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Electronic companion to “Optimizing Input Data Collection for Ranking and
Selection”

EC.1. Proofs and Discussions on the Theory in Section 3

EC.1.1. Discussion on Assumption 4 and Proof of Proposition 1

We first show that the strong consistency of the MAP to 8y can be guaranteed under Assumption 4 as long
as me — oo for all 1 <€ < L, which is weaker than Condition 1 since it does not require the convergence of

ratio cemy /T.

LEMMA EC.1. If Assumption 4 holds and limy_,e m¢ = oo for all 1 <€ < L, then 07 == 6.

AL _
and 0, =

4
Proof. Observe that 95 = argming. DKL(O(‘;HH[) = argming. Eze~f9f l_log (fgf (z ))
0

Fot (z%)

arg miny¢ m%} {—logng(ef) + Z:':l —log foe (Zf)} = argmin 5 m%, {—log ﬂé(@") + Z?K] —log (f(,c (Zf)/fgof (Zf))} )

— T L . . zt
Considering the two optimization problems’ objective functions, hmmzf—mmL[Zﬁq_lOg(?jzzlf;) =
90' i

. ¢
Eze. f, ¢ [—log (;Z;E;; )] almost surely uniformly over 8¢ € ® from Assumption 4(c). By Proposition 3
0

a.s.

in Shapiro (2003), the convergence of the optimal solution then follows, i.e., ég —> 6. Q.E.D.

Some sufficient conditions for GC class have been studied in the empirical process literature. We briefly
mention three conditions. One is provided in Theorem 19.4 in van der Vaart (2000) by exploiting a bracketing
number of a function class. From Examples 19.7 and 19.8 in van der Vaart (2000), we can derive sufficient
conditions for Assumption 4(c) by assuming Lipschitz continuity and existence of an integrable envelope
function, respectively. The detailed theory is beyond the scope of this paper; see van der Vaart (2000) and
van der Vaart and Wellner (1996) for further reading.

Proposition 1 states a sufficient condition that implies Assumption 4(c). Below, we prove it for the case
of L =1, which can be extended to L > 1 easily.

Proof of Proposition 1 (L =1). From the properties of exponential family: E[S(Z)] = VA(6y),
Cov[S(Z)] = V?A(6y), and the KL divergence is DXL (6016) = A(0) — A(6y) — (VA(6y), 8 — ). Therefore,
Ly (—log ﬁ) (Z) - DKLwone)‘ = sup

i=1

m fao 0c®

sup
(S

<90 0,0 3" (5(20) - VA(eo»)‘
1 m
<2C— Zl 1(S(Z:) - VABo))|l; =: F

where C = maxgeg ||0||, Which is bounded from compactness of ®, and the inequality follows from Holder’s

inequality. From Example 19.8 in van der Vaart (2000), if F is integrable, then {log(fs/fg,)}oco is Pg,-
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Glivenko-Cantelli. Hence, it suffices to show that F' is integrable. By the second-order differentiability of

A(6), F is indeed integrable since

E[F]:ZCE[||S(Z)—VA(90)||1]sZCZj " Var(s;(Z)) = 2c2d"“(s) 602A(90)<00

where S ; represents the j-th element of S. For the first inequality we use E[X ]?<E[X?]. QE.D.

EC.1.2. Proof of Theorem 1

Let us first show Part (b). Because P (®) =1, observe that

1 1 1
——logP,rm(G) )———logP,rm(G) )+ = logPﬂm(G)

1 rml0) T (6) EC.D
—‘fk’g/@% ﬂmwo)d‘“?l g/wmwo) .

To bound the integral, we first show the following uniform convergence of the log-likelihood ratio,

log (7t (0)/7tm (60)):

ET = Sup
0cO

— 0 Pg,-a.s. (EC.2)

1 Tm(0) L Bt KL 4011 0¢
roe T2+ e S0 o)

as my — oo for all 1 < ¢ < L. From the definition of 7,,, we have

1 T (0) & Br kL Ciaty L = 75 (6°) 9 KL 0110l
ros (7] 2y o b= Y| S|« 1 e <f> ol ot

=1 (=

The o(1) term is uniform in @ by Condition 1 and Assumption 4. For each £, combining Assumption 4 (c)

with DKL(GSHQK) =-E .. 14 [log ( fg[, (z%/ fgé, (Zf))] , each term in the second summation converges to
0

zero uniformly over 6¢ € ® almost surely. Further, the first term also converges to zero uniformly by the

boundedness of 71'0 Thus, er — 0 almost surely. For simplicity, we denote 7 (0) := Zf ! 'f :: DKL(Hgl |6¢) for

0=(6',...,0%) from now on.

From (EC.2), we have the following two-sided bound

0
exp (=TI (0)-Ter) < (( )) <exp(-TI(0)+Ter).
By integrating all sides over 0 € @l.co, we get
Tm (6)

exp (-Ter) /@C exp (-T71(0)) dOS/

dO <exp(Ter) / exp(-T1(0))de.
og Tm(6o) c

After taking logarithms on all sides, dividing by 7', and letting 7 — oo, we obtain

1 m 1
hm {—log/ T (6) do — Tlog-/ exp (-T1(0)) dG} =0, Pg,-a.s., (EC.3)
© oc
io

T—ooo | T ico Tm (00)
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thanks to (EC.2). Our next goal is to approximate the second term in (EC.3). Let 8 be a minimizer of 7 (8)
in the closure of ®l‘0 Then, we have

1 1 1

—log/ exp(-T1(0))do+1(0))<=Ilog exp(—TI(Gl))/ do)|+1(6,)=—logVol(0; )

T ¢ T ¢ T 0
io

io

where the volume Vol(0) := /c:) d@. Taking the limsup with respect to T on both sides of the inequality, we

have
1
limsup — log/ exp(-TI(0))dO+1(0))<0.
T— T @:_70
Equivalently,
1
liminf——log/ exp(-T71(0))dO> inf I(60) Pg,-a.s. (EC.4)
T—o0 T oc 06@?0
L]

Next, we aim to show

1
limsup——log/ exp(-T7(0))d0< inf I1(0) Pg,-as. (EC.5)
Too T oc feint(Of )
o

When int(@)l?0 ) =0, (EC.5) is straightforward since the infimum over the empty set is co by convention.
Suppose int(@l?(')) # (. Since a Cartesian product of compact sets is compact, Assumption 4(a) implies that
0= ]—[fiz1 @! is also compact. Assumptions 4(a) and (d) imply uniform continuity of 7 (8) for 8 € ®. In
other words, for any € > 0, there exists § > 0 such that ||@ — v||,, <26 implies |7 (0) — I (v)| < e. For such
0 > 0, compactness of ® implies that there exists finite open cover {01, 02, , 0}, Where o; is a J-radius
open ball in ® such that ® C Uj."i 10;- Let us remove all balls that do not intersect with int(@fo ). Abusing the
notation, let us say int(@l%) C Uj”iloj. Let 6, be a minimizer Ofinfeeim(el?o) 7(0).Then, 0, € cl(int(@l%)) and
6, must be contained in at least one of {cl(o i)1<j<M } Without loss of generality, suppose 6, € cl(0}).

Furthermore, Vol(o; Nint(®)) > 0 since 01 Nint(®; ) is a nonempty open set. Consequently,

llog/ exp (-T1(0))dO+1(6,)=> 1 log/ exp (-T1(0))do +1(6,)
r o5 T int(9 )noy
1
> — log/ exp (=TI (60,)—Te)dO+1(0,)
T int(G)fO)ﬁol

1 .
=7 log Vol(int(®; ) N 01) — €

where the second inequality holds by the uniform continuity. Hence, we can see that

1
liminf {— log/ exp (-TZ(0))do + I(Oz))} > —¢,
T—o0 T oc

i

a.s., for any € > 0, which implies (EC.5).
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By Assumption 3, we have 8 € int(®). It implies that infgcin @) £ (0) = infgeg I (0) = 0. Therefore, we
obtain lim7_,c —% log /@ exp (-T7(0))dO =0, Pg,-a.s. Finally, we have

1 1 Tm (0 1 Tm (0
liminf ——logP, (©7) = liminf ——log/ ( )d0+ log/ m ( )d0
T—co T 0" (EC.1) T— T ®c 7lm(0()) T 0 Wm(OO)

io

o |
(EC3) llTIIl)lorif{—Tlog/@C exp(-T71(0))d6 + flog/@exp(—TI(B))da}

i

> inf 1(0)
(EC4) 0<Of,

as desired. To show limsupy_, ., —% logPr (@fo) < infgeim(@fo y £ (6), a similar argument can be applied
to (EC.5). Consequently, lim7_, —% logPr (@E)) = infim(@;‘o y £ (0) for some 7 (0) > 0 from Condition 1.

We proceed to show Part (a). From Part (b), P (0;)) — 1 and P, (©;) — 0 for j # iy. Let us define
& c Q" such that limy_, P, (®;) = 1{i =iy} for all sample paths of input data that belong in &. Then, for
each sample path in &, there exists 77 such that for all T > Ty, P (©;,) > 1/2 and P,_ (®;) < 1/2. This
implies i*(7ry,) =io for all T > T). Since P§O (&) =1, the proof is complete. Q.E.D.

