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Electronic Companions to “Joint Assortment Planning and Inventory
Control under General Choice Models”

EC.1. Proofs in Section 4
Proof of Proposition 1.

Let g* = [¢}];en be the optimal solution to Problem (OPT). Throughout this proof, g* denotes the initial
inventory vector. For any S C A and ¢ € N*, let Y, be a binary indicator variable such that Y5, = 1 if and
only if t < T and the ¢-th customer sees the assortment S according to the current inventory level. Because

each customer sees one assortment and there are 7' customers, we have

>N Ve =T (EC.1)

SCN t=1

Forany S C N, let fs =3 - E[Ys,]/E[T)]. Let f = [fs]sc - In the following, we show that f is a feasible
solution to Problem (Fluid) with an objective value equal to E[R(q*)].

Note that when a customer is offered an assortment S, the probability for this customer to make
a purchase is 1 — ¢(S). Thus, the expected total number of units purchased by all the customers is
E[Y gcn 2ot You(1 = ¢o (S))], which is at most K. Hence, Y gy >, E[Ys](1—¢o(S)) < K, which
implies that E[77 > g fs(1—0(S)) < K. Therefore, f satisfies constraint (3).

From (EC.1), we have B[} o\, 3=~ Ys,] = E[T]. Hence,

r 221E[Y3,t] _ E[ng Z:il YS,t] i
IV U A

SCN SCN
Therefore, f satisfies constraint (4).
Since g* is a feasible solution to Problem (OPT), we have  _._,,¢; < K. If the initial inventory vector is
q*, none of the customers will see an assortment that contains more than K products. Hence, Z:; Yg,=0
if |S| > K. Thus, fs =0if |S| > K, satisfying constraint (5).
When a customer is offered an assortment S, the expected revenue received from this customer is

> ics $i(S)ri. Thus, the expected total revenue received is E[Y g >0, You D ;g $i(S)ri]. Hence,
ERr(q)] =E[>_ > Yer > (S| =E[T] > fs > ¢:i(S)rs,
SCN t=1 ies SCN €S

implying that f is a feasible solution to Problem (Fluid) with an objective value equal to E[R;(q*)]. Thus,

the optimal solution value of Problem (Fluid) is at least E[R7(q*)]; that is, zauia > Zopt- O
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Proof of Proposition 2.

Our proof is based on another alternative process to the dynamic-substitution process (stage 2 in Section
3) to bridge it with the static-allocation process (Section 4.2). We call this alternate process the static-
substitution process.

Static-substitution process. This process is similar to the static-allocation process except that it excludes
the step of random allocation to units. This process comprises two steps and only considers initial inventory
vectors that stock units of products in assortment S’. In particular, in the first step, there are " arrived
customers, and each customer independently chooses a product or no-purchase option ¢ € S’ according to
a fixed distribution {7; };c¢+. In the second step, for each product i € S’, we directly use ¢; stocked units
of this product to fulfill the demand for this product from the first step.

In other words, we still use a Bernoulli random variable Z;; to indicate that the customer j chooses i €
S'* if the customer j arrives. Moreover, we couple the static-substitution process with the static-allocation
process by making them share the same 7" and Z;;. The expected generated revenue in the second step of

the static-substitution process if 7' =t is denoted by

RSS Zn min{qi,ZZij}

€S’ j<t

for each q € NV and S, C S’ (EC.2)

Next, our proof comprises two parts. We first show (i) R;(q) > R35(q) for each ¢, and then prove (ii)
E[R5(q)] > RS%i¢(q) for any q with S, C S’.
Part (i). The proof of the first part is based on induction. Before the induction argument starts, we estab-

lish two useful facts. First, for any ¢ > 1 and any q with S C .5’, if q > e; holds, then

t
R¥(q) — R}®(q —e;) =, E[min( ZZ”’% [min(ZZij,qi— =r;Pr ZZ > qi)

<r;. (EC.3)
Second, for any ¢t > 1 and any q with S, C .S, we have the following recursive equation

RS(q ZPr Ziy=1) ( (¢; > 0)(r; + r;E[min{g; — 1, Z Zii |+ Z ryE[min{qgy, Z Zi/j}]))

ics’ j<t—1 i'eS! il #i j<t—1
+3 Pr(Zi=1) (1(% =0)(3_ rvEmin{qs, 3 Zi,j}]))
€5’ i'es’! j<i—1
+Pr(Zo=1) Y roBlmin{gy, Y Zu;}]
i'eS’ Jj<t—1
= m(1a > 0)(ri + B y(a - ) + La; = 0) R, (@) + 7RSS, (a) (EC.4)
€S’

where 1o =1 -3, ¢ 7;.
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We now proceed to use induction to prove part (i): R;(q) > R$3(q) for any t = 0,1,.... and any q
with Sq C S’. From Ry(q) = R3*(q) = 0, the required result holds if ¢ = 0. Let ¢ > 1, and assume as the
induction hypothesis that the required inequality holds for ¢ — 1, that is, R, _1(q’) > R}, (q’). for every ¢’
satisfying Sy C S’. From the definition of R;(q) in (2), we have

)= 6:(Sa)(ri + Ri—1(a—e;)) + do(Sq) Re—1(q)

1€Sq

> 6i(Sq)(ri + RS (q—e)) + ¢o(Sq) B (),

i€5q
where the inequality above follows from the induction hypothesis. Thus, to complete the induction step,

it suffices to show that the right-most expression above is at least R?°(q). The difference of these two

quantities can be bounded as follows:

> 6i(Sq)(ri+ RS (a—e) + ¢o(Sa) Ry (a) p — R (q)

- EE::(@(Sq) —m1(gi > 0)) (r; + R, (a —e,)) + (¢0(Sq) — (o + ZS:/WJ(% =0))) RS (q)
- Ezsq(qzbi(sq) —m)(ri+ R (a—e)) + ((1— EZS $:(Sq)) — (1 — éﬁi))Rfil(q)

= i(gbi(sq)_ﬂi)(rz"i‘Rt (a—e;)—R¥ . (q)) q o

-0

where the first equality follows from the expression of R$°(q) in (EC.4), the second equality follows since
1(g; > 0) =1 holds for any ¢ € S, and also ¢¢(Sq) =1 — ZieSq ¢:(Sq) holds, and the inequality follows
from m; < ¢;(Sq) and inequality (EC.3). It completes the induction step, proving part (i).

