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Appendix A Dynamic Programming Formulation

The clairvoyant’s problems (1) can be solved by dynamic programming. We provide below a formulation

for a single product (i.e., M = 1), and the product index is omitted. The multiple-product problem can be

formulated in a similar manner. Denote by V (t, I) the total expected profit when there are t periods left

and I units of inventory. Then, we obtain the following Bellman equations: for each t ≥ 1 and I ≥ 1, define

V (t, I) = max
b, p+, p0

µ(b) {−b+ λ(p+)[p+ + V (t− 1, I)] + (1− λ(p+))V (t− 1, I + 1)}

+ (1− µ(b)) {λ(p0)[p0 + V (t− 1, I − 1)] + (1− λ(p0))V (t− 1, I)} ,

where V (0, I) = 0 for any I ≥ 1, and for each t ≥ 1,

V (t, 0) = max
b, p+

µ(b) {−b+ λ(p+)[p+ + V (t− 1, 0)] + (1− λ(p+))V (t− 1, 1)}

+ (1− µ(b))V (t− 1, 0).

The optimal policy can be found by solving V (T, I0) recursively. Similar to the literature on the trade-in

programs (e.g., Xiao and Zhou 2020), we can show structural properties based on the formulation above.

For example, the optimal purchase and selling prices decrease with more inventory. This is intuitive: More

inventory allows us to lower the supply rate and raise the demand rate to match supply and demand better.

Appendix B Omitted Proofs in Section 3

In this section, we prove Proposition 1 and Proposition 2. Note that the fixed-price policy F can be viewed

as a special case of F̂ with the estimated matching rate to be exactly the same as the underlying rate. As

such, we prove Proposition 2 below, which also proves Proposition 1.

B.1 Proof of Proposition 2

Given ω̂, the total expected profit under the corresponding fixed-price policy F̂ is

V F̂ (T, I0) =

T∑
t=1

E

[(
M∑
i=1

ri(ω̂)

)
1{I F̂j,t + SF̂

j,t > 0,∀j} −
M∑
i=1

ci(ω̂i − Ii,0/T )

]

=

T∑
t=1

E

[
f(ω̂)−

(
M∑
i=1

ri(ω̂)

)
· 1{∃ j : I F̂j,t + SF̂

j,t = 0}

]
. (B.1)
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where f represents the single-period expected profit defined in (3). Then, the performance gap between the

optimal policy and F̂ can be bounded as

V (T, I0)− V F̂ (T, I0) ≤ V D(T, I0)− V F̂ (T, I0)

≤ T [f(ω∗)− f(ω̂)] +

(
M∑
i=1

ri(ω̂)

)
·

T∑
t=1

P

(⋃
i

{I F̂i,t + SF̂
i,t = 0}

)
,

where V D(T, I0) = Tf(ω∗) is the optimal profit in the deterministic variant. As shown in (4), the first

term in the rightmost expression can be bounded using the squared difference between ω∗ and ω̂, implying

f(ω∗) − f(ω̂) ≤ uf∥ω∗ − ω̂∥22. The second term is the expected revenue loss from stockouts under F̂ . We

claim that
T∑

t=1

P

(⋃
i

{I F̂i,t + SF̂
i,t = 0}

)
≤ CmM

√
T log T , (B.2)

where Cm is a finite constant independent of M and T . Suppose that the claim holds (which we will show

later). Since
∑M

i=1 ri(ω̂) =
∑M

i=1 pi(ω̂)ω̂i ≤
∑M

i=1 pmaxω̂i ≤ pmax, we obtain

V (T, I0)− V F̂ (T, I0) ≤ T · uf∥ω∗ − ω̂∥22 + pmaxCmM
√
T log T .

Thus, the expected performance loss of F̂ satisfies

E
[
V (T, I0)− V F̂ (T, I0)

]
≤ T · ufE[∥ω∗ − ω̂∥22] + pmaxCmM

√
T log T .

If the estimated matching rate satisfies E[∥ω∗−ω̂∥22] ≤ cωM
√
log T/T , it follows E

[
V (T, I0)− V F̂ (T, I0)

]
≤

C
(2)
F M

√
T log T , where C

(2)
F := ufcω + pmaxCm is a finite constant. This proves Proposition 2.

In the rest of the proof, we establish the stockout bound in (B.2) directly. Conditional on ω̂, let D̃t =

(D̃1,t, . . . , D̃M,t) denote the potential MNL demand vector in period t with choice probabilities (ω̂1, . . . , ω̂M ).

These potential demand vectors are generated in every period, including periods in which F̂ applies the null

selling price vector, and are independent over time and independent of supply. The realized demand under

F̂ can therefore be represented as

DF̂
i,t = D̃i,t1{I F̂j,t + SF̂

j,t > 0, ∀j ∈ [M ]}.

For each product i, construct on the same probability space the one-dimensional process

Qi,1 = Ii,0, Qi,t+1 =
[
Qi,t + SF̂

i,t − D̃i,t

]+
.

We claim that I F̂i,t ≥ Qi,t, for any i ∈ [M ] and any t ∈ [T ]. This follows by induction. When all products

are available, F̂ and the comparison process use the same potential demand. When at least one product is

unavailable, F̂ suppresses all demand, whereas the comparison process may still remove one unit. Therefore,

the inventory under F̂ cannot be smaller than the inventory in the comparison process. Consequently,

1
{ M⋃

i=1

{
I F̂i,t + SF̂

i,t = 0
}}

≤
M∑
i=1

1
{
Qi,t + SF̂

i,t = 0
}
. (B.3)
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Fix a product i. Let Xt := SF̂
i,t − D̃i,t. The comparison process satisfies the Lindley recursion Qi,t+1 =

[Qi,t +Xt]
+. Its cumulative regulator can be written as

Ln := max
0≤k≤n

[−Ii,0 −
∑k

t=1 Xt]
+,

so that Qi,n+1 = Ii,0 +
∑n

t=1 Xt + Ln. Because Xt ∈ {−1, 0, 1}, the regulator increases precisely when

Qi,t = 0, SF̂
i,t = 0, and D̃i,t = 1. Hence, Lt − Lt−1 = D̃i,t1

{
Qi,t + SF̂

i,t = 0
}
. Since the current potential

demand is independent of (Qi,t, S
F̂
i,t), it follows that

E[LT | ω̂] = ω̂i

T∑
t=1

P
(
Qi,t + SF̂

i,t = 0
∣∣∣ ω̂) . (B.4)

Define the martingale Mk :=
∑k

t=1 (Xt + Ii,0/T ) . Since E[Xt | ω̂] = (ω̂i − Ii,0/T ) − ω̂i = −Ii,0/T, we have,

for every k ≤ T ,

Ii,0 +

k∑
t=1

Xt = Ii,0

(
1− k

T

)
+Mk ≥ Mk.

Therefore, LT ≤ max0≤k≤T (−Mk)
+ ≤ max0≤k≤T |Mk|. By Doob’s L2 maximal inequality, we obtain

E[LT | ω̂] ≤ 2
√
E[M2

T | ω̂] = 2
√
T [(ω̂i − Ii,0/T )(1− ω̂i + Ii,0/T ) + ω̂i(1− ω̂i)] ≤ 2

√
2ω̂iT ,

where the last inequality follows from 0 ≤ ω̂i − Ii,0/T ≤ ω̂i. Combining this inequality with (B.4) yields

T∑
t=1

P
(
Qi,t + SF̂

i,t = 0
∣∣∣ ω̂) ≤ 2

√
2T

ω̂i
.

Summing over all products and using (B.3) and ω̂i ≥ λmin, we obtain

T∑
t=1

P

(
M⋃
i=1

{
I F̂i,t + SF̂

i,t = 0
} ∣∣∣∣∣ ω̂

)
≤ 2

√
2T

M∑
i=1

1√
ω̂i

≤ 2M

√
2T

λmin
.

