Two-Sided Pricing and Learning with Buyer Choice:
A Generalized SGD Method
ONLINE APPENDIX

Appendix A Dynamic Programming Formulation

The clairvoyant’s problems (1) can be solved by dynamic programming. We provide below a formulation
for a single product (i.e., M = 1), and the product index is omitted. The multiple-product problem can be
formulated in a similar manner. Denote by V'(¢,I) the total expected profit when there are ¢ periods left

and [ units of inventory. Then, we obtain the following Bellman equations: for each ¢ > 1 and I > 1, define

V(D) =, max p(b) {=b+ Mpa)lps+ V(= 1]+ (1= A )V = 1T+ 1)
+ (1= p(0) {Apo)lpo + V(= 1,1 = )] + (1 = A(po))V(t — 1,1)},
where V(0,1) =0 for any I > 1, and for each ¢t > 1,

V(t,0) =max p(b){=b+ Ap+)p+ +V(E—1,0)]+ (1= Aps))V(E-1,1)}

b, p+

+ (1= p®d)V(t—1,0).

The optimal policy can be found by solving V (T, Iy) recursively. Similar to the literature on the trade-in
programs (e.g., Xiao and Zhou 2020), we can show structural properties based on the formulation above.
For example, the optimal purchase and selling prices decrease with more inventory. This is intuitive: More

inventory allows us to lower the supply rate and raise the demand rate to match supply and demand better.

Appendix B Omitted Proofs in Section 3

In this section, we prove Proposition 1 and Proposition 2. Note that the fixed-price policy F' can be viewed
as a special case of F' with the estimated matching rate to be exactly the same as the underlying rate. As

such, we prove Proposition 2 below, which also proves Proposition 1.

B.1 Proof of Proposition 2

Given w, the total expected profit under the corresponding fixed-price policy Fis
R T M X X M
VAT, L) = Y E KZ ri(a)> IS, + S5, > 0,95} =Y eil@i — Lio/T)
j i=1

T M
=Y'E lf(d;) - (Z ri(d))> {31, + S = 0}] . (B.1)




where f represents the single-period expected profit defined in (3). Then, the performance gap between the

optimal policy and F can be bounded as

V(T Io) — V(T Iy) < VP(T, Ip) — VE(T, I)
< T[f(@') ~ f@)+ (Z n-(us)) e (U{f{i 157, = 0}> ,

where VP (T, I,) = Tf(w*) is the optimal profit in the deterministic variant. As shown in (4), the first
term in the rightmost expression can be bounded using the squared difference between w* and w, implying
fw*) = f(&) < ugllw* — &||3. The second term is the expected revenue loss from stockouts under F. We
claim that

T
>p <U{Ift + 55 = 0}) < CpuM+/TlogT, (B.2)
t=1 Q

where C, is a finite constant independent of M and T. Suppose that the claim holds (which we will show
later). Since Zgl ri(w) = Zf\il pi(w)w; < Zgl Pmax@i < Pmax, We obtain

V(T, 1) — VE(T, Iy) < T-ugf|w* — &2 + pmaxCon M\/Tlog T.
Thus, the expected performance loss of F satisfies
E [V(T, I,) - VT, IO)} < T ufEfw” — &) + pmaxCon M /T log T

If the estimated matching rate satisfies E[||w* —®|3] < ¢, M/log T/T, it follows E [V(T, Iy) — VF(T, IO)}

Cg)M\/Tlog T, where Cl(mz) ‘= UfCy + PmaxCm Is a finite constant. This proves Proposition 2.
In the rest of the proof, we establish the stockout bound in (B.2) directly. Conditional on @, let D, =
(EM, ... ,15M7t) denote the potential MNL demand vector in period ¢ with choice probabilities (&1, ..., @nr)-

IN

These potential demand vectors are generated in every period, including periods in which F applies the null
selling price vector, and are independent over time and independent of supply. The realized demand under

F can therefore be represented as
DF, = D, }{IF, + ST, > 0, Vj € [M]}.
For each product i, construct on the same probability space the one-dimensional process
F ~ +
Qi1 = 1, Qit+1= Qi+ Siy — Di,t}

We claim that Ith > @iy, for any i € [M] and any ¢t € [T]. This follows by induction. When all products
are available, F and the comparison process use the same potential demand. When at least one product is
unavailable, a suppresses all demand, whereas the comparison process may still remove one unit. Therefore,

the inventory under F cannot be smaller than the inventory in the comparison process. Consequently,

W J{rh+sf =0y} <> 1{Qu+ sk, =0} (B.3)

M M
i=1 i=1
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Fix a product i. Let X; := Sft — 5” The comparison process satisfies the Lindley recursion Q; ;1 =

[Qi+ + X;]T. Its cumulative regulator can be written as

k
L= gz ko = Xt XiJ™

so that Qint1 = Lio + Z?:l X; + Ly,,. Because X; € {—1,0,1}, the regulator increases precisely when
Qi+ =0, Sft = 0, and Eu = 1. Hence, L; — L;_1 = ﬁmﬂ{Qm + Sft = O}. Since the current potential
demand is independent of (Q; +, SZF +), it follows that

T
ElLr|&] =& > P(Qis+ 55 =0] ). (B.4)
t=1

Define the martingale M}, := Zle (Xt +I,o/T). Since E[Xy | @] = (&; — L;0/T) —@; = —1I; 9/T, we have,
for every k < T,

k
k
Lio+ E Xe=1Ip (1 — T) + My > M.
t=1

Therefore, Ly < maxo<p<r(—My)+t < maxo<p<7 |My|. By Doob’s L? maximal inequality, we obtain

E[lLr @] < 2\/E[M% |@] = 2\/T [(@i = Lio/T)(1 — @i + Lig/T) + wi(1 — &5)] < 22T,
where the last inequality follows from 0 < &; — I; o/T < &;. Combining this inequality with (B.4) yields

2T

w;

S p(Que+ 85 =0

t=1

w) <2
Summing over all products and using (B.3) and @; > Amin, we obtain

T M
Z]P’(U {th+ sf, =0}
t=1

i=1

Mo oT
o) <2voTS™ —— < om0
) - ; Vd)i - )\min

Taking expectations with respect to @ proves NF(T7 Iy) = O(M+/T1ogT). In particular, for T > 2, (B.2)
holds with Cy, = 24/2/(Amin log 2). This completes the proof of Proposition 2.

