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E-Companion for “Beyond O(VT) Regret: Decoupling Learning and
Decision-making in Online Linear Programming”

Appendix A: Proof of Results in Section g
A.1. Auxiliary results

Lemma EC 1 (Hoeffding’s inequality) Ler X1, ..., X, be independent random variables such that

0 < X; < u almost surely. Then for all { >0,
P{ly" X;—E[L ", Xi]> ¢} <exp{-2nu=2{%}.

Lemma EC 2 Consider standard form LP minax=p x>0({C,X) and suppose both primal and dual
problems are non-degenerate. Then the primal LP solution X* is unique and there exists y > 0 such
that

(e, x) — (e, x") > plx — x|
for all primal feasible x € {x: Ax=b,x > 0}.

Proof. Denote ||X||_« = min; x;. Since both primal and dual problems are non-degenerate, x*
is unique (Bertsimas and Tsitsiklis|[1997). Denote (B, N) to be the partition of basic and non-basic
variables, and we have x* = (x%,XY,), where X3 > 0 and x}, = 0. Similarly, denote s to be the dual
slack for x, we can partition s* = (s, s}) where s} = 0 and s}, > 0. We have Apx} = b by primal
feasibility of x*. With dual feasibility, cy = A{y* +s},cp = A,y* for some y*. Next, consider any

feasible LP solution x, and we can write

Ax = ABXB +ANXN =b= ABX;;

*

Since Ap is non-degenerate, taking inverse on both sides gives X7, = Xp + AEIA ~Xy and we deduce

B
that
(€,x) — (¢, x*) = (cp,Xp) + (en, Xy) — (€5, X)) (EC.1)
= (cp,Xp) + (en, Xn) — (€5, Xp + A5 Anxp) (EC.2)

= (cy —ANAL cg Xp)
= (ANY" +sy —AVAZTALY" xpy) (EC.3)

= (sy-xXn) = lIsy [l -0 lIXn ]I, (EC.4)


柒渡
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where (EC.1) uses x3, =0, (EC.2) plugs in x} = xp + A;'ANXN, (EC.3) plugs in ey = A{y* + s},
and cp = Agy*, uses the fact that s}, > 0 and (sy,Xn) 2 [Isn|l-olIXnll1 2 [IS¥]l-colIXn]|.

Re-arranging the terms,

lIxn Il < NSy lI28 ({2, x) — (e, x*)). (EC.5)
On the other hand, we have

lIx = x*||? = [Ixp — x3]1> + [Ixy —xX |
= [|AG' Anxy|? + [Ixn||* (EC.6)
= (xy, (ANAL A Ay +Dxp)

2
< (AN 1 1) |1xu )2

O—min(AB)z
AN {ex)—(ex*)\2
S(frmin(AB)2+1)( %o ) , (EC.7)

where (EC.6)) again plugs in X} =Xz + A;' Ayxy and x% = 0; uses the relation (EC.5)) and

Omin(A) denotes the minimum singular value of matrix A. Taking square root on both sides gives

A 2 A min A
I = %" < (GEghss + 1) e [ %) = (e x*)] < Jraiiomead (e, x) — (e,x")]

and another rearrangement of the inequality completes the proof. O

Lemma EC 3 (Learning algorithm for Holder growth (Xu et al.[|2017)) Consider stochastic
optimization problem minyey f(y) :=E¢[f(y, €)] with optimal set Y* and suppose the following
conditions hold:

1. there exists some y' € Y such that f(y') — f(y*) < o,

2. Y* is a nonempty compact set,

3. there exists some constant G such that || f'(y, )| < G for all &,

4

. there exists some constant 1 >0 and 0 € (0, 1] such that for ally € Y

F(y) = f(y*) = A-dist(y, ).

Then, there is a first-order method (Algorithm E} Algorithm 1, 2, and 4 of Xu et al.|(2017)) that
outputs some § such that f(§) — f(y*) < € after

2(1-6) -260 2
T, > {max{9, 1728{log(%) +log[log, (%2)1}} 2—5- + 1}[log, (22)]

iterations with probability at least 1 — 6.
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Lemma EC 4 (Last-iterate convergence of stochastic subgradient (Liu and Zhou 2024))
Consider stochastic optimization problem minysg f(y) := E¢[f(y,€)]. Suppose the following
conditions hold:

1. There exist M > 0 such that
fx) = f(y)=(f'(y).x-y) <M|x-y]|

forall x,y and f'(y) € 0f(y),
2. Itis possible to compute gy such that E[gy] = f'(y),

3. E[llgy - fMIP] <o
Then, the last iterate of the projected subgradient method with stepsize a.: y'*' = [y’ —ag' |+ satisfies

E[f(y") - f(y)] < w +2a(M? +0?)(1+1ogT)

forally>0.

