Electronic Companion

Appendix EC.1 introduces notation, Appendix EC.2 proves Proposition 2, Appendix EC.3
proves Theorem 2, Appendix EC.4 proves Proposition 4, Appendix EC.5 proves Proposition 3,
Appendix EC.6 proves Proposition 5, and Appendix EC.7 proves auxiliary lemmas used in
Appendices EC.1-EC.6. Appendix EC.8 contains the MILP formulations of (SP’) under uni-
form and negative-exponential random utility components. Appendix EC.9 proves Proposition 6.
Appendix EC.10 proves Theorem 1 and Proposition 1. Then in Appendix EC.11, we derive the sur-
rogate problem for the random consideration set setting. Finally Appendix EC.12 presents numerical

experiments similar to Section 5, but with revenue-dependent utilities.

EC.1. Notation.

We introduce some notation that will be used in the remaining appendices.

EC.1.1. The relaxed limiting problem.
Recall that (LOP) is defined by

sup m(A) = / r(1—F.(w(A) —uw)) f.(u,r)dudr,
) A

AeB(R2

s.t. / fu(ua T)dUdr < n,
A

wa=int {u: [ (1= Fw =) sy rytuar + 2

(1—Fe(w—v))f,(v)dv < B}.

R

Since a feasible solution A € B(IR?) can be represented as the indicator function 14(x), the following
problem is a relaxation of (LOP) whose solutions are of the form ¢ : R? — [0,1]. Namely, we define

sup (¢p) = /11&2 r(1—F.(w(¢) —u))d(u,r) f.(u,r)dudr, (RLOP)

¢:R2-10,1]

s.t. /]R2 d(u, ) fou(u, r)dudr <n,
Y B (= Felw— o)), (w)dv
w(¢)—mf{w./Rz(l—Fs(w—u))qb(u,r)f#(u,r)dudr+7/R(1 Fe(w — ) f, (v)d gﬁ}, (EC.1)

and denote the optimal objective value by 7*. We say that ¢ : R? — [0,1] is an interior solution to
(RLOP) if the cardinality constraint holds with strict inequality; i.e., [oo ¢(u,r)f.(u,r)dudr <.
Interior solutions play an important role in rigorously connecting (OP), (SP), (LOP), and (RLOP),
and are used in Appendices EC.2.2 and EC.7.2. Similar to (EC.1), we also define
w?(¢) =sup {w : / (1—F.(w—u))p(u,r) f(u,)dudr + B/
R2 v

R

u—fuw—v»nwmuzﬁ}
(BC.2)
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which satisfies w(¢) > w(¢); in case that the set on the right-hand side of (EC.3) is empty, we
set wT(¢) = —oo. Slightly abusing notation, we write w(A), w*(A), and 7(A) for a set A € B(R?)
to denote w(14), wt(14), and 7(14), respectively. It is possible that w(¢) = —oo, but if w(¢) is
finite then so is w*(¢). In either case, since both w— [,(1 — F.(w — u))¢(u,r) fu(u,r)dudr and

w— [ (1= Fe(w—wv))f,(v)dv are continuous, we have

— . é — w—v v)av =
w@. @) ={w: [ 1= Fto- s+ 2 [0 R 0)0 éi'g)

We use (EC.3) throughout the appendix to establish the convergence of Wig41)(+) to intervals of the

form [w(-),w™(+)]. It will also be useful to know that

(1- F(w (9) — u))d(u,r) = (1 - Fo(w(6) — u)dlu,r) p-as. (EC.4)

To justify (EC.4), note that

/RQ(l—Fg(w—u))(b(u,r)fu(u,r)dudr and /R(l—FE(w—v))f,,(v)dv

are nonincreasing in w and, in particular, (EC.3) implies that both integrals are constant on

[w(p), w(¢p)]. As a consequence,

[, 0= Fatw() =)o) = (1= Fuw (6) = ) )] ) dudr =0,

and (EC.4) follows because the integrand is nonnegative.

EC.1.2. Extension to continuous assortment.

The following concepts are needed to work with (RSP); e.g., they are used to prove Theorem 3 in
Appendix EC.5. We use « and T to denote elements of {0,1}" and [0,1]", respectively. Recall that
in(x) and 7y (x,w) are the objective functions of (SP) and (SP’), respectively, which admit the

natural extensions

i\f: (w—u)),

N

N () = 7n (T, wp 1) (T F(wp)(®) —w)),  Ze0,1]7,

H'Mz

where w(p11)(Z) extends wp11)(x), defined in (2), via

wpsn (T mf{ Zajzl— (w—uy;) +Z 1—Fe(w —vj))SB}, zc[0,1]V. (EC.5)
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EC.1.3. Measures and weak convergence.

Here, we introduce some concepts around weak convergence of measures. We say that a sequence of
finite (signed) Borel measures A, on a metric space S converges weakly to a finite (signed) Borel

measure A if for all bounded and continuous ¢ : S — R,

fim_ [ (@)irao)= [ pl@)ir)

N—oc0 S S

and we write A\, = X. When S = R? weak convergence is equivalent to convergence of distribution
functions.

We let uy and vy, be the measures corresponding to the uniform distributions over {(u;,r;)}¥,
and vy,, respectively, and let © and v denote the measures corresponding to the CDFs F),(u,r)
and F,(v) from Assumption 3, respectively. As explained in Chapter 1.3 of Billingsley (2013), the

convergence in Assumption 3 is equivalent to
uny = and vy, = V. (EC.6)

We also say that a Borel set A is a A-continuity set if A(OA) =0, where A denotes the boundary of
the set A. Lastly, given a A-integrable function ¢ :.S — R, we let ¢\ denote the measure defined by

@ON(A)= [ dla)drw), A€ B(S) (BC.7)
A
The following auxiliary result is proved in Section EC.7.1.

LEmMA EC.1. If {\.}22, and X are finite nonnegative Borel measures on a separable metric space

such that X\, = X, then for any Borel set A with \(0A) =0,

EC.1.4. Convergence to an interval.

Finally, since our proofs relies heavily on liminfs and lim sups, we define the concept of convergence
to an interval so as to simplify our exposition. Let R = RU{400} be the set of extended real numbers.

Given a sequence of extended real numbers {z,}2>° ; and two extended real numbers a < b, we write
x, — [a,b]  as.n— oo

to express that a <liminfy ,o x, <limsupy_ . T, < b. When a = b, it is equivalent to z,, — a.
Similarly, for a sequence of random variables {X,,}°°, that take values in R and two extended real

numbers a < b, we write

X, 5 [a,b]
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if for every € > 0,

lim P(X, €la—e b+e) =1,

n—oo

with the conventions ¢ — e = —oo when a = —oo and b+ € = +00 when b = +400. In the degenerate

cases @ = b= +400 (resp. a =b= —00), this means that for any M € R,
P(X,>M)—1 (resp. P(X,<—-M)—1).
When a = b € R, this reduces to the usual X,, = a.

EC.2. Proofs of Proposition 2.

Recall that 7y, 7, 7*, and 7* are the optimal objective values of (OP), (SP), (LOP), and (RLOP),
respectively. Proposition 2 is a direct consequence of the following three lemmas, which are proved

in Appendices EC.2.1, EC.2.2, and EC.2.3, respectively.
LEmMmA EC.2. Under Assumptions 1-3,

1 ~ ) 1 ~
lim sup Nfrj*v <7 and limsup —my <7".

n—roo n—roo

LEmMmA EC.3. Under Assumptions 1-3,

|
and liminf —7y > 7"
n—o0 n—oo [N

LEmMA EC.4. Both (LOP) and its relazation (RLOP) have the same optimal value; i.e., T = 7*.

EC.2.1. Proof of Lemma EC.2

Let p be the measure corresponding to the limiting distribution F),(u,r) defined in Assumption 3.

Given continuous Zy € [0,1]", we let Ty ; denote its ith component and define the Borel measure

Mz Via
1 N
MmN(A):NZ;wNvi]]‘A(ui’Ti) AGB(RQ)

To prove Lemma EC.2, we require three auxiliary lemmas.

LEMMA EC.5. Given a sequence {Ty € [0,1]V}¥_,, for any subsequence {N'} C {N}, there exists

a further subsequence {N"} C{N'} such that g, converges weakly to some measure.

Proof of Lemma EC.5. For any (u,r) € R?,

;Zw]v,i]l{(ui,n) < (u,r)} < ]1VZ (s, m1) < (uy 1)} = F(u,r) (EC.9)
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as N — oo. Thus, for any € > 0, there exists a rectangle A, C R? and a constant N, such that

2

N
1 1
MmN (AS) —Ng gul,m SN uz,rl <e, N>N.,.

Thus, {uz, }F-, is a tight sequence of measures, and the result follows from Prokhorov’s Theorem

(Theorem 8.6.2, Bogachev and Ruas (2007). O

LEMMA EC.6. Given a sequence {ZTy € [0,1]V}3_,, any weakly convergent subsequence of {uz, }
converges to a limit of the form ¢u for some function ¢ : R* — [0,1], which may depend on the

subsequence, where ¢u is as in (EC.T).

Proof of Lemma EC.6. 1t follows from (EC.6) and (EC.9) that {un' — pz,, }3—; is a weakly
convergent sequence of nonnegative measures that converges to pu — i, where we recall from

Appendix EC.1.3 that py/ is the uniform measure over {(u;,r;)}Y,. We claim that
u(A) —B(A) >0, AcB(R?),

Postponing the proof of this claim, the Radon-Nikodym theorem (Rudin 1987, Theorem 6.10) implies
that i = pu for some nonnegative ¢ : R? — R. Since i = pu < p, the function ¢(z) is bounded by
one except for a set of y-measure zero, and therefore ¢(z) = p(z) A 1 satisfies = dp.

To show that p— fi is a nonnegative measure, consider the linear functional ¢ — [, ¢(x)d(u—fi)(x)
that maps C.(R?) functions to real values, where C.(R?) is the set of all the continuous functions
on R? with compact support. Since s — Wz, = i — [, it follows that this linear functional is
nonnegative, in the sense that it maps nonnegative functions in C,.(R?) to nonnegative real values.
We conclude from the Riesz representation for positive linear functionals (Rudin 1987, Theorem 2.14)
that u — i1 is a nonnegative Borel measure. [

The next lemma is a continuity result. Its proof is deferred to Appendix EC.2.4.
LEMMA EC.7. Suppose {Ty € [0,1]V}_; is such that pz, = ¢p for some function 0 < ¢(z) < 1.

Then

Wi (@Ex) = [w(d),w (@)] and  lim %er(iN):ﬂ'(d)).

N—o00

Similarly, if {xx € {0,1}V}¥_, is such that pi.,, = ¢p for some function 0 < ¢(z) <1, then

Wion (@) 5 [0(0) w (@) and  Jim Lmy(wn) =m(9).

N—o0

We are now ready to prove Lemma EC.2.



ech e-companion to Author: Article Short Title

Proof of Lemma EC.2. Let &y be the optimal solution to (OP). Then we can find a subsequence
{N'} C {N} such that limsupy_, (1/N)ry(xy) =limy_o(1/N" )7y (xy). By Lemmas EC.5 and
EC.6, we can find a further subsequence {N"} C {N'} such that f, , converges weakly to ¢u for
some function ¢ : R? — [0, 1]. Since ¢ is feasible to (RLOP) (we show at the end), Lemma EC.7 then
implies that

. 1 .1 .,
timsup gy (@n) = Jim, mme (@) =m(6) <7,

where we recall that 7* is the optimal objective value of (RLOP). Applying the same argument to
(SP) gives limsup_, . (1/N)7x <7*.
It remains to show that ¢ is feasible to (RLOP). Since the optimal xy for (OP) satisfies the

cardinality constraint ||xy[l; <nN, and i, = ¢p, we have

1
/R O ) Sy, ) dudr = Jim o] <

which means that ¢ is feasible to (RLOP). O

EC.2.2. Proof of Lemma EC.3.