Part (ii). To show E[R5(q)] > R%%¢(q) for any q with S, C S’, we note, for any ¢ > 0,

min{q;,q; }
mln{z Zz]’QZ} mln{z le Z)/;jk QZ} >H11H{ZZ” Z zjk) mln{Qz,QZ}}
k=1
min{q;,q; } mm{‘]ulh}
—min{ ) Yz minlaa}} > > mm{Z
7j=1 k=1
where the first equality follows from ZZZ:I Y, = 1. Thus, from (EC.2) and (7)
min{q;,q; } A
E[RY (q)] = ZriE[min{qia Z Zij}| = ZTZE[ Z mln{z Yijr, 1} = R**(q),
€S’ J<T ieS’ k=1

which completes the proof of part (ii). Combining parts (i) and (ii), we complete the proof. g
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Proof of Lemma 2.

Let X be a nonnegative integer-valued IFR random variable. Then, we have Pr(X > 0) =1 and Pr(X >
1)=Pr(X >1|X >0). For ¢ > 2, we can show

Pr(X >1i) HPrX>j\X>j—1 :H 1-Pr(X=5-1X>j—1))
j=1

Jj=1

< f[(1 —Pr(X =0))=(1-Pr(X=0)),

where the first equality holds from Pr(X > 0) = 1 and the inequality follows from the IFR property that the
hazard rate Pr(X = i|X > i) is non-decreasing with ¢ and Pr(X =0|X > 0) = Pr(X =0).

If Pr(X =0) >0, then E[X] =" Pr(X >4) <Y =, (1-Pr(X =0))'= % which implies

_EX]

E[min{X,1}]=1-Pr(X =0) > TTEX

If Pr(X = 0) = 0, then E[min{X,1}] = 1 which is at least —cxl-. Therefore, we conclude that

I+E[X]
E[min{X,1}] > + holds. 0

1+IE

EC.2. Proofs in Section 6

In this section, we complete the proof of the Theorem 2, which is in the same spirit as the proof for Theo-
rem 1, but is more involved in algebra. We first present the proof of Theorem 2 and then give the proofs of

technical lemmas.

Proof of Theorem 2.

The proof follows the same two-step template as the proof sketch of Theorem 1 in Section 5.1, but uses the
stronger lower bound available under deterministic or Poisson arrivals. In particular, Proposition 5 shows

that for any inventory vector q with S, C 5’,
E[Rr(q)] > R™*(q),

when 7' is deterministic or Poisson distributed. Hence, it suffices to analyze R"°(q’) and apply the same

analysis to q” by replacing S” with S”. All proofs of the lemmas below are deferred to Appendix EC.2.1.

Step 1: Analysis on q’. In the first step, we compare RY°(q’") with E[T] fs (ZZ st gbi(S’)ri), which
is the contribution of S to z,,,, in (6). As in Section 5.2, we decompose this quantity into unit-level contri-

butions by defining
aikéfS/E[T]mpik, for iES’, ke {ql]
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Then

T\ fs (Z ¢i(5')7’i) = Z i TiQik -

€S’ €S k=1

The key difference from the proof of Theorem 1 is that the unit contribution in R¥°*(q’) now takes the form

T (1 — e~aik/f S’) rather than % To address this, we use a technical lemma as follows.

LEMMA EC.1. Forany f € (0,1] and any a € (0, 1], the following inequality holds

(1—e

Therefore, by Lemma EC.1, we have

7a/f)> 5 ‘ 2a + a? '
< 372f 242a1a

nnn{‘h q’L
alk 2 + CLZ]C)

. )
RPOIS / > .
() 2 3+2f5/ Zlequ Z Z 2+2ak+a

€S’

To relate the right-hand side to ), o S°%  riay, we apply another technical lemma. Let o/ =
2+2aik+a?

Ziesl,lﬁkﬁcﬂ 24-a;g k/K

LEMMA EC.2. Fix an assortment S C N. Let a;, € (0,1] such that a;;, > ay holds whenever k < 1. Fix

r; > 0. Then, there exists q € N~ with > ien @ < K such that the following property holds:

mln{ i) 1} Tia4 (2+a1 )
D e = N 1
@ Z min i = — 7 (ECS)
Dicst Dok Tilik 5 max{v’,5/3}
Since g’ maximizes RF°'(-), we obtain
- 5 1
RPOls > . KT /( ; S/ i>~ EC.6
(q) — 3+2f5" maX{’y’, 5/3} [ }fs lEZSI(b( )T ( )

Step 2: Analysis on q. In the second step, we establish the constant approximation guarantee for q,
which is either q’ or q”. We separately analyze the cases where fg» =0 and fg~ > 0. Define
o B (Bie 0:(S):) o BT s (Eiesr $:(S")rs)
Zapp Zapp ’

so that o/, € [0,1] and o/ + o = 1.

a

Case fsn =0. If fon =0, then q = q’ and o/ = 1. We provide an upper bound on ~'.

LEMMA EC.3. Suppose fs» = 0. Fix an assortment S' € N, with the definition a;, = fo/E[T|m;py. for
unitk € {1,...,q;} of product i € S’ in (13), the following property holds:

2~|—2a1k+ak 8
G < —. EC.7
C (P 8 &)

ics! k=1
Thus, using fs» < 1 and ' < 8/3, we obtain
E|Rr(q 5 1 3
M > Ky . > ok1 = 0.375 k1,
Zopt 3+2fsy max{y’, 5/3} 8

which is the required result when fs» = 0. Thus, we proceed assuming otherwise.
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Case fs¢r > 0. By applying the same analysis for q”, we obtain that R**(q”) is a lower bound for
E[R;(q")]. Furthermore, define §; = [E[T] fs#¢;(S”)] for any i € S, and

1 if 1 <k <E[T]fsns(S")
dik = E[T]fsu(bi(sﬂ) — LE[T]fS”(bZ(SN)J if E[T]fs//¢i<sﬂ) < k - Qz
0 otherwise

G a2 .
for any i € S”. Define 7" £ 3=, o | pca 242019k /K. Then, as Eq. (EC.6), we obtain

24-a;p

RPois(q//) . 5 . 1
B[T]fsr(Xicsn @i(S")ri) — 3+2fsn max{y",5/3}

(EC.8)

Also, we have " < 8/3.

Since q is chosen as the one in {q’, q"} that has the larger lower bound, and z,,,, > K12op(, We have

5 1

E[Rr(q)] . . N 1
3+2fs max{y,5/3} 3+4+2fsn max{y",5/3}]"

Zopt

> Kk;max {o/

Below, we will argue that the right-side of the above inequality is bounded below by 3x;/11. To do this,

we first provide an upper bound on «' ++” and a technical lemma as follows.