Lemma EC. [d]is an application of Theorem C.1, equation (24) of [Liu and Zhou| (2024) with
L=0,h(y) =0and ¢ (x) = 5]Ix||*
A.2. Dual learning algorithm
We include two algorithms in[Xu et al.|(2017) that can exploit/A4]and achieve the sample complexity
in Lemma 1] Algorithm [3is the baseline algorithm and Algorithm [6]is its parameter-free variant
that adapts to unknown A. Note that the algorithm has an explicit projection routine onto Y’ =
{y=0:|yll < é_}. According to Xu et al.|(2017), given parameters (0, &, €9,v,G), Algorithmis

configured as follows:

iy y— 2n2
K = [logz(%)-l, D= M, t = max{9, 1728 log(g)}GSZD'.
0

gy

A.3. Verification of the examples

A.3.1. Continuous support The result is a direct application of Proposition 2 of [Li and Ye
(2022).

A.3.2. Finite support Denote {(&, ak)}szl to be the support of LP data associated with distri-
bution p € RX. i.e., there are K types of customers and customers of type k arrive with probability

Pk- We can write the distributional dual problem as

min  (d,y) + Zle pio; subjectto oy =& —{(a;,y),i € [K].
(y,0)=0
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Algorithm 5: Accelerated Stochastic SubGradient Method (ASSG)
Input: Initial pointyg e Y’ ={y>0:|y|l < 5}, outer iteration count K, inner iteration

count ¢, initial error estimate &, initial diameter D, Lipschitz constant G

Setm 2%
fork=1,2,...,K do
Let y} =yi-1

fort=1,2,...,t—1do
| ¥ = Ty po [Y5 — Mgyl
end
Letyi =1 X5, ¥t
Let 7x+1 = 31k and Dyy1 = 3D

end

Output: yx

Algorithm 6: ASSG with Restart (RASSG)
Input: Initial point y’ € Y’ = {y>0: |ly| < g}, outer iteration count K, initial distance

Di ), inner iteraion count #1, initial error estimate &y and w € (0, 1], error bound

parameter vy, restart round S, Lipschitz constant G

Lo
3G?

fors=1,2,...,Sdo

¥ — ASSG(y( . K. 15, DY, &

1 %0
Let t54 = t322(1‘771),D§S+1) = Di‘Y)ZI‘fl, and 8(()S+1) = wa(()s)

Set 8(()1) =&p, 1M =

end

Output: y'¥

More compactly, we introduce slack A € RX and define f := (d;p;0),z := (y;0;4) > 0,Q :=
(AT,L-I), £ = [&1;...;6k] € RX. Then, the dual problem can be written in the standard form,

min (f,z) st Qz=¢&. (EC.8)

z>0

When di(Y™*) > 0, the result is an application of weak sharp minima to LP (Burke and Ferris|1993).
When the primal-dual problems are both non-degenerate, Y* = {y*}, and applying Lemma 2] we

get the following error bound in terms of the LP optimal basis.
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Lemma EC 5 Let (B, N) denote the optimal basis partition for (EC.8) and let sy denote the dual

slack of primal variables z, then

(f.z) — (£.2%) > pllz 2",

Tnin (QB)|ISN || -0

where u = TONT+omn (Qp) - Moreover, we have f(y) — f(y*) > u|ly — y*||.

Proof. (f,z) — (f,z*) > ul|z — z*|| follows from Lemma EC. [2| applied to the compact LP
formulation. Next, define zy := (y; oy; Ay) where oy = [ = YK_| ;yi]+ and Ay = oy — €+ 3K ;.
We deduce

F) = f(y") = (E,2y) = (£,2%) > pllzy —2*|| > plly -y,
and this completes the proof. O

A.3.3. General growth Given y* € argminy f(y) C int(Y), by optimality condition, 0 =d —
E[al{c > (a,y*)}] and
d=/[a jgy*} dF(c|a)dF(a),

where F(c,a) denotes the c.d.f. of the distribution of (c,a). Then we deduce that

F) =) =(d,y-y*) +E[[c—(a,y)]+ - [c - (a,y*)]+]
= [ [ @y —yOdF (cla)dF(a) + [ [ dF(cla)dF (a)
= [ [ Hezviay - y)dvdF(ca) + / &3 aF (claydF (a)
= [ [ Hezv) - T{e 2 (. y)}dvdF (c.a).