REMARK EC.1. For the case when the input model belongs to an exponential family, Proposition 5 of
Russo (2020) also derives a posterior large deviation rate. This result coincides with our Theorem 1 when

L =1, however, Theorem 1 is more general as it does not restrict the distribution family.

EC.1.3. Extension to Good Selection

Suppose that a decision-maker is content with selecting any “good” solution in 75 = {i : 7;(6p) — 6 <
min;; 17;(6p)} for some user-chosen 6 > 0. These are the solutions whose performance under 6 is within ¢
from an optimum. By definition, any optimum under 6y is in Zs. Ignoring the stochastic error in simulation
for the moment, the good selection event occurs when i*(7,,) € Is. In the following, we show that our
framework can be modified to guarantee good selection almost surely as 7' — oo.

For some i € 15, we shift 1;(6p,) by subtracting ¢ for all 8y, i.e., 7;(05) =1;(0p) =06, and ;(0) =1,(0p)
for all j #i. This can be done by simply subtracting ¢ from all of the simulation outputs observed for i. Under
this modification, Solution i becomes the unique optimum. Let i(7,,) denote the MPB for the modified
problem. Then, following the same steps as in the proof of Theorem 1, we can (a) show that i(r,,) converges
to i almost surely; and (b) derive the limit of —% log(1-Px,, (éf(wm)))’ where (:j?(wm) ={0y: ﬁ;(ﬂm) (0p) <
min, 7. n:(0p)}. From the latter, one can formulate a program to optimize the input data collection
ratios as in (2) to most efficiently find Solution i. Because we consider the case when 75 contains multiple
solutions, we may target the solution producing the largest convergence rate in (b) instead of selecting an
arbitrary solution in Zs. Of course, with simulation error, 75 is estimated with error, which can be analyzed

similarly as in our development in Section 4 although we do not pursue further in this work.
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EC.2. Proof of Statements in Section 4
EC.2.1. Proof of Theorem 2

Strong consistency of i7.. As shown in Theorem 1, we have lim7_, 7m(6o) = 1 almost surely. Hence, ir
converges to the estimated conditional optimum at 6, almost surely. Thanks to N; 7(6;,) — oo for all (i, 05)
in Condition 2, we can apply the strong law of large numbers, and this yields the estimated conditional

optimum at 6 converges to ip = argmin; _; ., 17;(6p) almost surely.

The convergence rate of E[P, (®i*T,T)1{i*T =i*(7tm) }|7Tm]. For each 6, € ©, define
~ . 1 b .
Gi(6y) = lim —logP (1% =)

Namely, Gi(0)) is the exponential decay rate of the probability such that i(# i?) is falsely selected as i”.
The expression for C~},~(0b) is derived under Assumption 6 by Kim et al. (2025) to analyze the convergence
rate of E[1{i}. = i*(7m)}|7m] for fixed 7y, i.e., no additional input data sampling is allowed. However,
in our problem, as 7y, becomes more concentrated with additional input data, Gi(0) can eventually be

eliminated in the rate analysis. Hence, we do not present an analytical expression of Gi (6p).

Let us first establish the following:

. 1 v
Jim —-log(1 ~E[Pr,, (O, 1) 1z =i (Tm) }|Tm])
L Bt NKL, pl 10t ~ (EC6)
=min {IlgliglGi(GO),én;; (ére%ri ZH c—gD (Bp116%) + Zebe@m\@ Ilgll,glGi(eb) + Zel,e@\@)io Gio(9b))},

where A := {© C ©|6, € O} is the collection of all subsets of © that include 6. The proof will proceed by

first showing some intermediate results in the following steps that will be needed to complete the proof.

Step 1. For sufficiently large T such that i*(7,) = iy and 7, (6o) > 1/2, we have E[P7,m(®f0 Ui =
i0}17m] = S 5 P (O)P(®j, 7 = ©).
Proof of Step 1. Suppose T is sufficiently large as stated. Let B be the power set of {6,...,0p}.

Observe that
E[Pr,, (O, 1) 1{i7 =io}lmm] = ) 5 ElPr, (69)1{i} = i, O, 7 = O} /]
= D 150 P (O)P(i = i0, 05,7 = ©).

When 74, (60) > 1/2, 8g € ©;, 1 if and only if it = ig. Thus, if 8y ¢ ©, then P{i}. = iy,®;,7 = O} = 0.
Moreover, if 6 € @), then 1{i} =i, 0,7 = @} =1{0®;,r= @}. Consequently,

D 50 P (OP(i7 210,040, 7 =0) = D" Pre (B)P(i7 =10, 05,7 =0) = Y = Pr,, (6)P(O;,,7 =6)
as desired. O

Step 2. For each © € A, lim7 e ~ 7 10g P(0;,7 = ©) = Ty, o, \5 MiNiziy Gi(0) + Tg, 510, Gio(6b).
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Proof of Step 2. Notice that event {(:j = 0,7} can be written as

(84,7 =8} = (N, o, \&1% #10}) N (Mg, o160, (1% =10}) (1 (Mg, e, (15 =i0}) 0 (Mg, e, 5 #i0}) . (ECT)

By independence across b, we have

. 1 1 . 1 b
Tlgrg@—;logP(@ T= =0) = hm {Zebe@lo\e)_fmgp(l #1ig) + Zobeé\e,-o —flogP(zT = 10)},

where the convergence rates of nebeéﬁ@)io {il; =ip} and Ng, £6U0;, {i’} #ip} in (EC.7) are negligible since
limr—, P(i2 = ig) = 1 if 6, € ® N ©;, and limr_wP(i& # ig) = 1 if 6), ¢ ©;,. Combining this with
lim7 00 —% log P(il; # 1) = min;x;, G;(0p) and limr_,« —% log P(il; =1iy) = 5,-0(0;,) completes the proof.

[m]

Thanks to Step 1, for all sufficiently large T such that i* (7ryy,) =i and 7vm, (6p) > 1/2, we have
1~ E[Pr,, (Oz.1) 1{i} = i" ()} n] = P(i} # i) + E[P mn(@lo i = io} ]
=P(i7 #i0) + ) 5 BlPr (0 1{i} = i0,0iy,7 = O} |mm]
= P(i} # ip) + Z@Eﬂ Pr,, (0°)P(8;, 7 =0).

Then, from Lemma EC.4,

. 1 ok 3
Jim = log(l = E[Pr,, (85 7)1{i7 =" (Tm) HTm])

1 1 1
= mm{ hm —— 10gP(l #1p), min ( 11m ——log Pr. (0°) + hm —— 10gP(®10 T= @))}
OcA

Because 7y, (6o) > 1/2, {i3. # io} is equivalent to {il; #ig} at 8y = 6. Therefore, limy_,c —% logP(i}. #
ig) = min;4;, G;(0p), where min;4;, G;(68y) is the exponential convergence rate of the PFS at 8y. Combining

Step 2 with Theorem 1, we can further observe

1 1
lim ——logP7T (O°) + hm ——logP(Glo r=0)

T—o0
,35 KL (|10t ~ ECS)
= min 3 PO Ofl0)+ 3, o GminGiOn)+ ), o GaBh).

Putting all results together (EC.6) follows.
To show the main result, we further simplify (EC.8) next. Pick © € A such that © \ 0;, # 0. Define
®=0n0,,. Since O € B, we have @ € A, O\ ©;, =0, ©;, \ ©=0;,\ O, and O° C B°. Hence,

: L Be KL ey 0t G.
oot Lr=1 cr D™(6, 116 )+Zobe®l \@rlrilf,lG (eb)+29be©\®i Giy(0p)

< min Z ﬁf DKL(ef 169) +Z

0€®L 10\® li

(EC.9)
NGi(0)+ ) o 516, Gin(Oh):
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Define A; = {@ € ﬂl@ C ©;,} as a subcollection of A. From (EC.9), it follows that the minimum function
over ® € A in (EC.6) is attained at © such that © C 0, i.e., Q¢ Aj. Namely,

. . L BrkL 110t
—D™ (6,116 +E Gi(6 +E - G (0
@lrélnﬂ (enenérl =1 cy ( 0” ) [2/%= @,0\(’:‘) I;I;I(I)l ( b) 01,&@\@,'0 l()( b)
Bt NKL o811 06
= min | min —D™(0,]16°) + minG; (6
@elﬂl (OGL)CZK 1c¢ ( ” ) Ze €o; \@lll (05)

In the following, we simplify (EC.6) by showing that we can substitute A with A:={0ecA| |©;, \©| < 1}.
The proof is divided into Steps 3 and 4.

Step 3. We have
L
i i DKL 05116 0
anin (;n@ 1 o DO+ D, o, 6N Gi(On)
(EC.10)
=min< min Z Be DKL(6[||9€) min min '8[ DKL(0€||6’€) +m1nG (6p)
0<0; £ 00,5\ (00} {0 (0,\(6,))° 44 Ce

Proof of Step 3. We will first show that

‘min | min Zﬁ[ DKL(0f||9[)+ Z mmG (6p)
G)e?{l 06@‘ 0, <0, \@

Be \KL, 21 ot
min | min —D™(6,1]10°) + mmG 7]
@eﬂ(eegj CACORID )|,

6,€0;, \@

(EC.11)
Let us pick OcA\A,ie., 10, \ ©| > 2. For fixed 3, 0 := argmin, _g. Zf ] fé’ DKL(QSHH‘)) belongs to
either (a) G)l‘0 or (b) ®;, \ ©. If Case (a) holds, then pick arbitrary 8 € ©;, \ ©, and define © = 0, \{0}. If
Case (b) is satisfied, then let ® = ©;, \ {8}. Then, for both cases, we have ® C ®, which implies
min Z ,35 DKL(Qfllgf) < mm Z ﬁf DKL(9€||9£)
6c6e° (EC.12)
Zebe@,o\@ l;lnG i(0p) < Zob €0;,\® l;el,?G i(65).