LEMMA EC.4. With the definition i, and a;, = fs/B[T|mpay, for unit k € {1,...,q} of product i € S in

(13), suppose that {fs:, fsn} is a feasible solution to Problem (Fluid). Then, the following property holds:

11
v +4" < 5 (EC.9)

LEMMA EC.5. Given any f1, f> € [0,1] with f1 + f> <1, any 1,72 € [0,8/3] with 1+, < &, and any

aq,az € [0,1] with a; + ap = 1, we have

5 1 5} 1 3
. . . . >
max{o‘l 312f, max{71,5/3} “* 312/ max{’yg,5/3}}_11

Then, combining Lemmas EC.4 and EC.5 gives

VR 1 5 1 .3
x] o' . . : 2
3+2fg max{y,5/3} 3+2fsn max{y”,5/3} ] ~ 11

Consequently, we obtain

N 3K
]E[RT(q)] Z Tllzopt’

which implies the stated bound E[Rr(q)] > 0.272 K1 Zopt.- O
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EC.2.1. Omitted Proofs in Section EC.2
Proof of Lemma EC.1.

This inequality is the Poisson counterpart of the per-unit bound used in the IFR analysis, and its proof is

2+2a+a2

purely analytic. For each fixed f, the minimum of h(a) = (1 —e~*//)22 a2

over a € (0, 1] must occur at
an interior stationary point or at ¢ = 1, or be approached as a — 0. We show that h;(a) > 5/(3+2f) in each
of these cases. For an interior stationary point, the desired inequality reduces to a polynomial inequality that
is linear in f and can therefore be verified at the endpoints f =0 and f =1.

Fix f € (0,1] and define
_ 2+42a+a®

hy(a) = (1—e *7)v(a), where v(a) Yt

Letu(a) =1—e~%f. Then

1
u'(a) = —e ! and

(a) = (2+2a)(2a+0a*) = (2+2a+0a*)(2+2a)  2(2+2a)
vie) = 2t P (2a+ a2

Combining the above expressions, the derivative of h¢(a) is

2
Ohy 1 _,;2+2a+a (1= el 2(2—1—2(1).
(2a+ a?)?

da f 2a + a?
Setting 0h¢/0a = 0 and rearranging terms gives

2
le_a/f 2+2a+a® _ (1—e/1) 2(242a) ‘
f 2a + a? (2a+ a?)?

Dividing both sides by 1 — e~/ > 0 and simplifying, we obtain the equivalent equation

e/t 2f(2+42a)

l—e/f  (2a+a%)(2+2a+a?)’

Therefore, when 0h/da = 0, we have
2+ 2a+ a?
h —(l—e /21221 7
s(@) ( € ) 2a + a?
_2f(2+2a)+ (2a+a*)(2+2a+a*) —2f(2+2a) 2+2a+a’
B 2f(24+2a)+ (2a+a?)(24 2a + a?) 2a + a?
(24 2a+a?)?

2f(242a)+ (2a+a?)(2+2a + a?)
)

> .
=312f

Since all quantities are positive, it suffices to verify that the following inequality holds:

(3+2f)(2+2a+a?)? > 5(2f(2+2a) + (2a+a2)(2+2a+a2)>.
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Let
A(a) = a* +4a® + 8a® — 2a — 6, and B(a) =6+ 2a — 3a*> — 4a® — a*.

Expanding both sides of the above inequality and simplifying, the difference between the left- and right-

hand sides can be written as
2[fA(a) + B(a)],

Then the inequality holds if and only if this expression is nonnegative. Note that this expression is linear
in f. Therefore, for any fixed a € (0, 1], its minimum over f € [0, 1] is attained at one of the endpoints. At
f=1,wehave A(a) + B(a) =5a* > 0. At f =0, we have B(a) = (1 —a)(a+ 3)(a®+2a+2) > 0 for
all a € (0,1]. Hence fA(a) + B(a) >0forall f €[0,1] and a € (0, 1], which establishes the inequality.
Also, hy(1)=(1—e V/f) 22 = 5(1 — ¢~ 1/f) Asa—0,1—e */f ~a/f and 2420ta® <, hence

2+1 a(a+2)
1
(1113% hy(a) = 7
Since § > 3%z and $(1—e™'//) > % forany f € (0,1], we conclude that forany f € (0,1] and a € (0, 1],
2
(1—e-o/1). 2+2a+a > 5 '
2a + a? 3+2f
which proves Lemma EC.1. O

Proof of Lemma EC.2.

This is a factor-revealing exchange argument and the Poisson analogue of Lemma 3. If the total number of

candidate units does not exceed K, selecting all units establishes the result directly. Otherwise, an optimal

solution selects exactly K units. We let 7 be the smallest value of 7%k

2 2asp o among the selected units.

Optimality implies that the corresponding value of every unselected unit is at most 7. We use this inequal-
ity for the unselected units and an exact decomposition around 7 for the selected units. Summing these
expressions yields the stated ratio, where the constant 5/3 follows from 3 f;_‘i z >3/5 fora e (0,1].

Let g* denote the solution that maximizes the left-side expression in (EC.5). Suppose >, o, ¢; < K.
Then, q is indeed an optimal solution to the problem in (EC.5). From a;, < 1, the left-side expression in
(EC.5) is at least 3/5. Thus, the required inequality holds.

Next, we consider the case ), ¢ > K. In this case, we must have ) .., ¢ = K. Denote by 7 the
smallest value of LQTQ’“) over all possible (i, k) pairs satisfying i € S” and 1 <k < ¢. Fix i € S’. Since

q* is an optimal solution and a;;, > a;; holds whenever k <, it follows that 7 > W if k > ¢F. Thus,

for fixed k satisfying ¢ < k < g;, we have

Tiaik(Z—{—aik) < T(2—|—2aik—i—afk). (ECIO)
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In addition, for any k satisfying 1 <k <g,

Tiik (2 + aix)

Qi (2 +a;,) = T(2+2a; :
riaie (2 + air) T(2+ ak+alk)+<2+2aik+a?k

—T> (2+2a, + a3y (EC.11)

Combining inequalities (EC.10) and (EC.11) and summing them over ¢ € S’ and k satisfying 1 < k < ¢,

we get
S o= Y lewrow)
Wik — 2—}—(17{)
i€57,1<k<g; i€8’,1<k<q; v
< Y EP2oatal, oy (Tak@’w T) 2+ 20 + aj
€8’ 1<k<g; 24 dip i€S/,1<k<q} 2+ 2ai + a 2+ ai

Also, since Y, o, ¢; = K, we have
ria;(2 4 a; ria(2 + a;
Y pmlte) ke oy (Fulred ).
iES/,lngq;‘ + Qi + aik: iES’,lgkgq;* + (e73% + aik

Thus, putting together the above two results, it follows

> ri%ik (2+a;k)
i€81<k<q 2+2a;,+a3, > m K ) 2+ ap
min mim —7
= ] 2 2
, T H2aitay, - es’ 24 2a4 + a;
Zzes’,lgkng 1t ZieS’,lSkgqi g i 1Shear i ik
S 1
~ max{v’,5/3}’
. . 2 ] .
where the last inequality follows from Hz:% > 2 for aj, € (0, 1]. We prove the required result. U
z ik

Proof of Lemma EC.3.