Next, we invoke the assumptions and

f <ay>I[{c>v} I{c >(a,y*)} dvdF(c,a)

> s <ay>|(a v*) —v|PdvdF (a)

-2 (ay)
= soinEl@y -yHIr]
> so3nEll@y -yl (EC.9)

/lp-#l/15 1
2(P+1)||y y ||p+ H

where (EC9) uses p >0 and that E[|X|P*!] > E[|X|]*!. Since |y — y*||”*! > 0 for y # y*, this

completes the proof.
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A.4. Proof of Lemma[il

We verify the conditions in Lemma EC. 3|
Condition 1. Take y! =0 € Y. Then

FOY = F) < f(y") =EKd,y") + [c - (a,y")]+] =E[[c]+] <¢,

where the first inequality holds since f(y*) > 0.
Condition 2 holds since Y* C Y, Y* is closed and Y is a compact set.
Condition 3 holds since gy =d —al{c > (a,y)} and ||g|| < vm(a + d). Hence G = \m(a + d).
Condition 4 holds by the dual error bound condition f(y) > u - dist(y,Y*)? with A = u and
0=1/y.
Now invoke Lemma EC. 3{and we get that, after

. Sl gy )
T, > {max{9, 1728{log () + logl’logz(%)]}}?“ Durmardy? 1} log, (%)]

£201-y~h

(11
=0(72"7 Vlog() log(}))
iterations, the algorithm outputs §'*! such that with probability at least 1 — &,
podist3LY) < FETD - f(V) <e,

and this completes the proof.

A.5. Proof of Lemma 2

We verify the conditions in Lemma EC. 4]
Condition 1. Since f(y) is convex and has Lipschitz constant v (a + d), we take M = 2+/m(a +
d) and deduce that

FX) =) =¥, x-y) <vVm(a+d)lx-yll+ [ W lIx-yl
<2vVm(a+d)x-yll

=M]x-yl.

Condition 2 holds in the stochastic i.i.d. input setting.

Condition 3 holds by taking o> = 4m(a + d)? and notice that

Elllgy - ' (WIP1 <2E[llgylI*] + 201l f (] < 4m(a+d)*.
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Next, we invoke Lemma EC.[d]and get last-iterate convergence for 7' > 3.

E[f(y") - f(y)] < ”y y” +2a(M?* +0?)(1+1ogT)
< W+16am(a+d) (1+1ogT) (EC.10)
< Wy oviE 32am(a+d)*logT
= Ta ’

where (EC.10) plugs in M = 2v/m(a +d) and 0> = 4m(a + d)*. Taking y = [Ty« (y') completes the

proof.

A.6. Proof of Lemma(3
By definition and the fact that Y* € Y,
y* € argmin f(y) and y; € argmin fr(y).
yey yey
According to[Ad] f(y*) < f(y}) — pdist(yF,Y*)” and
p - dist(yy, ¥*)” < f(y7) = f(y*)
= fOy7) = fr(yp) + fr(yp) = fr(y) + fr(y%) = £(y5).
<fOyp) = friyp) + fr(y*) = f(¥9), (EC.11)

where (EC.TT) uses fr(y7) — fr(y*) < 0. Taking expectation and using E[ f7(y*)] = f(y*), we

arrive at
uE[dist(y}, Y*)1 <E[f(y}) - fr(yP]
and it remains to bound f(y7) — fr(y7). For any fixedy € Y,
fT(y) = %Z;T:1<da}'> + [Cl - <az,Y>]+
and for each ¢, since y > 0,
0 < <d7 y> + [Cl - <al" Y>]+
<l -yl + le:| + llacl - llyll

< VmdS2L 1 & 4 yma'Se
— \/%(ﬁ+d)d(5+d) +c

Using Lemma EC.[1]

BUF) - fr(y) > £} Sexpi- et l %),
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Recall that y7 € Y by (EC.12)), and we construct an e-net of Y as follows:
d
Y= | trily-2n el < 35
iy €{0,..kym
where we denote the centers of each net as C; and |Cy| = (k + 1)™. In each member of the net, we

have, by Lipschitz continuity of f(y) and f7(y), that

£ = £(v2) < V(@ + Dyt - 2ll € m(@+ Dllys  yallo < MDD,

Next, with union bound,

P{maxyec, f(y) = fr(y) 2 {} < Ypee, PASf(2) — fr(2z) > £}

” 24°T
<(k+1)"exp{- (\/_(a+d)(c+d)+cd)2§ b

Taking k = VT, we have

P{supycy f(¥) — fr(y) <{ + M}

2 P{supycy f(¥) - fr(y) <+
=P{maxyec, f(y) - fr(y) <{}

44’1
> 1= (VT +1)" exp{- g e

2
Takingé,:\/Sm(\/_(a+d)(c+d)+cd) 10§T glves

2m(a+d)(c+d)

| maxyec, f(¥) = fr(y) < £} -P{maxyee, f(y) = fr(y) <{}

44>

~Ni—

Pl supyey £(3) ~ fr(v) < O({ED) 21

and

E[dist(y}, ¥*)]? <E[dist(y}, ¥*)"]1 < LBL£(¥§) - fr(y})] = O( ") = o(1).
This completes the proof.

Appendix B: Proof of results in Section 4]
B.1. Auxiliary results

Lemma EC 6 (Bounded dual solution (Gao et al.[2023)) Assume that [A1] to [A3] hold and sup-
pose Algorithm E with a; = a starts from y' and ||y'|| < fl, then

Iy'll < § + MGD  ofim(a +d) =R, for all1, (EC.12)

almost surely. Moreover, if @ < then'y' € Y for all t almost surely.