Recall from Section EC.1.1 that an interior solution to (RLOP) is one that satisfies
Jro &(u,7) fu(u,7)dudr < 7. The following auxiliary lemma is proved in Section EC.7.2.

LEMMA EC.8. For any feasible solution ¢ :R? — [0,1] to (RLOP) and any € > 0, there exists an
interior solution to (RLOP) of the form 1a(x) for some F,-continuity set A, such that

Im(¢) —m(A)|<e and w(p)—e<w(A)<w'(A)<w(¢)+e.

In particular, A is also a feasible solution to (LOP).

Proof of Lemma EC.3. Since 7* is the supremum over all feasible solutions to (LOP), for any
€ >0, we can find a feasible solution A./, to (LOP) that is (¢/2)-optimal, in the sense that 7(A./2) >
7™ —€/2. Applying Lemma EC.8 with 14, , (x), there exists an F),-continuity set A that is an interior
solution and such that |7(A) —7(A./2)| < €/2, implying that |7(A) —7*| <e. Let

xy = (1a(us,r1),..., La(un,rn)), N=>1,

and observe that p,,(B) = un(A N B) for any Borel measurable set B, where we recall from
Appendix EC.1.3 that py is the discrete uniform distribution over {(u;,r;)}X,. Since uy = p by
(EC.6), we have

. 1
Jm Sllelli = [ o) r)duds <o,
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which means that @y is feasible to (OP) and (SP) for large-enough N. It then follows from
Lemma EC.1 that pg, = 1ap, and from Lemma EC.7 we get

Since € > 0 is arbitrary, we conclude. [

EC.2.3. Proof of Lemma EC.4.

The inequality 7* > 7* is immediate because (RLOP) is a relaxation of (LOP). To show the other
direction, for any € > 0, there exists a feasible solution ¢ to (RLOP) such that m(¢) > 7" —€/2. By
Lemma EC.8, we can find a set A that is feasible to (LOP) such that |7(A) — 7 (¢)| < €/2, implying
that 7 > 7(A) > m(¢) — €/2 > 7T+ — €. Since € is arbitrary, we conclude. O

EC.2.4. Proof of Lemma EC.7.
We first state and prove an auxiliary lemma and then prove Lemma EC.7.

LEMMA EC.9. Suppose that {Zy € [0, 1]V }¥_, is such that pz, = ¢u for some ¢ : R? — [0,1]. Then
for any w € R,

% Z LU > w)Fn; B / (U Fuw = ) 9(ot 1) f (), (EC.10)

Z (V; > w) —>/ 1— Fe(w—0))f,(v)dv (EC.11)

Sl \

as N — oo, where F.(-) and F¢(-) are as in Assumption 2.

Proof of Lemma EC.9. Observe that

N
1 _
is a mean-zero random variable. Since U; = u; +¢;, and €1, ...,eN are independent random variables,

it follows that
1 N 1
Var(Yy) = ~z E_l a:NiVar<1(UZ— >w) —P(U; > w)) < ¥

Applying Chebyshev’s inequality yields Yy = 0. Since P(U; > w) =1 — F.(w — u;) is a continuous
and bounded function of w; and 5, = ¢u, it follows that

lim —ZIP (Ui>w)Tn,; = hm —Z (1—F.(w— ul))xNyi:/ (1—-F.(w—u))op(u,r)fu(u,r)dudr,

proving (EC.10). The proof of (EC.11) is identical. O
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Proof of Lemma EC.7. We first prove by contradiction that w(¢) < liminfy_ . wpi1)(Tw).
A similar argument yields w*(¢) > limsupy_,. wp+n(Zy), implying that wpi)(Ty) —
[w(@),w(6)] as N = 0.

Suppose that w(¢) > liminfy_ o w(p41)(ZTn), which implies, in particular, that w(¢) > —oo.
Recalling from Assumption 1 that B depends on N, there exists a subsequence {wp/41)(xn/)} and
some € > 0 such that w11y (Zn) <w(¢) — € for all N’. For notational convenience, let us write N
and B instead of N" and B’, respectively. From the definition of w(g41)(-) in (2), it follows from the
continuity of F.(-) and F¢(-) that

N Ny . _

1 min(B, ||z + N,
N 20 Felwo ) s+ S0 B (@) — ) = PP,
i=1 j=1

Observe that

/R2 o(u, ) f(u,r)dudr >/ (1—-F(w(¢) —u))o(u,r)fu.(u,r)dudr

_5_/ 1— Fe(w(6) —v)fu(v >dv26—fa

where the equality is true because w(¢) > —oo. It follows from gz, = ¢p that ||Zy||i/N = ~ZTn,; —
Jro &(u,7) f.(u,7)dudr. Combined with the facts that B/N — 8 and No/N — 8/~ by Assumption 1,
it follows that

min(B,Hf"]?\;leJFNO) — min <ﬁ,/R2¢(U7T)|fu(u,7“)dUd7“+§> =p.

We conclude that

f= lim []17 Z (1= F. (wsn) (@) —us)) T + ]]\\[;]\170 Z (1= Fe (wsn (@) —v5)) ]

N —o0 i1 J=1
N No
1 _ Ny 1
A}l_rgo [Nz _e_ui))xNvi—i_]\]()]\[()Z(l_Fg(w((b)_E_vj))]
i=1 j=1

:/Rg(l_FE (w(qS)—e—u))¢(u,r)fﬂ(u,r)dudr+f/R(l—F{ (w(p) —e—0)) f,(v)dv>p,

where the first inequality holds because F.(-) and Fg(-) are nonincreasing, the second equality is due
to vy, = v (see (EC.6)) and uz, = ¢u, and the final inequality is by definition of w(¢) in (EC.1).
This yields a contradiction and we conclude that wp1)(ZTn) = [w(d), w (¢)].

Next, we prove that Wipi1)(xn) L w(g),wt(¢)] as N — co. We do so by first showing that when
—o00 < w(¢), then for any € >0,

lim P(Wpin(en) <w(d) —e) =0 if w(¢)>—oo, and

N—oc0

lim P(Wip (@) >w(6) +6) =0 if w*(6) > —oc.
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Then, when w*(¢) = —o0, we show that for any M € R, limy_,oc P(W(p41)(2n) > M) =0. Suppose
that —oo < w(¢) and fix € > 0. We now argue that limy_,oc P(W(pi1)(2n) < w(¢) —€) =0. Observe
that

P(Wsi1)(zn) <w(g) —€) <P(Wini)(zn) <w(g) —¢)
:P<;21(Ui>w(¢)—e)mi+JbZn(vj > w() ) < ﬁ)

Jj=1

where the equality is due to the definition of Wp41)(2y) in (1). The right-hand side converges to

zero as N — oo. To see this, we apply Lemma EC.9 to get

%Z]l(Ui>w(¢)—e)xN,i+%Z]l(Vj>w(¢)—e)—£

i=1 j=1

[ 0= Fw(o) —G—U))¢(uar)fu(u,7“)dud7"+5 / (1 Fe(w() — e —v)) f, (v)dv— B> 0,

as N — oo, where the last inequality follows from the definition of w(¢) in (EC.1) and because
w(¢) > —o0. A similar argument yields limy_,oc P(W(g11)(2n) > w(¢) +€) =0 when wt (¢) > —o0.

Finally, when w*(¢) = —o0, for any M € R, we have

1 < 1 B
P(Wipi1)(xN) >M):]P<N;]1(Ui >M):rN,i+N;Il(V} > M) > N)'

A similar argument can be applied to show that the right hand side converges to 0 as N — oo.
For the final part of the proof, we first show that limy_, . (1/N)7x(Zx) = 7(¢), and then we prove
that limy o (1/N)7my(xn) =7(p). For any € > 0,

N
) 1. ) 1 _ _
lim sup NWN(J:N) =limsup N Zri(l — F.(wp+1)(Tn) — )T,

N—o00 N—oc0 X
=1

N
<limsup % Zri(l —F.(w(p) —e—w;))Tn,

N —oc0 i—1

= /}R2 r(1—F.(w(¢) —e—u))p(u,r) f.(u,r)dudr.

The inequality follows from w(pi1)(Zn) = [w(¢),w"(¢)] and the fact that F.(-) is nonincreasing,
and the second equality follows from iz, = ¢u, the continuity of F.(-), and our assumption that
7 < Tmax. Laking € — 0, the dominate convergence theorem yields

lim sup %fm (@n) < /RQ (1= Fe(w() = u)d(u,r) fu(u,r)dudr = 7(9).

N—o00
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Similarly,
1
lngILloIifNWN(xN —thﬁloréf—Zn F.(wps)(Ty) — ;)TN
| X
. . + —
> hNHing N Zﬁ‘(l —F(w" (@) +e—w))Tn,

_ /R r(1— F.(wH(6) + e — w))d(u, ) fu(u, 7)dudr,

implying that
lim inf %fm(@v) > /]R2 r(1—F.(w"(¢) —u))d(u,r) fo(u,r)dudr
- /RQ r(1—F.(w(g) —u)o(u,r) f.(u,r)dudr =7 (),

where the first equality follows from (EC.4). This proves that limy_,o.(1/N)7n(ZTx) = 7(¢), and we
move on to show that limy_,.(1/N)rn(xy) = 7(¢) by showing that limsup,_, .. (1/N)mn(zN) <
7(¢) and Iiminfy_, o (1/N)mn(zy) > 7(p). We first show that limsupy_,. (1/N)ry(xn) < 7(¢).
Assume without loss of generality that w(¢) > —oo, otherwise

1 1 <
lim sup NWN(:IZN) <limsup — Zr TN = /11&2 ré(u,r) fu(u, r)dudr =7(¢)

N—o0 N—o0 1

follows trivially. Fix e > 0 and observe that for any i € [N],

P(Ui > Wi (zn))
= P(U; > Wi (xn), Wi (@) >w(@) —€) + P(Ui > Wiy (@n), Wi (@y) <w(d) —€)
< PU;>w(®) —€) + P(Wipin(zn) Sw(e) —e€),

implying that

1
lim sup —WN(:EN)—hmsup— T’IP U; > Wiin(Tn))TN,
N

N —oc0 N—o0
=1

<limsup > (s> w(6) ~ )+ B(Wiayy (o) < w(e) ~ o

N—o0

—hmsup—Zm (¢) —e—w;))xn;

— /]RQ r(1—F.(w(¢) —e—u))p(u,r) f,(u,r)dudr,

where the second-to-last equality is due to W 1) (2x) 2 [w(d), w (¢)] and the last equality follows
from pi5,, = ¢p; we used the fact that r; <rp.. in both equations. Letting € — 0 yields

lim sup %m(w) < /RQ (1= Fe(w() = u))d(u,r) fu(u,r)dudr = 7(9).