We first give an overview of the proof. Let x; = E[T] fs:$;(S’). By construction, {a;;}#_, contains |z;]
entries equal to one and, when x; is nonintegral, one entry equal to its fractional part 8,. The proof writes

2
each summand as g(a) = 2*'22#1“1 —a+ aiﬁ

and decomposes K+’ into g >, ; plus a residual contribution
from the fractional entries. The capacity bound Zz x; < K, together with the fact that there are at most
|S’| < K fractional entries, then yields ' < 8/3. The details follow below.

Define g(a) := 220> — 4 2 \where a € [0, 1]. Then the target quantity equals

2+a a+2’
1 i
e Z Z g(ar).

€S’ k=1

Write 2; = n; + 0; where n; := |z;] € Zs and 0, := x; — | z;] € [0,1). By construction, among {a;. }¥",,

there are exactly n; entries equal to 1 and (if 8; > 0) one entry equal to 6;. Hence

> o) = mg(1) 100> 0)g(6) = ni+1(0,>0) (0.
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Therefore,

Add and subtract 2 3 0; to obtain

4:0;,>0
o 5 1 5 5 1
gzzg(@ik) = 3?2(ni+9i)+? Z (9(91') - 591-) = 37(2%4‘ e h(6:),
ies! k=1 ics’ i:0;>0 ics’ i:0;>0
where
) 2 2
h(0):=g0)—-0=—=—-0
O)=9)~30=573 3
We have h/(0) = —ﬁ —2<0,V0€0,1), so h is decreasing on [0, 1) and thus h(6) < h(0) =1 for all
0 €10,1). Let m:= |[{i € S": 0, > 0}| denote the number of non-integer z;’s. Then,
1 m 1S’
— S ) <2< <1
Ki-OZ>O()_K_ K-

Combining with } . _ o, x; < K, we conclude

l e P g8
Ezzg(aik)_g?‘ + =3

i€S! k=1

as required. U

Proof of Lemma EC.4.

Proof overview. This result extends Lemma EC.3 to two assortments. We apply the same decomposition
to the units associated with S’ and S”. The joint fluid-capacity constraint bounds the combined demand
mass by K, while |S’| 4+ |S”| < 2K bounds the total number of possible fractional entries. Consequently,
K(v +7") < 2K +2K = LK, which gives 7' 4" < 11/3. The details follow below.
Let
v =E[T] fs ¢:(S") (i€S), and  Z;:=E[T] fsr ¢:i(S") (i€S").

We have
x4+ > #H<K,  [§<K, and |S"[<K,
€S’ €S’

and recall ; = [x;]| and §; = [Z;]. Define

2 2a a? 2+ 2a+ a? 2
g(a): = =

= = = _— 0, 1].
2+a+2+a+2+a 2+a a+a+2’ a€[0.1]

Then the quantity of interest equals — <Zi€S, ST glam) + e S g(dik)> . Write z; =n; + 6;
where n; := |x;| € Z>o and 0, := x; — |z;] € [0,1), and similarly Z; = n; + 6;. By the construction of

{ai }¥-,, there are exactly n; indices with a,;, = 1 and (if 6; > 0) one index with a,;, = 6;; hence

> o) = nig(1) + 100, > 0)g(0) = In,+1(0, > 0) (0.
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Define 1(0) := g(0) — 30 = 535 — 50. We have h/(0) = — 5557 — 5 <0, V0 € [0,1). Thus, h is decreasing
on [0,1) and thus h(#) < h(0) =1 for all § € [0,1). Let m’ := |[{i € S": §; > 0}| denote the number of

non-integer z;’s. Then

Zzlg(aik) = gZxﬁ- Z h(6;) < gzxi"{'m/'

ies! k=1 ics’ i:0,>0 ies’
Similarly, letting m” := |{i € S" : 6 , we have
W 3 5 ] )
i;/;g(aik) < 3i§,$i—|—m )
Therefore,
i di . 5 / " - 5K / .
;;g(aik)—i-i;/;g ik) 3<§x +1§/ ) (m'+m") < 3 + (m'+m").

Dividing by K yields the refined bound

1 & Lo 5 m/4+m’ 5 |9+ _ 11
E (Zzg(aik)_'_zzg(aik)) S §+T S g‘f‘T S ?7

€S k=1 i€S” k=1

as required. U

Proof of Lemma EC.5. Let T be the left-side of the required inequality in the statement of the lemma.
Then, 2L <max{v;,5/3} - % and 22 <max{y,5/3} - % Thus,

1 a1+ g 3+ fl 3+2f2 11
- = < 5/3 5/3 < —.
T T — ma'X{le7 / } 5 + ma {727 / } 5 — 3
Above, the last inequality holds with equality when f; =1 and v, = 8/3. O

EC.3. Proofs in Section 7
Proof of Proposition 7.

We show that the program (26) attains a normalized objective value of at least (ky — €)Zgu4, Which by
Section 7.2 is equivalent to a (ko — €)-approximation for (Fluid). Using that an optimal fluid solution is
supported on at most two assortments, we split into two cases. In Case 1, the assortment S found at ;1 =0
is already capacity-feasible, so offering it alone is a ko-approximation. In Case 2, the bisection returns
two assortments S and S whose per-customer consumptions 1 — ¢q(-) straddle the normalized capacity
koK /E[T]; a Lagrangian bound (inequality (EC.13)) certifies that each is near-optimal for the p-penalized
objective, so a suitable convex combination of them, which is feasible for (26), achieves at least 2 Zguiq, Up
to an error proportional to the terminal interval width ;i — p < ¢ that the stopping rule keeps below €Zgyia.
Let £* be an optimal solution to Problem (Fluid). As explained in Section 7.2, it is convenient to work

in normalized units: we write Zguiq = Zfuid /E[T] for the optimal value of the normalized fluid program, so
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that g f5 > :cs @i(S)ri = Zauia and zpuia = E[T] Zguia- Since Problem (Fluid) has only two constraints (3)
and (4) in addition to nonnegative constraints, there exists an optimal solution supported on at most two

assortments. Accordingly, let S’ and S” be two assortments such that f % >0, f%,>0,and

fa+fa= > [

SCN:SI<K

‘We consider two cases.