Taking expectations with respect to ω̂ proves N F̂ (T, I0) = O(M
√
T log T ). In particular, for T ≥ 2, (B.2)

holds with Cm = 2
√
2/(λmin log 2). This completes the proof of Proposition 2.

Appendix C Omitted Proofs in Section 4.3

Recall that our Phase 2 starts with prices estimated based on data from Phase 1. The initial purchase prices

are are defined in Section 4.3 as

b̂oi =
1

γ̂2,i
(ω̂∗

i − γ̂1,i) , ∀ i ∈ [M ].
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By definition, we can show that the estimation error satisfies

|b̂oi − b̄i|2 =

∣∣∣∣ω̂∗
i

(
1

γ2,i
− 1

γ̂2,i

)
−
(
γ1,i
γ2,i

− γ̂1,i
γ̂2,i

) ∣∣∣∣2 ≤ κb∥γi − γ̂i∥22,

where κb is a finite constant. By the classic results of the MLE estimator, we further have

P
(
|b̂oi − b̄i|2 > ϵ

)
≤ P

(
∥γi − γ̂i∥22 > ϵ/κb

)
≤ c(0)γ exp

(
−c(1)γ N0ϵ/κb

)
, ∀ i ∈ [M ], (C.1)

where c
(0)
γ and c

(1)
γ are positive and finite constants independent of M and T . We will use these high-

probability bounds in the proof of Proposition 3 below.

Next, we present Theorem 4.1 in Harvey et al. (2019), which will be used to show high-probability bounds

for our selected prices in Phase 2.

Lemma C.1 (Theorem 4.1, Harvey et al. 2019). Let (Xt)
T
t=1 be a stochastic process and let (Ft)

T
t=1 be a

filtration such that Xt is Ft-measurable and Xt is non-negative almost surely. Assume that E[exp(λX1)] ≤
exp(λK) for λ ∈ (0, 1/K]. Let αt ∈ [0, 1) and βt, γt ≥ 0 for every t. Let ŵt be a mean-zero random variable

conditioned on Ft such that |ŵt| ≤ 1 almost surely for every t. Suppose that Xt+1 ≤ αtXt + βtŵt

√
Xt + γt

for every t. Then, the following hold.

• For every t, P (Xt ≥ K log(1/δ)) ≤ eδ.

• More generally, if σ1, . . . , σT ≥ 0, then P
(∑T

t=1 σtXt ≥ K log(1/δ)
∑T

t=1 σt

)
≤ eδ,

where K = max1≤t≤T

(
2γt/(1− αt), 2β

2
t /(1− αt)

)
.

Lemma C.1 provides high-probability bounds for Xt satisfying a nonlinear recurrence. Harvey et al.

(2019) use it to show that the output {xt} from the SGD method converges to the minimizer x∗ with a

high-probability bound P
(∑T

t=2 σt∥xt − x∗∥2 = O
(
log(1/δ)

∑T
t=2(σt/t)

))
≥ 1− δ for all σt ≥ 0. To prove

(9), which is the high-probability bound stated in Proposition 3, we extend their analysis to our setting with

an initial point bi,2N0+1 = b̂oi , the estimate based on Phase 1, and step sizes of ηst = ηs0/(t+ 1) for t > 2N0.

C.1 Proof of Proposition 3

As discussed in Section 4.3, the expectation bound (8) follows from a standard recursive argument for SGD

(see, for example, Hazan et al. (2007)). We show below the high-probability bound (9). By the updating

rule under SGD, we have for t > 2N0,

|bi,t+1 − b̄i|2 ≤ |bi,t − ηst · [Si(bi,t)− ω̂∗
i ]− b̄i|2

= |bi,t − b̄i|2 − 2ηst · [Si(bi,t)− ω̂∗
i ](bi,t − b̄i) + |ηst · [Si(bi,t)− ω̂∗

i ]|2.

Note that Si(bi,t) − ω̂∗
i = [µi(bi,t) − ω̂∗

i ] − [µi(bi,t) − Si(bi,t)] = γ2,i(bi,t − b̄i) − [µi(bi,t) − Si(bi,t)] and

[Si(bi,t)− ω̂∗
i ]

2 ≤ max{(1− ω̂∗
i )

2, (−ω̂∗
i )

2} ≤ 1. It follows that

|bi,t+1 − b̄i|2 ≤ |bi,t − b̄i|2 (1− 2ηst γ2,i) + 2ηst · [µi(bi,t)− Si(bi,t)](bi,t − b̄i) + (ηst )
2

≤ |bi,t − b̄i|2
(
t− 1

t+ 1

)
− 2

(
ηs0

t+ 1

)
· [µi(bi,t)− Si(bi,t)](bi,t − b̄i) +

(
ηs0

t+ 1

)2

,
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where the last inequality holds because ηst = ηs0/(t + 1) with ηs0 > 1/γ2,min, which implies 1 − 2ηst γ2,i =

1− 2ηs0γ2,i/(t+ 1) < 1− 2/(t+ 1) = (t− 1)/(t+ 1). Multiplying by (t+ 1) on both sides, we obtain

(t+ 1)|bi,t+1 − b̄i|2 ≤ t|bi,t − b̄i|2
(
t− 1

t

)
+ 2ηs0 · [µi(bi,t)− Si(bi,t)](bi,t − b̄i) +

(ηs0)
2

t+ 1

= t|bi,t − b̄i|2
(
t− 1

t

)
+

2ηs0√
t
· [µi(bi,t)− Si(bi,t)](bi,t − b̄i)

|bi,t − b̄i|
·
√

t|bi,t − b̄i|2 +
(ηs0)

2

t+ 1
.

Let Xk := (2N0+k)|bi,2N0+k− b̄i|2 for k ≥ 1. Then, Xk+1 ≤ αkXk+βkŵk

√
Xk+γk holds for all k with αk =

(2N0+k−1)/(2N0+k), βk = 2ηs0/
√
2N0 + k, ŵk = [Si(bi,2N0+k−µi(bi,2N0+k)](bi,2N0+k− b̄i)/|bi,2N0+k− b̄i|,

and γk = (ηs0)
2/(2N0 + k + 1).

We want to apply Lemma C.1 to (Xk)
T−2N0

k=1 . Specifically, let Fk be the σ-algebra generated by the

history of purchase prices and realized supplies before period 2N0 + k. Then, Xk is Fk-measurable,

and moreover, E[ŵk|Fk] = 0 holds. Observe that we have |ŵk| ≤ |SA
i,2N0+k − µi(bi,2N0+k)| ≤ 1, and

max1≤k≤T−2N0

(
2γk/(1− αk), 2β

2
k/(1− αk)

)
= 8(ηs0)

2. Furthermore, we claim that we have E[exp(λX1)] ≤
exp(λKb) for any λ ∈ (0, 1/Kb] and some constant Kb ≥ 8(ηs0)

2 (we verify below that this claim holds).

Then, we can apply Lemma C.1 with σk = 1/(2N0 + k) and δ = 1/(eT ), which implies

P

(
T−2N0∑
k=1

|bi,2N0+k − b̄i|2 ≥ Kb log(eT )

T−2N0∑
k=1

(1/k)

)
≤ 1

T
.

Since
∑T−2N0

k=1 (1/k) ≤ 1 +
∫ T−2N0

1
(1/x) dx = 1 + log(T − 2N0) ≤ log(eT ), we have

P

(
T∑

t=2N0+1

|bi,t − b̄i| ≥
√

Kb(T − 2N0) · log(eT )

)

≤ P

( T∑
t=2N0+1

|bi,t − b̄i|

)2

≥ (T − 2N0)Kb · log(eT )
T−2N0∑
k=1

(1/k)


≤ P

(
T∑

t=2N0+1

|bi,t − b̄i|2 ≥ Kb log(eT )

T−2N0∑
k=1

(1/k)

)
≤ 1

T
,

where the second inequality follows from Cauchy–Schwarz inequality. Thus, we obtain (9) as required.