Because 8 € O¢ C ¢, the equality holds for the first inequality in (EC.12). This leads us to the following
inequality.
min Z Be DKL(95||95)+ Z minG; (6y) < min Zﬁf DXL (o¢116¢) + Z minG; (). (EC.13)

6coc 9coc
e,,e®,0\® < 0,0, @

Combining (EC.13) with ®cA, yields that the minimum over A in (EC.11) is always attained at some
® € Ay, which proves (EC.11).

Now it suffices to show that

Bt \KL 210t
min | min D 6,110°) + mmG 0
M(%@j @l + > (03)

0,€0;, \@

(EC.14)

. . L .
=min<{ min &DKL(HSHH‘)), min
96@% t=1 Ce ebeG),-O\{eo}

min Be ZLDRE (0L )16%) +minGy(0)
0 (0;,\(8,}) =1 ¢
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Let B; := {@ € ﬁ| 1©;, \@l =i} fori =0, 1. Then, we have A = By U B,. Because By = {®;, }, we have
‘min | min Z Be DKL(0€||95) + Z mlnG (0p) | = min 'Bf DKL(HKHQK) (EC.15)
0B | 96 7 €t 0h€®,0\® oco; £ ¢

Since each © € B, can be written as © = 0©;, \ {0} for each 85, € ©;, \ {6},

. . L
mln(:)ezg1 (mlngeéc . 1:36’ DKL(9£||9£)+Zeb @lo\@f}};nG (eb))
(EC.16)

. : L Be .
=ming, e, \ (6, (mmee(@,-o\{eb})“ por 0, O (GGl16%) + miniz G,wb)) :
Combining (EC.15) with (EC.16) yields (EC.14), which completes the proof. O

The following step further simplifies (EC.10).
Step 4. We have

Be NKL ot 110t
mm{emlnz D™= (6;,110%),

or. D 0,116 +m1nG 6,
io f=1 0,€0;,\{6p} (06(@10\{917}) Z ( oll ) (6p)

|
1

Proof of Step 4. As the first inner minimization function does not depend on 6;,, we can switch the

= mln{ min Z Be DKL(9f||ef) min (Z &DKL(egueg) +minG;(6))
= f LF1)

0,60, \(60) |44 ¢

order of the minimization functions as

L
Be \KL o106 - 110t .
—D™(6,]|0 a0 Gi(0
mm{er?",l(); oD Blle)., min 96(@)10\{01,}) ; (6l16°) + minGi(6)
(EC.17)
= min  {min{ min Zﬁ" DXL(64116%),  min B DKL(af||e")+mmG ()
GbeG),O\{Go} 6€0y 7 0¢e(0,\{6,})° 7 €t
Similarly, we have
L L
min< min pe DKL(0[||0£) min &DKL(06||92)+minG[(0b)
9e0; £Hl=1 ¢ 0,€0;,\ {60} =1 ¢¢ i#io
(EC.18)
B : : L,B{’KLZZ ﬁfKLff
= el {mln{enenn o D (6 |9)Z D (651107 + min G ()
Combining (EC.17) with (EC.18), it suffices to show that for each 8, € ©;, \ {6},
L
min mm Z ﬁgDKL(QfHHK) min ﬁgDKL(G€||9€)+m1nG (68p)
0e(i\{0,}) =1 ce
(EC.19)

:mm{(g}z B"D“(eﬂwf > B"DKL<ef||e>+mmG<eb)}

Let 0 = argmin(,e(@l \(05))° Zgi l'if DKL(H‘)HQ[). There are two possibilities a) 0ec @l?(’) or b) 6 =6, In
Case a), we have Zf i f" DKL(0€||0 ) > mmge@c ng 1,(5; DKL(HSHH‘)). Therefore, both sides of (EC.19)
attain the minimum, mlngeg% Zé‘ | f ¢ pkL (06”0[), and the equality holds. For Case b), (EC.19) holds

straightforwardly. This concludes the proof.
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To summarize, the LDR of the posterior preference can be characterized by

: 1 P
Jim = log(1 —E[Pr,, (O 1) 1{i7 =" (7m) }|mm])

. . . L Be KL, 110t Bt \KL  p 110t .
:mln{l}llif)lGi(QO),ergé%Zlec—[D (6,116°), —D (90||9h)+ri1;1iglGi(0b)

min
0,0;,\ (60} \ =1 ¢

o . L Be KL 01100y v L Be KL, g0 0¢ P
_mln{eTé?OZkl CED (6,110 ),Ozléler)lio ZH CKD (90”%)4_?;11-?&(%) )

The last equality holds from noticing DKL(Ggl |9£) =0when 8, =6y. Q.E.D.

EC.3. Proof of Statements in Sections 5 and 6

EC.3.1. Proof of Theorem 3

Before we present the proof of Theorem 3, we first present an auxiliary result that involves the following
program defined for some fixed € > 0:

V(€) =max mi%{ j ] &DKL(GSHGZ{;) +a(0,)G"(0,)1{0; € ®i0}}
[o7 =l Cy

,B Opc

(EC.20)
subjectto 1za+1;B=1,a>€elp,B>€lL

That is, all input and simulation sampling fractions are at least €. Program (9) in Algorithm 1 is a plug-in
version of (EC.20) when € = €;. The optimal objective function value of (8) corresponds to V(0). Let the
solution to Program (EC.20) be (a*(¢), 3*(¢)). The following lemma shows that if Algorithm 1 chooses

€, = € at all s > 1, then the sampling ratios converge to (a*(€), 3*(¢)) as T — oo.

LEMMA EC.2. Suppose Assumptions 1-5 hold and that the algorithm used in Step 9 has strong consistency
of the sampling ratios to the rate-optimal static ratios in Glynn and Juneja (2004). Further, suppose
Algorithm 1 chooses €, =€ at all s > 1 and (a*(€), 3% (€)) is unique. Let o® and (3° respectively represent
the cumulative simulation and input data sampling ratios after the s-th batch allocation in OSAR. Then, we

have limg_,., &® = " (€) and limg_,, B° = 3*(€) almost surely.

Proof. We first define N7 (6,) and m¢ s to be the cumulative numbers of replications made at (i, ;) and

data collected from the ¢-th input, respectively, after the s-th batch allocation. As T — oo, we have s — oo.
From Steps 8-9 of Algorithm 1, we have 7 (0,) ~ Bin(A,d&(05)) and ey ~

Bin([A/c¢], A,B},S1 [{ce[A/ce]}) for each 1 < sy < 5. We will proceed by the following steps.
Step 1. With probability one, lim_, Zle N?(0p) =coand limg_,omy g =coforalll <b<Band1 <{<L.
Moreover, lim7_,o N; 7(0p) =co forall 1 <i<k,1<b<B.

Proof of Step 1. Since @&y, (605) > € and ﬁA[’Sl >e for all 1 <bhb < B and 1 <{ <L, we have
lim; 0 Z‘S"l:] @5, (0p) = 00 and limg_,e Zilz] BA[,SI = co. From Lemma EC.5, one can show that
limy e B2 NE(60p) = limg oo B3 _; Ay, (0p) = 00 and limy e my s = im0 333 _ 15, = 00, which
means that we run infinitely many simulation replications at all 8;, € ®. Consequently, limr_,o N; 7(6p) =

because the R&S subroutine of Algorithm 1 simulates all solutions at each 6, infinitely often w. p. 1. O
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Combining Step 1 with that the subroutine algorithm achieves the rate-optimal static allocation yields that

limy—o G; 7(0p) = G*(05) holds almost surely for all 1 <b < B.

Step 2. limg_, DXL (§¢| |92) = DKL(le |9i) almost surely.

Proof of Step 2. Since lim_, o 1, ¢ = 00 holds almost surely for all 1 <€ <L, limg_,o0 ot = 96 a.s. from
Lemma EC.1. Since © is finite, for all sufficiently large s, ¢ = 05. Hence, IjKL(é'EHO'Z) = DKL(GgHGi) holds
for all sufficiently large s. Combining this with Glivenko-Cantelli property in Assumption 4(c), we have

limg 00 DKL(éfHH[‘;) = DKL(OSHHI‘;) a.s., as desired. O

Step 3. For &° and BS in (9), we have limy_,., &° = o™ and lim,_, BS = (3" almost surely.
Proof of Step 3. Recall that Algorithm 1 solves the plug-in Program (9) with coefficients G; 7(65) and
DKL (é"||9i) at each s to obtain &* and 3°. Combining Step 2 with the strong consistency of Gir(0p)
shows that each plug-in coefficient in (9) converges to the corresponding quantity in (EC.20) almost surely.
Furthermore, i7. =i and ©;: 1 = 0;, for all sufficiently large 7' w. p. 1.
Next, it remains to show that the optimal solution of (9) converges to that of (EC.20). The objective
function of (9) is continuous and concave. Thus, from Proposition 24 and Theorem 25 in Shapiro (2003),

the convergence of the optimal solution follows. O

Step 4. We have limg_,, a®* = a™ and limg_,,, 3° = 3*.
Proof of Step 4. For ease of exposition, we assume mg = 0 and ny = 0; the extension to nonzero mg and

ng case is straightforward. Then, forall | <b<Band 1 <{<L,

as(0p) = (s8)7 Y s, (8y) and Bes = (s8)™ Y coties,.