Appendix C Omitted Proofs in Section 4.3

Recall that our Phase 2 starts with prices estimated based on data from Phase 1. The initial purchase prices
are are defined in Section 4.3 as
“ 1

b = — (0f — ), YVie[M].
Y2,
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By definition, we can show that the estimation error satisfies

w( 1 _ 1 >_<%_%>
! Y2, ’?2,1‘ V2,4 ’72.,1‘

where Ky is a finite constant. By the classic results of the MLE estimator, we further have

2

b7 — b;|* = < rpllvi — All3s

P (16— Bif* > ) <P (Il = 4ll3 > ¢/r0) < o exp (~c{INoe/ry), Vi€ [M], (C.1)

(©

where cv) and C»(yl)

are positive and finite constants independent of M and 7. We will use these high-
probability bounds in the proof of Proposition 3 below.
Next, we present Theorem 4.1 in Harvey et al. (2019), which will be used to show high-probability bounds

for our selected prices in Phase 2.

Lemma C.1 (Theorem 4.1, Harvey et al. 2019). Let (X;)I_; be a stochastic process and let (F)I_, be a
filtration such that X is Fy-measurable and X, is non-negative almost surely. Assume that Elexp(AX1)] <
exp(AK) for A € (0,1/K]. Let oy € [0,1) and B¢,y > 0 for every t. Let @y be a mean-zero random variable
conditioned on F; such that || < 1 almost surely for every t. Suppose that X;11 < Xy + B/ Xy + Y
for every t. Then, the following hold.

o For every t, P(X; > Klog(1/9)) < ed.
e More generally, if o1,...,00 >0, then P (Zthl o Xy > Klog(1/6) Zthl (Tt) < ed,

where K = maxi<i<7 (27¢/(1 — o), 282 /(1 — o).

Lemma C.1 provides high-probability bounds for X; satisfying a nonlinear recurrence. Harvey et al.
(2019) use it to show that the output {z;} from the SGD method converges to the minimizer z* with a
high-probability bound P (Zf:z otllzy — 2> = O (log(l/é) Zfzz(ot/t))) >1—§ for all o; > 0. To prove
(9), which is the high-probability bound stated in Proposition 3, we extend their analysis to our setting with
an initial point b; o, 11 = b9, the estimate based on Phase 1, and step sizes of 1§ = 15 /(t + 1) for t > 2Np.

C.1 Proof of Proposition 3

As discussed in Section 4.3, the expectation bound (8) follows from a standard recursive argument for SGD
(see, for example, Hazan et al. (2007)). We show below the high-probability bound (9). By the updating
rule under SGD, we have for ¢ > 2Ny,

IN

1bie — n7 - [Si(bi) — @F] — bil?
|bi,e — bil2 — 208 - [Si(big) — @) (bie — b)) + |n5 - i (bie) — &2,

|65 t41 — Bi|2

Note that S;(b;s) — @F = [wi(biy) — @7 — [pi(bie) — Si(bie)] = Y2,i(bie — bi) — [pi(bie) — Si(bse)] and
[Si(bi ) — @F]* < max{(1 —a7)?, (—&7)?} < 1. It follows that

b1 — bil® < [bie — bil® (1= 20572,0) + 20 - [ (bie) — Si(bie)](bie — bi) + (15)°

e (Y o (BN o — S e — B (B
|bz,t bz| <t—|—1 2 1 [Nz(bz,t) Sz(bz,t)](bz,t bz)"’ f+1 )

IN
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where the last inequality holds because nf = n§/(¢t + 1) with 1§ > 1/92 min, which implies 1 — 212 ;
1—2n8ve,:/(t+1)<1—=2/(t+1)=(t—1)/(t+1). Multiplying by (¢ + 1) on both sides, we obtain

206+ [ (bie) — Si(bie)](bie — bi) + Eﬁj)l

=1y
t
s ft—1 2n5 [1i(bie) — Si(bs0)](bie — b;) - (15)?
T T — : LA A/ t|bi — bil? 0.
b1 = bl ( { >+¢i b — bi| b= b0

Let Xy, := (2No+k)|b; ang+k — bi|? for k > 1. Then, Xy i1 < o Xi + Brtbg/ Xk + 7 holds for all k with ay =
(2No+k—1)/(2No +k), Br = 203 /v/2No + k, Wi = [Si(bi 2ng+k — 125 (bi 2Ng+5)] (b, 2No -+ — )/ |Di.2Ng+1 — il
and 7, = (1§)*/(2No + k +1).

We want to apply Lemma C.1 to (Xk)fngO. Specifically, let Fi be the o-algebra generated by the

(t+ V)|bi 1 — bil* < tbiy — bil? <

history of purchase prices and realized supplies before period 2Ny + k. Then, Xj is Fg-measurable,
and moreover, E[wy|Fx] = 0 holds. Observe that we have |[wg| < ‘S;?QN0+I€ — pi(biang+k)| < 1, and
maxi<p<r—2n, (27%/(1 — o), 282/(1 — ay)) = 8(n§)?. Furthermore, we claim that we have Elexp(AX)] <
exp(AK,) for any A € (0,1/K;] and some constant Kj > 8(n3)? (we verify below that this claim holds).