It remains to prove the claim that we can define a constant Kb ≥ 8(ηs0)
2 such that E[exp(λX1)] ≤

exp(λKb) for λ ∈ (0, 1/Kb]. By definition, we have X1 = 2N0|bi,2N0+1 − b̄i|2 = 2N0|b̂oi − b̄i|2. Also, |b̂oi − b̄i|2

is bounded by ub := (bmax − bmin)
2 almost surely. Thus, for λ ≤ c

(1)
γ /(4κb),

E[exp(λX1)] = E
[
exp

(
2λN0|b̂oi − b̄i|2

)]
=

∫ ub

0

− exp (2λN0ϵ) dP
(
|b̂oi − b̄i|2 > ϵ

)
= 1 +

∫ ub

0

2λN0 exp (2λN0ϵ) · P
(
|b̂oi − b̄i|2 > ϵ

)
dϵ

≤ 1 +

∫ ub

0

2λN0 exp (2λN0ϵ) · c(0)γ exp
(
−c(1)γ N0ϵ/κb

)
dϵ,

v



where the inequality follows from (C.1). Thus,

E[exp(λX1)] ≤ 1 + 2λN0c
(0)
γ

∫ ub

0

exp
(
−(c(1)γ /κb − 2λ)N0ϵ

)
dϵ

≤ 1 +
2λN0

(c
(1)
γ /κb − 2λ)N0

≤ exp

(
λ · 2

c
(1)
γ /κb − 2λ

)
≤ exp

(
λ · 4κb

c
(1)
γ

)
,

where the second last inequality follows from 1 + x ≤ exp(x), and the last inequality follows from λ <

c
(1)
γ /(4κb) and, thus, 2/(c

(1)
γ /κb − 2λ) ≤ 2/(c

(1)
γ /(2κb)) = 4κb/c

(1)
γ . Let Kb := max{8(ηs0)2, 4κb/c

(1)
γ }. Then

for any λ ≤ 1/Kb, we have λ ≤ c
(1)
γ /(4κb), and the equation above implies E[exp(λX1)] ≤ exp(λKb), proving

the claim. This completes our proof of (9).

Appendix D Omitted Proofs in Section 4.4

We proceed to provide detailed proofs of Lemma 1, (12), and Proposition 4 when applying the generalized

SGD for the demand side. We first provide a complete proof of the expectation bound in Lemma 1.

D.1 Proof of Lemma 1

We have shown in (11) that E
[
∥p̌τ+1 − p̄∥22

]
≤ E

[
∥p̌τ − p̄∥22

]
(1 − 2ηdτL

d) + (uGη
d
τ )

2 holds. Since the step

size is set as ηdτ = ηd0/(τ + 1) with ηd0 > 1/Ld, we have

E
[
∥p̌τ+1 − p̄∥22

]
≤ E

[
∥p̌τ − p̄∥22

]
· τ − 1

τ + 1
+

(uGη
d
0)

2

(τ + 1)2
.

The required result in Lemma 1 is equivalent to

E
[
∥p̌τ − p̄∥22

]
≤ κd/τ, ∀ τ ≥ 1, (D.1)

where we recall κd := (uGη
d
0)

2. We will prove (D.1) by induction on τ . We defer the base case until later

and first address the induction step.

Induction Step. Suppose that (D.1) holds for some τ ≥ 1. Then, the recursive equation above implies

E
[
∥p̌τ+1 − p̄∥22

]
≤ κd

τ
· τ − 1

τ + 1
+

(uGη
d
0)

2

(τ + 1)2
=

κd

τ + 1
·
(
1− 1

τ
+

1

τ + 1

)
≤ κd

τ + 1
,

proving (D.1) for τ + 1.

Base Case. To prove (D.1) for τ = 1, it remains to check E
[
∥p̌1 − p̄∥22

]
≤ κd = (uGη

d
0)

2. Indeed, we can

show that ∥p− p̄∥22 ≤ κd holds for any p other than the null price p∞. Recall that we have found G(p) such

that (i) E[G(p)|p]⊤(p− p̄) ≥ Ld∥p− p̄∥22 and (ii) ∥G(p)∥2 ≤ uG almost surely (see Section 4.4). These two

conditions imply Ld∥p− p̄∥22 ≤ E[G(p)|p]⊤(p− p̄) ≤ uG∥p− p̄∥2. Combining it with ηd0 > 1/Ld, we obtain

∥p− p̄∥22 ≤ (uG/L
d)2 < (uGη

d
0)

2 = κd, ∀ p ̸= p∞. (D.2)

Hence, we obtain E
[
∥p̌1 − p̄∥22

]
≤ κd = (uGη

d
0)

2, completing the proof of the base case. Thus, we prove

Lemma 1.
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D.2 Proof of (12)

Now we prove (12), i.e.,
(
β̂ ⊙ [λ(p̄)− λ(p)]

)⊤
(p− p̄) ≥ Ld∥p− p̄∥22, where Ld := (βminλmin)

2/2 > 0. This

justifies our choice of G(p) when generalizing the SGD method.

Recall that under the MNL model, the partial derivatives are given by

∂

∂pi
λi(p) = −βiλi(p)[1− λi(p)] = −βiλi(p)

∑
j ̸=i

λj(p) and
∂

∂pj
λi(p) = βjλi(p)λj(p) ∀ j ̸= i.

By the mean value theorem, we can rewrite the left hand side of (12) as(
β̂ ⊙ [λ(p̄)− λ(p)]

)⊤
(p− p̄) = (p− p̄)⊤Ĥ(p− p̄),

where

Ĥ :=


β̂1β1

∫ 1

0
λu
1 (1− λu

1 ) du −β̂2β1

∫ 1

0
λu
1λ

u
2 du · · · −β̂Mβ1

∫ 1

0
λu
1λ

u
M du

−β̂1β2

∫ 1

0
λu
1λ

u
2 du β̂2β2

∫ 1

0
λu
2 (1− λu

2 ) du · · · −β̂Mβ2

∫ 1

0
λu
2λ

u
M du

...
...

...

−β̂1βM

∫ 1

0
λu
1λ

u
M du −β̂2βM

∫ 1

0
λu
2λ

u
M du · · · β̂MβM

∫ 1

0
λu
M (1− λu

M ) du


with λu

i := λi(p
u) and pu := p + u(p̄ − p) for some constant u ∈ [0, 1]. To prove (12), it suffices to show

Ĥ ⪰ LdIM = 1
2 (βminλmin)

2IM , i.e., x⊤Ĥx ≥ Ld = (βminλmin)
2/2 for any x = [x1, . . . , xM ]⊤ ∈ RM \ {0}.

Using λu
0 + λu

1 + · · ·+ λu
M = 1, we can write Ĥ as a sum of two square matrices:

Ĥ :=


β̂1β1

∫ 1

0
λu
1λ

u
0 du

β̂2β2

∫ 1

0
λu
2λ

u
0 du

. . .

β̂MβM

∫ 1

0
λu
Mλu

0 du



+


β̂1β1

∫ 1

0
λu
1 (λ

u
2 + · · ·+ λu

M ) du −β̂2β1

∫ 1

0
λu
1λ

u
2 du . . . −β̂Mβ1

∫ 1

0
λu
1λ

u
M du

−β̂1β2

∫ 1

0
λu
1λ

u
2 du β̂2β2

∫ 1

0
λu
2 (λ

u
1 + λu

3 + · · ·+ λu
M ) du . . . −β̂Mβ2

∫ 1

0
λu
2λ

u
M du

...
...