From Lemma EC.5 in Section EC.8, we can show that

Z;lzl ﬁsl(ab) 221:1 Cf’ﬁt’,sl

———p -~ —lad —/———— > 1. (EC21)
AYS 2y sy (0p) AX =1 Bes

From the convergence of the Cesaro’s mean, we can verify thatforall | <b<Band 1 <{<L,
_ s N % _ s N "
s 1251:] @y, (0p) = @ (0p) and s IZ“:lﬁg’sl — By. (EC.22)
Combining (EC.21) with (EC.22) completes the proof. Q.E.D.

The proof of Theorem 3 is a straightforward extension of Lemma EC.2.

Proof of Theorem 3. Since }7,€ = oo holds, we have lim,_e Z::l:l &s,(0p) = oo and

limg 00 205 Bes, =coforall 1 <£<Land 1<b< B.Hence, Step 1 of the proof of Lemma EC.2 holds.
Further, one can easily confirm that Steps 2—4 can be shown without any modification. Q.E.D.

Lastly, for interested readers, we characterize the optimality gap of (a*(€),3"(¢€)) for Program (8).
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PROPOSITION EC.1. Foreec (0

,B+L SE(B+L).

Proof. Program (EC.20) can be rewritten as
V(e)=max C

L
subject to CSa/(Bb)G*(Bb)+Z ﬁfDKL(ef||9 ),V6, €0,
40 (EC.23)
KL/ pt
C< Z{ = DEEGl10y). Vo, < O,
1;a+1{ﬁ_1, a(0p)>€,Br>€, VI<Sb<B,1<(<L.

Since (EC.23) has a smaller constraint on o and 3, we have V(0) > V(¢), which proves the first inequality.

For the second inequality, let us define a€(0;,) = % and B; = % for 1 < ¢ < L. Then, after

some algebras, Program (EC.23) can be written as

V(e)=max C
C-e(G*(6p) + Bk, DX (65160} fec) L s
s.t. TS <a(0,)G (ob)+zf c" DXL(64116%), Y6, € ©,,
C-e(Zh D @llep) fec  u pe .
1-e(B+1L) _Z ce Pl ||9)V0b€®to’

1a(0,)+1,8 =1, a“(0,) 20,85 20, VI<b<B,1<{(<L.

Let Cy = min {mmgbeel (G (0p) + Z{ | DKL(8[||H )/Cg) mlngbegc Zt, ] DKL(6[||9 )/c{;} Then, one
can see that V() is bounded from below by V(¢€), which is defined as

V(e)=max C
€% Bf KL/ pl 1ol
s.t. I—eB+L) ¢ “(0,)G™(6p) + Z D (65116%), Y0y, € ©;,,
C—-€Cy L :8[ KL, ¢
l—E(B+L)SZ ce —D™ (8, ||9)V0be®

10(0,) +1;8 =1, a(6p) 20,85 20, VI<b<B,1<{<L.
From the definition of V(0), we have V(€) = (1 —€(B + L))V (0) + eCy. Consequently, we obtain that

V(0) = V(e) <V(0) = V(e) = € (B+ L)V(0) — Co) < e(B+ L)V (0).

Dividing V(0) on both sides, the second inequality follows. Q.E.D.
Since B and L are known in advance, Proposition EC.1 lets us control the relative optimality gap with

arbitrary precision by choosing €.

EC.3.2. Proof of Theorem 4

We first state a result auxiliary to Theorem 4.
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LEMMA EC.3. In addition to the assumptions made in Lemma EC.2, suppose Assumption 6 holds. Let o*
and [3° respectively represent the cumulative simulation and input data sampling ratios after the s-th batch

allocation in OSAR™. Then, (o, 3%) converges to (a*(€), 3*(€)) almost surely as T — oo.

This lemma can be proved in a similar manner as that of Lemma EC.2. Steps 1, 2, and 4 can proceed without
modification. To see Step 3, it suffices to show the convergence of G; 1(0;) to G*(0p) in Algorithm 2. From
the closed-form expression of fi; 7(0) in (12), one can confirm limr_,« f4; 7 = (7:(05))1<p<p a.s. The rest
follows from Step 3 in the proof of Lemma EC.2. Then, we can extend this result to show Theorem 4 by

applying the same argument made in the proof of Theorem 3.

EC.3.3. Proof of Proposition 2

The optimal solution to (15) can be written as g; 7(x) = ZE;L]I cpK;(0p,x). Then, we have

(87O cpzn (80(Bi)]_, . o))" =Kl reir.
where ¢; 7 = (¢p)1<b<p+1 1S @ (B + 1)-dimensional column vector. Then, (15) can be rewritten as
c;r =argmin, {%(x - KITC)TEZ%-(X - RZTC) + gcTKLTC} ) (EC.24)
Here x = [“iT,T Y/ —yilg, Ni(0)- After some algebra, (EC.24) is reformulated as
: 1T~~—1~T 7 .. .51 T
c; 7 =argmin, {Ec (Kl-Zi’TKl.’T + kK r)c— (K,-’TZI.,TX) c} . (EC.25)

LetA; r= Ri’Tii_Jl"RZT + KK,',T. Since A; 7 is symmetric and positive semidefinite (psd), its eigendecom-
position can be written as

A;7=VDVT (EC.26)

for orthogonal matrix V and D =diag({op }1<p<B+1), Where {0 }1<p<p+1 1S the set of the eigenvalues of
A, 7. From the positive semi-definiteness of A; 7, we have o, > 0 for all 1 < b < B + 1. Without loss of
generality, assume o >0 forall 1 <b <Rand o =0 forall R+ 1 < b < B+ 1 for some nonnegative integer
R. In this case, (EC.26) can be regarded as the singular value decomposition of A; r, and the pseudoinverse
of A; 1, AI’T, is given as AiT =VD'VT, where D' =diag({o',...,0%",0,...,0})

Letting d = V"¢, (EC.25) can be written as

1 —
ci 7 =Vd" where d* = argming {EdTDd - (VTKi,TZi_’lTx)Td} )

Let the bth elements of d and VTIzi,TE;}x be djp, and zp, respectively, for b=1<b < B+ 1. We show
that z; = 0 for all b > R + 1 for which it suffices to have IAil.TTVel7 = 0(B+N,- F(0))x1 forallb>R+ 1. To
see this, observe that e, V' A; 7Ve, = e, De;, = 0 holds for all b > R + 1. Thus, 0 =e] VT A; Ve, =
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(Veb)T(Ri,TEZ;KZT +«K; 1)Vep, > (RZTV%)TE;%(RZTV%) > 0, where the first inequality follows
because K,»,T is a psd matrix. Therefore, RITV% = 0( B+N; 1(0))x1 8 desired, which implies

d” =argming, |<p<g {szl (jdb —Zbdb)}
From the first-order condition, the optimal solution is attained at dj = zp/0p. Consequently, d* =

DTVTKLTE;]TX and ¢; 7 = VDTVTﬁi,TEi‘lTx = A:.f Tﬁi,Ti;}x, as desired.

EC.3.4. Proof of Theorem 5

In this proof, we introduce notation ®, to compare two positive random sequences {ar} and {br}.
Specifically, by = ©, 5. (ar) means that 0 < liminfr_,. b7 /ar <limsup;_,., br/ar < oo holds almost surely.

We proceed in the following steps.

Step 1. We have N; 7(6)) 22, 00 almost surely and N; 7(6p) =0©y5.(T), forall 1 <i<kand 1 <b <B.
Proof of Step 1. Proceeding as in Step 1 of the proof of Theorem 3, we have limy_,o N; 7(6p) = co for
all 1<i<k,1<b<B.
To show N; 7(0p) = O, (T), first note that N; 7(0p) < T as the number of simulation replications at

(,0p) cannot exceed the budget, T, which implies that limsup;_,, N, TT(B” ) < oo forall 1 <i< k. Since

M . As the R&S subroutine in Algorithm 3

achieves the asymptotically optimal allocation ratios in Glynn and Juneja (2004), the following must be

a(0p) > € for all 1 < b < B, we have € < liminfr_,

satisfied at each 6,,:

(0p) (65) . 7(60p)
lim 72— 7 _ Nix —0and tim 25T00) _ poraniv et it EC.27
T—oo { /12 (Gb) Zt¢l /12(017) T—oo Gl T(Ob) I y ( )

Nib (0p)

o . . Nib 1, (Ob)
Suppose liminfz_,.o ——3—— = 0. Then, there exists subsequence {77 }¢>1 such that limy_, —re

Tr
Since Zf.‘zl Ni.1,(0p) /T > €/2 holds for all sufficiently large ¢, we have }},.;» N; 1,(0p)/Tr > €/4. By the

pigeonhole principle, there exists a fixed j; such that Nj, 7,(65)/T, > €/(4(k — 1)) infinitely often, i.e.,
limsup,_,., Nj,.1,(0p)/T; > €/(4(k —1)). We can therefore choose a further subsequence {S¢}¢>1 C {Tr}e>1
such that lim;_,. Nj, 5,(05)/S¢ > €/(4(k — 1)) > 0. Consequently, we obtain

, ¢ (0b) (6p) N2 (ab) N2 . (6p)
liminf { 5,2 '25 -3 125, DU liming {552 | 228 I
{—0 /1 (Gb) i#ib /l (0[,) {— o0 /11,,) (eb) /lj'l (Gb)

NZ _ (0 N2 . (6p)

sliminf—‘b’sf( b) liminf —223 7~

{—0o0 S2/lz (Oh) £—o0 S%/l;l(ab)
(6p)
——hmme
{00 S%ﬂil(eb)

contradicting the first condition of (EC.27). The second inequality follows from liminf7_. ar +
liminf7 e by <liminf7_,. (a7 + br) for any two real sequences, {ar} and {br}. This proves N;» 1(0,) =
®21AS. (T) .
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NiT(0p)
T

Next, we show that there exists i # i” such that liminf7_,, > 0 by contradiction.

