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E-Companian to “Efficient Nested Estimation of CoVaR: A
Decoupled Approach”

EC.1. Examples of Derivatives Prices With Closed-form Expressions
EC.1.1. Example 1: European Call Option Under Geometric Brownian Motion

The analytical pricing formula of European call option with an underlying asset whose price S; follows a

geometric Brownian motion, given by
dSt = TStdt + O'StdBt

is given by

C(Sy,t) = S,N(dy) — Ke " T N(d,),
where

d, = In(8,/K) + (r+0%/2)(T —t)

ovVI—t
dg :dl—O'\/T—t,

and N () is the standard normal cumulative distribution function.

EC.1.2. Example 2: Barrier Up-and-Out Call Option Under Geometric Brownian Motion

The closed-form pricing expression of barrier up-and-out call option, with an underlying asset whose price

S; follows a geometric Brownian motion, is given by

O(Sit) =S [N <‘5* <T‘t’}g§>) - <‘5+ <T_t’i’t>>]
_e—"(T‘”KQ[N <5 <T—t,f§>> -N (5 (T_t’i;t))]

) BB )
() e ) (e (o)

0<t<T,0<5,<B,

where

5u(rs) = — [mw(micﬂy].

ON\T
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EC.1.3. Example 3: European Call Option Under Heston Model

Consider a European call option with an underlying asset whose price S; follows the Heston model as

follows,

dv, = k(0 —v,)dt + o\/v,dB?,

where the correlation corr (B}, B?) = pt.

Then, the closed-form expression of the price of European call option is

C(Stavtat) = Stpl — KeT(T_t)P%

where
1 1 [~ —ielmEK £ (In S T;
Pj(StavtaT;an):2+/ Re |:6 fj(n ts Uty ’¢):|d¢, ]:1’2
T Jo i
Specifically,
fj (ln Sta Uy, t7 ¢) — eC(T—t;qﬁ)+D(T—t;¢)vt+i(bln St7
where ) J
. a : —geT
C(T;¢):T¢ZT+§ {(bj —podi+d)T—2In [ - ]},
bj—pogi+d[1—el
D(r;¢)=-2
(T7¢> 0_2 |:1 _ged-,-
d
an by —podi+d
N bj —popi—d’

d= \/(pogbi —b;)° — 02 (2u;¢i — P?).

Other parameters are defined as
up=1/2, uy=-1/2, a=kb, by=Kk+A—po, by=kK+A.
Note that the integrand P;(.S;,v;, T';In K') is a smooth function (Heston 1993).

EC.2. Lemmas and Proofs
EC.2.1. Lemma 1 and Its Proof

Lemma 1. Suppose Assumption 1 holds. In addition, for sufficiently large m and conditioned on fitted port-
folio loss functions [i,,(-), the joint density function b,,(z,u) of (u(Z),n.(Z)) and its partial derivatives
by (2,u) and 82b,, (x,w) exist for all x and u, and satisfies the following regularity conditions: there exist

non-negative functions b, ;(u),i =0, 1,2 such that

bm(l‘)u) S Bm,O(u)v |ambm($7u)’ S Em,l(u)v ‘aibm(xvu)’ S Bm,2(u) (ECI)
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for all x and u, with
B,.;=sup / || by i (u) < 00 (EC.2)
m JR

for r=0,1,2,3 and i = 0,1,2. Then for any sequence {x,,} such that x,, — x as m — oo, we have
Jiim (Tm) = fu(x) and f} () — f(v) almost surely as m — oo.

Remark EC.1. The regularity conditions specified in Lemma | and subsequent lemmas within this section
align with those typically assumed in the nested simulation literature, e.g., Gordy and Juneja (2010). These
conditions are expected to hold when the portfolio loss surfaces and their fitted approximations exhibit suf-
ficient smoothness, aligning with the basic assumptions of our framework. Through our analysis, we assume
that boundedness conditions are satisfied almost surely in line with the conventional practices in the liter-
ature. However, it is possible to modify these conditions to allow for stochastic boundedness, which would
change our results from convergence almost surely to convergence in probability. Although this modification
is feasible, it would significantly complicate the proofs without providing substantial additional insights or

benefits. Therefore, we retain the original assumptions for clarity and conciseness in our analysis.

Proof of Lemma 1. We represent f; and f, in terms of b,,. Notice that
F;, (2) = Prp{fin(Z2) <z} =Pr,{p(2) + amnm(Z) <z} = / /Iam“ b (s, u)dsdu,
RJ—oc0
F,(z) =Pr{u(2) <z} = / /r by (8, u)dsdu.
RJ—oc0
Notice that for any =’ # x, by (EC.1),

ffl_amu by (s,u)ds — ff_amu (s, u)ds fli_amu b (s,u)ds| _
0o : 0o _ T—amu / S bm,o(u),
-z ' —x

where 5m70 is integrable due to (EC.2). Therefore, by dominated convergence theorem, we can derive f;,, ()

by differentiating F;, (x) and switch integration and differentiation, which yields

d T—amu d T—amu
fﬂm(x)—dx/R/oo bm(s,u)dsdu—/Rdx/oo bm(s,u)dsdu—/Rbm(a:—amu,u)du.