...

−β̂1βM

∫ 1

0
λu
1λ

u
M du −β̂2βM

∫ 1

0
λu
2λ

u
M du . . . β̂MβM

∫ 1

0
λu
M (λu

1 + · · ·+ λu
M−1) du

 .

Thus, for any x = [x1, . . . , xM ]⊤ ∈ RM \ {0}, we have

x⊤Ĥx =

M∑
i=1

β̂iβix
2
i

∫ 1

0

λu
i λ

u
0 du+

M∑
i=1

M∑
j=i+1

[
β̂iβix

2
i + β̂jβjx

2
j − (β̂iβj + β̂jβi)xixj

] ∫ 1

0

λu
i λ

u
j du.

Recall that βi ∈ [βmin, βmax] ⊂ (0,∞) for all i. When the estimate for i satisfies β̂i ∈ [βmin, βmax] and
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|β̂i − βi| ≤ ε0, we obtain β̂iβi ≥ β2
min and

β̂iβix
2
i + β̂jβjx

2
j − (β̂iβj + β̂jβi)xixj

= (βixi − βjxj)
2 + (β̂i − βi)(βix

2
i − βjxixj) + (β̂j − βj)(βjx

2
j − βixixj)

≥ −|β̂i − βi| · (βix
2
i + βj |xi||xj |)− |β̂j − βj | · (βjx

2
j + βi|xi||xj |)

≥ −ε0 · βmax(x
2
i + |xi||xj |)− ε0 · βmax(|xi||xj |+ x2

j )

≥ −2ε0βmax(x
2
i + x2

j ),

where the last inequality follows from |xi||xj | ≤ (x2
i + x2

j )/2. Thus, we obtain

x⊤Ĥx ≥
M∑
i=1

β2
minx

2
i

∫ 1

0

λu
i λ

u
0 du− 2ε0βmax

M∑
i=1

M∑
j=i+1

(x2
i + x2

j )

∫ 1

0

λu
i λ

u
j du.

Since λi(p) ∈ [λmin, λmax] ⊂ (0, 1) for any p ∈ P and any i ∈ {0, 1, . . . ,M}, we have
∫ 1

0
λu
i λ

u
0 du ≥ λ2

min.

Note also that

M∑
i=1

M∑
j=i+1

(x2
i + x2

j )

∫ 1

0

λu
i λ

u
j du =

M∑
i=1

x2
i

∫ 1

0

λu
i (1− λu

i − λu
0 ) du ≤ 1

4
(1− λmin)

2
M∑
i=1

x2
i ,

where the last inequality follows from λu
i (1 − λu

i − λu
0 ) ≤ λu

i (1 − λu
i − λmin) ≤ (1 − λmin)

2/4 for any

λu
i ∈ (0, 1− λmin). This implies

x⊤Ĥx ≥
M∑
i=1

x2
i

(
β2
minλ

2
min − ε0βmax ·

1

2
(1− λmin)

2

)
.

As we define ε0 = (βminλmin)
2

βmax(1−λmin)2
, we obtain Ĥ ⪰ 1

2 (βminλmin)
2IM , as required.

D.3 Proof of Proposition 4

In the updating rule (13), we choose G(p) = β̂ ⊙ [ω̂∗ − D(p)], which satisfies (i) E[G(p)|p]⊤(p − p̄) ≥
Ld∥p− p̄∥22 and (ii) ∥G(p)∥2 ≤ uG under E2. By extending the argument for (11) conditional on E2, we can

derive the expectation bound (14).

Next, we prove the high-probability bound in (15) using Lemma C.1. By conditions (i) and (ii), we can

derive that

∥p̌τ+1 − p̄∥22 ≤ ∥p̌τ − ηdτG(p̌τ )− p̄∥22
= ∥p̌τ − p̄∥22 − 2ηdτG(p̌τ )

⊤(p̌τ − p̄) + (ηdτ )
2∥G(p̌τ )∥22

= ∥p̌τ − p̄∥22 − 2ηdτE[G(p̌τ )|p̌τ ]
⊤(p̌τ − p̄) + 2ηdτ (E[G(p̌τ )|p̌τ ]−G(p̌τ ))

⊤
(p̌τ − p̄) + (ηdτ )

2∥G(p̌τ )∥22
≤ ∥p̌τ − p̄∥22(1− 2ηdτL

d) + 2ηdτ (E[G(p̌τ )|p̌τ ]−G(p̌τ ))
⊤
(p̌τ − p̄) + (uGη

d
τ )

2.

Recall that the step size is set as ηdτ = ηd0/(τ +1) with ηd0 > 1/Ld. It follows that 1−2ηdτL
d < 1−2/(τ +1) =
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(τ − 1)/(τ + 1), and thus,

(τ + 1)∥p̌τ+1 − p̄∥22 ≤ τ∥p̌τ − p̄∥22 ·
τ − 1

τ

+
4uGη

d
0√

τ

(
(E[G(p̌τ )|p̌τ ]−G(p̌τ ))

⊤
(p̌τ − p̄)

2uG∥p̌τ − p̄∥2

)√
τ∥p̌τ − p̄∥22 +

(uGη
d
0)

2

τ + 1
.

Let Xτ := τ∥p̌τ − p̄∥22. Then, Xτ+1 ≤ ατXτ + βτ ŵτ

√
Xτ + γτ holds for all τ ≥ 1 with ατ = (τ − 1)/τ ,

βτ = 4uGη
d
0/

√
τ , ŵτ = (E[G(p̌τ )|p̌τ ]−G(p̌τ ))

⊤
(p̌τ − p̄)/(2uG∥p̌τ − p̄∥2), and γτ = (uGη

d
0)

2/(τ + 1).

Let Fτ be the σ-algebra generated by the history of selling prices and realized supplies before applying

the price vector pτ . Then, Xτ is Fτ -measurable, and moreover, E[ŵτ |Fτ ] = 0. Observe that |ŵτ | ≤
∥E[G(p̌τ )|p̌τ ]−G(p̌τ )∥2/(2uG) ≤ 1, and max1≤τ≤τT

(
2γτ/(1− ατ ), 2β

2
τ/(1− ατ )

)
= 32(uGη

d
0)

2. Let Kp :=

32(uGη
d
0)

2. By (D.2), we have X1 = ∥p̌1 − p̄∥22 ≤ (uGη
d
0)

2, implying E[exp(λX1)] ≤ exp(λKp) for any

λ ∈ (0, 1/Kp]. We can apply Lemma C.1 with στ = 1/τ and δ = 1/(eT ), which implies

P

(
τT∑
τ=1

∥p̌τ − p̄∥22 ≥ Kp log(eT )

τT∑
τ=1

(1/τ)

∣∣∣∣E2

)
≤ 1

T
.

Since
∑τT

τ=1(1/τ) ≤ 1 +
∫ τT
1

(1/x) dx = 1 + log(τT ) ≤ log(eT ), we have

P

(
τT∑
τ=1

∥p̌τ − p̄∥2 ≥
√
KpτT · log(eT )

∣∣∣∣E2

)
≤ P

(
τT∑
τ=1

∥p̌τ − p̄∥22 ≥ Kp log(eT )

τT∑
τ=1

(1/τ)

∣∣∣∣E2

)
≤ 1

T
,

where the first inequality follows from Cauchy–Schwarz inequality. This proves (15) as desired.

Appendix E Omitted Proofs in Section 5

E.1 Proof of (17)

In this section, we prove (17), that is, E[∥ω∗ − ω̂∥22] ≤ Cest ·M/N0 for some finite constant Cest.