Suppose otherwise. Since N;» 1(0p) = O,5.(T), we have liminfr_, 1\];]7—((0917,,)) =0 for all i #i”. We first
i?, T
establish that limsupy_, ., N; 7(05)/N;7(0p) < oo for all i # j, j # ib,i # i’. By means of contradiction,

assume that there exist i; # i> # i’ and subsequence {7y} ;> satisfying lim;_,. Ni, 7, (0p)/Ni, 1,(0p) = co.

Therefore,
I (llil,T[(Gb)_ﬂ,jl7’T(,(9b))2
lim sup Gir 1. (05) < B >4, () X lim sup —Nil’T[(ob) =
—00 Giz’T[(eh) - liminfy_e, (Iliz.T[(Bb)_ﬂib,Tc(eb))z £—s00 Niz,T,(Bb)

2043, (85)+2, (8,) Niy 1, (0) /Ny 1, (6)
Because every convergent subsequence of a convergent sequence converges to the same limit as the original
sequence, this implies that limz_, o g;;—ggi; =0, which contradicts the second condition in (EC.27).

This establishes that limsupy_,., Nj 7(0p)/N;1(0p) < oo for all i # j,j # i?,i #i®. Then, for a fixed
i3 # i?, there exists a subsequence {Ty}sen such that limgy_ N,-LTK(O;,)/NI-I,,T[(B;?) = 0. For all i such
that i ¢ {i3,i®}, there exists C; € (0, c0) satisfying N; 7(0p)/Ni, 7(05) < C; for all sufficiently large T as
limsupz_,., Ni,7(0p)/Ni;,7(6p) < co. From this observation, we have 0 < lim¢—,c N; 1,(05)/Nyb 1,(0p) <

Cilimg—co Niy1,(05) /N 1,(8) = 0, which implies lim¢—eo N;i 1, (05) /N 1,(68) = 0. Consequently, we

have lim¢_, % =0 for all j #i®. Therefore, the equality below follows:
i2.Tp
N> . (6p) N2 (6) 1 N> . (6p)
liminf {7,242\ T = ——liminf —22__ >0, (EC.28)
o0 /lib (eb) #ib /ll' (eb) /?'ib (eb) £o00 Tg

2
N2y 1 (00) N2, (O))

B P i )}
0, “i# T3,

However, the first condition of (EC.27) stipulates that liminf,_,. Tf‘z(
which makes (EC.28) a contradiction.
Hence, this implies that there exists i such that liminfr_,., N; 7(0p)/T > 0; let us denote it by j5.
Finally, we show that N;(6,) = ©,(T) for all j. Suppose that there exists j3 ¢ {i’, j»} such that

NJ'3+(91’) = 0. Observe that

(i 7(0p) = 1175, 7(0p))? - (i 7(0p) = 173, 7(06))* Nj 7(0p)
@) A0 |7 243 (6p) T
Nip 7(0p)/T " Nj3 7(0p)/T

liminfr_,e

Gj3,T(9h) =

which implies liminf7_,c Gj;,7(05) = 0. Because N, 7(60p) = Ou5.(T) and Ny 1(0p) = Oq5.(T),
G, 7(0p) = Oy (1). Accordingly, we have liminf7_, % =0, which contradicts the second condition
of (EC.27). This concludes the proof. O

Step 2. We have limy_,, I_{i,T = K p+1. For all sufficiently large T, I_{i,T is positive definite.

Proof of Step 2. Observe that K; g+ and KLT can be viewed as block matrices by writing them as

Kig| u Kig| ur ]

Kip = |—F Ki(go,go)] and K.r = [ u; ‘Ki(OT,OT)
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where K; p = (K;(0p,60p))1<p.p'<p is a Gram matrix of K; at ®F, u = (K;(6p,60))1<p<p, and ur =
(K;(6y, 9T))1§b33. Thanks to the continuity of K; and the strong consistency of 9T, lim7 00 I_{i,T =K, B+1-

Further, the definition of RKHS implies that K; p and I_(,',T are positive semidefinite. Thus, to show the
positive definiteness of K,-,T, it suffices to show det(Ki,T) > ( for all sufficiently large 7. By Lemma EC.6,
we have det(K; ps1) = det(K; g)(Ki(60,60) — u"K;Lu) and det(K;r) = det(K; 5)(Ki(fr,07) -
u;K;guT). The positive definiteness of K; g, yields det(K; g) > 0 and K;(6y,80¢) — uTKl."}_,;u > 0.
From the continuity of K; and the strong consistency of ér, we have limy_,oo K,-(@T, 97) - u}K;}guT =

K;(6y,6y) — uTKi‘Jlgu > 0. Hence, for all sufficiently large T, det(I_(i,T) >0, as required. O

From Step 2, we can replace the Moore-Penrose inverse in (16) with the exact inverse for all sufficiently

large T. To show the strong consistency of (g; 7(6p))1<p<B+1, it is enough to verify
Th_rgo(ﬁlTﬁil_jl*Rz—T + KKi,T)_IRi,Tii_} ([”’IT Yl—r]T - /}/i]‘B+N,-,T(9)) i, B+l (yi=vilp+1),
where y; := (17;(0p)1<p<B+1). We rewrite the left-hand side sequence as

(Ki,Tii_}RIT + KKi,T)_IRi,TEi_} ([HZT Y] - 7i13+N~ T(g))
= (ii,TKilTﬁi,TE;}RZT + Kii,T)_lii,TK VK, 1 T ([H, + YT 7i13+Ni’T(@))) =Arbr,
where Z; 7, Ar, and by are defined as

S = diag ({2(0) /Ni 7O}, Ly put )

br = Zi,TK,'—’;“Ri,TEi_’;" ([MIT Y/ - 7i13+Ni’T<9)) .
We will analyze the limits of A7 and br, respectively, in Steps 3 and 4.

Step 3. We have limy_,., by =y; — ¥;1p+1 almost surely.
Proof of Step 3. Observe that the ¢-th element of b7 is calculated as

B+1

(br)e = Z (Zi.7K; ey { tTZI T ([H’ZT Y/1" ‘7i13+N,,T(é))}b
bi=1 !
B+1 B Nir(8) A
(05) Ki(gb] 90b2)Ni T(sz) \ Ki(eb] ’Bi r) A
= : i,7(0p,) —vi) + ———Yi(0:,,) -
Z N o0 Kineo b; 6 (10,7 (85,) = 1) Zl 2, 0w
Bl A2 (08) Ki(0p,,05,)Ni 1(0p,)
sz Zbl I'N; T(e lT){) by /l%(ebz) (/Ji,T(ebz)_')/i)
=(D)
Nir(®) B+l A2 (af) Ki(0p,.0;,) 4
Z Zbl ' N, 2 (00) ,T)[bIW(Yi(ei,r)_yi)'

:=(10)
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We can rewrite (I) as

22(0,)27%(0
1= Z (00)A;7=(6p,)

(i.r(0) =7 (Y R D)o Ki(0n.05))  (BC29)
b= lNlT(ef)NlT(gbz) ’ b=t TG

For all sufficiently large T, we have K; ;.Ki1 = I, so 25;11(1%;})&51&(91,1,ebz) =1{¢ = by},b, < B.
Accordingly, the limit of (EC.29) is given as

Jim =" (:(00) = v U{bs = €} = (1:(6¢) ~ y) 1{C < BY. (EC.30)

Now, let us show the limit of (II), which can be rewritten as

A2(0,)N; 7(0 1 Nz (0) Y (0; ) — ;i B+l - N
= OO L Nr @ YO Z31 (58 (gt Ki(,)
Nir (8 Nor(0) 26, \Lapm
1 Nir(8) Yi(6i,r)-yi y Bl . . . L
Let X7 = N ® Zr:1T /lf-(éi,r)y ( b1+ 1(Kl T)g b, Ki (Obl, i r)) Since each simulation error is inde-

pendent, Assumption 6 gives that the standardized simulation errors, €; , := (Yi(éi’r) - 77,-(91-,,)) //l,-(éi,r),

are 1.i.d. standard normal random variables for r = 1, ..., N; 7. The strong law of large numbers implies that

lT()

Tim NAO) Y 6, =0 and tim N7L@) Y N @) |=N2r as. (EC.31)

Combining Step 2 with the continuity of K;, @T — 6, and 9” — 6y, we obtain

B+1 A
lim :1(K;1T)g,,,11<,~(0,,1,9i,,) —1{¢=B+1)} as.