Similarly, we have

fulz) = /]R by (2, ) dus.
As aresult,
i) = 5@) = [ o =t ) =B, )
- /R Dubr(2,10) - (T — @t — ) du

= (fvmx)/@wbm(x*,u)duam/u-&vbm(x*,u)du.
R R
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where z* lies between x — a,,,u and x. Therefore

]fﬁm(xm)—fﬂ(:v)lg\xm—xl-/|8mbm(x*,u)|du+am'/\u-@zbm(x*,u)\du
R R

S\xm—x]-/bm,l(u)du+am-/|u]bm71(u)du
R R

<|®m—z|-Bo1+ am - Bi.

Asm — 0, x,, — 2z — 0 and a,, — 0. Therefore, by (EC.2), we have f, . (z,,) — f.(z).

Further notice that for any x’ # x, by Equation (EC.1),

Oubp (2", u) (2" — )

' —x

b (2" — apu,u) — by (x — ayu,u) < By ()
=>=Um,1 )

r—x

where 2" lies between = and 2/, b,, ; is integrable due to Equation (EC.2). Therefore, by the dominated
convergence theorem, we can derive f; () by differentiating fz,, (z) = [g by (% — apu,u)du and switch

integration and differentiation, which yields
J, (1) = / by (X — apu, w)du = / b (x — apu, u)du.
R R
Similarly, we have
fi(z) = /R Opbym (2, u)du.
As a result,
Foaom) = 540) = [ 0t ) = O 0
= /8§bm(x**, ) (T — pu — z)du
R

= (mm—x)/aibm(:v**,u)du—am/u-azbm(x**,u)du.
R R

where z** lies between x — a,,u and x. Therefore

‘f;t (l‘m)f;($)|§|55mJU“/‘8zbm($**,u)’du+am-/|u-8§bm(:v**,u)‘du
R R

<z —2]- / oo (1)t + 1y, - / By » (1)
R R

<|@m —x|-Boa+ am - Bis.

Asm — 0, z, —x — 0 and a,, — 0. Therefore, by Equation (EC.2), we have f (z,,) = f,(z). O
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EC.2.2. Lemma 2 and Its Proof

Lemma EC.2.1. Let ®,,(x; w) and ¢,,(x; w) be the cumulative distribution function and density of 1/(Z) +
wnm(Z) for any w € [0, a,,|. Assume Assumption I and regularity conditions of Lemma I hold. In addition,
assume f,(q) > 0. Then

(1) ¢p(x;w) is continuous with respect to w and .

(2) 0y ®,,(x;w) exists and is continuous with respect to w and x.

(3) For any w € (0,a,,), Ep[nm(2)|1(Z) + wnm(Z) = x] is continuous with respect to x at x = q for
sufficiently large m.

Proof of Lemma EC.2.1. We first represent ®,,,(z; w) and ¢,,(z,w) in terms of b,,, by

D, (z;w) =Pr {u(Z)+wn,(Z2)<z}= /R/_f’?w“ b (s, u)dudv,

Om(z;w) = 0, Py, (z;w) = / b (x — wu, u)du,

R

where the formula for ¢,,, is derived by switching integration and differentiation under the regularity con-
ditions on b,,, and 0,.b,, in the similarly way as in the proof of Lemma 1. Then apply mean value theorem,

and use (EC.1) and (EC.2), we have

|G (25 0") = i (3 w)| =

/ by (x — w'u,u) — by, (x — wu,w)du
R

/R@mbm(s**,u)(w’ —w)(—u)du

<|w/_w‘/|u]5m71(u)du
R

<|w' —w|- By;.

| (25 W) — P (3 w0) | = /Rbm(x’ —wu,u) — by, (r — wu,u)du

/&Ebm(s***,u)(x’—x)du
R
§|x’x|/5m’1(u)du

R

<|z'—=x|- By,

where s** lies between x — wu and x — w'u and s*** lies between x — wu and ' — wu. This implies that
¢m(x; w) is continuous with respect to both w and x.

Next, notice that

ffo_ow,u bn(s,u)ds — [* " by (s,u)ds L b (s,u)ds
, = , |u[brm.0(w),
w —w w —w
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Therefore, by dominated convergence theorem and (EC.2), we can derive 9,,®,,(x;w) by differentiating

®,, (z; w) and switch integration and differentiation, which yields

0w P ( // (s,u dudv—/ / (s,u dudv——/u~bm(a:—wu,u)du.
RJ— R

Similarly, apply mean value theorem, and use (EC.1) and (EC.2), we know 0,,®,,,(z; w) is continuous with
respect to w and z under the regularity conditions on u20,b,, and u0,b,,, respectively.

Last, we have

Ep [0 (2)|(2) +wnm(Z) = 2] = Je v bg:lzx—;v;t,u)du

We have shown that both the denominator and the numerator are continuous with respect to x. In addition,

¢m(z,w) is continuous with respect to w and ¢,,,(¢,0) = f,.(¢) > 0, and hence ¢,,,(x,w) > 0 for z = g and
w € (0, a,,) for sufficiently large m. Therefore the conditional expectation is continuous at with respect to
z at x = q for sufficiently large m. [

Lemma 2. Under Assumption I and regularity conditions of Lemma 1 and EC.2.1, we have

Fylbim] = Tyl = Op (@)

Proof of Lemma 2. We first show that F, 11 4+ wn,,] is differentiable with respect to w € (0, a,,), and

Gl ) = 60 4520) B 2)|(2) + wn(2) =), EC3)

This result can be proved by applying Theorem 1 of Hong (2009), which states that for real number g and

bi-variate function h : Q x (0, a,,) — R, we have
py(w) = =¢(q; w) B[0uh(Z, w)|h(Z,w) = q, (EC4)

for any w € (0, a,,), where p,(w) = Pr{h(Z,w) < g}, if the following conditions are satisfied:

(a) The path-wise derivative 0,,h(Z,w) exists w.p.1 for any w € (0, a,, ), and there exists a function k(Z)
with E[k(Z)] < oo, such that |h(Z,w,) — h(Z,w,)| < k(Z)|wy — w;| for all wy,w,.