= 3m ( +d)2’
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Proof. The relation (EC.12)) follows immediately from Lemma 5 of |Gao et al.| (2023). To see

y' € Y, we successively deduce, for a < that

2d
3m(a+d)?’

m(a+d)*a ~ N _ 1 2d 1 2(a+d)
2d +a%(d+d)—§+mﬁg+mﬁl

and this completes the proof. O
Lemma EC 7 (Subgradient method on strongly convex problems (Rakhlin et al. 2012)) Let

§ € (0,e7) and assume T > 4. Suppose f(y) is p-strongly convex and ||gy|| < G. Then, the

subgradient method with stepsize a; = 1/(ut) satisfies

T+1 2 _ 624log(*EL+1)G?
A A .—

with probability at least 1 — 6.

Lemma EC 8 (Subgradient method for y =2) Suppose[Al]to[A3 and[Adwith y =2 hold. Then,
the subgradient method with a; = 1/ (u(t + 1)) outputs y' +! such that E[dist(y" ™', ¥*)?] < MST?_)Z.

Proof. For any § € Y*, we deduce that

Iy =917 = Iy [y - aig'] - 917
<y -ag -3° (EC.13)

= Iy’ = §II> = 22,y - . 8") + o?|Ig'|1%

where (EC.13) uses the non-expansiveness of the projection operator. Taking § = ITy«[y’] and

using ||g'||? < m(a+d)?, we get
Iy™*! =917 < dist(y", ¥™*)? - 2a,(y' -y, &) + a7m(a +d)*.
Since E[g'] € 4 f(y"), we have, by convexity of f, that
2y - y", aElg']) < -2a:(f(¥y) - f(¥)).

Next, we invoke [Ad]to get

FO) = F@) > p-dist(y', Y*)2.
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Conditioned on history and taking expectation, we have

E[dist(y*', ¥*)’ly'] <E[lly™*" - §1I°ly']
<dist(y', ¥*)? = 2a,udist(y', Y*)? + o*m(a + d)*
= (1 -2a,u)dist(y', ¥*)? + a’m(a+d)*. (EC.14)

With @, = we have

1
u(t+1)°
E[dist(y'*!, ¥*)?] < (1 = 2a,p)dist(y', ¥*)* + a’m(a + d)*
“ldist(y', Y*)? + m(@+d)’

pr(t+1)2°

t+1

Multiply both sides by (¢ + 1)? and we get

(r+ 1)2E[dist(y™*", ¥*)?] < (2 - Ddist(y', Y*)* + ﬂ;"_)z (EC.15)

AE[dist(y% Y)?] < ’”(#—;‘” (EC.16)

Re-arranging the terms, we arrive at

(1-+ D2E[dist(y™*!, Y *)?] - dis(y, )7 < M,

Taking expectation over all the randomness and telescoping from ¢t =2 to T, with (EC.16)) added,

gives

) a+d)’T a+d)?
E[dist(y ™!, ¥*)?] < ’Zg?}li)z < m(Z;T)

and this completes the proof. O

Lemma EC 9 (Subgradient with constant stepsize) Under the same assumptions as Lemma
EC. I8 if o, =a <1/(2u), then
E[dist(y" !, ¥*)?] < ;f:T + —m(é:d_)za,

where A = dist(yy, Y™).
Proof. Taking a; = @ < 1/(2u) and unrolling the recursion from (EC.T4) till y', we have

E[dist(y"*!, ¥*)?] < (1 - 2ua)E[dist(y", ¥Y*)?] + a*m(a + d)*
< (1-2ua) dist(y', ¥*)* + Z]T-:_é >m(a+d)* (1 -2ua)’

< (1-2pa) dist(y', y*)? + 22D (EC.17)
< Lodist(y!, y*)? + e, (EC.18)

2 2
- A2 Ma’
uaT H
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where || uses the relation ZT (1 =2ua) = M < ﬁ% and (EC.18) is by (1 —

2ua
2ua)’ < QT This completes the proof. m|

1+2yaT - u

B.2. Proof of Lemmal4

By the definition of regret, we deduce that

E[r(%7)] =E[{c,x7) — (¢, %7)]

=E[T fr(y7) — (¢, %r)] (EC.19)
<E[T fr(y*) - {c.%1)] (EC.20)
=Tf(y") —E[{c,%r)] (EC.21)
<E[X/, f(y') - (e, 87)]
= X1 Ed,y) + [cr — (@ ¥)]s — '] (EC.22)

= > E[(d-ax’,y)],

where (EC.19) uses strong duality of LP; (EC.20) uses the fact y* is a feasible solution and that yx
is the optimal solution to the sample LP; (EC.22) uses the definition of f(y) and that (¢, a,) are

1.1.d. generated. Then we have
Iy I = 11y 117 = 1" - er(d = ) ]I = [1y']1
<[l —a(d-ax")|* - Iy’ (EC.23)

= —2a({d-ax",y") +a?||d —ax'|]?