Case 1: The condition in Line 6 of Algorithm 1, 1 — ¢o(S) < holds. Then, the algorithm returns

T] ’
fs =1, which is feasible for Problem (Fluid). Moreover, since S is obtained by intersecting the set of
products with nonzero prices with a k,-approximate solution to Problem (Asmt) under revenues 7, = r;, we
have ), s ¢i(S)ri > K2 ) ;g ¢i(S)r; for any feasible assortment S (in particular, for S = S’ and S = S").

Therefore,

> 6u(S)r = (f5+ f5) Y dilS)

€S €S

Z/QQ fs/ngz rz“‘fS// Z¢z SU 3 :K‘Zgﬂuid-
€S’ €S
Thus, in this case, the returned solution is a ko-approximate solution to Problem (Fluid).
Case 2: The condition in Line 6 is violated. Algorithm 1 then runs the bisection loop until 1 — p < C.
We first note that before the start of the bisection, we have 1 — ¢(S) > ﬁ and ), o #i(S)ri > (1 -
¢0(S)) min;en.p,>o{r: }. Thus, f with fg = m is a feasible solution to (Fluid), and thus,

K : miniEN:r'>0{Ti}
o (S > : , EC.12
Zfiuid E[T] Z¢ )i E[T) ( :

Next, we lower bound the objective value of our solution. By construction of the updates, at termination

we have
K - K
1—¢o(S) > H2m and 1—¢o(S5) < HQE[T]-
We first show that, for (S, ) = (S, p) or (S, ) = (S, i),
N 69 > kot | Y 6i(S) —re > fi(1—60(9)) | . (EC.13)

icS ieS Se{s,8""}

To prove (EC.13), write

DSy = Y ¢ S)(ri—p) +p)_ ¢ilS)

i€S €S €S
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If £* has a single nonzero variable (i.e., [, > 0), then by the x»-approximation guarantee applied to revenues

ri=r; —p,and using 0 < fz, <1,

quz T >max{0 ﬁgqu, H)}

€S ied’

>[5 maX{O, Ko Z ¢i(S")(ri — ,U)}

ies’

>H2f5’2¢1 T

ieS’
which yields (EC.13). If f* has two nonzero variables, then applying the same r-approximation guarantee

to each S € {5, S"} gives, for (S, 1) = (S, ) or (S, 1) = (S, i),

D oi(S)ri= " du(S)(ri— )+ 1Y 6:(S)

i€S €S €S
>z Y di(S)(ri—p)+ 1) ¢i(S)
i %; ; (EC.14)

= k2 Y 0 S)ri+p | Y 6i(S) =k D 4i(S)

i€S icS i€S
Then, multiplying (EC.14) by fZ and summing over Se {5 'S } establishes (EC.13) (using o+ =1
which follows from the fact that constraints (3) and (4) are tight if the optimal solution has two nonzero
variables).
We next lower bound the optimal value of (26). Since 1 — ¢o(S) > RQE and 1 — ¢ (9) < Koo E[T], there

exist coefficients fﬁ, fse [0,1] such that

K A

f§(1_¢0(§))+f§(1_¢0(‘§)):HZW and s+ fs=1.

Using (EC.13) for (S, p) and (S, 1) and combining the two inequalities gives

fs Y 0 S)ri+ fs Y dil(S)r

i€S i€S
> Ii2zﬂuld+:u K;QE[T Z fs ¢0 ))
Se{S’ 5y
Z@(S) — K2 Z f;(l - ¢0(§))
ieS Se{s,5y
From ) ¢ I3 ( — ¢o(S )) LT the second term on the right side of the above inequality is nonnegative.

Moreover, we have

D (S =k > fil-00(9))| <1,

i€S Se{s,8"}
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and the stopping criterion ensures |z — u| < ¢. Hence,

fgz¢i(§>ri+fgz¢i(g)ri > KoZmia — ¢ > (K2 — €) Znuid,

i€S ieS
where the last inequality follows from (EC.12) and the definition of (. Therefore, the optimal objective
value of (26) is at least (k2 — €)Zauq- Equivalently, in the original scaling, its objective value in (Fluid) is at
least (ko — €)2aua. Hence, Algorithm 1 returns a (ko — €)-approximate solution supported on at most two

assortments. O

EC.4. Computational Experiments

In this section, we evaluate the numerical performance of our algorithm under two ground-truth choice
models: the Markov chain choice model and the MNL. The Markov chain experiments test the effectiveness
of our method in settings with richer substitution patterns, while the MNL experiments remove model mis-
specification and compare our method directly with MNL-based benchmark algorithms. In all experiments,

the number of arriving customers follows a Poisson distribution.

EC.4.1. Experimental Setup

We consider two families of instances. The first family uses a general Markov chain choice model (Blanchet
et al. 2016, Feldman and Topaloglu 2017). The Markov chain choice model is specified by initial arrival
probabilities \; for each product i € N" and transition probabilities p,; for any pair (i, j) € N x N'". Here,
A; denotes the probability that the customer initially prefers product ¢ over all other products, and p;; denotes
the probability of substituting from product ¢ to product j if product 7 is not available. The customer’s
choice behavior can be described as follows. For any offered assortment S C A, the customer initially
prefers product 7 with probability )\; . If ¢ € S, the customer chooses i; otherwise, the customer substitutes
to product j with probability p;;. This substitution process continues until the customer substitutes to and
chooses a product in the assortment or eventually reaches state 0. For each instance, we generate a Markov
chain choice model by randomly selecting the parameters{};, p;;|i € N, j € Nt }. In particular, the groups
of parameters, {)\;|7 € N} or {p;;|j € N}, are generated using the same distribution as follows. First,
we sample w; from a uniform distribution in the interval [0, 1] for each j € A'*. Then, we normalize these
values to ensure their sum equals one, and assign each normalized value to the corresponding parameter.
Prices r; are i.i.d. random samples taken from a standard log-normal distribution with a mean of 0 and a
standard deviation of 0.3. For the Markov chain experiments, we consider NV € {25,50,100} and, for each
N, independently vary K and E[T] over {N,2N,4N}. For each configuration (NN, K, E[T]), we generate
100 independent instances, with the number of arriving customers distributed as 7' ~ Poisson(E[T]). We

restrict attention to the regime K > N, since in this case solving the fluid relaxation (Fluid) only requires
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solving an unconstrained assortment optimization problem under the Markov chain choice model, which
can be solved in polynomial time via linear programming (Feldman and Topaloglu 2017).