(b) Let ®(¢;w) and ¢(t; w) denote the cumulative distribution function and density of h(Z,w). For any
w € (0,a,,), h(Z,w) has a continuous density ¢(¢;w) in a neighborhood of ¢ = ¢, and 9,,®(¢; w) exists and
is continuous with respect to both w and ¢ at t = q.

(c) Forany w € (0,a,,), E[0,h(Z,w)|h(Z,w) =t] is continuous at t = q.
In order to prove (EC.3), we set h(z,w) = u(z) + wn,,(z), and verify the validity of the above conditions.
On the one hand, 0,,h(Z,w) =nm(Z), and |h(Z,w:) — h(Z,ws)| = |9 (Z)(ws —w1)|. Therefore condition
(a) holds with k(Z) = 1,,(Z). On the other hand, condition (b) and (c) also hold due to Lemma EC.2.1.
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Therefore, we can apply (EC.4) to p,(w) = Pr,,{h(Z,w) < q} =Pr, {u(Z) + wnm(Z) < q} = Fylp +
wn,,], which gives (EC.3).

Now notice that

Flfim] = Folp] = Folp+wnnl|,_,  —Folu+wnall,

— [ et wnldo
= [ ) Bl (2)1(2) + 0 (2) = e,

and hence

|F, ] — Tl < / " (@ w)dw - 7]l

Since

/ G (@5 w)dw = / /bm(q—wu,u)dudw
R
0

< / / b (@, 0) + 1020 (4" )] - wu]) dudw
0 R

—/ /bm(q,u)dudw—i—/ /lambm(q*,u)]-wwdudw
o Jr o Jr

2

a
S Ay f,u<q) + Tm 'Bl,l
=0O(an),

where ¢* is between ¢ and ¢ — wu. Therefore F,[fin] — F, (1] = O(am) - Mmoo = O(|ftm — lloc) =
@p(am). O

EC.2.3. Lemma 3 and Its Proof

Lemma 3. Suppose Assumption I holds. For sufficiently large m, h,,(x,u,y,v), the joint density function of
(W Z2),nm(Z2),7(Z), 'ym(Z)) and its derivative O, h,,,(x,u,y,v), Oyl (z,u,y,v) exist for all z,u,y and v.
In addition, let hY,(z,u,y,v) = [*_ hy(x,u,§,0)dj. Its derivatives d,hY,(z,u,y,v) and 2R}, (x,u,y,v)
exist for all x,u,y and v. There exist non-negative functions h,, ;(u,v), i =0, 1,2, and B%yi(u, v),1=0,1,2,

such that

P (2, u,y,v) < Bmo(u,v), |0l (2, u, y,0)| < Eml(u,v), |0y b (2,0, y,0)| < Bm,g(u,v),

h (2,10, 9,0) < Ty o (,0), (Ol (2,0, 5,0)| < Py (w,0), 103 Ry, (2,0, y,0)| < By 5 (u,0)
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for all x,u,y and v, with

H;,= sup/ /(1 + || + [0])" A i (1, v)dudv < oo,
m JrJR
HY Esup/ /(1 + [u] + [v])"hyY, ;(u,v)dudv < oo
m JrJRr
fori=0,1,2andr =1,2. Then if (z,,, ym) — (2,y) and f,(x) # 0, we have
0:Giipn o (T, Ym) — 0:Gun (z,9), 0y G i (Toms Ym) — 9,G i x (z,9).

Proof of Lemma 3. First of all, by noticing that b,,, = o Jg hm (@, u,y,v)dydv, it is easy to check
that the regularity conditions of Lemma 1 hold by setting

for 1 =0, 1. Therefore both the conclusions of Lemma 1 and 2 hold.

Next, we consider the partial derivatives with respect to y. We start by representing G, » and G;,,, #,, in

terms of h,, by

Gx(z,y) =Pr{n(Z) < ?JIM(Z) =}
fR fy Sz P (2,0, 7, v) dudgjdo
Jo Jo Jg P (2, 0, 9, ) dudgjdo
fR fy fR (z,u,9,v)dudydv
fu(z) 7
Gl im (z,y) = Prp{m(2) + am¥m(Z) <ylp(Z) + amnm(Z) = v}

fR ffoo fR o (2 — apu, u, § — apv, v)dudydo

B Jo Jo Jo P (2 — @, u, § — apv, v)dudydo
fR fi’oo fR hon (2 — apu, u, § — apmv, v)dudydo

a fiim (2) '

Since the integrations are interchangeable due to Fubini’s theorem, we have

Jo Jo P (2,0, y,v)dudv.
fu() ’
f]R f]R hm(xm — AUy Uy Ym — AV, U)Cl'LLdU

fﬁm (.Tm)

0yG i x(7,y) = (EC.5)

a@lGﬁm ,m (x"l? ym) = (EC6)

Notice that

P (T — Qo Uy Uy Yy — A0, V) dudv — / / b (2, u,y,v)dudv
R JR

[Ophm (27,0, Y, 0) (0, — @ — ) + Oyl (27,0, Y™, V) (Y, — AV — y)] dudv
R

§|xmx\-//|8zhm(:c*,u,y*,v)]dudv+|ymy]-//\ayhm(x*,u,y*,vﬂdudv
RJR RJR
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+am //|u|-|8mhm(:n*,u,y*,v)|dudv—|—//|U|'|ayhm($*>U,?/*,U)|dUdU
L/R JR RJR

§|xm—x|-//ﬁm,l(u,v)dudv+|ym—y|-//Bmyg(u,v)dudv
R JR rRJR

+a,, / |ul -ﬁm,l(u,v)dudv—i—/ | -i_lm7(u,v)dudv]
/R /R R JR

<|zpm—z| - Hi + |ym —y| - H2 + @y, - (H1 + Ha).