We note that the estimation error of the matching rate comes from errors of the estimated demand and

supply parameters, that is,

∥ω∗ − ω̂∗∥22 ≤ c1

M∑
i=1

(
∥θi − θ̂i∥22 + ∥γi − γ̂i∥22

)
, (E.1)

where c1 is a finite constant, and we will provide a detailed proof of (E.1) below. For the supply side, each

purchase price vector is tested for N0 periods. By the classic results of the MLE estimator (see, e.g., Borokov

1998), we obtain that the estimation error satisfies

E
[
∥γ̂i − γi∥22

]
≤ cs0/N0, ∀ i ∈ [M ],

where cs0 is a finite constant independent of M and N0. For the demand side, we only collect information

when all products have positive inventory. Define E1 as the event that the number of tests at each selling
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price vector satisfies |T0,1| ≥ N0/2 and |T0,2| ≥ N0/2. The classic results of the MLE estimator imply

E
[
∥θ̂i − θi∥22

∣∣∣∣E1

]
≤ cd0/N0, ∀ i ∈ [M ], (E.2)

where cd0 is a finite constant independent of M and N0. Moreover, we can show that E1 is a high probability

event with its complement satisfying

P
(
EC

1

)
≤ c

(1)
0 M/N0. (E.3)

where c
(1)
0 is a finite constant, and we will prove (E.3) later.

We bound the squared estimation error of the matching rate under the event E1 and its complement EC
1 .

Specifically, under the event E1, we bound it by estimation errors of the demand and supply parameters

as in (E.1). When E1 does not occur, this occurs with small probability, and we simply use the bound

∥ω∗− ω̂∗∥22 =
∑M

i=1(ω
∗
i − ω̂∗

i )
2 ≤

∑M
i=1(ω

∗
i )

2+
∑M

i=1(ω̂
∗
i )

2 ≤ (
∑M

i=1 ω
∗
i )

2+(
∑M

i=1 ω̂
∗
i )

2 ≤ 2. Thus, we obtain

the following bound on the expected value of the squared estimation error:

E
[
∥ω∗ − ω̂∗∥22

]
= E

[
∥ω∗ − ω̂∗∥22

∣∣∣∣E1

]
P (E1) + E

[
∥ω∗ − ω̂∗∥22

∣∣∣∣EC
1

]
P
(
EC

1

)
≤ c1

M∑
i=1

E
[
∥θi − θ̂i∥22 + ∥γi − γ̂i∥22

∣∣∣∣E1

]
P (E1) + 2P

(
EC

1

)
≤ c1

M∑
i=1

(
cd0/N0 + cs0/N0

)
+ 2c

(1)
0 ·M/N0

= Cest ·M/N0,

where Cest := c1(c
d
0 + cs0) + 2c

(1)
0 is a finite constant, and the second inequality follows from the inequalities

stated earlier in this proof. Thus, we obtain (17), and it remains to show (E.1) and (E.3).

Proof of (E.1)

We need to show that the estimation error of the matching rate can be bounded by estimation errors of the

demand and supply parameters as in (E.1). As discussed in Section 3.2, the one-period profit f(ω) is concave

in ω, and thus, the optimal matching rate ω∗ satisfies the first-order condition, that is, ∂f(ω)/∂ωi = 0 holds

at ω = ω∗: for any i ∈ [M ],

0 =
1

βi
[αi + log(ω0)− log(ωi)− 1]− 1

ω0

M∑
j=1

ωj

βj
+

γ1,i
γ2,i

− 2

γ2,i

(
ωi −

Ii,0
T

)
,

where ω0 := 1−
∑M

j=1 ωj .

To obtain the estimate ω̂∗, we replace θi = (αi, βi) and γi = (γ1,i, γ2,i) by their estimates θ̂i and ω̂i above

and solve for ω̂∗. Let η⊤ := [η⊤
1 ,η

⊤
2 ,η

⊤
3 ,η

⊤
4 ], where η⊤

1 := (α1/β1, . . . , αM/βM ), η⊤
2 := (1/β1, . . . , 1/βM ),

η⊤
3 := (γ1,1/γ2,1, . . . , γ1,M/γ2,M ), and η⊤

4 := (1/γ2,1, . . . , 1/γ2,M ). With abuse of notation, denote by ω∗(η)
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the solution to the first-order condition for any parameter vector η. Then, the squared error is

∥ω∗(η)− ω∗(η̂)∥22 = ∥
∫ 1

0

4∑
k=1

[
∂ω∗(η̃α)

∂ηk

]⊤
(ηk − η̂k) dα∥22 ≤ 4

∫ 1

0

4∑
k=1

∥
[
∂ω∗(η̃α)

∂ηk

]⊤
(ηk − η̂k)∥22 dα, (E.4)

where η̂ is the parameter vector corresponding to the estimates θ̂i and γ̂i, η̃
α := αη+(1−α)η̂, and the last

inequality follows from Cauchy-Schwarz inequality.

Taking derivative over η on both sides of the first-order condition, we derive that

Hf (ω
∗(η))

∂ω∗(η)

∂ηk
= A(k),

where Hf (ω) is the Hessian matrix of the one-period expected profit f(ω), A(1) = A(3) = −IM , and A(2)

and A(4) are M -dimensional matrices with entries

A
(2)
ii = log

(
ω∗
i

ω∗
0

)
+

ω∗
i

ω∗
0

+ 1, A
(2)
ij =

ω∗
j

ω∗
0

,

A
(4)
ii = 2(ω∗

i − Ii,0/T ), A
(4)
ij = 0, ∀ i ̸= j.

To bound the terms in (E.4), we bound below ∥[Hf (ω
∗)]−1A(k)∥2, where we fix α ∈ [0, 1] and suppress

the argument in ω∗(η̃α) to simplify notation. We first consider A(k) for k ∈ {1, 3, 4}. By concavity of the

objective, we have −Hf (ω
∗) ⪰ ℓfIM for any η and some constant ℓf > 0. It follows that

∥[Hf (ω)]−1A(1)∥2 = ∥[Hf (ω)]−1A(3)∥2 ≤ ℓ−1
f and ∥[Hf (ω)]−1A(4)∥2 ≤ 2ℓ−1

f .

Next, we consider A(2). This matrix can be decomposed as Alog + A−, where Alog := diag(log(ω∗
1/ω

∗
0) +

1, . . . , log(ω∗
1/ω

∗
0) + 1), and A− = 1(ω∗)⊤/ω∗

0 has the same entries ω∗
j /ω

∗
0 in column j. The first matrix

satisfies ∥Alog∥2 = maxi | log(ω∗
i /ω

∗
0) + 1| ≤ log(λmax/λmin) + 1 ≤ λmax/λmin, implying ∥Hf (ω

∗)−1Alog∥2 ≤
∥Hf (ω

∗)−1∥2∥Alog∥2 ≤ ℓ−1
f λmax/λmin. For the second matrix, we derive that

∥Hf (ω
∗)−1A−∥22 =

∥∥∥∥Hf (ω
∗)−11(ω

∗)⊤

ω∗
0

∥∥∥∥2
2

=
∥ω∗∥22
(ω∗

0)
2
1⊤(−Hf (ω

∗))−21 (E.5)

A direct calculation using the MNL structure gives, for any z ∈ RM ,

−z⊤Hf (ω
∗)z =

M∑
i=1

η̃ α
2,iω

∗
i

(
zi
ω∗
i

+
1⊤z

ω∗
0

)2

+ 2

M∑
i=1

η̃ α
4,iz

2
i

≥
M∑
i=1

ω∗
i

βmax

(
2zi(1

⊤z)

ω∗
i ω

∗
0

+

(
1⊤z

ω∗
0

)2
)

=
1 + ω∗

0

βmax(ω∗
0)

2
(1⊤z)2,

where the inequality uses η̃4,i ≥ 1/βmax and nonnegativity of z2i terms. Choosing z := −Hf (ω
∗)−11 yields