The second family uses an MNL choice model as the ground-truth choice model. For any offered assort-
ment S C N, the purchase probability of product i is ¢;(S) = 1[i € SJvi/(vo + > ,cgv;). We set the
outside-option attraction to vy = 1. We fix N = 20 products and consider K € {25,50,100} and E[T] €
{25,50,100}, where the number of arriving customers follows a Poisson distribution 7" ~ Poisson(E[T7).
The product prices are sampled independently from a lognormal distribution with parameters = 0 and

o = 2. Given the prices, we generate the MNL preference weights according to
v; =71 exp(€;), € ~N(0,0.6%), vo =1,

where 7; is the price of product i. The parameter o controls the strength and direction of price-preference
correlation. We use o € {—2,—1.5,—1,—-0.5,0,0.5,1,1.5,2}, and report the normalized coefficient /2 on
the horizontal axis of Figure EC.1, so that the plotted range is [—1, 1]. Negative values correspond to settings
in which higher-priced products tend to have lower attraction weights, while positive values correspond to
settings in which higher-priced products tend to be more preferred. For each parameter combination, we

generate 100 independent random instances.

EC.4.2. Benchmarks

We compare our approach with two benchmark algorithms originally developed for MNL choice models:
the greedy-like algorithm (GLA) inspired by Aouad et al. (2018) and the threshold-based algorithm (THR)
of Sun et al. (2024). In the Markov chain experiments, these MNL-based benchmarks are implemented
using an MNL approximation to the true Markov chain model. In the MNL experiments, the benchmarks
and our method are all run under the correctly specified MNL choice model.

Our approach. Because T' follows a Poisson distribution and Problem (Asmt) is polynomial-time solv-
able under the MNL model, as well as under the Markov chain choice model when K > N, we have k, =1
in all our experimental settings. Consequently, our framework provides a 0.272-approximation guarantee
for these settings by Corollary 1. However, in the implementation, we adopt the (0.25 — ¢)-approximation
algorithm provided in Corollary 2. There are two main differences between our implementation and the
0.272-approximation algorithm.

First, we solve (Fluid) using Algorithm 1 instead of the ellipsoid method. Although the ellipsoid method
provides a slightly stronger theoretical guarantee, the improvement is negligible in practice when the toler-
ance parameter € in Algorithm 1 is chosen sufficiently small (we set e = 0.01 in our experiments). Moreover,
the ellipsoid method is considerably more complex to implement, whereas Algorithm 1 is much simpler:
it only requires a standard bisection procedure with O(log,(1/€)) iterations, and each iteration solves an

unconstrained assortment optimization problem.
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Second, although the Poisson distribution of 7" can be explicitly incorporated into the rounding procedure
to further improve the approximation ratio (see Section 6), we instead use the rounding method developed
for general IFR distributions (see Section 4.2), which requires only the input E[T]. This choice allows us
to evaluate an implementation that uses only E[7'] and does not exploit the full Poisson arrival distribution.
In addition, one of our benchmark algorithms (Sun et al. 2024) does not rely on precise knowledge of the
distribution of 7', and thus this implementation ensures a fair comparison.

Lastly, since our approach may produce an inventory vector that does not fully utilize the capacity K, we
apply a practical scaling-up procedure to allocate the remaining units while keeping the polynomial time
complexity. Specifically, let K .n.in denote the unused capacity and let ¢ be the current inventory vector. We

proportionally distribute the remaining capacity according to the current inventory levels. In particular, we

first allocate > i’l . Kiemain | additional units to each product ¢. The leftover units (due to rounding down)
are then assigned greedily to the products with the largest fractional remainders, until the full capacity K is
utilized.

Greedy-like Algorithm (GLA). Aouad et al. (2018) propose a constant-factor approximation algorithm
for Problem (OPT) under the MNL model. Their method restricts attention to “expensive” products, defined
as those with prices no less than the expected revenue of the static assortment optimization. The algo-
rithm constructs two candidate inventory vectors: one obtained via a greedy selection procedure among the
expensive products, and the other derived by maximizing a newsvendor-like lower bound. It then selects
the inventory vector with the higher expected revenue. Their approach requires knowledge of the full dis-
tribution of 7" and relies on sampling to evaluate the expected revenues of candidate inventory vectors. To
benchmark against this method, we proceed as follows.

First, in the Markov chain experiments, we implement GLA under an MNL approximation to the ground-
truth Markov chain choice model. Specifically, we set v; = \;/\¢, so the benchmark captures the initial
preference probabilities but not the full substitution structure of the Markov chain. In the MNL experiments,
we instead provide GLA with the true MNL attraction weights v;. Second, since our approach requires only
the knowledge of E[T'], we also use a misspecified distribution of 7" for GLA to ensure a fair comparison.
In particular, we assume that 7" is deterministic and equal to its true mean. Third, GLA requires evaluating
E[Rr(q)] (under the misspecified distribution of 7" and the choice model) for intermediate inventory vectors
during the greedy selection process. We approximate this expectation via simulation. Given an inventory
vector q, we perform 100 independent simulations of the dynamic-substitution process. In each simula-
tion, we generate 1" customers (with 7' deterministic for GLA) and simulate their choices under this MNL
approximation. We then use the average revenue across the 100 simulations as an estimate of E[Rr(q)].

Threshold-based algorithm (THR). Sun et al. (2024) propose a (0.195 — €)-approximation algorithm for
Problem (OPT) when the distribution of 7" is IFR and the choice model follows the MNL model. Their

method requires only the input [E[T], rather than the full distribution of 7", and runs in time polynomial in IV,
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log, K, and log, E[T]. Prior to our work, this represents the state-of-the-art approximation guarantee under

the MNL model. To benchmark against this method, we implement it with several practical modifications.

Similarly, in the Markov chain experiments, THR is run under the same MNL approximation based

on v; = A\;/ Ao, whereas in the MNL experiments it is run using the true MNL attraction weights. We

also introduce a practical speed-up to their implementation without affecting the theoretical performance
L

guarantee. Specifically, under the MNL choice model ¢ (S) = 1[i € S]—="“——-, their approach optimizes

43 es 5’
the following fluid relaxation:

aeNN: N <K

N
yi <min{q;, viyo/vo}, ViEN, Y yi = E[T]} -

N
A Yy
Here, FR(q) serves as an upper bound on E[R(q)] under the misspecified MNL model {¢.(S)}, and y;
can be interpreted as the expected sales of product i. However, FR(q) is not necessarily submodular and
is therefore difficult to optimize directly. To address this, THR enumerates candidate values of 3, and, for
each fixed yq, solves

N
max FR(q,y) = max {Z TiYi
i=1

qeNN: N g <K ¥;20,1<i<SN

N
yi <min{q;,viyo/vo}, Vi €N, Zyi :E[T}} :
=0

For fixed yo, FR(q, yo) is DR-submodular (Theorem 4.3 in Bai et al. 2025). Accordingly, THR maximizes
FR(q, o) over {q: 3., ¢; < K'} with approximation ratio 1 — 1 /e — e in time polynomial in N and log, K
(Soma and Yoshida 2018). In our experimental scale, however, the classical greedy algorithm of Nemhauser
et al. (1978) achieves substantially faster running time in practice. Therefore, we use the greedy method to
optimize FR(q, yo), which maintains the 1 — 1/e approximation guarantee, although its theoretical running
time is polynomial in K. Finally, since THR may produce inventory vectors that do not fully utilize the

capacity K, we apply the same scaling-up procedure used in our approach to ensure a fair comparison.