As z,, — x, Y, — v and a,, converge to 0 when m — oo, the numerator of (EC.6) converges to that of
(EC.5). In addition, by Lemma 1, we know that the denominator of (EC.6) converges to that of (EC.5). As
aresult, given that f,(x) # 0, we have 0,G,, 7, (T, Ym) — Oy G ux(2,Y).

Last, we consider the partial derivatives with respect to x. We have

0.Gr(z,y) = 8h (x,u, g, v)dudydv

RJ—
( // / (z,u,y,v)dudydv
93) RJ—

=#1 (0,9) = Tl

_f()m1 ’ [fu( )] e

0:Gliv i (T,Y) = // /8 o (x — @, u, § — amv, v)dudjdo
fum R -

/ / / — AUy Uy T — A0, V) dudydv
fﬂm RJ-

i (@) -

1 .
L1 (z,y) — TAEGIE I o (2, ).

fﬁm( )

By Lemma 1, we know that f; (z.,) = f.(z) and f (z.,) — f.(z). Then it suffices to show that

fm,i(xm, Ym) = I i(x,y) for i =1,2. Actually,

|Im1 xmaym - ml(x y)‘

N // [/ Ot (T = At Uy § = G0, 0)df = / Oyl (1,0, 37,0 )dy] dudv
R JR
Ym —am?v
= / / |:/ azhm (xm - am“) U/) g’ ’U)d:l:/ - / azhm (./L', u, g’ ’U)dg:| dudv
R JR -

= / [0:h), AUy Uy Yoy — A0, 0) — O h), (2, u,y,v)| dudv
R R

= / m = Gt — )R (27w, Y™, 0) + (Y — @ — Y) Oyl (27, u, 4™, v) | dudv

<|zy —z|- //hmguvdudv+|ym y| - //hm1UUdudv
+an, [//|um§,2(u,v)dudv+/ \v!ﬁm,l(u,v)dudv]
RJR rJR

<\t — 2| HY + Y —y|- Hi + @ - (Hy + Hy),
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and

u—mQ xmaym _Im 2(%' y)‘

// [/ —amu,u,y—amv,v)dgj—/y hm(x,u,g,v)dy] dudv
RJR —o0

= (T — Qs — )0 hY (27U, Y™ 0) + (Y — A — Y) B (2™, 1w, Y™ )] dudv

R JR
S\xm—x|'//h§’l(u,v)dudv—l—ym—y\-//hm@(u,v)dudv
R JR
+an, [// lulh), i (u,v dudv—i—/ |U|l_1m,0(u,v)dudv}
RJR

<|@p — |- HY + |Ym —y|- Ho + ap - (HY + Hy).

As z,, — ¢, Y, — vy and a,, converge to O when m — oo, we know that I~m7i(xm,ym) — I,,.i(z,y) for

i=1,2. Given that f,(z) # 0, we have 0,G ., 7. (T, Ym) = 0.G, - (x,y). O

EC.2.4. Lemma 4 and Its Proof

Lemma EC.2.2. Denote V,,(z,y;w,s) and 1,,(x,y;w, s) be the joint cumulative distribution and den-
sity function of (u(Z) + wnm(Z2),m(Z) + svm(Z)) for w,s € [0, a,], respectively. Recall that ®,,,(x;w)
and ¢, (x;w) are the marginal cumulative distribution function and density of u(Z) + wn,,(Z), respec-
tively. Assume Assumption | and regularity conditions of Lemma 3 hold. In addition, let h:X (z,u,y,v) =
ffoo B (&, u,y,v)dE and its derivatives O,h:\ (x,u,y,v) exist for all z,u,y and v. There exist non-negative

functions by (u,v) i =0,1 such that

ho (2,0, y,0) < gy o (w,0), [0y, (2,0, y,0) < By (u,0),
for all x,u,y and v, with

HiXEsup//(l+|u+|v|)ﬁi§,i(u,v)dudv<oo,
m RJR

fori1=0,1,2. Then we have

(a) For all w,s € (0,a,,), 0,V n(z,y;w,s), 02V, (z,y;w,s), and 0,0,V ,,(x,y;w,s) exist and are
continuous with respect to w € (0, a,, ), x in a neighbourhood of q, and y in a neighbourhood of 6. Moreover,
0w P (z;w), 0p (W), Oy (; W) exist and are continuous with respect to both w € (0, a,,) and  in
a neighbourhood of q. For all w € (0,a,,), ¢, (¢g,w) > 0.