T,r—o0 b

The continuity of ;(6) and A;(8), together with 1;(8y) > 0, then gives

7i(0ir) =i (B 7i(60) =¥, _
T,rr—I)loo ﬂlg(éi,r) (Zblzl( )f b]K (Obla i r)) /112(0 ) l{f_ B+ 1}’ (EC32)
and
tim 271 @) (Y (i b)ew Ky, 0:.0)) = 47 (B0) 1 = B+ 1) (EC.33)
Tor—oo i i,r bi=1 i, 76,01 B i\YUb,Yir) | =44 0 = . .

One can decompose Xt as follows:

i,7(8) 771(61 r) =i B+l 1{5 B+1} Ni, 1(9)
,T(e)z W (Z (K, b Ki(Op,, lr)) .00 ,T( )Z i

N;, () 1A B+l ~ B
ANFO Y @ x |47 0 Y, R es Ki(8,,81) = A7 O0)1{E =B+ 1) |
(EC.34)

7 (6o) —vi
2(60)

to zero by the strong law established above. We next show that the third term converges to zero. For any

6 > 0, there exists R s such that |/1i_1(éi,r) (Zfl‘;ll (I_{i‘lT)g,blK,-(Hbl, 9”)) - /ll.‘l (60)1{¢=B+ 1}| < ¢ for all

From the Cesaro mean property, the first term converges to 1{¢ = B+ 1}. The second term converges

sufficiently large 7 and r > R a.s. Then, the absolute value of the third term is bounded above by

Ro-1 B+l Nir(8)
1 1{t=B+1} P
§ lr - § K Ki(0y,,0;, = § ir|
,Tw) < ) A e KiOn: 8.0 = =G Nir(0) S e
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The first term converges to zero as Ni,T(é) — o0. The second term converges to (5\/2/_71 by (EC.31). Thus,
the limit superior of the absolute value of the third term in (EC.34) is at most ¢ \/2/_77 Letting 6 — 0" shows
that the third term also converges to zero. Consequently, we have limy_,co X7 = "’/1(20(0—(;)7’ 1{¢=B+1}a.s. For
{ < B, Step 1 stipulates that Ni’T(a)/Ni’T(ef) = O(1), whereas this ratio equals one if £ = B + 1. Combining

these observations with the continuity of A;, we obtain
Tlim (ID = (7;(6g) —y) 1{€=B+1}. (EC.35)
From (EC.30) and (EC.35), we conclude that lim7_,o, (br)e =1n;(6¢) —v;, as desired. O

Step 4. limy_, Ay = holds almost surely.

B+1
Proof of Step 4. Since lim7—,e £; 7 = 0p41,5+1, it suffices to verify limy_eo &; 7K 1 K; 7271 K[ =

Ki,3+1. For1<b,bp <B+1,
~ ~ ~ B+1 _ _ ~ ~ ~
Cir K 1 KirZ 1 K o, = Z Ci 1K Do (KirZ 1K e b,
B+1 B+N; 1(8) = =
Z (i rK; Db Z (KirZipe.e (K e b,

B+l _ - ~
=3 G e Z&:l (KirZ Moo (K e,

:=(10)

B+l o o Nir(9)
+ 25:1 (Zi 7K Pby.e Z (KirZip)esee, (K] 1) Bt b, -

:=(IV)
Let us see (III) first. One can derive that

B+l /l (Op,) -1 N;1(0¢)
mm=>" " Z[l Vo2 (s )(Ki,T)bl,fKi(et’,efl)ml{i(efpebz)

/lz(ehl)/l 2(951) B+l —
K; (8, ,0 Kl K;(0,,0;)).
Zf‘ ' Ni7(0,)N; 7(8¢,) (6 bZ)(Z"=1( 1) cKi(Oe 5‘))

From Step 2 again, we have ZB” (Kl T)b1 ¢Ki(0¢,0,,) =1{by =} if {; < B. From this result, the limit of
(III) is given as

) B
lim ()= )" Ki(8,.05,)1{b1 = (1} = Ki(6p,. 0,)1{b1 < B,

Further, (IV) can be calculated as
Nir(®) B+l A2(0p,) Zo Ki (67,0, 4,) .
av) = Z Z[, | N, 70, )( ,-,T)b,,fmlfi(%,@i,f,)

Nir(8) 1 ZNw(ﬂ) 22(6p,)
Ni,T(9b1) Ni’T(é) 4=l /12(9,-,[1)

Ki(6p,,0; ) (ZB+1(K oK, la))

From lim7 ¢, e Zf (Kl T)b1 (Ki(0¢,0; .¢;) = 1{b1 = B+ 1} and the continuity of /lf, we can see that

2(6),) A7 (65,)

lim ——— ——K;(0y,,00)1{b; =B+ 1}.
T,€|—>oo/l%(0i’€l) /12(0) ( by 0) { 1= }

Ki(0p,.0; ¢, (ZB+1(K, b1eKi (O, 151)) =
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Applying the Cesdro mean property, one can derive the limit of (IV) as
71il‘n av)= Ki(abz, 90)1{b1 =B+ 1}.

We finally have limr_, (III) + (IV) = (K; g+1)p,,b,,» Which completes the proof. O Q.E.D.

REMARK EC.2. We show that if BOLD is adopted as the R&S subroutine in OSAR*", then the condition
in Theorem 35, N,-,T(é) 2 oforall 1 <i< k, holds.

Proof. For each sample path, define the set of solutions simulated infinitely many times at the sequence
of MAPs as 7 = {i : N[,T(é) — oo}, Since liminf7_, e Zf;l Ni,T(é)/T > €, we have 7 # (. Our goal is to
show I ={1,2,...k}. Suppose otherwise, i.e., 7 ¢ # (). Then, there exists Ty such that (¢, 9) is not chosen to
simulate for any 7 > Ty and any £ € 7 ©. For eachi € 7, limy_, o ﬁi,T(é) =1;(0p). Fori € T¢, combining (16)
with Steps 1-2, and that 7 is simulated finitely many times, yields ﬁi,T(é) = L;,VT > Ty, for sample-path
dependent constant L;.

Let by denote the estimated best at @ after spending budget T > Ty. If by € I, then NI%T’T(é)//llz,T(é)
is bounded, whereas Y, NiT(é) /A2(0) diverges as there exists i € I such that i # by. Then, the global-
balance condition allocates simulation runs to (bT,é), contradicting the definition of 7y. Hence, by € 1
eventually. By the consistency of ﬁ[,T(é) on I, by converges to jo := argmin;¢ 7 17;(6p). Because jo € 7, the
pairwise-balance condition of BOLD will be invoked infinitely often. Otherwise, only jo would eventually
be simulated, making NJZ.O’T(é) M?o(é) diverge and supy X, Niz’T(é) //l?(é) < oo, which contradicts the
global-balance condition.

Whenever we test the pairwise balance condition of BOLD, it selects i # jo minimizing

(ﬁi,T(é) - ﬁjo,T(é))2
2 (43 (B)/Nj,.r(8) + 2(0)/N:.1(8))

Liri= (Y Nir(®) x Gir(0) = Vitjo,  (BC36)

for all sufficiently large 7. For i € I \ {jo}, the numerator tends to a strictly positive constant and the
denominator tends to zero, so I'; 7 — oo whereas we have I';, 7 = O(1) for some i; € 7¢. Consequently, for
all sufficiently large 7, BOLD will select a member of 7 to simulate. This contradicts the definition of 7y,

after which no member of 7 ¢ should be simulated. Thus, 7¢ =0 and we have 7 ={1,2,...,k}. O
EC.4. Supporting Results for Sections 7 and 8

EC.4.1. Extension to the Case under Model Misspecification

To handle a potential model misspecification, we first make the following assumption, which is a modification

of Assumption 4.

ASSUMPTION EC.1. Foreach 1 <€ <L, F=¢ and Fy are o-algebras of prior 71'5 and Z¢ ~ g%, respectively,
and the following holds: Assumptions 4(a) and 4(b) hold and
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(c) The class of functions, {log( /g5 6% € } is Pge-Glivenko-Cantelli;
(d) D(6%,6%) = DKL(g[Hfg[) - DKL(g ||f£[), is continuous in both 8¢ and 62, D¢ (6%,6Y) =0 = 6! =

6%, and 0 < inf ye gz wg(ef) <SUpgeent 71'5(0) < 0o,
Theorem EC.1 below derives an extended version of Theorem 1 under model misspecification.

THEOREM EC.1 (Extension of Theorem 1 under model misspecification). Suppose Condition 1,
Assumptions 1-3, EC.1, and 5 hold. Then, with probability 1, (a) i*(7m) converges to i, as T — oo; and
(b)limr oo =5 10g(1 = Pr,, (O (x,,))) =infgeor Tjo; 5D (6%,6°).