1⊤(−Hf (ω
∗))−11 ≥ 1 + ω∗

0

βmax(ω∗
0)

2
(1⊤(−Hf (ω

∗))−1)2,

implying that 1⊤(−Hf (ω
∗))−11 ≤ βmax(ω

∗
0)

2/(1+ω∗
0). Moreover, −Hf (ω

∗) ⪰ ℓfIM implies 1⊤(−Hf (ω
∗))−21 ≤

xi



1⊤ℓ−1
f (−Hf (ω

∗))−11. Combining the analysis of the two matrices with (E.5) yields

∥Hf (ω
∗)−1A−∥22 ≤ ∥ω∗∥22

(ω∗
0)

2
· βmax(ω

∗
0)

2

ℓf (1 + ω∗
0)

<
βmax

ℓf
,

where the last inequality uses ∥ω∗∥22 ≤ ∥ω∗∥21 = (1− ω∗
0)

2 ≤ 1 and ω∗
0 > 0. Thus, we obtain

∥Hf (ω
∗)−1A(2)∥2 ≤ ∥Hf (ω

∗)−1Alog∥2 + ∥Hf (ω
∗)−1A−∥2 ≤ ℓ−1

f λmax/λmin +
√
βmax/ℓf .

Define af := max{4, (λmax/λmin +
√
βmaxℓf )

2}, and we have ∥[Hf (ω
∗)]−1A(k)∥22 ≤ af ℓ

−2
f for all k, which

holds uniformly over α ∈ [0, 1].

Combining the above results with (E.4), we obtain

∥ω∗(η)− ω∗(η̂)∥22 ≤ 4af ℓ
−2
f

4∑
k=1

∥ηk − η̂k∥22 = 4af ℓ
−2
f ∥η − η̂∥22.

By definition of η, we have

∥η − η̂∥22 =

M∑
i=1

[(
αi

βi
− α̂i

β̂i

)2

+

(
1

βi
− 1

β̂i

)2
]
+

M∑
i=1

[(
γ1,i
γ2,i

− γ̂1,i
γ̂2,i

)2

+

(
1

γ2,i
− 1

γ̂2,i

)2
]
.

We provide upper bounds on each term inside the square brackets above. Note that(
αi

βi
− α̂i

β̂i

)2

+

(
1

βi
− 1

β̂i

)2

=

(
αi − α̂i

βi
+ α̂i

(
1

β̂i

− 1

βi

))2

+

(
1

βi
− 1

β̂i

)2

≤ 2

(
αi − α̂i

βi

)2

+ (2α̂2
i + 1)

(
1

β̂i

− 1

βi

)2

≤ 2

β2
min

(αi − α̂i)
2
+

2α2
max + 1

β4
min

(
βi − β̂i

)2
.

where the last inequality hold because βi, β̂i ≥ βmin and α̂i ≤ αmax. Similarly, we can derive that(
γ1,i
γ2,i

− γ̂1,i
γ̂2,i

)2

+

(
1

γ2,i
− 1

γ̂2,i

)2

≤ 2

γ2
2,min

(γ1,i − γ̂1,i)
2
+

2γ2
1,max + 1

γ4
2,min

(γ2,i − γ̂2,i)
2
.

Let c1 := 4af ℓ
−2
f ·max

{
2/β2

min, (2α
2
max + 1)/β4

min, 2/γ
2
2,min, (2γ

2
1,max + 1)/γ4

2,min

}
, which is a finite constant.

Then, we obtain

∥ω∗(η)− ω∗(η̂)∥22 ≤ c1

M∑
i=1

[
(αi − α̂i)

2
+
(
βi − β̂i

)2
+ (γ1,i − γ̂1,i)

2
+ (γ2,i − γ̂2,i)

2

]

= c1

M∑
i=1

(
∥θi − θ̂i∥22 + ∥γi − γ̂i∥22

)
,

completing the proof of (E.1).
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Proof of (E.3)

We need to show that E1 is a high probability event. We can bound the probability of its complement by

P
(
EC

1

)
≤ P (|T0,1| < N0/2) + P (|T0,2| < N0/2)

= P

(
N0∑
t=1

1{∃ i : IAi,t + SA
i,t = 0} > N0/2

)
+ P

(
2N0∑

t=N0+1

1{∃ i : IAi,t + SA
i,t = 0} > N0/2

)

≤
E
[∑N0

t=1 1{∃ i : IAi,t + SA
i,t = 0}

]
N0/2

+
E
[∑2N0

t=N0+1 1{∃ i : IAi,t + SA
i,t = 0}

]
N0/2

,

where the supply SA
i,t is independent with rate µi(b̃1) for the first N0 periods and µi(b̃2) for the next N0

periods, and the last inequality follows from Markov’s inequality.

We consider the numerators in each term above separately. For the first term, we have

E

[
N0∑
t=1

1{∃ i : Iπi,t + Sπ
i,t = 0}

]
=

N0∑
t=1

P

(
M⋃
i=1

{IAi,t + SA
i,t = 0}

)
≤

N0∑
t=1

M∑
i=1

P
(
IAi,t + SA

i,t = 0
)
.

LetDi,τ be the i.i.d. demand with rate λ1(p̃1). Then, we have I
A
i,t+SA

i,t = Ii,0+
∑t

τ=1 S
A
i,τ−

∑t
τ=1 Di,τ1{∀ j :

IAj,τ + SA
j,τ > 0} ≥

∑t
τ=1(S

A
i,τ −Di,τ ). It follows that

P
(
IAi,t + SA

i,t = 0
)
≤ P

(
t∑

τ=1

(SA
i,τ −Di,τ ) ≤ 0

)
= P

(
t∑

τ=1

[(SA
i,τ −Di,τ )− E(SA

i,τ −Di,τ )] ≤ −t[µi(b̃1)− λi(p̃1)]

)
≤ exp

(
−t[µi(b̃1)− λi(p̃1)]

2/2
)
,

where the last inequality follows from Hoeffding’s inequality. Combining the two results above, we obtain

E

[
N0∑
t=1

1{∃ i : IAi,t + SA
i,t = 0}

]
≤

N0∑
t=1

M∑
i=1

exp
(
−t[µi(b̃1)− λi(p̃1)]

2/2
)
≤

M∑
i=1

2

[µi(b̃i1)− λi(p̃1)]2
,

where the last inequality follows from
∑N0

t=1 exp(−tx) ≤ exp(−x)/[1− exp(−x)] = 1/[exp(x)− 1] ≤ 1/x for

any x > 0.

Similarly, we can bound the numerator in the second term by

E

[
2N0∑

t=N0+1

1{∃ i : IAi,t + SA
i,t = 0}

]
≤

M∑
i=1

2

[µi(b̃i2)− λi(p̃2)]2
.

Let c
(1)
0 := 4/mini,k[µi(b̃ik)−λi(p̃k)]

2. By the assumption on the test prices, c
(1)
0 is a positive constant, and

we obtain P
(
EC

1

)
≤ c

(1)
0 M/N0 as in (E.3).
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E.2 Proof of (23)

Here we prove the bound (23) on the revenue loss per period. As discussed in Section 5, we separate the

revenue loss depending on whether E2 occurs, and we obtain

E
[∑M

i=1

[
ri(ω̂

∗)− ri(λ(pt)) · 1{IAj,t + SA
j,t > 0, ∀j}

]]
≤ E

[∑M
i=1

[
ri(ω̂

∗)− ri(λ(pt)) · 1{IAj,t + SA
j,t > 0, ∀j}

]∣∣∣∣E2

]
· P(E2) + pmaxP(EC

2 )

≤ E
[∑M

i=1

[
ri(ω̂

∗)− ri(λ(pt))

]
· 1{IAj,t + SA

j,t > 0, ∀j}
∣∣∣∣E2

]
+ E

[∑M
i=1 ri(ω̂

∗) · 1{∃j : IAj,t + SA
j,t = 0}

∣∣∣∣E2

]
· P(E2) + pmaxP(EC

2 ), (E.6)

where the first inequality follows from

M∑
i=1

[
ri(ω̂

∗)− ri(λ(pt)) · 1{IAj,t + SA
j,t > 0, ∀j}

]
≤

M∑
i=1

ri(ω̂
∗) ≤ pmax

M∑
i=1

ω∗
i ≤ pmax.