(b) Forallw,s € (0,a,,), 0.V, (z,y;w,s), 0sV,,(x,y;w, s), and 050, V., (x,y;w, s) exist and are con-

tinuous with respect to s € (0, a,,),  in a neighbourhood of q, and y in a neighbourhood of 0.
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Proof of Lemma EC.2.2.  First of all, by definition, we have

T—wu y—sv
vy = [ [ [ [ hugoddidu,
RJR J —c0 —00

wm(x,y;w,s)://hm(m—wu,u,y—sv,v)dudv,
R JR

D, (x; w)—hm\II T, y;w,s) //// (& — wu,u,y,v)didudvdy,
RJRJR -

qu(a:;w):/Rdjm(a:,y;w,s)dy:/R/R/Rhm(:z:—wu,u,y,v)dudvdy.

Therefore, we have

0wV (z,y;w, 8) /// (x —wu,u,y,v)dydudv
RJRJ -
——//u-h},:(:v—wu,u,y—sv,v)dudv,

0.V, (x,y;w, 8) /// m (X — wu, u, §,v)dgdudv
R _
://hf;(x—wu,u,y—sv,v)dudv,
R JR

02, (x,y;w, s) //8 hY (z — wu,u,y — sv,v)dudv,

000,V (z,y;w, 8) //u 0. hY (x — wu,u,y — sv,v)dudv,

sV (2, y;w, 8) /// m (T, u,y — sv,v)didudv
RJRJ—
—//v-hfl(x—wu,u,y—sv,v)dudv,
R JR

050,V (z,y;w, s) // (x —wu,u,y — sv,v)dudv.
R JR

awq)m(m;w):—//u-hﬁ(aj—wu,u,oo,v)dudv,
R JR

OO (75 W) //3 hY (x —wu,u, 00, v)dudv,
OwPm(T;W0) = //u@hym W, u, 00, v)dudv.

Then the continuity of these functions follows from the regularity conditions in Lemma 3 and
Lemma EC.2.2. [

Lemma EC.2.3 (Fu et al. 2023). Suppose X (w) and Y (s) are two random variables with parameters
w € O, se A, where © and A are open subset of R. Let fx y(x,y;w,s) and Fxy(z,y;w,s) be the
Jjoint probability density function and cumulative distribution function of (X (w),Y (s)), respectively, and
fx(z;w) and Fx(x;w) be the marginal probability density function and cumulative distribution function

of X (w), respectively. If the following conditions are satisfied:
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(a) The pathwise derivative 0,X (w),0:Y (s) exist w.p.1 for any w € © and s € A, and there exist
random variables K and T with E[K],E[T] < oo, which are not dependent on w and s, such that
| X (wy) — X (we)| < K |wy —we| and |Y (s1) =Y (s2)| < T'|s1 — 82| hold for all wy,wy € O, 51,55 € A.

(b) For all w € ©,s € A, 0,Fxy(z,y;w,s), E [I{X(w)Sz}l{y(s)gy}ﬁwX(w)] ,O2Fxy(z,y;w,s), and
000 Fx y(x,y;w, s) exist and are continuous with respect to w € ©, x in a neighbourhood of a, and y in
a neighbourhood of b. Moreover, 0,,Fx (z;w), 0, fx(x;w), 0y fx (z;w), and E [I{X(w)gw}an(w)} exist
and are continuous with respect to both w € © and x in a neighbourhood of a. For allw € ©, fx (a,w) > 0.

(¢) For all w € ©,5 € A0, Fxy(z,y;w,s), E [I{X(w)gx}I{y(s)gy}ﬁsY(s)], OsFxy(z,y;w,s), and
0,0, Fx y(x,y;w, s) exist and are continuous with respect to s € A, x in a neighbourhood of a, and y in a
neighbourhood of b.

Then for p, »(w,s) =Pr{Y (s) <b|X(w) = a}, we have
{-02E [Iix (= Iy )20 00X (W)] + pas(w, )07 B [Iix )<y 0 X (W)}, _,

fx(a,w)
= 020, B [Iix )<y Ly (20 0Y (5)] |
fx(a,w)

Lemma 4. Under Assumptions 1 and regularity conditions of Lemma 3 and Lemma EC.2.2, we have

8wpa,b(u)) S) =

z=a,y=>b

aspa,b(w7 S) =

Goolfms Tm] — Go.oltt, ™ = Op (arm).

Proof of Lemma 4. Define p, o(w, s) = Pr{n(Z) + svm(Z) < 0|pu(Z) + wn,,(Z) = q}, then

Qqﬁ[ﬂmafrm] :pqﬁ(am:am)v gqﬁ[ﬂvﬂ] :pq79(0,0).

Under regularity conditions of Lemma 3, it is straightforward to check the conditions in Lemma EC.2.3
hold with X (w) = u(Z) +wn,,(Z2), Y (s) =7(Z) + sym(Z), a = q and b = 0. Consequently, we can apply
the conclusions of Lemma EC.2.3 to derive partial derivatives of p, (w, s). In particular, with 0,,X (w) =

N (Z), 0sY (s) =ym(Z), we have

{=02E [Iix )<t Ly 9yoynn(Z)] + po0(w, $)02E [Iix(wy<aynn(Z)] }],_,
P (g3 W) ’
— 0.0y E [Iix(wy<ay [y ()01 (2)]|
bm(q;w)

Under regularity conditions of Lemma 3, the partial derivatives and expectations are interchangeable, and

Owpgo(w,s)= (EC.7)

2=0.y=0 (EC.8)

aqu,é)(wu 8) =

thus

02 B [I1xwy<ar L1y (5)<yy 1 (Z)] =8x/ E Ly ()< (2)| X (w) = t] ¢y (t;w)dt

— 00

— B Iy (91201 (Z) | X (w) = 2] 6 (25 0),
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and similarly
02 B [I1x ()<} (2)] = E [ (2)|X (w) = 2] (23 w),
0 B [ Iix )<t Ly (s)<uym (2)] = B [ Ly (5 <y v (2)| X (w) = 2] @ (25 w).