N—o0
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We now proceed to show that iminfy .. (1/N)my(xn) > 7(¢p). If wT(¢p) > —00, we have

1
liminf N?TN(mN) —hmlnf—Zr P(U; > Wipi1)(N)) TN,

N—o0
=1

N

... 1
> liminf N ZriIP(Ui >wt(p) + €)an,;

N—o0
i=1

_ /R2 r(1— F.(w* () + € — w))p(u, ) fu(u, ) dudr

Taking € — 0, and using (EC.4) we can similarly show that

N—o00

: +
lim inf NWN(:BN) /]Rz r(1—F.(w"(¢) —u))p(u,r) f.(u,r)dudr
— /}R2 r(1— F(w(®) —w)d(u,r) fo(u,r)dudr = ().

If, otherwise, wt(¢) = —oo (meaning that w(¢) = —oo as well). Then we know that for any M > 0,
limy oo P(W(pi1)(2n) > —M) = 0. Therefore

1
liminf N?TN(mN) =liminf — Zr P(U; > Wy (xn)) 2N,

N—oc0 N —oco
1=1

N
.1
> lim inf N Zri (IP(UZ» >—M)—-P(Wpin(zy) > —M)):EN,Z»

N—o0
=1

—hmmf—Zn (U;>—M)zxy

N—o00

= [ P~ P = 0)o(u,) ) duds
R2
Take M — oo, by the dominate convergence theorem we have

lim inf %WN(:EN) > | ré(u,r)fu(u,r)dudr =m(p),

N — o0 R2
where the last equality is because w(¢) = —o0.
O

EC.3. Proof of Theorem 2.

Proof of Theorem 2. We first show the equivalence of (12) and (13). Let {&y} be a sequence of

solutions and e such that (13) holds; i.e.,

1
limsup — (n (23*) — an(zn)) <e. (EC.12)
N—o00 N

We now show that (12) holds. The proof of the other direction is identical. Since (1/N)#y(x37*) —
7 by Proposition 2, it follows by (EC.12) and the fact that limsupy_, . (1/N)(—7n(zN)) =
—lim lanﬁoo(l/N)’ﬁ'N(wN) that

A S .
IINIILIOIngWN(ZDN)ZW —€.
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We prove by contradiction that liminf y_, o %TFN (xy) > 7 — €, which, by Proposition 2, is equivalent
to

1
limsup — (7 (23"*) =7y (zN)) <€
N— 00

Suppose that liminfx .. (1/N)7my(xx) < 7* — €. Then there is a subsequence { N’} C { N} such that
limy oo (1/N')my () =liminf y oo (1/N)mn (2 Ny) < 7 —€. By Lemma EC.5 and EC.6, we can find
a further subsequence {N"} C {N'} such that p, , converges weakly to ¢pu for some 0 < ¢(x) < 1.
Lemma EC.7 then yields

1 1
77(@5) = hm 7//er// (ZI)N//) 2 hm 1nf Nﬁ'N(l’N) Z 7'['* — €,

N =00 N —o0
: o] «
ﬂ(¢) :]\}I_I}go WWNH(:BNH) :hNni}oIlf NWN(ZUN) <7 —E€,

which is a contradiction, implying that liminfy_, . (1/N)my(xy) > 7" — €. Now we prove the equiv-

alence of (12) and (14). Note that by Proposition 2, (14) is equivalent to

1 1
o e b R <
T hNIIlHlOI;f NWN(:BN)) <e and 7 hzvrglo%fNWN(mN) <,

where, by Proposition 2 again, the former is equivalent to (12) and the latter is equivalent to (13).
We conclude by the fact that (12) and (13) are equivalent. [J
EC.4. Proof of Proposition 4.

Recall from Lemma EC.4 that 7* = 7*, and from (EC.1) that

ww*ﬂﬁ{wiéjl—EQWﬂDWWWHMmemw+§/

R

(1= Fiw = o)A (0)do < 51
The following auxiliary lemma is proved at the end of this section, after the proof of Proposition 4.
LeEMMA EC.10. There exists an optimal solution ¢* : R* — [0,1] to (RLOP). Namely, 7(¢*) =m*.

Proof of Proposition 4. Let ¢* : R?> — [0,1] be an optimal solution to (RLOP) given by

Lemma EC.10. We claim that any optimal solution (if it exists) to the optimization problem

sup / r(1—F.(w(¢*) —u))é(u,r) f.(u, r)dudr (EC.13)
#:R2-[0,1] R2
st [ (= Fulw(@) —u)(ur) fulur)dudr + 2 [ (1= Fe(ul@) = o) f(0)do < 5.

must be an optimal solution to (RLOP) as well. To see this, let ¢ : R? — [0, 1] be any optimal solution
to (EC.13). Since it satisfies the constraint

Agl—auww»ﬂmww¢wummmm%+f/u—fuwww—v»ﬁmesm

R
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the definition of w(p) implies that w(¢) < w(¢*). Therefore

= n(¢") < / r(1 - Fu(w(9*) — u))p(u,r) f(u, ) dudr

R2

< [, (1= Putwto) = )l lwr)dudr = n() < 7.

where the second inequality is due to the monotonicity of 1 — F.(-). Thus, ¢ is an optimal solution

to (RLOP). Next, we show by contradiction that

/RZ(l — F.(w(¢*) —u)o*(u,r) f.(u, r)dudr + 5 /(1 — Fe(w(¢*) —v)) f.(v)dv=p. (EC.14)

R
If the equality in (EC.14) does not hold, then w(¢*) = —oo (from the definition of w(¢)) and,

therefore,

[ 0= Petw(@) =)o () r)dudr + 2 [ (1= Fefw(@) = o)f(o)de

R
= [ 0w turdudr+ £ <p (EC.15)
R2
Then (EC.13) becomes
sup / r¢(u, ) fu(u,r)dudr (EC.16)
¢:R2-[0,1]  JR2

s.t. /R? d(u, ) fru(w, r)dudr + f <B,

and combining the inequality in (EC.15) with the fact that § < 1 yields [, (1 —
o*(u, 'r))fu(u, r)dudr > 0, and, therefore,

/R2 r(1—=¢*(u,r)) fu(u,r)dudr > 0. (EC.17)

_ ¢ +a

- as a function from R? to [0,1]. Then

For any a > 0 consider ¢,

/}R2 700 (U, 1) fu(w, r)dudr = (%) + )

(") + 1_?_% » r¢* (u,r) fu(u,r)dudr = (¢, (EC.18)

Ta 2rfu(u,r)dud7“

>7
1+a
where the inequality is due to (EC.17). Furthermore,

/]R2 Pa(u,r) fu(u,r)dudr + 5 =1 j_ @ Jea d(u,r) f(w, r)dudr + f + 71?—:1
B

— /R? d(u,r) fu(w, r)dudr + ; <B.

where the convergence is as « | 0. This means that there exists ay > 0 such that ¢, is feasible to
(EC.16), but achieves a higher objective value than ¢*, leading to the contradiction and concluding

that (EC.14) holds.



ecl4 e-companion to Author: Article Short Title

We now construct an optimal solution to (EC.13). Define

o =int {s'20: [ (1= Fu(w(6") - w)uuniauar + 2 (0= Fwte) o)< 6}

and A* = {(u,r) : r > rrop}. We know that rpop is well defined (although it could be infinite)

because

lim [ (1= Fa(w(6*) — w) f(u, r)dudr + f / (1 - Fe(w(*) - 0))f, (v)do

=2 0= Rw@) o)< 5

where the inequality is due to (EC.3). Since 1 4« (u,7) is a feasible solution to (EC.13), we now argue
that it is also an optimal solution by showing that it maximizes the respective objective value. Note
that if rpop = 400, then A* is an empty set, so that 1,-.(u,r) is optimal to (LOP) for any ¢ > 0.
Given any feasible solution ¢ : R* — [0, 1], note that

/}R2 r(1—F.(w(¢*) —u))p(u,r)f(u, r)dudr

< /> r(1—F.(w(¢*) —u))e(u,r) f.(u,r)dudr + T‘Lop/ (1—-F.(w(¢*) —u))p(u,r)f.(u,r)dudr

<rrLop

< / (= (@)~ ) (), ) dudr

o (ﬁ—f [ Fw@) - opfedo- [ (1= F(w(e) —U))w(u,r)fu(u,r)dudT>a
R r>r
wor (EC.19)
where the last inequality follows from the constraint in (EC.13). By (EC.14), the equality in the

definition of r;op can be achieved, i.e.,

B N B )
B— 5 /R(l — Fe(w(¢*) —v)) fu(v)dv —/T (1—F.(w(¢*) —u)) f.(u,r)dudr,

>TLOP

meaning that the right-hand side of (EC.19) equals
[ - R - w)eu ) ) dudr
T2TLOP

+rrop < /T>TLOP (1—F.(w(¢*) —u)) fu(u,r)dudr — (1—=F(w(¢*) —u))p(u,r) fu(u, r)dudr)

— [ (relur) + rion = raorp(ur))(1 = Fu(w(e") ~ ) ) dudr
< /> r(1—F.(w(¢*) —u)) fu(u,r)dudr = /A* r(1—F.(w(¢*) —w)) fu.(u,r)dudr,

where the last inequality is because when r > rrop,

ro1(u,r) +rrop —rroppr(u,r) = (r—rrop)ei(u,m) +rrop < (r—rLop) +TLOP =T
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Thus, La«(u,r) is an optimal solution to (EC.13), implying that w(A*) = 7* = 7*, where the last
equality is due to Lemma EC.4. Let y, be the policy of offering all items i € [IN] such that r; >
rrop- Recalling the definitions of ji,,, and 14« from the discussion preceding (EC.7), since A* is a
continuity set with respect to the measure induced by Fj,, Lemma EC.1 implies that i, = Lap.
Then, limy_,o.(1/N)wy(yy) = 7(A*) = 7* by Lemma EC.7. O

Proof of Lemma EC.10. Let xy be the optimal solution to (OP). It follows from Lemmas EC.5
and EC.6 that there exists a subsequence {zy/} and ¢ : R? — [0,1] such that p, , = ¢u. We now
show that ¢(x) is an optimal solution to (RLOP). Note that

/ﬂﬁ(u,’r)fu(u,r)dudr— lim *sz\m— hm —HwN/H1<77,
R

where the first equality is due to u, , = ¢p and the last equality is due to the feasibility of @y,
implying that ¢(z) is feasible to (RLOP). Furthermore,

(6)= Jim Lvlan) =7 =7

where the first equality follows from Lemma EC.7, the second equality from Proposition 2, and the

third equality from Lemma EC.4, implying the optimality of ¢(z). O

EC.5. Proof of Proposition 3.

In this section we use  and T to denote elements of {0,1}" and [0,1]", respectively. Define the set

of feasible solutions to RSP(w) by

N

Fn(w) = {xe 0,1]Y Z —ui))+i(1—F§(w—vj))§B, ingnN}. (EC.20)

Recall the extension of 7y (®), 7y (%, w) and wps1)(T) to continuous Z € [0,1]" defined in Sec-

tion EC.1.2. Also recall that the optimal objective value of RSP(w) is maximized when w = wR*F*
and define ZE°F* € [0,1]" as any vector that satisfies
(P whSP*) € argmax 7y (T, w). (EC.21)
wER
EG]"ir(w)

We need two auxiliary results. Lemma EC.11 is proved at the end of this section.

LEMMA EC.11. Under Assumptions 1-3,

1 1 _
lim 77TN(£U]I;E[SP*’ w]]\%]SP*) wRSP*) = 1*.
N—o00
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For w € R, define

(¢, w) = /R2 r(1—F.(w—u))p(u,r)fu(u,r)dudr.