The first term in the rightmost expression of (E.6) comes from implementation of the generalized SGD

method. Under the MNL model, we will show below that

∑M
i=1 [ri(ω̂

∗)− ri(λ(pt))] ≤ κr∥pt − p̄∥2, (E.7)

where κr is a finite constant. In this way, we can bound the first term by the price deviation from the

generalized SGD method. The second term in (E.6) is incurred by stockouts. Using
∑M

i=1 ri(ω̂
∗) ≤ pmax (as

shown above), we obtain

E

[
M∑
i=1

ri(ω̂
∗) · 1{∃j : IAj,t + SA

j,t = 0}
∣∣∣∣E2

]
· P(E2) ≤ pmaxP

⋃
j

{IAj,t + SA
j,t = 0}

∣∣∣∣E2

 · P(E2).

Applying (E.7) and the above bound, we can derive from (E.6) the bound (23) on the revenue loss:

E
[∑M

i=1

[
ri(ω̂

∗)− ri(λ(pt)) · 1{IAj,t + SA
j,t > 0, ∀j}

]]
≤ κrE

[
∥pt − p̄∥2 · 1{IAj,t + SA

j,t > 0, ∀j}
∣∣∣∣E2

]
+ pmaxP

⋃
j

{IAj,t + SA
j,t = 0}

∣∣∣∣E2

 · P(E2) + pmaxP
(
EC

2

)
,

where we bound the first term in (E.6) by (E.7).

Therefore, it remains to show (E.7), that is,
∑M

i=1[ri(ω̂
∗) − ri(λ(pt))] ≤ κr∥pt − p̄∥2 for some finite

constant κr. By the mean value theorem, we have

M∑
i=1

[ri(ω̂
∗)− ri(λ(pt))] =

M∑
i=1

∫ 1

0

∇ri(λ(pt + u(p̄− pt)))
⊤(p̄− pt) du

≤
M∑
i=1

∥
∫ 1

0

∇ri(λ(pt + u(p̄− pt)))du∥2 · ∥pt − p̄∥2.
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where u ∈ [0, 1], and the last inequality follows from the Cauchy–Schwarz inequality. Let pu := pt+u(p̄−pt)

and λu
i := λi(p

u). We can derive that

∥
∫ 1

0

∇ri(λ(pt + u(p̄− pt)))du∥22

=

∫ 1

0

[λu
i − pui βiλ

u
i

∑
j ̸=i

λu
j ] du

2

+
∑
j ̸=i

(∫ 1

0

puj βjλ
u
i λ

u
j du

)2

≤
(∫ 1

0

λu
i ·max{1, pmaxβmax} du

)2

+ (pmaxβmax)
2

∫ 1

0

λu
i

∑
j ̸=i

λu
j du

2

where the first inequality follows from λu
i − pui βiλ

u
i

∑
j ̸=i λ

u
j ≤ λu

i ·max{1, pui βi

∑
j ̸=i λ

u
j }, pui βi ≤ pmaxβmax,

and
∑

j ̸=i

(∫ 1

0
puj βjλ

u
i λ

u
j du

)2
≤
(∑

j ̸=i

∫ 1

0
puj βjλ

u
i λ

u
j du

)2
. Furthermore, the right-most expression above is

bounded above by 2(max{1, pmaxβmax})2
(∫ 1

0
λu
i du

)2
. Thus,

∥
∫ 1

0

∇ri(λ(pt + u(p̄− pt)))du∥22 ≤ 2(max{1, pmaxβmax})2
(∫ 1

0

λu
i du

)2

.

By taking a square root and summing across all products, it follows that

M∑
i=1

∥
∫ 1

0

∇ri(λ(pt + u(p̄− pt)))du∥2 ≤
√
2max{1, pmaxβmax} ·

∫ 1

0

M∑
i=1

λu
i du ≤

√
2max{1, pmaxβmax},

where the last inequality follows from the definition that λu
i = λi(p

u) and
∑M

i=1 λi(p
u) ≤ 1 under the MNL

demand. Denote by κr :=
√
2max{1, pmaxβmax}. We obtain (E.7), which completes the proof of (23).

E.3 Proof of (24)

Now we prove the probability of a stockout is bounded as in (24) with the choice of N0 = ⌈
√
T (log T )2⌉.

We will bound the the probability of a stockout with and without a high-probability event E3 that we

will define later. We have

P

⋃
j

{IAj,t + SA
j,t = 0} ∩ E2

 ≤ P

⋃
j

{IAj,t + SA
j,t = 0}

∣∣∣∣E2 ∩ E3

 · P(E3 ∩ E2) + P
(
EC

3 ∩ E2

)
≤

M∑
j=1

P
(
IAj,t + SA

j,t = 0

∣∣∣∣E2 ∩ E3

)
· P(E3 ∩ E2) + P

(
EC

3 ∩ E2

)
. (E.8)

We will bound the first term by constructing a martingale. Recall that IAi,t + SA
i,t = Ii,0 +

∑t
k=1 S

A
i,k −∑t−1

k=1 D
A
i,k, where SA

i,k and DA
i,k are the supply and demand under the selected purchase price bi,k and

selling price vector pk, respectively. Let F̃k denote the σ-algebra generated by the history up to the supply

observation in period k. Then, all DA
i,k−1 and SA

i,k are F̃k-measurable with E[DA
i,k−1

∣∣F̃k−1] = λi(pk−1) and

E[SA
i,k

∣∣F̃k−1] = µi(bi,k) except for S
A
i,2N0+1 (as we set the initial prices of Phase 2 according to all prices and
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observations in Phase 1). Define

Xk :=


SA
i,1 − µi(bi,1), k = 1,

−[DA
i,2N0

− λi(p2N0)], k = 2N0 + 1,

[SA
i,k − µi(bi,k)]− [DA

i,k−1 − λi(pk−1)], ∀ k ∈ Z+ \ {1, 2N0 + 1}.

Observe that E[Xk

∣∣F̃k−1] = 0, and {Xk} is a martingale difference sequence with |Xk| ≤ 2. Moreover, we

have for any t > 2N0 that

t∑
k=1

Xk =

2N0∑
k=1

[SA
i,k − µi(bi,k)] +

t∑
k=2N0+2

[SA
i,k − µi(bi,k)]−

t−1∑
k=1

[DA
i,k − λi(pk)]

≤
t∑

k=1

SA
i,k −

t−1∑
k=1

DA
i,k −

[
2N0∑
k=1

µi(bi,k) +

t∑
k=2N0+2

µi(bi,k)−
t−1∑
k=1

λi(pk)

]

≤ (IAi,t + SA
i,t)−

[
2N0∑
k=1

[µi(bi,k)− λi(pk)] +

t−1∑
k=2N0+1

[µi(bi,k+1)− λi(pk)]

]
. (E.9)

We claim that under the choice of N0 = ⌈
√
T (log T )2⌉ and a high probability event E3, we have

2N0∑
k=1

[µi(bi,k)− λi(pk)] +

t−1∑
k=2N0+1

[µi(bi,k+1)− λi(pk)] ≥ N0s0, ∀ T ≥ T0, (E.10)

where s0 and T0 are finite constants. Suppose this claim holds. Plugging it into (E.9), we obtain

P
(
IAi,t + SA

i,t = 0

∣∣∣∣E2 ∩ E3

)
· P(E3 ∩ E2) ≤ P

(
t∑

k=1

Xk ≤ −N0s0

∣∣∣∣E2 ∩ E3

)
· P(E3 ∩ E2) ≤ P

(
t∑

k=1

Xk ≤ −N0s0

)
.