Furthermore, under regularity conditions of Lemma 3, the partial derivatives 0, and 0, are also interchange-

able, and thus

020, E [Iix(wy<ar Ly (9121 ¥m(2)] = 0y {E [Ty (5) <oy 1 (Z) | X (w) = 2] ¢ (w;0) }

Y

—0n(w0)0, [ Bl (2)X(w) =2.Y(5) =1l frix(sle)dy
— E (21X (w) = 2,Y () = 4] $yn (0, 5),
which indicates

1020, B [Iix (w)<a} Ly ()23 Y (Z) ]| < [l oo tom (@, y3w, 5) = Op(1). (EC.9)

We also have

07 B [I{x wy<a}hn(2)] = 0s {E[0(2)| X (w) = 2] ¢ (2;w) }
=0, /ub x —wu, u)du
= / U0 by (r — wu, u)du.
R
Due to the regularity conditions, we have
|2E [ x (w)<a}m(Z)]] < /R ||y 1 (u)du < By ;. (EC.10)

Similarly,
02 E [Iix <y Ly (9201m(2)] = 00 {E [ Ly (5)20y 1 (2) | X (w) = 2] i (w;0) }
Yy—sv
—8/ //uh (x —wu, u,y,v)dudvdy
R JR
://u@zhz(x—wu,u,y—sv,v)dudv.
RJR
Due to the regularity conditions, we have
|3§E[I{X(w)q}l{y(s)@}nm(Z)]{§//|u|ﬁm$1(u,v)dudU§H1Y. (ECll)
rRJR

Substitute (EC.9), (EC.10) and (EC.11) into (EC.7) and (EC.8), we known both 9,p,¢(w,s) and
Owpq.0(w, s) are of order Op (1) as m — oo. Now define g(t) = G, (it + t0m, ™+ tym], t € [0, a,,]. Notice
that g(t) = p, ¢(t,t). Therefore

g’(s) = awpa}b(sa 5) + aspa,b(sa 5) = (QP(l)
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Therefore

Ga0lfim, Tm] — Golp, 7l = g(am) — g(0) = /O“m g'(s)ds = Op(a,,).

O

EC.2.5. Lemma EC.2.4 and Its Proof

Lemma EC.2.4. (a) Under the regularity conditions of Lemma 1, we have

Fr(@m) = F (@) + [0 (@) (@ — @) + 0(G@n — @)-

(b) Under the regularity conditions of Lemma 3, we have

Gﬁmyﬁm (d’”ﬂ Hm) - Gﬂmyfrm (q7 0) = aﬁfGﬁm,ﬁ'm (q*7 9)(@’"7« - q) + 8yGl~lm,7_7m (Q7 0)(977’7« - 0) + 0(07” - 6)7

as m — oo, where q* is some number between q,,, and q.

Proof of Lemma EC.2.4. (a) By the mean value theorem, we have

Fi (i) = Fo (@) fi (@)~ 0) + 5.5, (4 — 0

for some ¢* between ¢ and g,,. Following the proof of Lemma 1, we can derive f; (x) by switching

integration and differentiation, which yields

d
fi (@) / by (X — pu, w)du = / b (. — apu, w)du.
R

= i
Hence, under the regularity conditions of Lemma 1, | f;, ()| < Sz 100bm (2 — apmu, )| du < [, b1 (u)du <
By 1. As aresult,
Fpiy (Gm) = F (@) + fiin (0) (G — @) + 0(Gm — @)
(b) By the mean value theorem, we have

G;lmirm (qmv em) - G[Lm,ﬁ'm ((L ém) = azGﬂm,ﬁ'm (q*7 ém)((jm - Q)7
~ ~ 1 ~
G i (@5 0m) = Gy 700 (0, 0) = 0y Gy 7, (4, 0) (0 — 0) + 505Gl (¢,0") (0., — ),
axGﬁm,frm (q*7 ém) = 8xGﬁm,ﬁ'm (q*7 6) + 8acyGﬂm,frm (q*a 9**)(9~m - 0)7

where 6%, 0** are between 6,, and 6, and ¢* is between §,, and g. Therefore we have

where R,,, = 0,,G 20 (05 07) (G — @) (0, — 0) + 204y G i 7m (4, 6*)(,, — ). Therefore, it suffice to

prove that R,,, = o(f,, — 6) as m — oc.
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Following equation (EC.6) in the proof of Lemma 3,

Jo Jg P (2 — @i, i,y — v, v)dudv

fﬂm (CU)

ayc;'.um Tm (.fU y)

By further taking derivative with respect to y, we have
fR fR Oyl (x — apu, u,y — ay,v, v)dudv
S () ’

8§G,am7ﬁ'm (x7 y) =

and hence

2~ * fRfREm,Q(uyv)dUdU H, H,
om0 e S @ )

Similarly, by further taking derivative with respect to x, we have

02 Gl 7 (T, ) f //6 b (2 — apu,u,y — ap,v,v)dudo
Mm R

o Lt oy e

Ik e f et
m1 (U, v) dudv+ i m.0(u,v)dudv
f;ufm(q* 1 f#m O

| £ (q)]

ST @) T @)
1 |f1(a)]