This is in contrast to the objective value 7(¢) to (RLOP) that we have been using, which satisfies
m(¢) = m(p, w(¢)). The following lemma, whose proof is detailed in Section EC.7.2; is analogous to
Lemma EC.8.

LEMMA EC.12. Given a feasible solution ¢ :R* — [0,1] to (RLOP) such that w(¢) >0, and any
€ >0, there exists an F),-continuity set A € B(R?) such that 14 is an interior solution to (RLOP);

i.e.,

/ fulu,r)dudr <.
A

Furthermore,

[ 0= Futw@) = turydudr + 2 [ (1= Feguto) =) o)dv < 5

and T(1a,wt () > m(p) — €, where wt* (o) is defined by

w' () =sup {w > w(9): / r(1 = Fe(w—u))p(u,r) fu(u,r)dudr = W((b)}-
Proof of Proposition 3. Recall that

Ty € argmax iy (@, wiSF*)

ze{0,1}NnFy (wRSF*)

]I\%{SP*)

is the optimal solution to SP(w . Theorem 2 with € =0 implies that

1 1
limsup — (#n(237*) — An(xy)) =0 if and only if limsup N(WN(:UJQ,P*) —7nn(xN)) =0,

N—o00 N—00
and since both (1/N)my(x{F*) — 7% and (1/N)7y(x3F*) — 7 by Proposition 2, to prove that
(1/N)m(xy) — 7*, it suffices to show that (1/N)7y(xx)— 7. Since

1 1
0 <limsup NﬁN(a‘,‘N) <limsup Nﬁ]\[(;pip*) =7,

N—oc0 N—oc0

Proposition 3 follows trivially if 7* =0. So going forward we assume that 7* > 0.

We now show that for any subsequence {N’} C {N}, there exists another subsequence {N"} C
{N"} such that (1/N)#y(xy») — 7, which implies the result. Fix {N”} € {N'} and recall Z&°"*
defined in (EC.21). By Lemmas EC.5 and EC.6, we may choose { N} C { N’} such that Hahsps = oy
for some ¢ : R? — [0,1]. We now argue that (1/N")7&(xy~) — 7*. Going forward we write N in place
of N”.
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Since limsupy_, . (1/N)7y(zy) <7 due to Lemmas EC.2 and EC.4, we need only to show that
liminfy_ o (1/N)7n(xy) > 7*. Note that

(¢) = lim %fm(fﬁsm):w, (EC.22)

N —oc0

where the first equality follows from frgRSPs = ¢op and Lemma KEC.7, and the second from
Lemma EC.11. Furthermore, we claim that for any € > 0, there exists {y, € {0,1}"}%_, such that
y is feasible to SP(wR5F*) for large-enough N and that liminfy_, o (1/N) 7y (Y x, wR5F*) > 7(0) —e.
Given this claim, which we verify later, we now show that liminfy_,..(1/N)7y(xN) > 7.

Since x is a feasible solution to SP(w&F*), it follows that

which, when combined with the definition of w41 (2) in (2), implies that W > w1 (zN).

Therefore, for any € > 0, we have

1 1 P S x
hNIriglfNWN(:BN)—lnnmfNWN(mN,w(BH)(:BN))Zhang}JfNTrN(:cN, whSF)

1.
>11m1nf N7 AN (Yp, WY > 1(p) —e=1* —e.

The first inequality follows because 7y (xy,w) = Zil rixn:(1 — F.(w —u;)) is nonincreasing in w,

RSP*)

the second inequality is because @y is optimal to SP(w¥ RSPx)

and y, is feasible to SP(wg for
large-enough N, the third inequality is due to the claim we made, and the last equality follows from
(EC.22). Since € > 0 is arbitrary, we conclude that liminfy_,. +7n(2x) > 7"

We now prove our claim that for any e > 0, there exists {yy € {0,1}V}3_, such that y, is
feasible to SP(w&F*) for large-enough N and liminfy o (1/N)7y(yy, w5F*) > 7n(4) — €. By

Lemma EC.12, we can find an F),-continuity set A € B(R?) such that

[ 0= Fw(®) =) futurdudr+ 2 [ (1= Fetw(o) o) o o)do < 5 (EC.23)
/ fu(u,r)dudr <n, (EC.24)
T(1a,w (@) >7(p) —e=7" —F¢, (EC.25)

where the last equality follows from (EC.22). Defining

Yn = (]]-A(ularl)v"'7:H-A(UN7TN))>

we first show that y, is feasible to SP(wi**) for large-enough N. Since ZTh"* € Fn (wiF*), we

have
N
1—

2

i=1

(wffsp* _ Uz xﬁslp* + Z 1 o RSP* o vj)) <B.
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It follows that

h]\r]n inf wiSF* > hm 1nf wpn (T TF) > w(e),
— 00

where the first inequality is due to the definition of wp41)(Z) in (EC.5), and the second follows
from Lemma EC.7 and the fact that pizrse. = dp. As a result, for any 6 >0, wiST* > w(¢p) — 4§ for
large-enough N. With the monotonicity of F.(-) and F¢(-), we see that for any ¢ >0,

N No

. 1 . 1 . B
limsup [NZ(l F.(wi —u;))yni + NZ 1— Fe(whs? _vj))_N]

N —o00 i—1

<t [ 300 P00 - 5w+ Zl—fz wio)~5-0) - 2],

N—o0

where yy; is the ith element of y,. Since A is a F),-continuity set, Lemma EC.1 yields p,, = 1ap.
Together with vy, = v by (EC.6), the right-hand side equals

g
[ = Fw(@) =5 = u)futwrydudr + 2 [ (1= Fi(w() =5 - o) fufo)do -5,
A R
Taking § — 0, the dominated convergence theorem implies that

1 & B
limsup | — (1—F.(wy RSPx_y, yNz+ (1-F; RSP*—Uj))——
< / (1—Fa(w(¢)—U))fu(u,T)duerr5 / (1~ Fe(w(6) — ) f,(v)do— B < 0,

where the strict inequality follows from (EC.23). Similarly, by (EC.24) and the fact that p,, = Lau,
we have

N
1
lim sup [N Z YN — 77} = / fu(u,r)dudr —n <0. (EC.27)
i=1 A

N—00

Combining (EC.26) and (EC.27) implies that y  is feasible to SP(w&F*) for large-enough N. Finally,
we show that liminfy_,o (1/N)fn(yy, wkF*) > 7% —e. By (EC.25), it is sufficient to show that

1
hmmfN N Yn, W) > (14, wT T (9)).

N—o0
We first prove that limsup_, . wR5F* <w**(¢) by contradiction. Assume the opposite is true. Then
there exists a subsequence {N'} C {N} such that wi?* > w(¢) +§ for some fixed § > 0 and any
N. Since m(¢) =7* from (EC.22), then

1
7T(¢) =7"= lim N WN’(xﬁ?SP* w]}igﬁs‘p*)

N—o0
1 N’
T RSPx RSP«
_1\}1—1& N E I:Ti(l — FL(wnr™" —wi) )Ty
<limsu E ri(1—F, +6—u)) Tt
NHOOPN (¢) )) N
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where the second equality is due to Lemma EC.11. Since pzrsps = ¢p and r < ry,y, the right-hand
Nl

side equals

[, 0= P () 6 =)o) r)udr < 7(0)

where the strict inequality is due to the definition of w™*(¢) in Lemma EC.12. Thus we have reached
a contradiction. Now since limsupy_, . wi*F* < w™(¢), we know that for any 6 > 0, wi™* <

wtt(¢p) + 4§ for large-enough N. Therefore

N
N I RSPxy _ pin oo 1 RSPx
hNnLloriwaN(yN,wN )—1gvlglongZ;Ti(1_Fs<wN —Ui))Yn,q
L&
. ++
ZhNHLlo%fNZri(l_Fe(w (@) +6—w))yn,

i=1

—/Ar(l —F.(w*t(¢) + 6 —u)) fu(u,r)dudr.

where the last equality is due to ji,,, = 14, and 7 < 7y, Taking § — 0 and applying the dominated
convergence theorem (which we can apply because 7 < 7.y ), the limit of the right-hand side equals
m(1a,wtt(¢)). O

Proof of Lemma EC.11. Recall that 37 is the optimal solution to (SP). By the definition of

(P> wlSP*) in (EC.21), we have

~ — RS Px RSP*) Z

o (T wh max (@, w) =H@S s (@3) = (e

weR
mG{O,l}NﬂfN(w)

Furthermore, recalling the definition of w(z,1)(Z) in (9), it follows from T € Fy (wk57*) that

wpin (T T*) <wlP*. Since #(Z,w) is nonincreasing in w, we have

ﬁN(jJ%SP*’wﬁSP*) <in (E§SP*7M(B+1)(EﬁSP*)) _ 7ATN(ERSP*),

implying that

Since fy(237*) — 7* by Proposition 2, it suffices to prove that limsupy_,., +7n(Tx *) < 7. By
Lemmas EC.5 and EC.6, any subsequence { N’} C {N} has a further subsequence { N} C {N'} such
that pzrsp. = ¢u for some ¢ : R? — [0, 1], and therefore

N//

N
o1 —RSPx
= — R
/11@2 o(u, ) fu(u,r)dudr ]\}lm N E_l Ty, <,

meaning that ¢ is feasible to (RLOP), where the inequality is because Z°"* € Fy (wiSP*). It then

follows from Lemma EC.7 that limy_,(1/N") &y (Z0"*) =m(¢) < 7. O
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EC.6. Proof of Proposition 5.

We require an auxiliary lemmas, which is proved at the end of this section after we prove Proposition 5.

LEmMmA EC.13. Consider the relaxed knapsack-type problem

where p;,q; >0 for i =1,2,....N. Then there exists an optimal solution x* such that ’{z €[N]:0<

xr <1} <2.

Proof of Proposition 5 Throughout the proof we omit the subscript IV for convenience. We first

prove (18). Note that

0< 7_‘_(wOP*) . 71_(335'P*)

(EC.28)
— W(wOP*) _ ﬁ_(xOP*) +7Ar(wOP*) —’fr(xSP*) —I—ﬁ'(:USP*) —W(xSP*),

OP* OP*) SP*)

where the inequality follows from the optimality of x“"*. The second difference, 7 (x —7(x

’

~ SPx

is nonpositive by the optimality of £”" ~. The result then follows once we show that

7(x) — A (2)] < Tmax VB,

for any assortment @. Recall that W(x) = {U;:2; =1,i € [N]}U{V;:j € [No])}, let S(x)={i e
[N]:z; =1}, and define the random quantities

Plx)={i€S@)U{N+1,.,N+No}: Wi>Wpy(®)} and I(x)=> ril{icP(z)},

i=1

Plx)={ieS@)U{N+1,..N+No}:Wi>wp.y(x)} and T(x)= Zm{z‘ e P(x)}.

