our
model can successfully capture the different patterns based on the information about rentals from 0:00 to

12:00.
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Figure EC.9  Plot of log(1 — CDF(z)). The orange line corresponds to the real data; the green line corresponds to standard
SGM method; and the blue line corresponds to our SHD method. CDF () is estimated using the kernel density
method. For each dataset, we take the smallest 99.5% of the data points for plotting, because the last 0.5% percent

are empirically unstable and less informative.

E.4.2. Training and Sampling Details The Hill estimator on the training set gives an average tail order
of 7.91. We perform a grid search over v € [2.5,9] and choose the best-performing value. We set v = 4.5 for
the student-t noises added to the real samples, and the number of noise levels 7" = 20, with ¢; = 0.01 and
or = 0.5. We use the randomly picked 400 daily observations as the training set, and the rest of the data as

test set. The batch size is set to 128 and number of epochs is set as 200. In each epoch, we iterate along the

400

whole training set, meaning that we have [ {5

| = 4 iterations in each epoch. We use Adam optimizer with
learning rate starting from 1 x 10~2 and exponentially decay to 1 x 10~°. The hyperparameters of the model

architecture are set the same as the correlated Pareto experiment, with details mentioned in Appendix E.1.3.
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E.4.3. Evaluation: CRPS Now we describe the definition of continuous ranked probability score CRPS
Matheson and Winkler (1976), which measures the compatibility of an estimated probability distribution

F(X) with an observation z. For a 1-dimensional variable, CRPS is defined as

1
CRPS(F~,2) = / e — F (p))(a—Lyop10)da. (EC.32)
0

We approximate the integral by discretizing with 0.05 ticks, which leads to
19
CRPS(F™',z)~ > 2(z — F~(0.05))(0.05i — I < p—1(0.051))- (EC.33)
i=1

Then, following Tashiro et al. (2021), we evaluate the normalized average of CRPS for all target dimen-

sions (in our bike-sharing experiment, the target dimensions are x13,- - - , Z24):

Zd CRPS(Fd_la 'rd)

: EC.34
> Tl (FC39)

where F} is the marginal distribution of 4.

E.4.4. Additional Results Here we present the full version of Figure 3 with all dates in the evaluation
set included. For each date, we construct the 50% and 90% confidence intervals for the number of rentals
in each hour from the generated samples. Then we plot them against the real sample. The full plot is shown

in Figure EC.10.

E.5. Experiment on Stock Dataset

E.5.1. Details about the Dataset The entire dataset contains daily return data of 20 stocks from July
1, 2015 to July 30, 2021. The daily price data is obtained from Yahoo Finance.® The daily return of each

stock is calculated using its close price. The entire dataset contains 1482 observations of daily returns. Each

@ ,.@) (4) (@

observation is a 20-dimensional vector x\) = (21", zy”, -+ x53), where xj) represents the return of the

j-th stock on the ¢-th day. The full list of the stock codes is
s2.000069 s2.000725 sh.601607 52.002271 sh.600061

sh.601985 s2.002142 sz.300122 sh.601166 sz.000596
sh.601766  sh.600309 52.002466 sh.600029 sh.600999

52.300433 5z2.002202 sh.600104 s2.002601  sh.600958,
where “sh” represents Shanghai Stock Exchange and “sz” represents Shenzhen Stock Exchange.

We aim at learning the joint distribution of daily returns across different stocks. In other words, we train

our unconditional model to generate new samples of (x1,- -+, ).

® Data source: Yahoo Finance (nttps://finance.yahoo.com)


https://finance.yahoo.com
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Figure EC.10  Ground truth and generated confidence intervals on bike rental dataset for all dates in the evaluation set. The

first 12 hours are conditions and the last 12 hours are targets.

E.5.2. Training and Sampling Details The Hill estimator on the training set gives an average tail order
of 3.19. We perform a grid search over v € [2.5,5] and choose the best-performing value. We set v = 3.5
for the student-t noises added to the real samples, and the number of noise levels 7" = 20, with ; = 0.01
and o7 = 0.8. We use the randomly picked 1200 daily observations as the training set, and the rest of the
data as test set. The number of epochs is set as 300, and the batch size is set at 1200. In other words, we
use the entire training set in each epoch. We use Adam optimizer with learning rate starting from 1 x 1072
and exponentially decay to 1 x 1075, The hyperparameters of the model architecture are set the same as the

correlated Pareto experiment, with details mentioned in Appendix E.1.3.

E.5.3. Evaluation Details We unconditionally generate 1000 samples of stock return and evaluate the
performance of different methods by comparing with the 282 held-out test samples. First, we evaluate the
performance in capturing the marginal distribution of the daily return for each stock by calculating the
Wasserstein distance between the empirical distribution of the real evaluation set and the empirical distribu-

tion of generated samples, and then averaging across all 20 stocks. Second, to further demonstrate the ability
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to capture cross-stock correlations, we create an equally-weighted portfolio using the 20 stocks. We calcu-
late the daily return of the portfolio from the individual stock returns (for both real and generated samples),

and then compute the Wasserstein distance between the real and generated portfolio return distributions.
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Algorithm 2: Simulating X, from 7

d

arrival

Input: Start time 7, sorted full arrival lists L withd=1,---, D, station transition matrix P
Output: line_length_list: A list of line lengths at specified observation times

1 Initialization

2 Initialize 7+ 0 ; // current time
3 Initialize 2 < 0 ; // index for events
4 Initialize Lgepm as an empty list ford=1,---, D;

5 Initialize 7% « 0 for all d and k ; // index d,k means the kth server in

station d

6 | Initialize Leyens by concatenating all L4 . .. and then sort by the arrival times;
7 Event Processing Loop
8 while 7 < T and i < len( L, eys) do

T 4= Levenss[?][0] 5 // Move T forward to the next arrival time
10 d < Leyens[7][1] ; // Arrival is at station d
11 1—1+1;
12 k < argminy, T,i’,ﬁ, Thext = 1Ny, Ti’)ﬁ;
13 Tstart $— MAX{ T, Thext }5
14 Draw Tyenice ~ Lognormal(0, 03);
15 Tend < Tstart T Tservice

/* For those arrived before 7, the service time must end

after 79 */

16 while 7,,;, < 7 do
17 Draw Tyenice ~ Lognormal(0, c32);
18 Tend € Tstart T Tservices
19 Tacts < Tend}
20 Insert (Tenq, d) into Lg,,;
21 Draw d’ according to P ; // d =0 if leaving the system
22 if d > 0 then
23 L Insert (Teng, d') INtO Leyentss

24 Calculate number of customers at 7,
25 ford=1to D do

26 Narriva = Number of 7in LE . with 7 < 75
27 Ngepart = NUMber of 7 in LG, . with 7> 743
28 X 71,d = Narrival — Tldepart>

29 return X, ;
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