T @ ™

where for the last limit we have used Lemma 1 and Proposition 2. Combine the above results with the

and hence

**
‘ ,Ufm 7Tm 0

H,

definition of R,,, we can conclude that R,, = o(ém -0). O

EC.3. Other Proofs

Proof Sketch of Proposition 1. Given that the complete proof of this proposition is both tedious and
standard, adhering closely to established methods in the literature, we provide only a sketch of the proof
to highlight the key steps and underlying logic. Let £;(Z) and (;(Z) denote the portfolio pricing error for
the j—th inner-level observation of y(z) and 7(z) respectively, and let £(Z) = %23:1 ¢(Z)and ((Z) =
% 23:1 ¢;(Z) be the zero-mean average pricing errors for the portfolios. Following the analytical scheme
of Gordy and Juneja (2010), we take the surrogates X (Z) = u(Z) + € (Z) and Y (Z) = n(Z) + C/(Z) and
analyze them instead of analyzing X and Y directly. Let &' = v/I€" and ¢! = V/I(' so that they have nontrivial
limit distribution as [ — co. Let G, «(w,y) = Pr{n(Z) < y|u(Z) = v} and G y(v,y) = Pr{Y(Z)
y| X (Z) = x}. Define the joint density of (1,7, &, () as ¢(s,t,u,v). With the regularity conditions on the

joint density and its partial derivatives similar to Assumption 1 in Gordy and Juneja (2010), we have

Gxy(®,y) = Guxl(z,y) =O(1/1). (EC.12)
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Let HAMJ be the CoVaR estimator of standard nested estimator and 6 be the («,(3)-CoVaR of
(u(Z),m(Z)), which satisfies P{7(Z) < 0|1(Z) = go } = G1.x(qa,0) = 5, where g, is the a-VaR of u(Z).
To derive the mean squared error (MSE) E[(6},,, — 0)?], we introduce another two auxiliary variables.
We define 6, such that P{Y(Z) < 6,,|X(Z) = Xiha} = GXy(X[hM,HAhJ) = 3, where X[q7 is the
[ha]-th order statistics of X. Besides, 6, is defined as the (v, 3)-CoVaR of (X (Z),Y (Z)), which satisfies
P{Y(Z) < 6,|X(Z) =G4} =Gy y(4,0;) = B, where g is the a-VaR of X (Z).

The MSE, E[(6), ., — 0)?]. can be decomposed into

E[(Opni—0)] = VaR(0y 1) + (B[00, — 0)2.
’uar;c:nce bias?

It’s obvious that the order of variance term is ©O(1/k) since it involves estimating the quantile with % i.i.d

observations. Then, we analyze the bias term by further decompose the bias into:

E[ék,h,l] —0= E[E[ék,h,l | X ha1] — éh,ﬂ + E[éh,l —0,)+6,—0,
~——

I II 111

and analyze them term by term.

For term I, E[ék hl X (hal) — éh,l] is intrinsically the difference between the [k(3]-th order statistics and
the 8-th quantile of SA/])A( =X rhal- Under the regularity conditions on conditional density of ?\X and the
marginal density of X, we can obtain that E[E[f, 1| X{ra1] — 04.]] = O(1/k) according to Equation (4.6.3)
of David and Nagaraja (2004).

For term II, we apply Taylor’s expansion to G Xy(éhyl,f( fhal) at (él,Q), we obtain that éh,l — 0, =
(C)(X[ha] — @) and thus E[éh,l — él] = (Q(E[X“m —q]) = O(1/h) according to Lemma 2 of Hong (2009).

For term III, by applying Taylor’s expansion to G j(y(él, G) on (0,q,) and using the fact that
GX’Y(HAl, 4) =G, x(qa,0) = B, we can derive that

él - 9 == @(Gx’f/(qa,e) - Gy,w(qaae)) +(9((j - Q),
() (%)

where term (i) is of order ©(1/1) by Equation (EC.12) and term (i) is of order ©(1/l) by Proposition 2 of
Gordy and Juneja (2010).

Therefore, the bias term is of order O(1/k + 1/h +1/1). Overall, the order of MSE is O(1/k + 1/h* +
1/1?). Notice that the first two terms of this rate, 1/k and 1/h?, align with the results derived in Huang et al.
(2024) under the assumption that the closed form expressions of ;(Z) and 7(Z) are available, while the
third therm, 1/12, arises from the inner-level estimation with [ sample observations. Since I' = khl, we have
the best convergence rate of RMSE is O(I'~1/4), with [ = ¢,T'V/4, h = ¢,I''/* and k = ﬁpl/{ for some

constants ¢;,co >0. [
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Proof of Proposition 5.  'We can rewrite 1(z) by

1(z) =E[p(Z)|Zy = 2]

[p(¥r (81,82, ,50)) Y0 (So) = 2]

// / 1/}T 51,82 ))po 1(77% 31 Hpk 1,k Sk 1,3k)d81d52 -ds,,.

k=2

Let v(s) = u(1o(s)), then u(2) = v(1b; ' (2)). Since ¥, ' is smooth, we only need to prove the smoothness

of v(+). Actually, under condition (a) we can apply Fubini’s theorem, and

://.../@(djT (51,80 ,sn))po,1(s,31)Hpk—17k(sk_1,sk)dsld32...dsn

k=2

= [ poi(s,s1) [ o (b (s1,82- 5 80)) | | Pr—1,6(Sk—1,5k)ds2 - - - ds,, | dsy
/ 0 / / kli[2 k k\°k k
:/P0,1(5781)¢(31)d81-