It follows from (OP) and (SP) that m(x) = E(II(z)) and #(x) = E(I(x)), so to bound 7 (z) — #(x),

we analyze II(x) —II(x). Letting AAB = (A\B) U (B\A) be the symmetric difference of two sets A
and B, it follows that

T(z) — [(x)| = Zri]l{i € P(z)AP(2)} <rmax - |P(x)AP(z)|, (EC.29)

where || denotes both the absolute value and cardinality of a set. Note that by definition, since P(x)
contains all the 4 such that W; > W z,1)(x), and P(x) contains all the i such that W; > wp1)(x),
we must have P(z) D P(x) if wipy1)(®) > Wipy1 (), or P(z) C P(x) otherwise. Therefore

|P(@)AP(x)| = [|P(x)| — [P ()]
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Note that |P(x)| = min(B, ||z||1 + Ny), because Wp1)(x) is the (B+1)st order statistic. In addition,

we have

Pla)| = Wi >we @)}z + Y H{Win > wipa) (@)},

i=1 j=1

and by the definition of w(gi1)(x) in (2),

N No
EP(@)| =3 P(W: > wipn (@) + 3 P(Wyiy > wpn (@) = min(B, 2] + N).
i=1 j=1

Combined with (EC.29) this yields

(@) — #(@)| =E(II(2) - [1(2)) < ruuE|[P(@)| - [P@)]| = ruwE||P(2)| - E[P(@)]|.  (EC30)

Since E|X —EX| < /E[X —EX|2 = /Var(X), it follows that the right-hand side is bounded by

N Ny
P \/ Var(|P(a)]) =rmax - | > Var(I{Wi > w1y (@) i+ Var(I{W i n > wip 1) (2)})
i=1 j=1
N No
<P 4| D PWi > wipin (@) + > P(Wiiy > win (@)
i=1 j=1

=rmax - vV/min(B, |[x][1 + No) < rmax - VB.

where the last inequality is because Var(1(A)) =P(A)(1 —P(A)) <P(A) for any measurable set A,
and the last equality is from the definition of w(pi1)(x) in (2).

Having proved (18), we now prove (19). Recall that wfsF* is the threshold that maximizes RSP (w);
see the discussion around (RSP). By Lemma EC.13, we can find

yc argmax #(®,w ). (EC.31)
zTEF (wRSPx)

such that |i € [N]:0 <7y, < 1] <2, where F(-) is defined in (EC.20). Define z € {0,1}" by z; :=

|7,], i € [IN]. Since (RSP) is a relaxation of (SP) and ¥ is an optimal solution to the fixed-threshold

RSPx RSP~ )

relaxation at w , we have 7t(x°F*) < (g, w . Moreover, since z € F(w®7*), the optimality

of :L,RSP*

in the binary fixed-threshold problem implies 7 (z, w?57*) < & (2R5F* wR5P*). Finally, since
x5 e F(whP*), we have w1y (@7*) <wf5P* and hence, by the monotonicity of 7 (x,w) in
w, 7 (2B wRSP*) < 7 (2R5P*). Therefore, since £?5F* is feasible for (SP), z <%, and ||z —y||; < 2,

we obtain

0 < fr(mSP*) _ ﬁ'(mRSP*) < ,ﬁ_(y’ wRSP*) _ 'ﬁ'(mRSP*?wRSP*) < ﬁ'(ﬂ,wRSP*) _ ﬁ'(Z,U}RSP*) < 2Tmax~
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Proceeding as in (EC.28), we have

0< W(:BOP*) _ ﬂ(wRSP*) — ﬂ_(wOP*) _ ﬁ,(wOP*) +7¢‘_(wOP*) o ﬁ-(a;RSP*) —i—fr(a:RSP*) _ 7_‘_(',BRSP*)

< 27"1rnax\/§ + ,;I_(‘,BOP*) — fr(:l:RSP*)

= QTIIIaX\/E+ﬁ($OP*) — 7 (257*) + 7 (27%) — 7 () < 2 maxV B + 27 max.-

O

To conclude the section, we now prove Lemma EC.13.

Proof of Lemma EC.13. Let P={xz €[0,1]": Zil gix; < b, ZZ\; x; < s}. Since the objective
function Zfil p;x; is linear, the fundamental theorem of linear programming ensures the existence of
an optimal solution x* at some vertex of P. Furthermore, there are precisely N linearly independent
constraints active at x*; see, for instance, Theorem 3.4 of Vanderbei (2015). In our case, P is defined
by 2N +2 inequalities: 0 < z; <1fori=1,..., N, vazl q;x; < b, and Zil z; < 5. At a vertex, exactly
N of these must be tight and independent. We conclude that at least N — 2 of the coordinates of x
are binary, since at most two of the IV binding constraints are due to Zf\il ¢;r; =b and Zf\il T;=S§.

O

EC.7. Proofs of the Auxiliary Lemmas.
EC.7.1. Proof of Lemma EC.1.

We require an auxiliary lemma that can be proved using the Portmanteau theorem (Theorem 2.1 in

Billingsley (2013)) by working with the normalized measures \,,/\,,(S); we omit the detailed proof.

LEMMA EC.14 (Portmanteau Theorem for Nonnegative Measures). Let {\,}2°,, X be
finite nonnegative Borel measures on a metric space S. Then \, = X if and only if lim,,_, . \,(A4) =

A(A) for any \-continuity set A.

Given Lemma EC.14, we are now ready to prove Lemma EC.1.
Proof of Lemma EC.1. Fix a A-continuity set A. If A(A) =0, then for any bounded and contin-

uous function ¢ :R? — R,

’/w p(z)d(Lar,) () <o An(A)] = A(A) =0 as n— oo,

:] [ s@in)

where the convergence holds due to Lemma EC.14, implying that 14\, = 14A. Now suppose that
A(A) >0, implying the existence of some N such that A, (A) >0 for all n > N. Assuming n > N, we

define the probability measures

M(B)zA"A(f(Z)B ) and N(B)=

AMANB)

“A) B e B(S).
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It suffices to prove that A, = X, because then, for any bounded and continuous function ¢ : S — R,

L e@dan)@ =74) [ e@in@ =2 [ e@dre) = [ @),

Let U C B(S) denote the collection of all A-continuity sets. Since d(AN B) C 0AU 9B, it follows
that (AN B) €U for any B €U, which further implies that lim,, o, A, (B) = X\(B) for all BeU. It
is straightforward to show that U is a convergence-determining class by showing that it satisfies the

conditions of Corollary 1 to Theorem 2.2 of Billingsley (2013), implying A, = X. [

EC.7.2. Proof of Lemmas EC.8 and EC.12.

We first state and prove two auxiliary lemmas.

LEmMMA EC.15. Let {f;: R? - R}, be integrable and measurable functions and let ¢: R* — [0,1].

Then for any € > 0, there exists a finite collection of disjoint open rectangles in R? such that their

z)dz — /A fi(x)dz| < e

Proof of Lemma EC.15. We first note that Theorem 2.4 in Chapter 2 of Stein and Shakarchi

union A satisfies

i=1,2,...d

(2009) says that for any e > 0, there exist step functions g;(x), ..., ga(x) such that

/ @) — gs(@)|dz < /2, i=1,2,....d,

where we recall that a function g(z) is a step function if g(z) = Y77, w1{z € (a,bW)} for some
n >0 and rectangles {(a),b9)) C R?}"_,. We now construct a set A C R? such that

[ a@s@ac= [ atas =10

z)dr — /A filz)da
K/ flayola)da— [ gi<w>¢<x>dx> - ( [ s | Qi(m)dx>‘

<2/ |fi(x x)|dzr <e.

which implies that

To construct such a set A, we note that although each g;(z) can be represented by n; rectangles,
by decomposing rectangles into unions of smaller rectangles, we can find a common value n and
weights {ng)}?zl such that g;(z) =", w1{z € (a¥),b9))} for all z € R? except on a set of

Lebesgue-measure zero. Defining

1 ) .
A=(a?, e + ——— / x dm) X (b(J),b(J)>
< 1 2 b(2]) . bgj) (a(j),b(j)) ¢( ) 1 2
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and setting A =UJ_; A;, we conclude that for any i =1,...,d,

/L a@)o(e)ia =3 uf? /( Ha)do=3ul? / o= [ a@a.

RORO

O

For the next lemma, we recall that u is the measure on R? that has CDF F,,, and that given a
measurable function ¢ : R? — [0,1], the measure ¢pu is defined in (EC.7). Finally, we recall w(¢) and
wt(¢) defined in (EC.1) and (EC.2).

LEMMA EC.16. If {¢, : R? —[0,1]}52, is such that ¢npu=> dp, then lim, o m(¢,) =7(p) and

w(¢) <liminf w(¢,) <limsupw™(¢,) <wt (o). (EC.32)

n—o0 n—00

Furthermore, if ¢, (x) = ¢(x) p-a.s., then ¢, = du.
Proof of Lemma EC.16. Assuming for now that the inequalities in display (EC.32) holds, we
observe that for any € > 0,

limsup 7(¢,,) =limsup /R2 r(1— F.(w(g,) —u)) o, (u,r) fu(u,r)dudr

n—oo n—oo

<limsup /R2 r(1—F.(w(¢) —e—u))p,(u,r) f.(u,r)dudr

n—oo

:/IR{Q r(1— F.(w(¢) — € —u))d(u,r) f,(u, r)dudr

where the first inequality follows from the monotonicity of F.(-) and the last equality follows from

Onpt = ¢p and the fact that r < ry., by Assumption 3. Similarly,

liminf 7 (¢, ) =liminf /R2 r(1— F.(w(on) — ), (u,r) f.(u,r)dudr

n—oQ n—oo

Zliminf/ r(1—F.(w (@) + € —u))dn(u,r) fu(u,r)dudr

n—0o0

_/R2 r(1— F.(w*(¢) + e —u))d(u,r) fo(u, ) dudr

Since € is arbitrary, we conclude that

limsup 7(¢,) < /R? r(1—F.(w(g) —u))o(u,r) f.(u,r)dudr = ().

n—oo

and by (EC.4),

liminf 7 (¢,) > /R (1= B (6) ~ ) (u,r) (s r)duds

n—00

= [ 7= Fw(®) - w)olu.n) . r)dudr =(6),
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implying that lim,, . 7(¢,) = 7(¢). We now prove (EC.32) by contradiction. We first show w(¢) <
liminf, . w(,). If w(¢) = —o0o then this holds trivially, so we assume that w(¢) > —oo. First we

note from (EC.3) that

OZ/RZ(I—FE(M(Q%)—u))qﬁn(u,r)fu(u,r)dudr—i—f/R(I—Fg(fw(gbn)—v))fy(v)dv_@ (EC.33)
— — wT —u U.T w. mdudr é _ wt — V)dv —
0_/]1@(1 Fo(w™(én) = u)dn(u, r) fu(u,r)dud +7/R(1 Fe(w*(¢,) —v)) f, (v)dv — 8. (EC.34)

Suppose that liminf, . w(¢,) <w(¢). Then there exists e > 0 such that w(¢,) < w(¢)— € for large-
enough n. Taking n — oo on both sides of (EC.33) and using ¢, = ¢u leads to the contradiction

0>lim [ (1—F.(w(p)—e—u))p,(u,r)fu(u,r)dudr+ i /(1 — Fe(w(p) —e—wv))f,(v)dv— 0

n—oo R2 R

:/Rz(l — F.(w(¢) —e—u))p(u,r) f,(u,r)dudr + j /R(l — Fe(w(¢) —e—w)) f.(v)dv— >0,

where the final strict inequality follows from (EC.3).