< —2a{d-ax",y") +m(a+d)*a?, (EC.24)
where (EC.23) uses ||[x]+|| < ||x|| and (EC.24) uses[A2] A simple rearrangement gives
(d-ayx' y') < m@die  IWIPVTE (EC.25)

Next, we telescope the relation (EC.25) from # = 1 to T and get

E[r(%r)] = X/, E[(d —ax',y")]

< m(a+d) m@sdlap 7 E[Jly’l ]M[Ily”‘llz] (EC.26)
_m +d)2 E[lly I21-E[lly"*" %]

=TS ET + 50

= masdlay | BTy oy ) (EC.27)
< m(d-;d_)zaT + EE[“yI _ yT+1 ”] (EC.28)

- d_2
< m@diaq 4 Ry —y* )+ ly™! -y, (EC.29)
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where (EC.26) again uses relation (EC.25)); (EC.28]) uses Cauchy’s inequality

Gy y =y <yt Yy Y -y
and almost sure boundedness of iterations derived from Lemma [6
Iy' +y" <y + Dyl < 2R

Finally (EC.29) is obtained from the triangle inequality

Iy' =y =1y =y +y =y <y = y* I+ Iy -yl

and this completes the proof.

B.3. Proof of Lemmaf5

For constraint violation, recall that

E[v(Xr)] = E[||[A%r - bl |1 =E[||[ 2L, (ax' - )], ||]

and that

t+1

yH = [y —a(d-ax)]; >y —a(d-ax’).

A re-arrangement gives

t+1 _

ax' <d+ 1yt -y). (EC.30)

and that

Y(ax' —d) <L 3l (vt -y (EC.31)

— é(yT+l _ yl)

where (EC.31) uses (EC.30). Now, we apply the triangle inequality again:

E[I[A%r —bl. |1 < LE[ly"" - y'II]
<1E[lly" —y* I+ ly™" = y*IIl, (EC.32)

and this completes the proof.
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ecl3

B.4. Proof of Lemma

Similar to the proof of Lemma 4| and Lemma 5| we deduce that

E[r(%7)] <Tf(y*) —E[{c,%7)]
=T.f(y*) ~BIZ, cox']+ Xp o B (y*) — ']
ST f(y") -BIE, eox' ]+ g BLA(Y) — ex']
=T.f(y*) ~B[X;, cox']+ XLp , B[ -anx',y)],

(EC.33)

where is directly obtained from (EC.21)). Next, we analyze Z,T:Te 1 E[(d—-a,x",y")]. Using

(EC.25),
rn(a+€l)2 |Iy’|I2—IIy’+l 112
2a ’

(d-ax',y") <

and we deduce that

— Jz
L Eld—ax' y)] < 3, (e LRy |12 - Iy )1%]]
d .
= mardlaq 4 Lg[|y"+ |2 - )y 2]

— Jz 3
<@ ey o Bgpjylert —y )+ ly" ! -y,

(EC.34)

where uses triangle inequality as in (EC.28)). Next, we consider constraint violation, and

we have

E[v(xr)] =E[l[[A%r —b].|l]
ILEr = d) + X7 (ax’ = d)]4 1]

E
E

IA

where is by [|[[x+yl+ll < |l[x]+[[ + [[[y]+]| and we bound
E[I[Z g, 41 (' = )]l < ZE[ly* = y* [ + Iy = y*1l]
with the same argument as (EC.32). Putting two relations together and using
V(T) =E[I[Z)% (' =)ol + 2%, f(y*) = '],

We arrive at

E[r(Xr) +v(Xr)]

i+d)? X
<V(T,) + 2M@draq 4 BRIyl _yx 4 |ly"*! —y*||]

<V(T,) +™MaxDlar o Brlg disi(y"e+!, y*) +dist(y" !, ¥*) + 2di(Y*)],

LILE S it = )]+ ELI[E ]y, o (ax’ = )] ],

(EC.35)

(EC.36)
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where (EC.36)) uses

ly —y*Il = lly — My [y] + Ty~ [y] - y*|l < dist(y, ¥™) + di(¥™)

for all y and it remains to analyze E[dist(y’e*!, ¥*) + dist(y’ !, ¥*)].
By Lemma |1, we have with probability 1 — 1/72 that

dist(y™*, ¥*) < A.
Conditioned on the event dist(y’*!, ¥*) < A, we deduce that

E[dist(y’*!, ¥*)] = E[dist(y’ !, ¥*)|dist(y'e ™!, ¥*) < A] - P{dist(y"*!, ¥*) <A}
+E[dist(y’e*!, y*)|dist(y’e*!, ¥*) > A] - P{dist(y’"!, ¥ *) > A}

<A+ (EC.37)