We can apply Azuma’s inequality to the martingale difference sequence {Xk}, which implies

P

(
t∑

k=1

Xk ≤ −N0s0

)
≤ exp

(
− (N0s0)

2

2
∑t

k=1 2
2

)
= exp

(
− (N0s0)

2

8t

)
.

Since N0 ≥
√
T (log T )2, we have (N0s0)

2/(8t) ≥ (log T )4s20/8, which is greater than log T when T is large

(i.e., log T ≥ 2s
−2/3
0 ). Let T0 ≥ exp(2s

−2/3
0 ), and we have P

(
IAi,t + SA

i,t = 0

∣∣∣∣E2 ∩ E3

)
· P(E3 ∩ E2) ≤ 1/T

for any i and all T ≥ T0. This provides a bound for the first term in (E.8) when the claim in (E.10) holds,

that is,
∑M

j=1 P
(
IAj,t + SA

j,t = 0

∣∣∣∣E2 ∩ E3

)
· P(E3 ∩ E2) ≤ M/T .

Next, we define the event E3 and prove our claim in (E.10). Recall that we set the sell prices as pk = p∞

so that λi(pk) = 0 for all i when there is a stockout for some product. For the first 2N0 periods, we set the

test prices and have µi(bi,k)−λi(pk) ≥ µi(b̃i1)−λi(p̃1) when k ≤ N0 and µi(bi,k)−λi(pk) ≥ µi(b̃i2)−λi(p̃2)

when N0 < k ≤ 2N0. Let s0 := mini,ℓ{µi(b̃iℓ)− λi(p̃ℓ)}. Then, s0 > 0 by the assumption on the test prices,

and we obtain
2N0∑
k=1

[µi(bi,k)− λi(pk)] ≥ 2N0s0.
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For k > 2N0, we follow the generalized SGD method, and we have

t−1∑
k=2N0+1

[µi(bi,k+1)− λi(pk)] =

t∑
k=2N0+2

µi(bi,k)−
τt−1∑
τ=1

λi(p̌τ )

≥
t∑

k=2N0+2

[
µi(b̄i)− |µi(bi,k)− µi(b̄i)|

]
−

τt−1∑
τ=1

[λi(p̄) + |λi(p̌τ )− λi(p̄)|]

≥ −
t∑

k=2N0+2

|µi(bi,k)− µi(b̄i)| −
τt−1∑
τ=1

|λi(p̌τ )− λi(p̄)|,

where the last inequality follows from µi(b̄i) = ω̂∗
i = λi(p̄) and τt−1 ≤ t − 2N0 − 1. Note that |µi(bi,k) −

µi(b̄i)| = γ2,i|bi,k − b̄i| ≤ γ2,max|bi,k − b̄i|, and

|λi(p̌τ )− λi(p̄)| = |∇λi(p̃)
⊤(p̌τ − p̄)| ≤ ∥∇λi(p̃)∥2 · ∥p̌τ − p̄∥2

with p̃ := up̌τ + (1− u)p̄ for some constant u ∈ (0, 1). We have

∥∇λi(p̃)∥2 =

√√√√√βiλi(p̃)
∑
j ̸=i

λj(p̃)

2

+
∑
j ̸=i

(βjλi(p̃)λj(p̃))
2

≤
√
2βmaxλi(p̃)

∑
j ̸=i

λj(p̃) ≤
√
2βmaxλi(p̃)(1− λi(p̃)) ≤ βmax/2

√
2,

where the last inequality follows from λi(p̃)(1− λi(p̃)) ≤ maxλ∈(0,1) λ(1− λ) = 1/4. Thus, we obtain

t−1∑
k=2N0+1

[µi(bi,k+1)− λi(pk)] ≥ −γ2,max

t∑
k=2N0+2

|bi,k − b̄i| −
βmax

2
√
2

τt−1∑
τ=1

∥p̌τ − p̄∥2

≥ −γ2,max

T∑
k=2N0+1

|bi,k − b̄i| −
βmax

2
√
2

τT∑
τ=1

∥p̌τ − p̄∥2.

Define E3 :=
⋂

i{
∑T

t=2N0+1 |bi,t− b̄i| <
√
KbT · log(eT )}

⋂
{
∑τT

τ=1∥p̌τ − p̄∥2 <
√

KpT · log(eT )}, under which
total deviation of our updated prices from the target on each side is O(

√
T log T ). Then, the right hand side

above is bounded under the event E3, and we obtain

2N0∑
k=1

[µi(bi,k+1)− λi(pk)] +

t−1∑
k=2N0+1

[µi(bi,k+1)− λi(pk)] ≥ 2N0s0 − Cd

√
T log(eT ),

where Cd := γ2,max

√
Kb +

βmax

2
√
2

√
Kp > 0 is a finite constant. Since we choose N0 = ⌈

√
T (log T )2⌉, we have

Cd

√
T log(eT ) < N0s0 when T is large (e.g., log T ≥ 2Cd/s0). Thus, we complete the proof of our claim

(E.10) holds by defining T0 ≥ exp(2Cd/s0). This claim was used earlier to establish a bound for the first

term in (E.8).

Now we address the second term in (E.8), which is P
(
EC

3 ∩ E2

)
. By the high-probability bounds in (9)
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and (15), we derive from the definition of E3 that

P
(
EC

3 ∩ E2

)
≤

M∑
i=1

P
(∑T

t=2N0+1 |bi,t − b̄i| ≥
√
KbT · log(eT )

∣∣∣∣E2

)
· P(E2)

+ P
(∑τT

τ=1∥p̌τ − p̄∥2 ≥
√

KpT · log(eT )
∣∣∣∣E2

)
· P(E2)

≤
M∑
i=1

P
(∑T

t=2N0+1 |bi,t − b̄i| ≥
√
Kb(T − 2N0) · log(eT )

)
+ P

(∑τT
τ=1∥p̌τ − p̄∥2 ≥

√
KpτT · log(eT )

∣∣∣∣E2

)
≤ (M + 1)T−1.

Summarizing the bounds on the two terms in (E.8), we set T0 = exp(2max{s−2/3
0 , Cd/s0}) and obtain

P
(⋃

j

{IAj,t + SA
j,t = 0} ∩ E2

)
≤ (2M + 1)T−1, ∀ T ≥ T0.

This completes the proof of (24).

E.4 Proof of (25)

We now prove (25), which stats that E2 is a high-probability event. To bound P
(
EC

2

)
, we separate it

depending on whether price tests are sufficient in the first Phase, that is, P
(
EC

2

)
≤ P

(
EC

2

∣∣E1

)
+ P

(
EC

1

)
.

By definition, E2 =
⋂M

i=1{|β̂i − βi| ≤ ε0}, and we derive that

P
(
EC

2

∣∣E1

)
≤
∑M

i=1 P
(
|β̂i − βi| > ε0

∣∣∣∣E1

)
≤
∑M

i=1
1
ε20
E
[
∥θ̂i − θi∥22

∣∣∣∣E1

]
≤ M

ε20
· cd0
N0

,

where the second inequality follows from Markov’s inequality and |β̂i − βi|2 ≤ ∥θ̂i − θi∥22, and the last

inequality follows from (E.2). We also have P
(
EC

1

)
≤ c

(1)
0 M/N0 by (E.3). This implies

P
(
EC

2

)
≤
(cd0
ε20

+ c
(1)
0

)M
N0

,

Thus, (25) holds with cϵ := cd0/ε
2
0 + c

(1)
0 , which is a finite constant.
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