Similarly, we show that limsup,,_,.. wt(¢,) <w'(¢). Consider first the case that w*(¢) > —oo. If
limsup,,_,  w(¢n) > wt(¢), then w(¢,) > wt(¢)+ € for some € > 0 and large-enough n. It follows
from (EC.34), from (EC.3) and the convergence ¢, = ¢u that

0 < lim (1—Fs(w+(gb)—I—e—u))qbn/(u,r)f#(u,r)duderf/R(l—Fg(w+(¢)+e—v))f,,(v)dv—ﬂ

n—oo R2

:/R2(1—FE(er(ng)+e—u))¢(u,r)fﬂ(u,r)dudr+5/R(l—Ff(w+(¢)+e—v))f,,(v)dv—ﬁ<0,

which is a contradiction. Now we consider the case w(¢) = —oo. Suppose that there exists M >0
and a subsequence n’ such that limsup,,_, w*(¢,/) > —M. We have, from (EC.34), (EC.3) and the
convergence ¢, i = ¢u, that

0<lim [ (1—F.(—M —u))pn(u,r)f.(u,r)dudr+ f /(1 — Fe(—M —v))f,(v)dv—j

n—oo R2 R

_ /R2(1 — P (=M — ), 7) fo (s ) dudr + f /(1 — F(—M — o)) f, (v)dv — B <0,

R

which is a contradiction. Finally, we show that ¢, (x) — ¢(x) p-a.s. implies ¢, = ¢u. Indeed, for
any bounded and continuous function i : R? — R, the dominated convergence theorem together with
|h(w, 7)o (u, )| < |h(u,r)| implies

lim h(u, 7))y, (u, ) f,(u,r)dudr —/ h(u,r)p(u,r) f,(u,r)dudr.

n—oo R2 R2
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Proof of Lemma EC.8.  Assume without loss of generality that [, ¢(u,r)f,(u,r)dudr > 0,
because otherwise A = @ satisfies all the conditions with e = 0. We first consider the case when
w(¢) > —oo. Fix a feasible solution ¢ : R* — [0,1] and € > 0. We make two claims. First, there
exists an interior solution ¢(z) € [0,1] such that |7(p) — m(¢)| < €/2 and w(¢p) — €/2 < w(p) <
wt(p) <wt(¢)+ €/2. Second, there exists a measurable F),-continuity set A such that 14(x) is an
interior solution, that |w(p) —7(A)| < €/2, and that w(p) —e/2 <w(A) <w'(A) <w'(p) +€/2.
The two claims imply Lemma EC.8 because |7(¢) — w(A)| < |7(¢) — 7w(p)| + |7(p) — 7(A)| < € and
w(p) —e<w(p) — 5 <w(A) Swt(A) Sw' (@) + 5 <wt(¢) + €. We now prove both claims. Note
that ag(x) is an interior solution for any constant v € (0,1) because « [, ¢(x)p(dz) < an < 7. Since
ad(x) — ¢(x) point-wise as a — 1, Lemma EC.16 implies that there exists some a, close to one such
that a.¢(z) satisfies the first claim. Fixing ¢(z) = a.¢(x), we now prove the second claim. First, we

note by (EC.4) that
w(e) = [ | r(1= Pow(e) =)o), (wor)dudr

= /]1@2 r(1—F.(wt(p) —u))p(u,r) f.(u,)dudr.

Since 7 < Ty, it follows by the dominated convergence theorem that there exists a small-enough

d >0 such that 0 <4 <¢/2 and

(p) — i < /RQ r(1—E.(w ()46 —u))p(u,r) f(u,r)dudr

< /]Rz r(1— Fo(w(y) — 8 — u))p(u, ) f (u, r)dudr < 7(p) + i (EC.35)
where the second inequality is due to (EC.3). We fix this § and observe that by (EC.3),
[ 0= Petw )+ - )l fylundudr+ 2 [ (1= Fw () + 50 o 0)do < 5
[ 0= Pewle) =5 =)ot ) fu(r)dudr + 2 [ (1= Feluw(o) =6 = o) fy(0)do > 5. (EC.36)
Fix e; =0 — [0 @(u,7) fu(u,r)dudr and note that €; > 0 because ¢(x) is an interior solution.

Lemma EC.15 implies that there exists a set A, composed of finite unions of open rectangles, such

that

/fu(u,r)dudr—/ o(u,r) f(u,r)dudr

Since F},(u,r) has a density and A is a union of open rectangles, then A must be an F),-continuity

set. Furthermore, (EC.37) implies that

/ fu(u,r)dudr < / o(u,r) fu(u,r)dudr 4+ €, <n,
A R2
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meaning that 14(z) is an interior solution. We now show that A can be modified to keep its previous
properties while also satisfying w(¢) — 0 < w(A) <wt(A) <w'(¢) + 4. Namely, we redefine A by
applying Lemma EC.15 to find an F,,—continuity set satisfying (EC.37) as well as

/A(l—FE(er(go)+5—u))f“(u7r)dudr—/ (1—Fe(w+(<p)+5—u))g0(u,r)fu(u7r)dudr' < €,

“ (EC.38)
/A(l — F.(w(p) —d —u)) fu.(u,r)dudr — /RQ(l —F.(w(p)—9d— u))np(u,r)fu(u,r)dudr‘ < €3,

(EC.39)
/Ar(l — F.(w" () + 6 —u)) fu.(u,r)dudr — /R2 r(1—F.(w*(p)+6—u))p(u,r)f(u,r)dudr| < e/4,
(EC.40)

/Ar(l — F.(w(p) =6 —uw)) f.(u,r)dudr — /2 r(1—F.(w(p)—3d— u))gp(u,r)fu(u,r)dudr' <e€/4,
: (EC.41)

where we define
== [ (1= Fulw (0)+ = u))plur) fu(wr)dudr == [ (1= Felw (0) +6 = o) (0)do

63—/RQ( —F(w(p) —d—u))p (u,r)fu(u,r)dudr—i—5/R(l—Fg(w(gp)_5_U))fu(v)dv_5’

and observe that both e; >0 and €3 > 0 by (EC.36). As a consequence,

/A(1 — Faw* (@) +8 — ) fu(ow, ) dudr + f /Ru — Fe(w* () +6 - v)) f, (v)dv
< [ A= Fw () + 5= w)plun)fyusrdudr+ 2 [ (1= Fi(w (9)+ 3= o) fu(o)dv-+ca= 5

and

[ 0= Ftwt) == unsuryduar +2 [ (= Ftw(e) =5 - o) (oo
> /RZ(I — F.(w(p) — 6 —u))p(u,r) f.(u,r)dudr + f /R(l — Fe(w(p) —d—v))f,(v)dv —e3 = .

It follows from the characterization of w(¢) and w*(¢) in (EC.3), and the monotonicity of F. and
F¢ that w(p) — 6 <w(A) <w'(A) <w'(p)+ 9. Finally,

7T(A):/AT(l—FE(w(A)—u))fu(u,r)dudr:/Ar(l—FE(er(A)—u))fu(u,r)dudr
> / r(1 = Fu(w" (9) 46 — ) fy(u,r)dudr

> /R2 r(1—F.(wh(p) + 86 —u)o(u,r)f.(u,r)dudr — i > 7(p) — ;
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where the second equality is due to (EC.4), the first inequality is by monotonicity of F.(-), the second
inequality is due to (EC.40), and the final inequality is due to (EC.35). Similarly,

m(A) Z/AT(l — F.(w(A) —u)) fu(u,r)dudr < /Ar(l — Fo(w(p) — 6 —u)) fu(u, r)dudr
< /}R2 r(1—F.(w(e) =0 —u))p(u,r) f(u,r)dudr + i < () + ;

and we conclude that |m(p) —7(A)| <e€/2.
We now consider the case when w(¢) = —oo. As before, we can find ¢ = ¢ for some 0 < a, <1

such that

[m(¢) =7 (p)| <e/2
B B
/R2 gp(u,r)fu(u,r)dudr—i—V/Rf,,(v)dv</RQ gzﬁ(u,r)fu(u,r)dudr—i—V/Rfy(’u)dvgﬁ

/ o(u,r) fu(u,r)dudr = o / o(u,r) fu(u,r)dudr < an <n,
R2

R2

and, as before, we apply Lemma EC.15 to find a F),-continuity set A such that

|m(p) —7m(A)| <e/2, /Afﬂ(u,r)dudr + i/Rfy(v)dv <, /Af“(u’ r)dudr <.

In turn, these six inequalities imply that |7(¢) — w(A)| < |7 (@) — ()| + |7 () — 7(A)] <€, that
w(A) =wT(A) = —o0, and that A is an interior solution. Note that since w(¢) = —oo, it must be
true that w(¢) —e <w(A) <wt(A) <w'(¢)+ €, which concludes the proof. O

Proof of Lemma EC.12. We first consider the case w(¢) = —oo. In this case,

/ QZS(’LL,T)fH(U,T‘) dudr + é <pB.
R2 Y

Moreover, since 7(¢) > 0, we have [, ¢(u,r) f,.(u, ) dudr > 0. Choose « € (0,1) sufficiently close to
one such that am(¢) > 7(¢) — € and o [, ¢(u,7) fL(u,r) dudr + g < 8. By the same continuity-set

approximation argument used in Lemma EC.8, there exists an F),-continuity set A € B(R?) such that

/fﬂ(u,r)dudr+ﬁ<5 and /rfu(u,r)duerW(@—e.

A v A

It follows immediately that 14 is an interior feasible solution to (RLOP). Since w(¢) = —oo, we also
have 1 — F.(w(¢) —u) =1 and 1 — F¢(w(¢) —v) = 1. Therefore,

B _ B
/A(l—FE(w(qZ))—u))f#(u,r)dudrjt7/R(l—Fg(w(qb)—v))f,,(v)dv—/Af#(u,r)dudr—l—7 <5

Finally, under the standing assumption that F. is strictly increasing on R, the equality

ng r(1—F.(w—u))o(u,r)f.(u,r)dudr =m(¢) can hold only at w = —oo. Hence wt*(¢) = —oo,
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and m(La, wtt(¢)) =m(1a, —00) = [, 7 fu(u,r) dudr > m(¢p)—e. This proves the lemma when w(¢) =
—00.
It remains to consider the case w(¢) > —oo. Since ¢(z) is a feasible solution to (RLOP), it follows
that [, ag(u,r)f,(u,r)dudr <n for any o € (0,1), and also that
p
B= [ (1= Fu(wl(®) = w)olu ), (urdudr + 2 [ (1= Felw(@) o) fofo)do
R R

p
> /R2(1 — F.(w(¢) —u))ap(u,r) f,(u, r)dudr + ; /(1 — Fe(w(¢) —v)) fo(v)dv,

R

where the equality is due to (EC.1) and the inequality follows from the assumption that

7(6) = [ r(l = Fw(®) ~u)é(u, ), (u,r)dudr > 0.
R
Furthermore, we can choose a. close enough to one such that m(a.¢,w**(¢)) > m(¢) — 5, because

lim (g, w™(¢))=lim [ r(1—F.(w(¢) —u))ag(u,r)f.(u,r)dudr

- /}R2 r(l1—F.(w"(¢) —u))p(u,r) f.(u,r)dudr = 7(p),

where the last equality follows from the definition of w**(¢). Fixing ¢(z) = a.¢(z), we now prove
the existence of a set A satisfying the conditions of Lemma EC.12. By Lemma EC.15, there is a set
A composed of a union of finitely many open rectangles (meaning that A is an F),-continuity set),

such that

[ utwrytudr = [ o)y dudr
A R2

<€y

< €9

/A (1= Fo(w(6) — ) f(u,r)dudr — / (1= Fo(w(6) — w)p(t, 1) fu(ut,r)dudr

R2

<6
5

/A r(1 = Fu(w'™ (6) — u) f, (u, r)dudr — / r(1— Fu(w*™ (6) — u))p(u, ) fu(u, ) dudr

R2

€6 =n— /]Rz o(u,r) fu(u,r)dudr >0
=0~ [ (1= F.w(®) - o), turdudr =2 (1= Fiw(o) - o) 0)do >0,
It follows that

/ Ju(u,r)dudr < / o(u,r) f(u,r)dudr + €, =n
A R2

and that
[ (= Fw(@) = )t rdudr+ 2 [ (1= Fetw(@) o) foto)io
< [0 Fulw@) =)ot ) ) dudr +2 [ (1= Fetwlo) =0 o)+ = 5,
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and, by noting that [, (1 — F.(w™(¢) —u)) f.(u,r)dudr = w(1a,wt*(¢)), we arrive at
m(La,w™(¢)) Z7(p,w () — 5 = 7(e) — €.
U

EC.8. MILP Formulations of the Surrogate Problem

Recall that (SP’) is defined by

N
wER,Hmlgﬁ),l}N n(x,w)= ;xm(l — F.(w—u;))
N No
s.t. sz(l —F(w—uw))+ Z (1 - Fe(w—v;)) <B,
i=1 j=1
|||y <nN.