EC.4.3. Numerical Results

EC.4.3.1. Ground-Truth Model: Markov Chain Choice Model We compare our approach with the
two benchmark algorithms in terms of (i) the achieved percentage of the fluid optimum and (ii) relative
performance. For each solution with inventory vector q, we estimate its expected revenue using a sampling
procedure similar to that adopted in the GLA benchmark. Specifically, given q, we perform 100 independent
simulations of the dynamic substitution process. In each simulation, we first sample 7" and then sequentially
simulate the choices of 1" customers. The average revenue across the 100 simulations is used as an estimate
of E[Rr(q)]. For a given instance specified by IV, K, E[T], and the choice model, the achieved percentage of
the fluid optimum is defined as the ratio between the estimated expected revenue of the solution and the fluid
upper bound zg,q obtained from (Fluid). To measure relative performance, we compute, for each instance,

the ratio between the estimated expected revenue of a given approach and the highest estimated expected
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Table EC.1 Performance of Tested Algorithms under Markov chain choice models.
Parameters Achieved Percentages of Fluid Optimum (%) Relative Performance (%)

N K E[T] Ours GLA THR Ours GLA THR
25 94.73(90.56) 89.91(70.14) 89.80(63.88) | 99.34(94.99) 94.28(74.62) 94.15(68.20)
25 50 92.21(82.96) 91.61(69.17) 91.80(74.60) | 98.18(86.92) 97.52(75.21) 97.72(77.35)
100 | 100.00(99.84) 98.55(78.80) 99.08(80.80) | 100.00(100.00) 98.55(78.80) 99.08(80.80)
25 25 99.84(95.19) 95.93(65.39) 94.36(66.69) | 99.14(92.43) 95.23(65.04) 93.69(66.93)
50 50 97.43(93.33) 91.74(66.97) 91.31(66.24) | 99.79(97.15) 93.94(69.90) 93.52(66.90)
100 | 94.34(84.57) 92.86(69.14) 93.42(75.15) | 98.69(87.92) 97.16(72.59) 97.73(78.46)
25 99.52(94.07) 96.24(68.16) 95.69(66.79) | 98.83(91.37) 95.56(67.39) 94.99(66.95)
100 50 99.96(96.15) 96.04(66.55) 94.26(63.85) | 99.46(95.59) 95.55(64.54) 93.78(63.92)
100 | 98.98(96.08) 92.50(68.61) 92.06(65.12) | 99.97(98.39) 93.43(69.73) 92.98(66.06)
50 96.90(93.56) 90.79(60.80) 90.46(63.34) | 99.88(97.55) 93.58(64.37) 93.25(65.70)
50 100 | 93.62(83.31) 93.16(67.64) 93.85(70.22) | 98.00(86.12) 97.50(70.20) 98.21(72.88)
200 | 100.00(100.00) 98.57(71.75) 99.02(75.72) | 100.00(100.00) 98.57(71.75) 99.02(75.72)
50 50 100.48(95.41) 95.60(61.31) 94.30(63.33) | 99.77(96.41) 94.92(61.53) 93.63(63.56)
100 100 | 98.33(95.64) 91.98(61.65) 91.56(62.08) | 99.86(97.07) 93.41(63.54) 92.99(63.99)
200 | 95.17(85.27) 93.64(65.83) 94.91(70.50) | 98.50(87.94) 96.90(68.58) 98.21(73.45)
50 100.03(94.72) 95.80(60.44) 95.32(62.48) | 99.47(96.04) 95.26(60.52) 94.79(62.55)
200 100 | 99.83(97.04) 96.00(61.41) 94.56(62.77) | 99.66(96.54) 95.81(61.71) 94.38(63.07)
200 | 99.33(97.48) 92.20(63.56) 91.93(60.86) | 99.98(99.20) 92.81(63.27) 92.54(60.58)
100 | 98.27(95.75) 92.67(68.56) 92.20(66.44) | 99.92(98.13) 94.25(68.27) 93.76(66.16)
100 200 | 95.59(89.65) 93.26(68.65) 95.02(77.82) | 98.93(90.83) 96.49(71.70) 98.31(81.28)
400 | 100.00(100.00) 98.63(72.63) 99.14(82.13) | 100.00(100.00) 98.63(72.63) 99.14(82.13)
100 100 | 99.90(96.31) 96.55(66.25) 95.34(68.57) | 99.59(96.11) 96.24(66.66) 95.04(69.00)
200 200 | 99.28(97.50) 93.15(67.07) 92.80(67.84) | 99.96(99.05) 93.80(67.96) 93.44(68.75)
400 | 96.70(90.07) 93.43(69.05) 95.65(78.53) | 99.25(91.17) 95.86(71.41) 98.15(81.20)
100 | 99.80(95.58) 96.80(68.60) 96.43(68.63) | 99.52(96.69) 96.52(68.60) 96.15(68.60)
400 200 | 99.93(98.55) 96.66(67.73) 95.50(67.07) | 99.77(97.86) 96.51(67.48) 95.34(66.81)
400 | 99.70(98.36) 93.35(68.06) 92.91(68.03) | 99.98(99.16) 93.62(67.47) 93.19(67.57)
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Table EC.2  Running Time of Tested Algorithms under Markov chain choice models.
Parameters Running Time (seconds)
N K E[T] Ours GLA THR
25 0.012(0.073) 0.118(0.307) 0.076(0.128)
25 50 0.057(0.173) 0.165(0.445) 0.075(0.165)
100 0.067(0.177) 0.254(0.516) 0.081(0.151)
75 25  0.022(0.373) 0.365(0.869) 0.118(0.179)
50 50 0.018(0.295) 0.505(1.298) 0.124(0.195)
100 0.084(0.421) 0.638(1.919) 0.136(0.218)
25 0.027(0.348) 1.165(2.392) 0.268(0.371)
100 50 0.023(0.155) 1.817(4.613) 0.278(0.497)
100 0.085(0.784) 2.472(7.054) 0.267(0.584)
50 0.111(1.587) 0.969(2.972) 0.412(0.604)
50 100 0.421(2.081) 1.279(3.355) 0.584(1.611)
200 0.343(1.820) 1.701(6.386) 0.553(1.456)
50 50  0.205(1.369) 2.711(6.921) 1.029(2.092)
100 100 0.206(1.307) 3.585(14.898) 1.222(2.989)
200 0.346(1.937) 4.816(18.977) 1.553(3.092)
50 0.191(1.961) 6.181(18.236) 2.220(4.951)
200 100 0.113(2.745) 10.069(36.898) 2.141(5.889)
200 0.074(0.957) 14.622(51.624) 2.352(6.187)
100 0.213(1.877) 6.597(21.422) 4.995(9.632)
100 200 0.622(1.910) 9.372(36.163) 5.924(11.478)
400 0.603(1.300) 13.827(44.977) 6.042(10.969)
100 100 0.112(0.413) 18.313(79.504)  8.379(18.607)
200 200 0.133(1.153) 27.127(88.844) 9.762(18.130)
400 0.560(1.525) 39.889(130.483) 10.900(19.282)
100 0.099(0.943) 39.252(127.053) 14.417(31.451)
400 200 0.085(0.243) 69.062(227.588) 17.518(36.239)