Then, we can apply Lemma C.1 with o, = 1/(2Ny + k) and 6 = 1/(eT’), which implies

Sl -

T—2Ny T—-2Ng
IP’( D Ibiangek — bil* > Kylog(eT) Y (1/k)> <

k=1 k=1

Since Zz;ng(l/k') <1+ flTizNO(l/;U) dx =1+ log(T — 2Ny) < log(eT), we have

P < i ‘bi,t - Bz‘ Z \ Kb(T - 2N0) . 10g(€T)>

t=2No-+1
T 2 T—2N,
<P < > |bi,t_bi|> > (T — 2No) K, - log(eT) Y (1/k)
t=2No+1 k=1
T . T—2N, !
< IP’( > |bie = bil? > Kylog(eT) > (1/k)> < 7

t=2Np+1 k=1

where the second inequality follows from Cauchy—Schwarz inequality. Thus, we obtain (9) as required.

exp(AKy) for A € (0,1/K,). By definition, we have X1 = 2No|b; an,+1 — bi|? = 2No|b2 — b;|2. Also, b2 — by|?
is bounded by up := (bmax — bmin)? almost surely. Thus, for A < c(yl)/(4/{b),

It remains to prove the claim that we can define a constant K, > 8(n3)? such that E[exp(AX;)] <

Elexp(AX1)] = E {exp (2)\No|6f — Bl|2)}

Up R _
/ —exp (2ANge) dP (|b;? — b2 > e)
0

Up R _
1 +/ 2ANp exp (2ANge) - P (|b;? b2 > e) de
0

IN

up
1+ / 2ANp exp (2ANge) - c,(yo) exp <fc,(yl)Noe/nb) de,
0



where the inequality follows from (C.1). Thus,

Elexp(AX1)]

IN

up
1+ 2)\Noc(70) / exp (—(cgl)/m, — 2)\)Noe) de
0

2AN, 2 4
I+ ; Sexp AT~ | S e )\'% ’
(ey”/kp — 20) Ny ey’ Ky — 2A ey

where the second last inequality follows from 1 + z < exp(z), and the last inequality follows from A <
cgl)/(élﬁb) and, thus, 2/(cf(y1)//<;b —2)) < 2/(09)/(2;%)) = 4I€b/0£yl). Let K := max{8(n3)2,4nb/cgl)}. Then
for any A < 1/Kj, we have A < cgyl)/(émb), and the equation above implies E[exp(AX1)] < exp(AK}), proving

IA

the claim. This completes our proof of (9). O

Appendix D Omitted Proofs in Section 4.4

We proceed to provide detailed proofs of Lemma 1, (12), and Proposition 4 when applying the generalized
SGD for the demand side. We first provide a complete proof of the expectation bound in Lemma 1.
D.1 Proof of Lemma 1

We have shown in (11) that E [[|p-41 — pl13] < E [||p- — pl3] (1 — 2n¢L%) + (uen?)? holds. Since the step
size is set as n¢ = nd/(r + 1) with ¢ > 1/L%, we have

_ _ _ -1 (ugng)?
E[|p..q — 2] < E[l|p, — pl2] - T o)
[”p +1 p”Z] - “|p pHQ] r+1 (7'+ 1)2
The required result in Lemma 1 is equivalent to
E[lp-—pll3] < s%/r, V721, (D.1)

where we recall k% := (ugnd)?. We will prove (D.1) by induction on 7. We defer the base case until later
and first address the induction step.

Induction Step. Suppose that (D.1) holds for some 7 > 1. Then, the recursive equation above implies

d d\2 d d
y _ kY T—1  (ugng) K 1 ! r

]E - _ 2 < . 0 = . 1 < —
[Ipr+1 = pl3] < T oT+1 (r+1)2 7+1 Tt

T+T+1

proving (D.1) for 7 + 1.

Base Case. To prove (D.1) for 7 = 1, it remains to check E [|[p1 — p|3] < % = (uend)?. Indeed, we can
show that ||p — p||3 < k% holds for any p other than the null price p,,. Recall that we have found G(p) such
that (i) E[G(p)|p]" (p —p) > L||p — p|3 and (ii) |G(p)||2 < ue almost surely (see Section 4.4). These two
conditions imply L%|p — p||2 < E[G(p)|p]" (p — P) < uc||p — P2 Combining it with n¢ > 1/L%, we obtain

lp = Bl3 < (ua/L)? < (uang)? = w7, ¥ p# po. (D.2)

Hence, we obtain E [||py — p||3] < % = (ugnd)?, completing the proof of the base case. Thus, we prove

Lemma 1.
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D.2 Proof of (12)

. T
Now we prove (12), ic.. (8© [A() - Ap)]) (b~ 5) > L|p — B3, where Lt = (B dun)?/2 > 0. This
justifies our choice of G(p) when generalizing the SGD method.
Recall that under the MNL model, the partial derivatives are given by

9
Op;

Ai(p) = —Bix(@)[1 - Ni(p)] = —B:idi(p) Y Aj(p)  and %Mp) = BiXi(p)Ai(p) Vj#i.
J#i J

By the mean value theorem, we can rewrite the left hand side of (12) as

(Ao r®) - A®)) (p-p) = (-5 Hp-p).