TZV ’
E[dist(y’e*!, ¥*)?] = E[dist(y"*!, ¥*)?|dist(y' !, ¥*) < A] - P{dist(y7*!, ¥*) < A}
+E[dist(y’*!, y*)?|dist(y+!, ¥*) > A] - P{dist(y" ", ¥*) > A}

<A24+ B (EC.38)

T2v>

where both and (EC.38) use the fact that y’*! € Y/ imposed by Algorithm [3| Using

Lemma 2, we have, conditioned on y’¢*!, that

E[dist(y/*!, ¥*)]” <E[dist(y'*!, ¥*)] (EC.39)
=E[E[dist(y" !, y*)"]ly"*']
< iE[idist(yT"“ Y2 +32m(a+d) alogT,] (EC.40)
< 4 [rEldist(y™™, ¥*)*] +32m(a + d)*alogT] (EC.41)
<L+ ) +32m(a+d)’alogT), (EC.42)

where uses E[X]” < E[X”] for nonnegative random variable X; (EC.40) invokes Lemma[2}
(EC.4A1) uses T, <T and (EC.42)) plugs in (EC.38). Putting the results together, we get

Bldisty" Y] < (G
<l

32 d
uaT, (AZ sz)"' m(f )a gT)l/y

l/yT'/V [AZ/y + %] + (%ﬂ)l/)’alh’(log]")l/)’, (EC.43)
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where (EC.43) recursively applies (a + b)Y <a'/Y + b'/Y and we arrive at

E[r(Xr) +v(Xr)]
<V(T,) + & 0T,

FBEAL R (Ll N7 4 B 4 (2GR 1y o 1Y (log T) 17 + 2di (V)]

1/«/T1/7(

= V() + 20T, + (R+ D[2 + (1) (A2 ) 4 (2D Uy v (log 7)117]

1/y+1T;/7

2/ 2(R+1) 4.
+ R DI+ (' i+ B+ di(y)
2/ - .
=V(T.)+O(aT, + 2+ al/fﬂ;;/y +a!' 7 (log 1)V + Ldi(Y*) + L + al/y+1lT;/77~2)

and this completes the proof. Here, the explicit expression of 7, can be obtained from LemmalI}
o
= L{max{9,1728{2y log T +log[log,(35)1 }}% +1}log, (24)7.

B.5. Proof of Lemma

Using Lemma EC. |7} it suffices to verify that the distributional dual objective is strongly convex:

l\)l'—*

f) =3y +Ec[[c-yl4] =%y+[yl(c—y)dc=%y2—%y+

and indeed, f(y) is 1-strongly convex.

B.6. Proof of Lemma

First, we establish the update rule formula for E[y'*!] in terms of E[y']. Specifically, we have

Ey* ' =E[ly' - 7 (z - Her >y Pl (EC.44)
>E[y' - (5 ={c: > y'})] (EC.45)
>E[y' -1y + %] (EC.46)

where (EC.44) is obtained by the update rule of subgradient, (EC.45) uses Jensen’s inequality, and
(EC.46)) is obtained by the fact that ¢, is independent of y’ and it is drawn uniformly from [0, 1].

Indeed, we have
E[I{c, > y'}] = E[E[H{c, > Y} Y]] =E[ [} I{e > y'}dely'] =E[1-y'].
Subtracting 7/2 from both sides and multiplying both sides the the inequality by 7, we have

tE[™ -3 > (- D(E[Y]-3), forallz=1,...,T.
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Next we condition on the value of y" and
HE* Y] =5) 2 (0= DO - 7). (EC.47)

Thus, given y’0 > y* + —= = % + # for some ¢, we have

1
Vr
HELY0T=3) 2 (o= D = 3) = 1, (EC.48)

As a result, when 7o > % + 1, (EC.48) implies

=

+ to—1

E[y*!y*] 2 7+ 2

1
>l 1
= 10VT’

5

since we assume 7o >7'/10 + 1. This completes the proof.

B.7. Proof of Proposition (1]

Based on|Rakhlin et al. (2012)), there exists some universal constant ¢ > 0 such that with probability
no less than 1 — 1/T%, |y' — y*| < clog T /T for all > ty, where y* = % and ty = O(logT). Thus,

without loss of generality, we assume
v e[4.3], and y* =y =11 -I{c, > y'}) (EC.49)

for all 7 > o by setting a new random initialization y € [1/4,3/4] and ignoring the all decision
steps before the ¢ step. In the following, we show that SGM using O(1/(ut)) stepsize must have
Q(T'/?) regret or constraint violation for any initialization y©. We first calculate E[y" — %] and

E[(y' - %)2] similar to the proof of Lemma Specifically, for E[y" — 1/2], we have
E[y*'y]=(1-1)y" +5
which implies
B[y =30l = 220" =) + 5, (EC.50)
Also, similarly, for E[(y" — 1/2)?] we have under assumption (EC.49)