400 0.098(1.217) 112.045(317.082) 15.810(33.187)




ec20 e-companion to Author: Article Short Title

revenue among all tested approaches. For example, if our algorithm achieves an estimated expected revenue
of 1 for a particular instance, while all competing heuristics achieve 0.8, then the relative performance is 1
for our algorithm and 0.8 for the others.

Table EC.1 reports the results when customer choices follow the more general Markov chain choice
model, under which the MNL-based benchmarks are subject to model misspecification. The corresponding
running times are summarized in Table EC.2 for the Markov chain experiments. For each configuration,
the reported value is the average over 100 independently generated instances, and the value in parentheses
is the minimum over those instances. All algorithms were implemented in C++ and executed on a Linux
server equipped with Intel Xeon E5-2650 v4 processors.

Our approach exhibits a pronounced performance advantage in the Markov chain experiments, where
it uses the ground-truth Markov chain choice model while the MNL-based benchmarks rely on an MNL
approximation. As shown in Table EC.1, our approach achieves the highest average performance under both
metrics in 26 of the 27 tested configurations. The only exception is (N, K, E[T]) = (50, 50,100), where
THR performs slightly better on average. Even in this configuration, our approach achieves a substantially
higher minimum performance over the 100 generated instances. More generally, our method provides the
highest minimum performance in every tested Markov chain configuration. In many configurations, its esti-
mated expected revenue is also close to the fluid-relaxation optimum, suggesting near-optimal performance
in practice.

When the true model is a Markov chain choice model, explicitly accounting for the more general substitu-
tion structure yields a clear and robust performance advantage over the MNL-based benchmarks. Compared
with THR, which is algorithmically similar to ours in that it runs in polynomial time and does not rely on
sampling but is designed specifically for the MNL model, our method improves expected revenue by 5.1%
on average in the Markov chain experiments. This gap illustrates the practical value of using a richer choice
model when customer behavior deviates from the MNL structure.

We also observe that the average achieved percentage of the fluid optimum occasionally exceeds 100 in
Table EC.1. This phenomenon is caused by sampling error in the estimation of E[Rr(q)], which may cause
the estimated revenue to slightly exceed the fluid upper bound z4,;4. These deviations are small and do not
affect the overall performance comparisons.

Table EC.2 demonstrates that our approach is also highly computationally efficient. In the Markov chain
experiments, its average running time never exceeds 0.622 seconds. Our approach is faster than GLA and
THR in every tested configuration.

We provide further explanation for this improvement below. GLA relies on a greedy selection procedure
that iteratively adds inventory units over K steps. At each step, it enumerates all possible additions among
the expensive products and evaluates the corresponding expected revenue using sampling-based estimation.

This repeated simulation makes the algorithm computationally expensive. In contrast, our approach is fully
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deterministic and runs in time polynomial in log, K. It does not rely on sampling, leading to substantially
lower computational overhead. THR is considerably faster than GLA, as it also avoids sampling and enjoys
a similar theoretical time complexity to ours. However, it remains slower than our method in practice. This is
because THR enumerates candidate values of g, and, for each guess, solves a DR-submodular maximization

problem

max FR(q,yo)-

a>0: 2N <K
Although this enumeration has complexity comparable to our bisection procedure, the subproblem it solves
at each step is computationally more demanding than the assortment optimization problem solved in our

framework.

EC.4.3.2. Ground-Truth Model: MNL Figure EC.1 shows how the relative performance of the algo-
rithms varies with the normalized price-preference coefficient. When the correlation is negative or weak,
GLA and THR remain competitive, and in several configurations GLA slightly outperforms our approach.
This is intuitive: when high-price products are less likely to be chosen, the value of more refined inventory
construction is reduced, since revenue opportunities are less concentrated among highly attractive high-price
products.

The pattern changes as a becomes positive. When prices and preference weights are positively correlated,
our method becomes consistently stronger. Averaging across all K and E[T] configurations, the average
relative performances of our method are about 98.24%, 97.97%, and 97.91% for normalized coefficients
0.5, 0.75, and 1, respectively, whereas the corresponding averages for THR are about 97.01%, 95.45%,
and 94.87%. The improvement is most visible when inventory is relatively ample compared with expected
demand, such as (K,E[T]) = (50,25), (100,25), and (100, 50). For example, at the largest positive corre-
lation, our method reaches approximately 99.37% for (K, E[T]) = (100, 25), compared with 94.09% for
GLA and 91.56% for THR.

The observed effect of v has an intuitive economic interpretation. Under the specification v; = r{* exp(e; ),
a positive o makes higher-priced products tend to have larger attraction weights. Such a positive associa-
tion is economically meaningful in markets where products commanding higher prices also possess greater
underlying quality, brand appeal, or baseline customer preference. It should not be interpreted as implying
that increasing a product’s price causally increases its demand. Rather, it represents cross-product hetero-
geneity in which products that command higher prices are also intrinsically more attractive to customers.
In such settings, revenue opportunities are concentrated among products that are both valuable and attrac-
tive, making accurate assortment selection and inventory allocation particularly important. This provides

intuition for why our approach performs particularly well as a becomes positive.
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Overall findings. Taken together, the two experiment families show that our approach provides solution
quality comparable to algorithms specialized for the MNL model when all methods use the correctly speci-
fied MNL choice parameters, and superior solution quality when customer choices follow the more general
Markov chain model. In addition, the running-time results for the Markov chain experiments show that our

approach is substantially more computationally efficient than both benchmarks.
Figure EC.1 Achieved percentages of the fluid optimum under price-correlated MNL preferences.
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