where
BuBi i A=A du —Bopy [y XN du - BB fy MY du
A ! R ’ g 1
i —B1B2 [y AYNS du o [y AS(1—AY) du - —BaiBa [ MENY, du

with A¥ := X\;(p*) and p* := p + u(p — p) for some constant u € [0,1]. To prove (12), it suffices to show
H = LTy = 2 (BminAmin) I, L, @7 Hz > LY = (BuinAmin)?/2 for any @ = [z1,..., 2] € RM\ {0}.
Using A\ + AY + -~ + \Y, = 1, we can write H as a sum of two square matrices:

B1B1 [y NEAY du
. B2Ba [if NSAY du

H =
BB fol A AG du
BiBr [y AEONS + -+ Aby) du —BaB [y NENY du BB [ ANy du
—B1B2 fi} NENY du BaBa [y NSONY + NS + -+ Ay) du ... —BatfBa [} NENY du
—B1Bar ff XEX3y du —BaBu [ N5 N3y du o BuBar fy MO A+ X)) du
Thus, for any @ = [z1,...,2x] € RM\ {0}, we have
M 1 M M 1
2T Hr = fiba? / NN du+ S S [BiBia? + 5852 — (B + Bpoyr) / XY du,
i=1 0 i=1 j=i+1 0

Recall that 8; € [Bmin, Bmax] C (0,00) for all i. When the estimate for i satisfies Bz € [Bmins Bmax] and
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|Bi — Bi| < &o, we obtain BiB; > B2, and

min

/Bzﬁzx + /BJ/BJ (Bz/g] + Bjﬁi)l’zﬂ?j
= (Bizi — Bjz;)? + (Bi — Bi)(Bix? — Bjziz;) + (B; — Bj)(ﬁjI? — Bizixj)

> —|Bi — Bil - (Bswd + Bjlwalla;|) — 185 — Byl - (Bja? + Bilwil|z])
> —£0  Bmax (€] + |willz5]) — €0 - Bmax(|7i]]25] + 27)
2 _250Bmax('1:12 +.T?),

where the last inequality follows from |a;]|z;| < (27 + 23)/2. Thus, we obtain

THm>Zﬂmm z/@ NS d U*2505maxz Z +x /01)\?/\; du.

= =1 j=141

Since A;(P) € [Amin, Amax] C (0,1) for any p € P and any ¢ € {0,1,..., M}, we have fol ANANY du > N2, .
Note also that

M

Z .13 +.13 / AuAu du— / )\u 1_Au Au) du < - - mln Zl‘zv

i=1 j—it

where the last inequality follows from A¥(1 — A% — A%) < A¥(1 — A% — Apin) < (1 — Ain)?/4 for any
A¥ € (0,1 — Apin)- This implies

M
N 1
:BTHw > Z: ( min IIllIl 60/8max . 5(1 - Amiﬂ)2> .

. . 2 . ks .
As we define e = %, we obtain H > %(ﬁmin)\min)QIM, as required.

D.3 Proof of Proposition 4

In the updating rule (13), we choose G(p) = B ® [@* — D(p)], which satisfies (i) E[G(p)|p] (p — p) >
L||p —p||% and (ii) |G(p)||2 < ug under F,. By extending the argument for (11) conditional on E,, we can
derive the expectation bound (14).

Next, we prove the high-probability bound in (15) using Lemma C.1. By conditions (i) and (ii), we can
derive that

1pr1— Bl < |Ipr — 1¢G(B-) — I3

= |p- — Bl — 204G (B-) " (B, — P) + 1D)*|G(p-)|3

= |Ip- — pI3 — 20°E[G(p,)|p-]" (Br — B) + 207 (E[G(B:)B-] — G(Br) | B — D) + (1)?]|G (D13
< |pr — pl3(1 — 202L%) + 202 (B[G (p,)|p+] — G(pr)) " (Br — B) + (ucn?)?.

Recall that the step size is set as n¢ = nd/(7+1) with nd > 1/L%. Tt follows that 1 —2n¢L? < 1-2/(7+1) =
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(r—1)/(t+ 1), and thus,

T—1

(T 4+ Dpr+1 — B3 < 7lp- —DII3 -

dugnd [ (E[G(p,)|ps] — G(i)T))T (Br — P) — M
G ( 2ug|B- — Pl ) 7llp, = Pl + =

Let X, := 7||p, — P||3. Then, X, 1 < o, X, + B.0,v/X, + 7, holds for all 7 > 1 with a, = (7 — 1)/7,
Br = duen /7, - = (E[G(p:)|p] = G(p-)) " (Br —P)/(2ug|pr — Pll2), and v, = (ugn)?/(r +1).

Let F, be the o-algebra generated by the history of selling prices and realized supplies before applying
the price vector p,. Then, X, is F,-measurable, and moreover, E[w,|F;] = 0. Observe that |w,| <
IEIG (5:) 3] — G(pr) 2/ (2u6) < 1, and maxi<rery (27,/(1 - a7),282/(1 — ;) = 32(ugn)?. Let K, i=
32(ugnd)?. By (D.2), we have X; = ||p1 — plI3 < (ugnd)?, implying E[exp(AX;)] < exp(AK,) for any

A€ (0,1/K,]. We can apply Lemma C.1 with o, = 1/7 and § = 1/(eT’), which implies

1
Ez) < T

Since Y77 (1/7) <1+ [[7(1/2) dz =1+ log(rr) < log(eT), we have

P (an — Bl = Ky log(eT) Y (1/7)

T=1 T=1

T ) B T _ B R 1
P (} 15—l > \ﬁKpTT.logw\Ez) <P (} e — P13 > Ky los(e) > (1/7) E) <
T=1 T=1 T=1

where the first inequality follows from Cauchy—Schwarz inequality. This proves (15) as desired.