E[(y*' = 1)y =E[(' - (3§~ e > y'H = H7y']
IR

>(1-120 - P+ - &
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which implies
-1)? 1
E[(yt+1 _ %)2|yt] > (folz ) (yl() _ %)2 + i_t _ cogiio Ol(lg;"'to . (ECSI)
Combining (EC.50) and (EC.5T)), we then can compute

E[(ZL, Her >y - T2 (EC.52)
=Y El(M{e >y - D)+ 2 Y<icj<r Bl(I{c; >y} = 5 (Lei > y'} = )]

= u+2Ztosl‘<ngE[(]I{Cj >y} =D (Mei >y} -]

= 52 +2 % cicier FHEIO - 5] - 55 (EC.53)
clogT
2 TT 2 Zt0<l<]<T ((;%1;2[0
=Q(T).
In addition, since |y’ — —| % by Lemma EC I we have with probability no less than 1 —

|2L, Her > y'y = 52 = O(VT logT).

Consequently, by (EC.52)), we have

E[|2L, He >y} - 4] = ). (EC.54)

This is the summation of constraint violation and constraint (resource) leftover, and thus, the

summation of constraint violation and the regret must be no less than Q(VT /logT).

B.8. Proof of Theorem [2

First note that for sufficiently large 7', the condition a, < 3(2‘—51)2 from Lemma EC. @ will be

satisfied and all the dual iterates {y’}~ will stay in Y/ almost surely. When di(Y*) = 0, we

t=T,+1
consider
Ly +a,T,+ 2 + A7 4o/ logT) V7 + —L_ + L
e ete PP ap a;,/y+lT[I,/7 14 a,T? 0117/7+|T1|7/7T2'

Since a, only appears in wie + a.T,, we let @, = O(1/+T,) to optimize the trade-off. Hence, it

suffices to consider

\/_+apT+ A e (log )Y+ L

1/7+1 1/7 QPTM al/7+1T1/7T2 :
P r
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Taking A = O(T7F) and ap = O(T~*) with (B,2) >0, we have T, = O(T*#=V 10g? T) according
to Lemma and (7), and VT, = O(TP*Plog T). Moreover, we have, using = to denote equivalence
under O(-) notation, that

~ l-2
apT, =T
Az /l_ﬂ
ap T
—-2B+1-1
A2y T-2B1v SR

a;}/wITll)/V T T-Ay=ary (1-128(0-D-11og? T) /Y - (1-T28(-D-T10g? T)1/¥
1/y-1 1/y ~ A= 1
a,’  (logT) Y =747 (logT) MY

s =0(D)

ap

1 —
s — O

—2B+1-1
Suppose 28(y — 1) — 1 < 0. Then % =7~ v *and
\/_ T A2 y=1 900 T)1/Y 1 1
taply,+ -~ l/y+1 1/y+a'p (Og )+ pT2y+ 1/y+lTl/yT2
P
= TPY ﬁlogT+T1 A B L T A (oo T VY
2ﬁ+/l
S[TPP4T 4T Py a1 logT, (EC.55)

where uses y > 1 and that (log7)'/” <logT. To find the optimal trade-off, we solve the

following optimization problem

: _ _ _p 2Bt _a
rﬁl’lﬂnmax{ﬁy B,1-4,1-p, > +1,1 y}

s.t.(4,8) = 0.
The solution yields A* = 52 and §* = 1 and
28* (y—l)—l—27 =2 1= —57 <0

always holds. Hence

72;;* +2* -1

* * *_ % il
TEY B 1= LB L LU= — O(TH T log T)

and this completes the proof for di(Y*) = 0.
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Next, consider the case di(Y*) > 0. In this case we need to consider the trade-off:

1 A A2y 1/y-1 1)y , di(Y*) 1 1
. + aeTe + apr + a, + al’l)/.y,lT[i/y + ap (log T) + ap + (lpT27 + (1117/7’171!1’/7’[‘2.

Note that - =+ @ T, +apT) + dl(y ) > 2\T, + 24/T,di(Y*) and that T, + T, = T make it impossible

to achieve better than O(VT) regret. Hence, we consider improving the constant associated with
VT.

Using R = 5 +O(max{a,,a,})) and suppose a., @, are of the same order with respect to 7,

Blr(%r) +v(&r)] < 259 (0, T, +a,T,) + £ + 2B+0gi(y*)

# (Rt DI + (D)1 o (2000 a7 (10g T) 7] 4 O(1)

l/y+lTl/y

— m(a+d) Z 2di(Y™*)

da/p

(aeTe +apT, )+——+

+ (Rt D2+ () + (2 g 7 (1og 1) 7] +0(1).

l/y+1 1]y
T,

Suppose we take T, = 0T and T, = (1 — 6)T for 6 € (0, 1) and we let a, = 5)—;_ = fg_T,ap =Fr -

By _
ot Then, A=0(1) and

(R+ DI+ (7 s + (200 Ve 10g )] = 0 (VD).

l/y+l 1/y
TP

Hence, it suffices to consider

a+d)? 1, ¢2di(y*
%(%T +a,T, )+£—+§%

p

G+d)? d)? 2di(Y
= [mardr g o ﬁ]\/@T+ [ —‘C_gﬁp >C]\/(1 —0)T.
. _ 2 ¢ _ 2 2d1(y )¢
Taking B, = miard? d and B, = mard? to optimize the two trade-offs, we get

E[r(&) +v(%7)] < 2\/31:2(@ + )T + 2\/5\/';:;(& + NI - )T

. _2di(Y*)
With 6 = 2T We have

E[r(%7) +v(%r)] <428\ 2] (@ + d)VT.