For given s and j € {1,--- ,d}, define a mapping (; ; : R — R, such that (;(¢) has the j-th entry equal to
t € R while all the other entries identical to the corresponding entries of s. Denote e; to be a g-dimensional
vector with the jth entry being 1 and all the other entries being 0, and s(j) to be the j-th entry of s, then by

applying Leibniz integral rule,

s(4)
P0,1(8,51) =P0.1(Cs,5(8(4))s51) =P0.1(Cs (o), 81) + / 0%po1(Cs,4(t), 51)dt.

to

Therefore

s(4)
V(S):/Po,l(Cs,j(to)781)¢(31)d81+//t 0% po,1(Cs,5(t), s1)P(s1)dtdsy
s(4)
:/po,l(Cs,j(to)731)¢(31)d81+/ /8ejpo,1(Cs,j(t),31)¢(31)d81dt

where the changing the order of integration is validate by Fubini’s theorem under condition (d). This con-

dition also indicates the inner integral is a continuous function of ¢, and hence D% v/(s) exists and

D¢v(s /aeﬂpm Cs,j(8(4))s81)0(s1)dsy = /3 “Ipo,1(8,51)P(s1)dsy.

Because 0% pg 1(s,s1) is continuous and has integrable derivatives with respect to s due to condition (d),
the partial derivative 9% v/(s) is also continuous for all j =1,---,d. This indicates v(s) is differentiable.

Similarly, we can establish the higher order differentiability of v(s) through induction on the order.  [J
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EC.4. Numerical Experiments for Validating the Theoretical Convergence
Rates of Decoupled Estimators

This section presents numerical results to validate the theoretical convergence rates derived in Section 4.2
for the decoupled estimators of CoVaR. The experimental design follows a similar setup as in Section 5,
where we consider two portfolios consisting of stocks, up-and-out barrier call options, and geometric Asian
options. However, we use a moderate-dimensional setting with ¢ = 10 underlying stocks, resulting in a
30-dimensional problem (¢ = 30). This lower-dimensional setting is chosen because, for high-dimensional
problems, observing a clear pattern in convergence rates typically requires very large sample sizes. In such
cases, hyperparameter tuning for smoothing techniques such as kernel ridge regression and neural networks
becomes computationally expensive and impractical to implement on a standard PC.

Specifically, we consider decoupled estimators with four smoothing techniques: linear regression (LR),
kernel smoothing (KS), kernel ridge regression (KRR), and neural networks (NN). For each technique, we
vary the computational budget I' from 10% to 10° and fit a log-log regression of the relative RMSE (r-
RMSE) on T'. The results are presented in Figure EC.1, which reports the fitted slopes and R? values, with
identical y-axis ranges across all subplots to facilitate visual comparison.

Consistent with our theoretical results, LR, KRR, and NN exhibit slopes close to —1/2, indicating that
r-RMSE o I'"'/2. In contrast, KS converges more slowly. As discussed in Section 4.2, KS suffers from
the curse of dimensionality, and this example demonstrates that this issue arises even in the moderate-
dimensional setting. In comparison, KRR and NN overcome this limitation and exhibit superior rates of
convergence. Furthermore, KRR and NN deliver the highest accuracy among all methods. For example,
their relative RMSEs fall below 1.5% at I' = 5 x 10*. By contrast, LR attains a similar convergence slope
but incurs larger RMSE at at the same I" due to the irreducible bias introduced by its basis functions. For
NN, we observe a relatively smaller R? compared to LR or KRR; this is expected because the performance

of NN is more sensitive to hyperparameter tuning.



e-companion to Lin, Song and Hong: Efficient Nested Estimation of CoVaR ecl9

Figure EC.1  Empirical Convergence Rates of Decoupled Estimators with Different Smoothing Techniques

KS LR
ik b
Z a |
= =
S = 1
)
o
-3 -3
d
_af 4
slope = —0.114 slope = —0.485
R* =0.947 R*=0.977
5k 5k
1 1 1 1 1 1 1 1 1 1
7 8 9 10 11 12 7 8 9 10 11 12
In T In T
KRR NN
o -1 o -1k
w0 w0
= =
S N
3t 3t
_ab s
slope = —0.520 slope = —0.523
R? = 0.954 R? =0.803
5k 5k
1 1 1 1 1 1 1 1 1 1
7 8 9 10 11 2 7 8 9 10 11 2

1
In I’



	Introduction
	Batching Estimator and Two Naïve Nested Estimators
	The Batching Estimator
	Two Naïve Nested Estimators
	The Decoupled Approach
	The Algorithm
	Analysis of the Convergence Rate
	Notation and Preliminary Results.
	Convergence Rate of the CoVaR Estimator.


	Smoothing Techniques
	Smoothness of Portfolio Loss Functions
	Alternative Smoothing Techniques
	Discussion

	Numerical Studies
	Empirical Sample Efficiency
	Computational Efficiency and Selection of Smoothing Techniques

	Conclusions
	Examples of Derivatives Prices With Closed-form Expressions
	Example 1: European Call Option Under Geometric Brownian Motion
	Example 2: Barrier Up-and-Out Call Option Under Geometric Brownian Motion
	Example 3: European Call Option Under Heston Model


	Lemmas and Proofs
	Lemma 1 and Its Proof
	Lemma 2 and Its Proof
	Lemma 3 and Its Proof
	Lemma 4 and Its Proof
	Lemma EC.2.4 and Its Proof
	Other Proofs
	Numerical Experiments for Validating the Theoretical Convergence Rates of Decoupled Estimators