Appendix E Omitted Proofs in Section 5

E.1 Proof of (17)

In this section, we prove (17), that is, E[||w* — &||3] < Cesi - M/ Ny for some finite constant Ceg;.
We note that the estimation error of the matching rate comes from errors of the estimated demand and

supply parameters, that is,

M
oot = @13 < en > (18 = Gill3 + i = 4ll3) (B1)

=1

where ¢ is a finite constant, and we will provide a detailed proof of (E.1) below. For the supply side, each
purchase price vector is tested for Ny periods. By the classic results of the MLE estimator (see, e.g., Borokov
1998), we obtain that the estimation error satisfies

E[I4: —%l3] < c§/No, Vie[M],

where ¢ is a finite constant independent of M and Ny. For the demand side, we only collect information

when all products have positive inventory. Define F; as the event that the number of tests at each selling
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price vector satisfies |79,1] > No/2 and |To2| > No/2. The classic results of the MLE estimator imply

E [H@ o2

El] < d/Ny, Vie[M], (E.2)
where c{ is a finite constant independent of M and Ny. Moreover, we can show that E; is a high probability
event with its complement satisfying

P (EC) < c§ M/ N,. (E.3)

where c((Jl) is a finite constant, and we will prove (E.3) later.

We bound the squared estimation error of the matching rate under the event F; and its complement E{.
Specifically, under the event F;, we bound it by estimation errors of the demand and supply parameters
as in (E.1). When E; does not occur, this occurs with small probability, and we simply use the bound
loo™ = @13 = 320, (wf = &) < 3000 ()2 4 2ot (97)% < (i, wi)? + (2,2, @f)? < 2. Thus, we obtain
the following bound on the expected value of the squared estimation error:

E[Jw" - &"[2] = E [nw* P

El} P(E))+E [Hw* — "3

B¢ B (26)

IN

M
o E [wi B2 + s — Al
=1

El} P (E1) + 2P (EY)

IN

M
e Y (c/No + ¢ /No) +2¢5 - M/ Ny
i=1
= Cest : M/NOa
where Cogt 1= 1 (cg +cg)+ 24:81) is a finite constant, and the second inequality follows from the inequalities
stated earlier in this proof. Thus, we obtain (17), and it remains to show (E.1) and (E.3).

Proof of (E.1)

We need to show that the estimation error of the matching rate can be bounded by estimation errors of the
demand and supply parameters as in (E.1). As discussed in Section 3.2, the one-period profit f(w) is concave
in w, and thus, the optimal matching rate w™* satisfies the first-order condition, that is, 0 f(w)/0w; = 0 holds
at w = w*: for any i € [M],

1 1 L s 2 I,
0 = —|a; + log(wo) — log(w;) — 1] = — jat RNRNES AN (wi— z,0>7
5 lai + log(wo) — log(wi) — 1] wg; T 0

where wg :=1 — ijvil wj.

To obtain the estimate w*, we replace 0; = («a, ;) and v; = (71,4, 72,i) by their estimates 6, and w; above
and solve for @*. Let n' := [n],n9,m4,n]], where 0| := (a1/B1,...,an/Bm), n9 = (1/B1,...,1/Bur),
N3 = (y1.1/72.1s- s Y. /Y2mr), and ) = (1/y2.1,...,1/72.ar). With abuse of notation, denote by w*(n)



the solution to the first-order condition for any parameter vector 1. Then, the squared error is
1 4 ~ T 1 4 ~ T
. Ow*(N%) . 2 dw* (1) NN
wr () —w* (9|3 = / [ (MK — M) da5 < 4/ ——| (qp —)||5da, (E4
[lw™( M@llz =1l ; ; o ) de3 ; ;;H o ( )z dev, (E.4)

where 7] is the parameter vector corresponding to the estimates 6; and i, 7% = an+ (1 — a)n, and the last
inequality follows from Cauchy-Schwarz inequality.
Taking derivative over 1 on both sides of the first-order condition, we derive that

w™(n)

— A(k)7
N

Hy(w*(n))

where Hy(w) is the Hessian matrix of the one-period expected profit f(w), AL = AG) = _1,, and A®
and A® are M-dimensional matrices with entries
AP = log (L5} 44 41, A® = “r
wh wp + wg’

A = 2w; — Lio/T), AE?) = 0, Vi # .

To bound the terms in (E.4), we bound below ||[H;(w*)]7LA®)|5, where we fix a € [0,1] and suppress
the argument in w*(A®) to simplify notation. We first consider A®) for k € {1,3,4}. By concavity of the
objective, we have —H(w™*) > £;I); for any 1 and some constant £; > 0. It follows that

I () 7AWl = [[Hp(w)] T APl < €71 and [|[Hy(w)] 7T AW |2 < 2057

Next, we consider A(®). This matrix can be decomposed as Aj,g + A_, where Ay, := diag(log(w;/wg) +
Slog(wi/wg) + 1), and A- = 1(w*)T /wi has the same entries wj/wg in column j. The first matrix
satisfies || Alog|l2 = max; |log(w; /w§) + 1] < 1og(Amax/Amin) + 1 < Amax/Amin, implying [|[Hy(w*) ™ Ajog |2 <
[Hy(w*) 2l Atogll2 < Z}jl)\max/)\mm_ For the second matrix, we derive that
T 112
11w’

*
wo

_ Hw*”%lT(_Hf(w*))—Ql (E5)

61 ) A = ) =l

A direct calculation using the MNL structure gives, for any z € RM,
T
T z 1z
-z Hf Z* 27721 z<i+ w*> +2277411
i 0

M * *
> Z w; 221(11—2:) + (]_Tz> _ 1—|—w0 (]_Tz)2
T = Bmax wiwg w Bmax(w§)?