4

VA
Proof. Forall 1 <¢< L, DY (6%,6°) = Eze gt [—log fi{)(zf) . Assumptions EC.1(c) and (d) yield

1 Tm(0) L Beeo gt ot
—1 7 _D
Sup |7 og(ﬂm(e*))+ (1 ¢ (6,6°)
6(9[) L me| 1 it / (’( ) L B
=sup|= ) lo = Y log2— |+ é’Df 0!, 6
Geg z:l g(i‘( (9‘7)) ; T \me ; f (Zt’) Z[’ le ( )
L £(pt L me 7t
1 75(6°) e 1 fozh .,
<sup|= ) log + > — sup || — log +D"(0,,0°) ||| +0(1)
geo|T ; (7‘[6(95) ; T otec@t |\ Me ; ( f)
— 0 Pg-as.,

where uniform o(1) term follows from Condition 1, Assumptions 4 and EC.1. Combining this result with
the continuity of 7(8) = X & (12 Be D"(e ,0%) from Assumption EC.1(d), we can proceed in the same way as
in the proof of Theorem 1 to obtaln the result. Q.E.D.

Now, we are ready to show Theorem 6; its proof proceeds similarly as that of Theorem 2.

Proof of Theorem 6. One can easily validate the statement by replacing iy and DKL(H‘)HH ) with i,

and D (6, 9[) respectively. All other parts of the proof of Theorem 2 remain valid without modification.
Q.E.D.

EC.4.2. An Extended Discussion of Section 8.1.4

We first present the proof of Proposition 3.
Proof of Proposition 3. Observe that E[OC,] = 3, (17:(60) — 1i,(80)) P(i; = i) can be bounded from

above and below as follows:

P(i; #ip) X I,Iill(r,l (n:(80) =1y (80)) <E[OC;] <P(i; #ip) X max (n:(80) =1y (60))

Equivalently,
log min (1;(8o) — 1i,(60))
1#1o

logP(ltt #io) + ; < 7 log E[OC,]
(EC.37)
_ logP(i; #ip) .\ Ingg‘};‘ (17:(80) = 1i,(0))

t t
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(a) 1-PCS (b) OC
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Figure EC.1 For the food contamination example, we display log-scaled 1-PCS and OC in panels (a) and (b), respectively. The

results are obtained by averaging over 10,000 macroruns.

. . log max;4; i (00)—ni, (6 . log min; ;, i (60)—ni, (0 L. . .
Since lim;_e — ’¢‘°(n'l( 0) =11y (60)) = 1im, o0 — ”“O(mt( 0)=17p %)) _ 0 holds as ig is unique, taking

t — oo on both sides of (EC.37) completes the proof. Q.E.D.
Figure EC.1 below is provided as a comparison of benchmark algorithms in terms of PFS and OC
applied to the food contamination example in Section 8.2. Conclusions in Section 8.1.4 hold here, too—the

algorithms perform very similarly in both PFS and OC.

EC.5. Efficient Updates of the Nystrom KRR Model

In this subsection, we discuss an efficient method to update c; r discussed in Remark 4. Define A; r =
K,TEI‘ITKITT +«K; 7 and b; = Ki’TEE}yT, where yr = ([p,IT Y] - 7i13+Ni,r((9))‘ From Proposi-
tion 2, Corollary EC.1 below shows that c; 7 becomes the optimal solution to the linear equation. Namely,

we can learn c; 7 via the least squares method instead of computing the Moore-Penrose inverse of A; r.

COROLLARY EC.1. One can view c; r defined in (EC.24) as the least square solution to
miny [|A; 7x = b; 1|2, (EC.38)
where b; 1 = Ki,TE;%y.
Motivated by this, c; r can be computed by solving (EC.38). In this regard, we decompose A; r via the QR
decomposition, A; 7 = Q; 7R; 1, where Q; r is the orthogonal matrix (i.e., l.TT = Qi_lr) and R; 7 is the
upper triangular matrix. Observe that
IA; 7x = b; 7|3 = (Airx-bi1) (A 7x - bj 1)
= (Airx-bi7) Qi rQ/ 7 (Airx—Db; 1)
=||Ri.rx - Q7 bi7l 13,
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where the second equality follows from Q; 7 QIT = [. Hence, we have
c;,r = argmin, |[|R; 7x - Q] ;bi r|l>. (EC.39)

We will exploit (EC.39) to evaluate c; 7 since it is easier to solve than (EC.38) as R; 7 is upper triangular.

Whenever we collect more simulation data at any (i, 85,), A; 7 and b; 7 are updated. Then, Q; 7 and R; 1
should be updated accordingly. Proposition EC.2 below summarizes the recursive formulae of A; 7 and b; r,
respectively. From Proposition EC.2, one can confirm that A; 7.1 can be written as A; 741 = A; 7 +uv’
for some (B + 1)-dimensional vectors, u and v. Exploiting this, we can efficiently update Q; 7+ and R; 741
in a sequential manner using the MATLAB built-in function, qrupdate. It is known that the computational
complexity of this job is O (B?), which is cheaper than that of a new QR decomposition, O (B*) (Golub and
Loan 1996).

PROPOSITION EC.2. Assuming that Y" is the first new observation after spending budget T, A; r and
b; 1 are updated as A; 141 = A; 1 + /1;2(0b)ki,bkin and b; 711 =b; 1+ A;z(eb)(n"ew —vi)ki p, where
ki » = Ki rep.

A

Proof of Proposition EC.2. We consider two cases, (a) 8, € ®* and (b) 8, = 0, separately. Notice that
K; 741 =K, 7 and K; 741 = K; 7 hold if the MAP is not updated (Case (a)).
(a) Suppose 8, € ©*. Then,

Ve -1 T v I -13eT v -2 T -2 T
Aira =KirnZ 7 K 7y kK1 =K 72 7 K 46K 1+ 47 (0p)k bk, = Apr+4;7(0) ki pk;

which proves the recursive formula for A;7.;. Recall y; = ([H’ZT Y/ -yil, +N,:T(9))' Let g =

Hi,1+1(0p) — ;i 7(6p). Then, we have

S-1
bi i1 =Ki 141 Z; 1 Y741

=K 7 (E 1 +2;2(8p)epe)) (yr + fep)

— _ _ — [ Ni7(6p)
1 2 2 ,
Zryr+ {/li (Bp)e,yr +4; (Op) i+ [ (W)} eb]

=K1 [Zr7y7r + 472 (0) {1t 7(0p) —vi + (Ni.7(8p) + DD } €|

=KirZ pyr + 47 2(00) (VY = yi)kip = by 1+ 472(0) (VP =y ki p,

=K;r

where the fifth equality follows from y; 7(0p) —yi + (yi,T(Hb) + D =YY" —v;.

_ _ — >l 0 o
(b) Since Ki,T+1 = [Ki,T ki,B+1] and 2;;+1 = |:0_|_ i,T ‘ (B/;jvzl(TO(G;)Xl . we have
(B+N;.7(9))x1 ‘ i T
Airir = Ri,nli{}”ﬁzn] + kK 141
> 0 A
~ T B+N;+(0)x1 | = -
= [Kir ki1l | 75— ‘ ( +—27£9( D (K1 ki g1l +«Kir

0(B+N,~,T(9))><1 A;(0r)

rr  S-lyeT -2/ T % =200 T
= Ki,TZi,TKi,T +4; (OT)ki,B+1ki,B+1 +kKir=Air+4; (9T)ki,B+1ki,B+1-
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To analyze b; 7,1, we first observe yr41 = [y; YV =] and

$-1
S0 0N, o)
/l_—Z(OT) Yr+1

Ki,T+l§;1T+1YT+l = [Kir ki s+1] | o7
(B+N; 1(8))x1

=K 12 5yr + 47200 (Y™ - y)ki 541

=bi 7 +A72(0) (Y™ - y)k; B,

which completes the proof. Q.E.D.
Corollary EC.2 below presents the revised formulae for A; 7 and b; r when the variances, /l%(Gb), are

unknown.

COROLLARY EC.2. Let /1,2](019) be the sample variance at (i, 0p) after spending sampling budget T. After
observing Y", A; 1 and b; T are updated as follows:

(a) If 0y, € ©F, we have

By T
Airi1=A;r+ 2k pk;,, and b; 111 =bi 1+ Uk p,

Nir(0p)+l  Nir(0p) | ~ _ Niz(0p)+l, N Nir(6) o _
/l?,T_H(eh) - /lzz',T(eb) SH = A?’Tﬂ(eb) (:ul,T+1(0b) 71) A%,T(eb) (/"ll,T(eb)

where 1 =
Yi), and k; p = K; rep.
(b) If 0y, = 0, we can see

Aire1 =Air + 7Ok k] 5, and bire =bi1+A;7(8) (Y = i)k pet,
where K; 41 = (Ki(6,05))1<p<pe1.