Since di(Y™*) > 0, this completes the proof.
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B.9. Removing additional log7 when y =2

When y = 2, the dual error bound condition reduces to quadratic growth, and it is possible to remove
the log T factor in the regret result. Recall that log 7 terms appear when bounding E[dist(y7e*!, Y*)]
and E[dist(y"*!, ¥*)?]. For y = 2, using a tailored analysis, Lemma EC. 8| guarantees

E[dist(y !, Y™)] < VE[dist(y'+!, ¥*)2] = O ().
Moreover, using Lemma EC. [9] we can directly bound the expectation

]E[dist(y“l,y*)z] :E[E[dist(yT+1,y*)zlyTeH]]
< E[dist(yTe“,y*)z + m(a+d)? a]

uaT H
_ E[dist(y"e* . ¥*)?] | m(a+d)?
- paT te e
2 =1 7\2
< A2 om@rd?
uaT H

Therefore, log T terms can be removed from the analysis.

B.10. Removing the constraint violation

This subsection introduces a mechanism to address the constraint violation in Theorem 2. In
particular, we introduce an add-on strategy that, with high probability, results in no constraint
violation. This strategy can be further generalized to convert constraint violation into regret for any
OLP algorithm when the resource budget satisfies B = ©(T) and some boundedness assumptions.
Below, we first state the result, then describe the method, and finally sketch the proof. Consider any

online LP algorithm whose constraint violation satisfies
v(Xr) <k f(T) with probability at least 1 — 6(7),

for some constant k£ > 0 and functions f(7") and 6(T"), where we assume f(T) = O(T). Then we
can use our add-on mechanism to construct a modified algorithm that guarantees:
* no constraint violation, i.e., v(X}) =0, and

* regret at most
r(X7) <r(Xr) + kmf(T) +6(T) T (EC.56)

with high probability, for some constant m > 0. For brevity, we illustrate the mechanism for y = 2.
In our setting, we can show (using a standard high-probability analysis for SGD as in (Rakhlin et al.
2012)) that Algorithm 4 achieves

v(%7) =O(T'?)  with probability at least 1 — 5. (EC.57)
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Applying the above transformation, we obtain a parallel version of Algorithm 4 that achieves
O(T'/3) regret while ensuring zero constraint violation.
The add-on mechanism consists of two parts:

(1) Early rejection buffer: For each resource i = 1, ..., m, automatically reject the first

T (T)

order for which a;; > d/2 and the original algorithm would have chosen £’ = 1.

(2) Same update rule as the original algorithm: The dual variables are updated in exactly the
same way as in Algorithm 4. For those orders rejected in Step (1), the mechanism still updates
the dual variables as if the orders had been accepted.

We now explain why this mechanism guarantees feasibility while keeping regret small. First,
note that when v(X7) < f(T), the buffer created in Step (1) is sufficient to eliminate all constraint
violations. To see this, fix any resource j that becomes fully used. If fewer than % accepted orders
have a;; > d /2, then the total amount of resource j consumed by all 7 arrivals is at most

_ 4T
‘24

+4.r-4y<ar,
which contradicts the assumption that this resource is exhausted.

Therefore, whenever a resource is used up, there must exist at least %—g accepted orders with
a;j > d/2. For sufficiently large T, Step (1) allows us to reject % f(T) such orders in advance,
thereby leaving k f(T') units of unused capacity for resource j ag a safety buffer. Consequently,
whenever v(X7) < f(T), this buffer guarantees that the mechanism prevents any constraint violation.

Regarding the regret, Step (1) rejects at most % f(T) orders. Since each rejected bid has reward

at most ¢, the additional regret incurred by this rejection is therefore bounded above by % f(T).
B.11. Learning with unknown parameters

It is possible that v and u are unknown in practice. When u is unknown, it is possible to run
parameter-free variants of first-order methods Algorithm[6 which is slightly more complicated. In
terms of v, in the finite-support setting, the LP polyhedral error bound always guarantees y = 1. In
the continuous support setting, it suffices to know an upper bound on y: if[A4]holds for some y > 0,

then given 6 > 0,

F(y) = f(y") + pdist(y, Y*)”
_ * dist(y,Y*)7+0
=fy)-f(y )"‘MW

> f(Y) = F(V) + gy dist(y, Y ).
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and [A4] also holds for y’ > y.
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