where the inequality uses 74,; > 1/Bmax and nonnegativity of 2? terms. Choosing z := —H(w*)™'1 yields

17 (—H, (@) "1 >

implying that 1T (=H(w*)) 1 < Brax(wg)?/(14wg). Moreover, —H (w*) = ;1 implies 1T (=H(w*)) 721 <

xi



1T€;1(—Hf (w*))~!1. Combining the analysis of the two matrices with (E.5) yields

|w*||% 3 ﬁmax@JS)Q Bmax
*

Hw*_lA,QS| < ,
PRACD A = o G <

where the last inequality uses ||w*||3 < ||w*[|? = (1 — wg)? <1 and wg > 0. Thus, we obtain

Ly () T AP | < [ p (") ™ Arogllz + [T (@) " A ll2 < € A/ Aumin + 1/ Brnac /L

Define af := max{4, (Amax/Amin + \/Bmaxls)?}, and we have ||[Hs(w*)]"TA®)|2 < affjiz for all k, which
holds uniformly over « € [0, 1].
Combining the above results with (E.4), we obtain
4
o™ () = w* @) < dagl;? Y me —ells = dasty?|m —al3.

k=1

By definition of 1, we have

M l/ar aN? /1 1V K[ A1)’ 1 1)
~ 112 2 2 N Ja
R () R ) ol D B )|
” I2 ;[(ﬂz ﬁi> Bi B 1 ;[ Y20 Y2 Y2 i
We provide upper bounds on each term inside the square brackets above. Note that
(ai @i>2+<1 1)2 (ai—di_’_A (1 1>>2+(1 1)2
- — = - — = = o\ = — — - — =
Bi B Bi B Bi Bi Bi Bi B
a;— @\’ 1 1\?
gz(l > +(2a$+1)<A)

2 ) 22, +1 2\ 2
< BT(ai—ai)2+T(ﬁi—ﬂi) .

where the last inequality hold because (;, Bl > Bmin and &; < amax. Similarly, we can derive that

. 2 2 2

Mg Vi 1 1 2 . 297 max T 1 .

(Z -z l) + ( -z ) < 3 (71,1' - ’Yl,i)2 + * (72,1‘ - 72,z‘)2-
72@ 7271' 72»1' 72@ 72,min 72,min

Let ¢; := 4af€]72 -max {2/82, (20%.x + 1)/ Banin> 2/73 mins (277 max + 1)/73.min }» Which is a finite constant.

Then, we obtain

lw*(m) —w* @3 < o

=

|:(04i — &)’ + (ﬁi - BZ)Q +(m,i — %,i)z + (72,i — ’?2,1')2

i=1

M=

:cl

(10 = 011 + I = 5:13)

i=1

completing the proof of (E.1).
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Proof of (E.3)

We need to show that E; is a high probability event. We can bound the probability of its complement by

P (EY) < P(IToal < No/2) +P(|To2| < No/2)
No 2No
- P(Zﬂ{ﬂi;f;“tJrS;‘jt:obNo/z) +IP’< Yoo w{3Ii: I+ S t—0}>N0/2>
t=1 t=No+1
B[S 03 A +54 =01 E[SIR,0 030 04+ 54 =0
<
o N0/2 * N0/2 ’

where the supply S + is independent with rate Mz(b1) for the first Ny periods and /Li(i)z) for the next Ny
periods, and the last inequality follows from Markov’s inequality.
We consider the numerators in each term above separately. For the first term, we have

N No M
E ZO]I{Ei:IZt—i—SZt:O}] ZP(U Sﬁ:o}) < ZOZIP’(I;‘;—FS;‘}:O).

t=1 i=1 t=1 i=1

Let D; ; be the i.i.d. demand with rate A1 (p1). Then, we have I{ﬁ—l—S{"} = Ii7O+ZtT:1 S;f‘T—Zizl D, 1{Vj:
IA +SA >0 >3 (S — D;-). It follows that

P(IA+SA—0) < P (iw;;—w so) _ P(i«sﬂ—Di,»—E(sz—Di,fn < —t[m(al)—xm)

T=1 T=1

< exp (_t[lii(gl) - )\i(ﬁl)]Q/?) )

where the last inequality follows from Hoeffding’s inequality. Combining the two results above, we obtain

B3 1@+ ”—0}]<22exp( tin(Br) = M(Br)2/2) < 3 ———

=1 im1 = [pi(bin) = Xi(Br)]*

where the last inequality follows from Zi\i’l exp(—tz) < exp(—z)/[1 — exp(—x)] = 1/[exp(x) — 1] < 1/x for
any x > 0.

Similarly, we can bound the numerator in the second term by

2N M 9
E H{3i: A+ S =0} < - .
[ 2 S ; [1i(bi2) — Al

t=No+1 i(P2)]?

Let cgl) =4/ mini7k[ui(1~9ik) —Xi(Pr)]?. By the assumption on the test prices, cél) is a positive constant, and

we obtain P (EC) < ¢{" M/Ny as in (E.3).
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E.2 Proof of (23)

Here we prove the bound (23) on the revenue loss per period. As discussed in Section 5, we separate the
revenue loss depending on whether F5 occurs, and we obtain

B[S, [ri(@) = ri(Apo) - L{IA + 57 > 0, 5]

< E {szl [ri(d;*) —ri(A(py)) - L{IH, + 7, > 0, vj'}}

E2:| . IP)(E‘2) +pmaxP(E2c)

< E {Z?ﬂ [ri(c&*) - ri()\(pt))] {4 + 5S4 >0, Vi)