In this section we consider two special cases for F.(-) and F¢(-) where this optimization problem
can be written as a MILP. We first specify the finite interval over which the threshold variable w
is optimized in the MILP formulations. Let i, = min;e;y)u;. In the nontrivial case B < N + Ny,

define

wH—lnf{wER Z 1—F.(w— uJ)—FZ(l—Fg(w—vj))gB}.

i=1 j=1

By monotonicity, wy is an upper bound on the optimal threshold. For the lower bound, if B < Ny,
define

szsup{wE]R 1— F(w — Upin +Z 1— Fe(w A))zB}.

In this case, wy, is a valid lower bound on the optimal threshold. If B > Ny, such a finite lower bound
need not exist. In this case, for a prescribed absolute tolerance € > 0, choose any finite wy such
that Z F.(wp, —u;) <e Such a wy exists because F.(wy —u;) — 0 as wy, — —oo for every i.
Optlmlzlng over w € [wr,wy| then gives an €y,-optimal solution to (SP’). Indeed, if the unrestricted
optimal threshold for some assortment lies below wy,, replacing it by w; decreases the objective by

at most

N N
ZmiriFE(wL— Z ’lUL— SG.
i=1 i=1

Therefore, in the MILP formulations below, we impose the explicit bound wy < w < wy.
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EC.8.1. Uniform Distribution

Assume that F.(-) and F¢(-) follow the uniform distribution over [—d, d], namely,
1
F.(t)=F(t)= 2d(t+d) (—d<t<d)+1(t>d), teR.
With @, w,u;, and v; being as in (SP’), we define the binary variables y, = T(w—u; < —d), y; =
I(—d <w—wu; <d), and §; = L(w — w; > d) for i =1,..., N, and similarly z;, = 1(w — v; < —d),
zj=1(—d<w—wv; <d), and z; = 1(w —v; >d) for j=1,...,Ny. We further define ¢; = z; - yi,
4=y, and s;, =w-q; fori=1,...,N, as well as t; =w - z; for j =1,..., Ny. resulting in the

MILP formulation

N -
Ti(d—i-ui) r; :|
max ———¢; — —S; T T1iq.
we[wL,wH],ze{O,l}NO ; L 2d 2d =
©,y,9,y,4.9€{0,1}"
ser™ terNo
N - No
d+’UﬂL' 1 d+Uj 1
. = —si+q. ot < B,
i 2; 24 17 94° +qz}+;[ 2d 9 TE|S
N
>_wi<nN,
=1
gzgl_’_w @Zﬁl—i-w u;— 7yz§]-+d w-‘ruz’ Zgl+mayl+yl+y2:17
Z<1+M Ejﬁl—i-w vj— Z<1+d w+1) <1+d+w v; Zj—f-Zj‘i‘Ej:l,

GSTi <Y 2T +y—1, ¢ <wi, ¢, <Y, gizarﬂryi—l,i:l’---,N,
—MZJSt]SMZJ,’LU—M(l—ZJ)StJSU}—|—M(1—ZJ),]:1,,NO

for any constant M satisfying M > d+ max{|w|, jwy|} + maxi<;<y |u;| +max; <<, |-

EC.8.2. Negative Exponential Distribution

Assume that F.(-) and F¢(-) follow the negative exponential distribution with rate A. Namely,
F.(t)=F(1t)=1-(1-e"1(t<0), teR.

With @, w, u;, and v; being as in (SP’), we define the variable p = e** > 0, the constants @; = e i =
1,2,..,N, and v; = e™i,j =1,2,..., Ny, as well as the variables y; = 1(w < u;) = 1(p < u;),1 =
1,2,..,N,and z; = 1(w <w;) =1(p < 9;),j =1,2, ..., No. We further define the variables ¢; = z; - y;
and s;=p-q; fori=1,2,...,N,and t; =p-z; for j=1,2,..., Ny. we arrive at the MILP formulation

max Zr q; — Z —S;

pelML AH] ze{0,1}M0 £ = W
x,y,qe{0,1} Y
seRN terNo
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N 4 No t. N

st Y (q—Z) +> (zj—ﬁi> <B, Y ;<1\,
— J

1

i=1 Jj=1 i=1

yzg +(a1_p)/M7 yzZ(az_p)/Ma ’L:1,,N,
Z]§1+(1_)]_p)/M7 ZJZ(’D]_p)/M7 .7:177N07
¢ <z, ¢; <y, q¢>x;,+y;—1, i1=1,...,N,

—Mg;<s;<Mgqgi;, p—M(1—¢q)<s;<p+M(1-gq), i=1,...,N,
—Mz;<t; <Mz;, p—M(1—z)<t;<p+M(1l—-z2;), j=1,...,Np.
for any constant M satisfying M > e*H + max;<;<y M + max;<j<n, 7.
EC.9. Proof of Proposition 6.

The following technical lemma is needed. It is proved at the end of this section.

LEMMA EC.17. Assume that (X,Y) N/\/< [8] , Ll) ﬂ ) follows a 2-dimensional normal distribu-

tion. Then for any a,b € R,
’C’ov(ﬂ{X <a}l, I{Y < b})‘ < @

Proof of Proposition 6. Proceeding as in (EC.28) in the proof of Proposition 5, it is sufficient to
show that

1<i<j<N+No

N 1
\m(w)—m(wns?«m\/BU S ol (EC.42)

for any assortment x € {0,1}". To show (EC.42), by following the same procedure of the proof of
Proposition 5, we can show that |7y () — 7ix(2)] < Fmax - \/ Var([P(x)|). where we recall that P(x)

is defined by
Plx)={ieS@)U{N+1,...N+No}: W >wpn(x)},

and we have

[P(x)| = Z {W; > wip ) ()} + Z L{Wjin > wipin (@)}

Note that the random components are not independent in this case. We then have

Var (\ﬁ(az)]) = ZVar (L{W; > w(pi1)(x)}) = + ZVar (L{Wjsn > wipsn(2)})
+2 > Cov(L{Wi>wpen (@)}, L{W, > wipi(@)})

1<i<j<N+Np

‘1{i>Nora;=1}1{j >N or z; =1}

<B+2 > [Cov (I{W; > wipin (@)}, {W; > wpi(x)})].

1<i<j<N+No
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Note that
L{W: > wp i) (@)} = _
H{—&-~n <vien —wirn(®)} N<i< N+ N,

Lemma EC.17 then implies that for 1 <i < j < N + N,

Cov (LW, > w0 (@)} L{W, > oy ))] < 221

We conclude that

- |pis 1
7-‘-N(m)_ﬂ-N(m”Srmax'\/-B—f—2' Z 4j = Tmax * B+§ Z |ng‘

1<i<j<N+Np 1<i<j<N+Np
O
Proof of Lemma EC.17. Let

1 @ b x? — 2tay +1?
R = W I G =

be the C.D.F. function of (X;,Y}) NN( [8} , [1 ﬂ > for t € [-1,1]. We have

|Cov(1{X < a}, 1{Y <b})| =|P(X <a,Y <b) —P(X <a)P(Y <b)|

p .
=|®(a,b; p) — ®(a,b;0)| = / 6‘<I>(a,b,t>dt‘
0

ot

0P (a,b;t) __ 1 a®—2tab+b> : : iy
From (Plackett 1954) we have ===~ = Sy exp ( — M), which is positive for all t €
[—1,1]. Therefore

L 0P(a,b;t) /p 1 ( a2—2tab+b2> ‘
Cov|l(X >a), (Y >b)|| = ———=dt| = —— - |dt
|Cov[L(X >a), 1(Y >D)]| ‘/0 En ‘ ‘ Y 2(1— )

< [ - | "L _at— L arcein(lo) < 4
— = — arcsin -
“1Jo 27T\/1—t2 o 2 1—1¢2 27 U= 4

where the last inequality is due to arcsin(x) < 7z/2 for x € [0,1]. O
EC.10. lIdentifiability: proof of Theorem 1 and Proposition 1.
EC.10.1. Proof of Theorem 1.

We first introduce the concept of a Tchebycheff system, followed by a few auxiliary lemmas, all of

which are proved at the end of this section after the proof of Theorem 1.

DEFINITION EC.1 (TCHEBYCHEFF SYSTEM (T-SYSTEM)). Let fo,..., f.:[a,b] = R where [a,b] is
a finite interval. We say that { fo,..., f.} is a Tchebycheff system on [a, 8] if for every choice of distinct

nodes a <ty <--- <t, <b, the determinant of the matrix (f;(tx))} -, is nonzero.
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LEMMA EC.18. Let wy <--- <wyy be real numbers and let F(x) = [*_ f(s)ds with f € PF. such
that [, |f(s)|ds < oo, and define

gbm(t):F(wm—t)—F(w1—t):/wmf(s—t)ds, m=2. M

Then {p }M_, is a T-system on every finite interval [a,b).

We abuse notation and use wg () to denote the SP threshold introduced in (2). Since we only consider

assortments such that B < ||z||; + Ny, the threshold wg(x) satisfies

Zaz (1— F.(we(x) —u;)) + Z (1 — Fe(we(x) —v,)) = B. (EC.43)

Now given a collection of assortments X, let Mp(X) = |[{wg(x): x € X'}| be the number of distinct
thresholds generated by X. It follows that Mg(X) <|X].

LEMMA EC.19. Assume that the distribution F. admit strictly positive density F.. Given Ny and
B, the equality Mo(X) = |X| holds for all (u,v) outside of a set of Lebesque measure zero.

Proof of Theorem 1.  We show that the conclusion of the theorem holds if Mg(X) > 2N, + 2.
The result then follows by Lemma EC.19.

Fix 0, ', and X such that Mg (X') > 2N, +2. Since the SP-choice model is invariant under constant
shift of the utilities, we assume without loss of generality that u; =} = 0. Suppose that the choice
probabilities satisfy Py (i | @) = Py(i | @), for all i € [N] and « € X. We show, in order, that u=u’
and we(x) = we(x) for all x € X, that (Ny, B) = (N}, B’), and that v, v’ are equal when sorted
in ascending order. The result then follows. Since Py (i | x) = Py(i | x), it follows by definition that
F.(we(x) — w;) = F.(we (z) —u}), i€ [N],@e€X. Since B < || + No, both we(x) and we ()
are finite for all x € X, and our assumption that F is strictly increasing implies that for all ¢ such

that z; =1,

we(x) —u; = we () —w, or, equivalently, wey () —we(x)=A,(x),

7

where A;(x) =wu; — u,. Note that A;(x) depends on x only via x; = 1.

