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Addendum: on the uniqueness assumption

Why the assumption is needed. Without uniqueness of the fluid optimum, Robinson’s stability

bound (Hoffman, 1952; Robinson, 1977) places some offline solution near the fluid solution set,

but not necessarily near the particular x̄ computed by the algorithm. The entry x̄jl that is large then

need not have a counterpart Xjl that is large, and the implication underlying the information-loss

bound can fail. Under primal uniqueness3, the bound specializes to the prescribed x̄ and yields the

coordinatewise estimate x̄jl ≥ t
1
2
+ϵ⇒ Xjl ≥ 1/η used in Lemma 7. The assumption is therefore

necessary for this proof rather than cosmetic.

The following simple example, by Yun-Tung Kuo and Yehua Wei, shows that without some

condition the regret bound of Theorem 3 may fail: take d = n = 1, prices f1 = 2, f2 = 1 with

q1 =
1
2
, q2 = 1, and non-binding initial budget B = T . Because f1q1 = f2q2 = 1, both static-price

policies are DP optimal with expected value T . The fluid P [B,q,T ] has, as well, value T and

multiple optima. OFFLINE, in contrast, has the value E
[
T ·max{f1Q1(T ), f2}

]
= T +Ω(

√
T ).

On reachability. We require uniqueness for every feasible b̄. The proof in fact uses uniqueness

only at the residual budgets b̄t that Algorithm 3* actually visits. Constant regret is maintained,

for instance, if with probability 1−O(1/T ) the algorithm visits during its run only states with a

unique fluid solution.

The uniqueness hypothesis is non-vacuous: the single-resource case. We show that the unique-

ness assumption holds for a natural family of instances. Take a single resource, d= 1, with Aj = 1

for all types j ∈ [n], so that the fluid LP is

max
x≥0

∑
j,ℓ

fjℓqjℓ xjℓ s.t.
∑
j,ℓ

qjℓ xjℓ ≤ b,
∑
ℓ∈Lj

xjℓ = pj ∀j,

with p∈∆n := {p∈Rn
≥0 :

∑
j pj = 1}. For a type j and two of its prices ℓ ̸= ℓ′ with qjℓ ̸= qjℓ′ , let

µj,ℓℓ′ =
fjℓ′qjℓ′ − fjℓqjℓ

qjℓ′ − qjℓ

be the capacity price at which type j is indifferent between ℓ and ℓ′. We impose:

(A1) For every type j, the values {fjℓqjℓ}ℓ are pairwise distinct, and the indifference values µj,ℓℓ′

are pairwise distinct over price pairs.

3 Robinson’s bound applies to the primal–dual pair: for every offline optimum (X,U) it produces a nearby fluid optimum (x0, u0).
When the fluid primal optimum is unique, every such (x0, u0) has the same primal part x̄, so the bound delivers ∥X − x̄∥2 ≤ 1

ζ
ϵ

even when the fluid dual is not unique.



Vera et al.: Correction to Vera et al. (2021)
Article submitted to Operations Research 23

(A2) No indifference value is shared by two types: µj,ℓℓ′ ̸= µj′,mm′ whenever j ̸= j′.

Proposition. Under (A1)–(A2), with d= 1 and Aj = 1 for all j, the fluid LP has a unique optimal

solution for every p∈∆n and every b > 0 for which it is feasible.

PROOF. Fix feasible b > 0 and p ∈∆n (wlog pj > 0). Suppose x and x′ are both optimal. Let

(µ⋆, ν) be an optimal dual solution. By complementary slackness, for any price ℓ active in x or x′:

νj = fjℓqjℓ−µ⋆qjℓ.

If two prices ℓ ̸= ℓ′ of type j satisfy this, then qjℓ ̸= qjℓ′ (by (A1)), so µ⋆ = µj,ℓℓ′ . By (A1)–(A2),

at most one type j0 can have two eligible prices at µ⋆; all other types have a unique eligible price

ℓ⋆(j), so x and x′ agree on j ̸= j0. If no such j0 exists, x= x′. Otherwise, x and x′ can only differ

in how type j0 splits pj0 between its two eligible prices ℓ, ℓ′. Since µ⋆ = µj0,ℓℓ′ > 0 (at µ = 0 the

tightness condition reads νj = fjℓqjℓ, which by (A1) holds for at most one ℓ per type), the capacity

constraint binds. Because x and x′ consume the same amount on every type other than j0, both

leave the same residual b0 for j0, and both satisfy

xj0ℓ +xj0ℓ′ = pj0 , qj0ℓxj0ℓ + qj0ℓ′xj0ℓ′ = b0.

The system has a unique solution (determinant qj0ℓ′ − qj0ℓ ̸= 0), so x= x′.

Uniqueness does not preclude degeneracy. Uniqueness and primal degeneracy are independent.

Take d= 1 and n= 2, and let ℓ⋆(j) = argmaxℓ fjℓqjℓ (unique by (A1)). At b= q1ℓ⋆(1)p1+ q2ℓ⋆(2)p2,

the unique optimum has xj,ℓ⋆(j) = pj for j = 1,2 and all other variables equal to 0. The capacity

constraint is binding, so the capacity slack variable is 0. Since there are three equality constraints

(two demand constraints and one capacity constraint), every basis contains three basic variables.

However, only the two variables x1,ℓ⋆(1) and x2,ℓ⋆(2) are positive. Therefore at least one basic vari-

able is 0, and the unique optimal basic feasible solution is degenerate.


	Introduction
	Updated statements
	Proofs