EQ}
1E [2?2 ri(@) {3 TA 4 S = O}M P(E3) + paP(ES), (E6)

where the first inequality follows from

M M M
Z [Tl((‘b*) - Tl(A(pt)) : ]l{Iﬂ + Sft > 07 vj}] < Zrl((‘:}*) < Pmax Zw: < Pmax-
1=1 =1 1=1

The first term in the rightmost expression of (E.6) comes from implementation of the generalized SGD
method. Under the MNL model, we will show below that

SML (@) = riA®e)] < mellpe — Bllas (E.7)

where k, is a finite constant. In this way, we can bound the first term by the price deviation from the
generalized SGD method. The second term in (E.6) is incurred by stockouts. Using Zi‘il 7;(@*) < Pmax (a8
shown above), we obtain

M
> ri(@*) - 1{Fj : Iy + S5 = 0}

=1

E Ey

‘P(E3) < prmaxP U{I;‘jt + 87 = 0}‘152 -P(Es).
J
Applying (E.7) and the above bound, we can derive from (E.6) the bound (23) on the revenue loss:
M - .
B[S, [r(@*) - ri(Apa) - 1A + S5 > 0, V)] |

< 8 [l = pll 11 + 57 > 0. G Ea] + e (U +57 = 01 | - B(E) + punc? (55).
J

where we bound the first term in (E.6) by (E.7).
Therefore, it remains to show (E.7), that is, Zf\il[rz(oﬁ*) — ri(A(pr))] < Krllpt — P2 for some finite
constant k,. By the mean value theorem, we have

M M 1
> (@) = ri(Ap)] = Z/O Vri( AP +uw(P— i) (P — pi) du
i=1 i=1

IN

M 1
>l /O Vrs(Apr + u(B — po)))dullz - [pe — Bla-

Xiv



where u € [0, 1], and the last inequality follows from the Cauchy—Schwarz inequality. Let p* := p; +u(p—p;)
and A¥ := \;(p"). We can derive that

1
| [ VriA(pe + u(d — pr)))dull3
0

2

2
1 1
= / N = pEBAAE D] du +Z</ PyBAN du)
0 i i#i 0

2
2

1
2 u u
+ (pmaxﬁmax) /0 )‘7, Z )\j du

J#i

1
S (/ )\?f . maX{meaxﬁmax} du)
0

where the first inequality follows from A} — pi' Al > -, AY < A -max{1,pi' B >, AV} P Bi < PmaxBmax;
2 2
and > ki ( fol p}tﬁj)\'z”)\;’ du) < (Z i fol p’}ﬁj)\f)\}‘ du) . Furthermore, the right-most expression above is

2
bounded above by 2(max{1, pmaxSmax })> (fol AY du) . Thus,

1 1 2
[ 9rsamn o= p)ul < 2t ([ 2t )
0 0
By taking a square root and summing across all products, it follows that

1 M

M 1
ZH/ Vri(A(pe +u(p — pt)))dull2 < \/imax{lvpmaxﬁmax} / Z)‘? du < \/imax{lapmaxﬁmax}a
i=1 /0 0 =1

where the last inequality follows from the definition that A¥ = A;(p*) and Zf\il Ai(p*) <1 under the MNL
demand. Denote by &, := v/2max{1, pmaxSBmax}- We obtain (E.7), which completes the proof of (23).

E.3 Proof of (24)

Now we prove the probability of a stockout is bounded as in (24) with the choice of Ny = [v/T(log T)?].
We will bound the the probability of a stockout with and without a high-probability event E3 that we
will define later. We have

IN

P {5 + S5 =0} n B P U{I;*jt+sjf‘t0}’E2mE3 ‘P(E3N Ey) + P (ES N E»)
J J

M
>op (Ifjt + 54, = O‘EQ N Eg) ‘P(E;NE>)+P(ESNEy). (ES)
j=1

IN

We will bound the first term by constructing a martingale. Recall that I{ﬁ + S{f‘t =10+ 22:1 S{f‘k —
Z_:ll D;f‘k, where S;f‘k and D;‘}k are the supply and demand under the selected purchase price b;; and
selling price vector py, respectively. Let Fj, denote the o-algebra generated by the history up to the supply
observation in period k. Then, all D;-‘}k_l and S;f‘k are Fy-measurable with E[ka_lp:'k,ﬂ = \i(pr—1) and
E[ng‘k ’.7:';9,1] = pi(bi k) except for S7hy . (as we set the initial prices of Phase 2 according to all prices and
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observations in Phase 1). Define

S — pilbin), k=1,
X = 7[D'f2N0 7)‘i(p2No)]v k=2No+1,
[S7 — mi(bik)] = D71 — Xi(pr—1)], VYV keZy\{1,2No +1}.

s

Observe that E[Xk|fk_1] = 0, and {X}} is a martingale difference sequence with |X}| < 2. Moreover, we
have for any ¢ > 2Ny that

t 2Ny t t—1
SO Xi= YIS b+ Y [SH — mi(bi)] = YDA — Ai(pi)
k=1 k=1 E=2No+2 k=1
t t—1 2Ny t t—1
< NS =Y D - [Z pilbin) + Y palbir) = > Ni(px)
k=1 k=1 k=1 k=2Nop+2 k=1
2Ng t—1
< (I{f‘t + S{Ajt) - [Z[M(blk) = Xi(pr)] + Z (i (bi k1) — )\z(pk)]‘| . (E.9)
k=1 k=2Nop+1

We claim that under the choice of Ny = [v/T'(log T)?] and a high probability event F3, we have