EC.6. Larger Disparities in Data Costs

In this section, we examine the behavior of OSAR when the input data collection cost is much higher/lower
than the simulation cost. We test two extreme cases when c = (100, 100)—expensive input data—and
c = (0.01,0.01)—cheap input data—fixing the simulation cost at one. Figure EC.2 shows the numerical
performances of OSAR, OSAR (gCEI), OSAR*, and BICO applied to the Baseline case in Section 8.1.1.
In the expensive-input case (first row), BICO and OSAR™ slightly outperform OSAR and OSAR (gCEI)
in the PCS convergence rate. Intuitively, when the input data collection is more expensive, both OSAR and
BICO would run simulations more frequently relative to the input data. However, the input data sampling
ratios, ,@1 and ,@2, in Figure EC.2(b), are still of the same order of magnitude as those in the Baseline case in
Figure 4(b) for all algorithms. Although seemingly counterintuitive, this is because 3; and 3, are fractions
of the sampling budget spent, which include the cost. Thus, considering that ¢; and ¢, are 100 times more
expensive in this case than Baseline, the observed input data is much fewer than in Baseline. This coincides

with the intuition that OSAR would simulate more as the input data becomes more expensive.
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(a) Discrete support case (¢ = 100) (b) Historical f3; for each i = 1,2.
10° T T T T T
n
®) 1S
0 «
i
107t =
- - B1 (BICO) - ®- By (BICO)
BICO —@— OSAR -3-- 31 (OSAR) - @ -5 (OSAR)
—A— OSAR (gCEI) —li— OSAR™T 0% —E— 3, (OSART) —@— 35 (OsAR™T) | |
I I I I I ! ! | | | | |
20000 40000 60000 80000 100000 120000 140000 20000 40000 60000 80000 100000 120000 140000
T T
(c) Discrete support case (¢ = 0.01) (d) Historical j3; for each i = 1,2.
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Figure EC.2  Each panel displays 1-PCS in log scale for discrete support described in Section 8 with ¢ = ¢; = ¢ = 100 or

¢ =c1 =c=0.01, respectively. The results are obtained by averaging over 10,000 macroruns.

In the cheap-input case (second row), both OSAR and OSAR (gCEI) slightly outperform OSAR™* in later
iterations while BICO performs significantly worse than the rest. In this case, the true parameter, 6y, can be
learned accurately with a small fraction of the sampling budget and estimating the MPB reduces to solving
an R&S problem accurately at 6. Figure EC.2(d) shows that the optimal sampling fractions are smaller than
those for the Baseline case in Figure 4(b). However, again, considering that c; and ¢, are 100 times cheaper
than in Baseline, Figure EC.2(d) shows that all algorithms collect much more input data than in Baseline.
This aligns with the intuition that OSAR would collect more input data as input data becomes cheaper.

Because OSAR and OSAR (gCEI) estimate the unknown means from sample averages of the simulations
made at each solution-parameter pair, they are always unbiased. On the other hand, OSAR™* introduces bias
by pooling the simulation outputs at other parameter values via KRR. Although this is typically more efficient

for the case when simulation effort is spread out across different parameters, when input data is cheap,
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the simulation effort is likely concentrated near 6y, which results in the slight underperformance observed
for OSAR™. Lastly, BICO’s performance can be explained by that it spends a significantly smaller fraction
of the budget on sampling from the second input data source compared to others (see Figure EC.2(d)).
Consequently, the posterior probability does not concentrate sufficiently fast around 8y, which results in the

slow convergence of the PCS.

EC.7. Implementation Details of BICO and SDC

This section discusses computational details of the Bayesian Information Collection and Optimization
(BICO) algorithm suggested by Ungredda et al. (2022) and Separate Data Collection (SDC) for the examples
in Section 8.

Unlike OSAR, BICO identifies the optimal solution by comparing the expected performance averaged
over the joint posterior distribution of simulation error and input parameter. Another difference is that BICO
allocates a single replication in each iteration for simulation, however, collects a batch of input data from a
source, where the batch size is a user input. We adopt the batch size of 5 in all our experiments. To determine
whether to collect more input data or simulation output, BICO computes their values of information (Vol).
To compute the Vol of input data, they adopt Monte Carlo (MC) estimation, which requires two parameters,
R and R;; the former is the MC sample size to compute the current expected performance of each solution,
and the latter is the MC sample size to compute the improvement in each solution’s performance should we
sample the batch input data from each input source. Again, these are suggested as user inputs and we adopt
R| = R, =200 in our implementations.

Algorithm 5 summarizes SDC. To determine how to split the sampling budget between input data
collection and simulation, SDC follows the same logic as in Kim and Song (2022). Let LDR*™ be the optimal
LDR of the probability of false selection of the MPB given a fixed set of input data, and LDR™" be the
optimal LDR of MPB’s posterior preference, respectively. Either rate is computed assuming that 100% of the
sampling budget goes to serve either purpose. The authors propose balancing the two LDRs by maximizing
max, >0 min{LDR¥™, yLDR"™"} /(1 + y), where v is the ratio of the sampling budget spent on input data
collection to that on simulation, and show that the maximum is attained if y = LDRY™/LDR™™" := y*,
Motivated by this, in each batch iteration, SDC aims to split A and allocate y*/(1+7y") to input data sampling
and 1/(1 + y*) to simulation sampling.

To learn unknown y*, Step 4 estimates LDR ™" and LDR®™ from the input models and simulation outputs
by replacing unknown quantities with their corresponding sample estimates. In particular, computing LDR*™
requires the balance weight, W;(0p), which quantifies the contribution of G; ;(6j) to the false-selection
event of the MPB for each 1 <i < k,1 < b < B. We refer the readers to Kim et al. (2025) for the formal

definition of W;(6;). After calculating ¥ in Step 5, the remainder of SDC utilizes it to allocate A.
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Algorithm 5 Separate Data Collection (SDC)
1: Run Steps 1-2 of Algorithm 1 (OSAR) and set m,; =mg forall 1 <€ <L; s« 1.

2: whiler <T do
3: Run Steps 3-5 of Algorithm 2 (OSAR™).
4: Compute the LDRs from simulation and input model, LDR™" and LTD\RmPut, defined as

——— sim . ——input . L me s
LDR = min W,;,(0,)Gi((0p) and LDR PR .= inf T’S
i#i?,1<b<B <65, ¢=1 (c'm)

R CAISY

where G; ;(05) is a rescaled version of G; ;(8),) defined above (8) and W; ,(6;) represents the balance

weight estimated from {f1; s }1<i<k-
mput

5: Estimate the splitting ratio ¥ = LDR / LDR
6: Solve 3, := argmax g infpeec, ) Zéﬁ ] ff DKL(9f||05) subjectto B>€,1,,173=1.

,éf,sf’ X Alce
(1+9) 7 TA/ce]

7: [Input Data Sampling] Draw (7, 5)1<¢<1, ~ Bin ([A/ cel, ) and collect ri1¢ s obser-
vations from the ¢-th input data source.
8: [Simulation Sampling] Draw Ny ~ Bin (A %) and run Algorithm 5 in Kim et al. (2025) with
budget N;.
9: Update t « 1+ Zf;l Mg s+ Ng, e spp «—mes+ipgforall 1 << L,and s < s+1
10: end while

11: return i}, as the optimal solution.

EC.8. Auxiliary Results

This section contains auxiliary results invoked to show our main results and their proofs.

LEMMA EC.4. Suppose there exists sequence {a;, n}°° | Such that a; ,, > 0 and lim, e — log ain=21;=>0

foreachi=1,2,...,K. Then, we have lim; e —, log(Zi:1 ai p) =minj<;<g ;.

Proof. Taking —%log(-) operation on all sides of max;<j<k a; n < Zle ain < Kmaxi<i<k a;j n, We

have

D osk + L < 11 (ZK )< L (EC.40)
~log 1r<1}1<nK ~logai, < og o, @i 1I<I}1<IIK ~logain. )

which follows from that —log max<;<k @; , = min;<;<x —loga; ,. Letting n — oo on both sides of (EC.40),

we can obtain the desired result.  Q.E.D.

LEMMA EC.5 (Modified version of Theorem 4.5.5 in Durrett (2019)). For each t, define Y, ~
Bin(A, p;), where p; € F;_1 and F;_1 is a filtration generated by the collected data until the (t — 1)-th

T
tlYf

iteration. Then, we have — 1 a.s. conditional on {32 | p; = oo}.

rlpr
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Proof. Similar to the original proof, we construct a martingale {X;};>; as Xo =0and X; — X;_| = % - Ps-

This yields that
T T T
D YA p)-1=Xr/).  pi.

The increasing process of X;, say A;, is defined as A; = Z;:l E[(X;, — X;, _1)2|Ttl _1]. Then, we have
At = A1 =E[(X, = X121 Fi-1] = AEL(Y; = Ap,)*|Fia] = A7 pi (1= po) < pi /A

Given {A, < oo}, Theorem 4.5.2 in Durrett (2019) shows that X; converges to a constant. Hence, we
XT
Z,T:] Pt
Applying Theorem 4.5.3 in Durrett (2019) with f(f) = max(z, 1), one can confirm that X7/ f(A7) — 0

T
conditional on {A = co}. Since f(Ar) < #, we finally have XT/ZtT:1 p: — 0 conditional on {A, =

have — 0 conditional on {As <00, 377 p; = co}. If A =00, we have {Ae =00} C {77, ps = o0},

00} = {Aw = 00,377, p; = co}. Combining two limit results verifies pr — 0 given X7, p; = o0, as
t=1 11
desired. Q.E.D.
A
LEMMA EC.6. Ler A be a B-by-B invertible matrix. Define A\ = [ﬁ‘%] for some B-dimensional vectors

u and v, and constant c. Then, we have det(A;) = (¢ —vT A~ 'u)det(A).

Proof. From a straightforward computation, one can confirm

Is [05][A] 0p ]

Ar= VTA_I‘ 1 OE‘C—VTA_IU

IB‘A_]U
o T |

where Ip is a B-by-B identity matrix. Taking a determinant on both sides, we can obtain det(A;) =
(c=vTA 'u)det(A). Q.E.D.
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