It follows that A;(x) = Ay () if two items 4,7 co-occur in some offered @ (i.e., x; =z = 1). Since
we assumed that the undirected co-occurrence graph of X is connected, at least one assortment (call
it ™)) must offer item i = 1, and, therefore, A;(z™®) = 0. Furthermore, since there is a path in the
co-occurrence graph from any item j to item i = 1, it follows that u; —u/ =u; —u} =0 for all j € [N],

and, therefore, we(x) = we (), for all x € X.
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We now argue that (No, B) = (N}, B’) and that v, v/ are equal when sorted in ascending order.

Let g(x) =1 — F¢(z). Since u=1u’ and wg(x) = wy (x) for all € X, it follows that

No

Z:ci(l—Fg( ) — ;) +ZQ’LU9 x)—v;) =D,

i=1

No

Zazi(l—FE ) —u;) —|—Zgwg x)—v,)=B. xeX.
=1

Subtracting the two equations yields

Zg( x)—v;) Zg we(x) —v,)=B—-B', zeX. (EC.44)

Letting wy < -+ <wag,y(x) be the distinct thresholds in {we(x) : @ € X'}, sorted in increasing order,
it follows that

Z(g(wm —v;) = g(wr =) = D (g(wm —v}) = glwr = v})), m=2,..., My(X).

For m=2,...,Ma(X) we define ¢,,(z) = g(w, — z) — g(w,, — x) = F(w,, —x) — F(w; — ), so that
No No
> om(v) =D Gm(vy)  m=2,..., Mp(X). (EC.45)
j=1 k=1

By Lemma EC.18, we know that {¢,,(-)}2e$Y) is a Tchebycheff system on any finite interval [a, b].
Fix any finite interval [a,b] that contains all points in {vq,..., vy, } U{0],... ;V,} Since Mg(X) >
2Ny 4 2, we have Ny < M"(X) , the principal representation Theorem of T-systems (Karlin and
Studden 1966, Chapter 2, Theorem 2.1) implies the uniqueness of the representation in (EC.45). In
particular, it implies that Ny = IV] and that v and v’ are equal when sorted in ascending order. It
follows from (EC.44) that B=B'. O

We now prove Lemma EC.18 and Lemma EC.19.

Proof of Lemma EC.18 Given {a;; e R:1<14,j5 <M}, we write (aij)%zl to denote the matrix
whose (i, j)th entry is a;;. We need to show that for any a <t, <--- <ty <b, det (gf)m(#))ﬁn:2

Since ¢, (t;) =[5 Lwi<s<wm} f(5 —1;)ds, the Andréief identity (Andréief 1883) yields

> 0.

M M

M 1
det (¢m(t]))],m=2 = m /]RM—l det (f(sk;—l - tj))j,k=2 det (1{w1<sk—1§wm})k,m=2 ds. (EC46)

Furthermore since for any permutation {o(1),...,0(M —1)} of {1,...,M —1},
M M
det (f(sg(k,l) — tj))j,kzz =sgn(o) det (f(sk,l - tj))j,k:2’

M M
det (1{W1<So(k—1)SWm})k,m:2 = sgn(a) det (1{w1<5k—1§wm})k,m:2’



ec36 e-companion to Author: Article Short Title

where sgn(o) =1 if the permutation consists of an even number of pairwise swaps of indices, and
sgn(o) = —1 if the number of swaps is odd. Therefore, the integrand in (EC.46) is invariant under
any permutation of s. Defining A = {s e RM~1:5; <--- <sj_;} and noting that there are (M —1)!
possible permutations of s, it follows that the right-hand side of (EC.46) equals

1 M M

7(M ) (M -1)! /A(sgn(g))2 det (f(sk,l — tj))jJ€=2 det (1{“’1<Sk—15wm})k,m=2 ds
M M
:/Adet (f(sk—l — tj))j,kZZ det (1{w1<5k—1fwm})k,m:2'
To conclude, we argue that the integrand is positive on some set with positive Lebesgue measure,

and nonnegative elsewhere on A. Since f is PF,, Definition 3 yields

M

det (f(sp-1— tj))j ey >0 for all s € A.

Next, we let A(s) = (1{U,1<sk71§wm})M _, and define the interlacing region

k,m=

R={scRM 1w <s;<wy<sy<wsz<---< sy <wyy CA.

For any row k, the entries of A(s) satisfy Ay ,,.(s) =0 for m <k and Ay x(s) = 1, implying that A(s)
is upper triangular with ones on the diagonal and, therefore, det A(s) =1 on R. Since R has positive
Lebesgue measure, it remains to show that det A(s) =0 for s € R.

The structure of A(s) is that each row consists of leading zeros followed by ones. Moreover, because
§1 <+ < Sp—1 and wy < - -+ < wyy, the number of leading zeros is nondecreasing in the row index.
Therefore, det A(s) # 0 if and only if A(s) is upper triangular with ones on the diagonal, which holds
precisely when wy_q < s3_1 < wy, for each 2 <k < M or, equivalently, se R. O

Proof of Lemma EC.19. Denote by A the d-dimensional Lebesgue measure on R%. By the def-
inition of Mpy(X), it is sufficient to show that for AN*MNo-ae. (u,v) the values wg(x) for x €
X are pairwise distinct. Fix any distinct x,y € X and choose ¢ with z; # y;. Write u_; =
(Upy.ooy U1, Uip1,...,uy). Since F. has a positive density, by the characterization of weg(x) in
(EC.43), the map w; — wg(x) is strictly increasing if x; =1 and constant if z; = 0. The same result
applies to y. Therefore the function @, ,(u;, u_;,v) = wp(x) — wy(y) is strictly monotone in w;
(increasing if z; = 1,y; =0, decreasing if x; =0,y; = 1). Consequently, for each fixed (u_;,v) the set
Sey(u_;,v)={u; € R: O, ,(u;,u_;,v) =0} contains at most one point and thus has 1-dimensional
Lebesgue measure 0. By Fubini’s theorem,

)\NHVO({(u?V) L we () = wg(y)}) = /RN+N01/\1(Sw,y(u—i7V)) ANV (u_, v) = 0.
Since X is finite, the union over x # y is still of Lebesgue measure zero. Hence for AN o-ae. (u,v)

the values weg(x) for € X' are pairwise distinct. [
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EC.10.2. Proof of Proposition 1.

Proof of Proposition 1. Fix 8 = (Ny, B,u,v), pick any N] > B’ > B, and set u’ =u. Our goal is
to find some v/ € RNo such that Py (i | €) = Py(i | €) for all i € [N]. We will shortly show that we can
always find ¢ € R such that

N

> (1- Fe(wel(e) —us)) + N (1 - Fe(we(e) — ¢)) = B, (EC.47)

i=1

implying that we (€) = wg(e) if v/ =(c,c,...,c) € R™0 and, therefore,
Pg/(i ‘ 6) =1- Fg(wgl(e) —u;) =1- Fg(’wg(e) —’U,i) = PQ(Z | 6).

To verify the existence of such a ¢, we rearrange (EC.47) to get

N
1
1— Fe(we(e) —c) = N (B/ - ;(1 — F.(we(e) — “z)))
The right hand side is strictly less than one because N/ > B’, and strictly greater than zero because
N No
B — Z(l — F.(we(e) —u;)) =B —B+ Z(l — Fe(we(e) —v;)) >0,
i=1 j=1

which implies the existence of such a ¢. [J

EC.11. Extension to Random Consideration Set (RCS) Setting

In this section we derive the surrogate problem for the random consideration set (RCS) setting,
which is a class of consider-then-choose models where customers first form a consideration set before
making a choice. The RCS framework studied in the literature (e.g., Manzini and Mariotti (2014),
Gallego and Li (2024), Aouad et al. (2024)) assumes that each product in the offered assortment
is considered independently based on a probabilistic process—akin to flipping coins. Formally, let
p(ilz) denote the probability that item 4 is considered given assortment x € {0,1}". The inclusion of
products into the consideration set is assumed to be mutually independent and independent of the
random utilities {U; }ic(n) and {V;};ein,)- The consideration set C'C S(x) is therefore drawn with
probability

[IpGle) JI (1—n(ila)).

ieC ieS(x)\C
Denote by Z;(x) ~ BERNOULLI(p(i|x)) the random variable representing whether an item i € S(x)
belongs to the consideration set. We can then formulate the corresponding (OP) as follows:

N
me%?ﬁf\f Ty(x) = ; meP(Zi(:B) =1,U; > W(c§+1)(33)), (OP)

s.t. ||x|ls <nN,
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where Wy () is the (B + 1)th order statistic among the products in the consideration set and

the outside options, which can be characterized by

N No
W) () = inf {W DY wl{Zix)=1,U;>W}+ ) 1{V;>W}< B}.

i=1 j=1
To construct the corresponding surrogate problem, we approximate Wi +1)(a:) with a deterministic

counterpart

W(pp(x) = inf {w : Zmzp(z\w)(l — F.(w—u;)) + Z (1— Fe(w—v;)) < B}.

Jj=1

This leads to the following surrogate problem (SP)

ze{0,1}N

max  #%(x) = Z zrip(ilz) (1— Fe(wip ) (®) —u,)) (SP)

st ||z|[s <nN.

In the RCS-MNL setting of Gallego and i (2024), the consideration probability takes the form
p(i | ) = N\jz;, where \; is an item-specific consideration parameter. Under this specification, the
surrogate problem retains the structure of the original (SP): for a fixed threshold w, both the objective
and the threshold constraint are linear in @x. It can therefore be solved efficiently using the same

line-search procedure discussed in Section 4.1.

EC.12. Numerical Simulations: Revenue-Dependent Utilities

In Section 5, we considered a setting where the items’ base utilities are independent of their respective
revenues/prices. In this section, we repeat the same simulations assuming that the base utilities are
decreasing functions of their respective revenues/prices.

In particular, we first generate r; ~UNIFORM(10,100) for 1 <i < N, and then set u; = —(r; —
55)/25 + €,.;, where {€,;:1 <i < N} are ii.d. following a NORMAL(0,0.5) distribution. Finally
{v; 11 <j < Ny} is generated, similar to {u; : 1 <i < N}, by v; = —(r,; — 55)/25 + €, j, where
{rv;:5=1,2,..., Ny} are i.i.d. following a UNIFORM(10, 100) distribution, and {e, ; : 1 <j < Ny} are
i.i.d. following NORMAL(0,0.5) distribution. All elements of the set {r;,€,;:1<i < N}U{r, €, ;:
1<j < Ny} are mutually independent.

The scatter plot illustrating assortment selection is presented in Figure EC.1. Figure EC.2 displays
the box plot comparing the relative performance of the SP-based solution to optimal assortments in
a multi-purchase setting.

Figure EC.3 shows the relative performance of the RSP-based solution compared to the SP-based
solution, while Figure EC.4 shows the performance of the SP-based solution under a single-purchase

MNL setting.
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Counterpart of Figure 1 with revenue-dependent utilities.
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