2Ny t—1
D lmibir) = Xilpe)l + D [pilbinsr) = Xi(pr)] = Noso, VT =T, (E.10)
k=1 k=2No+1

where so and T are finite constants. Suppose this claim holds. Plugging it into (E.9), we obtain

t
P <I{f‘t + 54, = 0’E2 N E3> ‘P(E3sNEy) <P <Z X, < —Noso
k=1

t
EsN E3> ‘P(EsNEy) <P (Z X < —Noso> )

k=1
We can apply Azuma’s inequality to the martingale difference sequence { Xy}, which implies

P (Z X = _N050> < exp (-%) = exp (—(N(;O)Q> :
k=1

k=1

Since Ny > v/T(logT)?, we have (Nysg)?/(8t) > (log T)*s3/8, which is greater than logT when T is large
(i.e., logT > 2562/3). Let Ty > exp(2562/3)7 and we have P (I{f‘t + S;‘jt =0{E2NE;3 | -P(EsNEy) <1/T
for any ¢ and all T > Ty. This provides a bound for the first term in (E.8) when the claim in (E.10) holds,
that is, ZjM=1 P (I;*jt + 54 =0(E2N Eg) ‘P(E3N Ey) < M/T.

Next, we define the event FE5 and prove our claim in (E.10). Recall that we set the sell prices as py = Peo
so that A;(pg) = 0 for all ¢ when there is a stockout for some product. For the first 2Ny periods, we set the
test prices and have p1;(b; k) — \i(pr) > p1i(bi1) — Ai(B1) when k < Ny and g1 (b; k) — Ni(pr) > i (biz) — Xi(B2)
when Ny < k < 2Ny. Let sg := minm{ui(i)iz) — Xi(Pe)}. Then, so > 0 by the assumption on the test prices,

and we obtain
2No

Z[Mz‘(bi,k) = Ai(pr)] > 2Noso.

k=1
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For k > 2Ny, we follow the generalized SGD method, and we have

t—1 t Tt—1
o lwilbigr) =Nl = D> palbir) = Y Ailpr)
E=2No+1 kE=2No+2 =1
t Tt—1
> 3 [aBe) = i (big) = mi(B0)] = D [Ni(@) + M) — Xi(D)]]
k=2No+2 =1
t Tt—1
>— > o) — b = D [Napr) = M@,
k=2No-+2 =1

where the last inequality follows from p;(b;) = & = \;(p) and 7,_1 < t — 2Ny — 1. Note that |u;(b;x) —
14 (bi)| = Y2,ilbi k. — bil < Y2.maxbik — bil, and

IXi(B7) — Xi(P) = IVN®B) T (Br — D) < IVNB)2 - |17 — Pll2

with p := up, + (1 — u)p for some constant u € (0,1). We have

IVX@)l2 = | [ BX®B) D NB) | + D BiNB)N(B)”

J#i J#i
< V2Bmax i (B) Y A (B) < V2Bmaxhi(B) (1 — Ai(B)) < Bmax/2V2,
J#i

where the last inequality follows from );(p)(1 — A;(p)) < maxye(o,1) A(L — A) = 1/4. Thus, we obtain

t—1 t Tt—1
= 5
> (i) = X@e)] = “Yomax D |bik —bi| — T ZHPT pll2
k=2No+1 k=2No+2
d B
> —72,max Z ‘bi,k - L ZHPT pHQ
k=2Nop+1

Define E3 := ﬂi{Z?:2NO+1 1bi.s — bi| < VET log(eT)} {72, 1P —Bll2 < /K,pT -log(eT)}, under which
total deviation of our updated prices from the target on each side is O(\/T logT). Then, the right hand side
above is bounded under the event E3, and we obtain

2Ng t—1
D lmalbigs) = N@i)]+ D [malbiker) = Xa(pr)] = 2Noso — CaVT log(eT),
k=1 k=2No+1

where Cy 1= Y2,max V' Kp + ﬂma" \/7 > 0 is a finite constant. Since we choose Ny = [\/T(log T)?], we have
CaVTlog(eT) < Nyso when T is large (e.g., logT > 2C4/sp). Thus, we complete the proof of our claim
(E.10) holds by defining Ty > exp(2C4/s¢). This claim was used earlier to establish a bound for the first
term in (E.8).

Now we address the second term in (E.8), which is P (ES N E>). By the high-probability bounds in (9)

xvii



and (15), we derive from the definition of E3 that

M
P (Egc n Eg) S Z]P <Zf=2NU+1 |bi,t - 1_72| Z \/KbT . log(eT)’EQ) . ]P)(EQ)
i=1

P (z:ilnm ~plle > JET -log(eT) E) ()

M
<Yp (zf:m“ iy — bs| > /Ko(T — 2N) - 1og(eT))
=1
P (S, plla > Ve logeT)| 2
< (M+1)71T7

Summarizing the bounds on the two terms in (E.8), we set Ty = exp(2 max{saQ/?’7 Ca/so}) and obtain

P(U{Ift +54 =01n Eg) <@M+1)T™Y, VT >T.
J

This completes the proof of (24).

E.4 Proof of (25)

We now prove (25), which stats that Fs is a high-probability event. To bound P (E2C )7 we separate it
depending on whether price tests are sufficient in the first Phase, that is, P (EQC) <P (Eg’El) + P (Elc)
By definition, Ey = ﬂf\il{mz — Bi| <eo}, and we derive that

P(EQC|E1) < Zi\iﬂp (Bz —Bil > eo

El:|§ M'ia

T
B) < S, 4E |16 - 01

where the second inequality follows from Markov’s inequality and |3; — 3|2 < ||6; — 6|2, and the last
inequality follows from (E.2). We also have P (E{) < c(()l)M /No by (E.3). This implies

d M
P(ES) < (z—% +ef)

Thus, (25) holds with ¢, := ¢l /e2 + c((Jl), which is a finite constant.
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