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We show that in the homogeneous setting, the maximum likelihood estimator is given by the
permutation profile that minimizes the number of edges in the corresponding union graph, i.e.

(π̂MLE
12 , · · · , π̂MLE

1m ) ∈ argmin
π12,··· ,π1m

|E(G1 ∨Gπ12
2 ∨ · · · ∨Gπ1m

m )|.

Lemma A.1. Let G1, · · · , Gm be correlated Erdős-Rényi graphs obtained from the subsampling model
with parameters p and s ∈ (0, 1). Further, let π12, · · · , π1m denote a collection of permutations on
[n]. Then

logP (G1, · · · , Gm | π∗
12 = π12, · · · , π∗

1m = π1m) ∝ const.− |E(G1 ∨Gπ12
2 ∨ · · · ∨Gπ1m

m )|,

where const. depends only on p, s and G1, · · · , Gm.

Proof. Consider the setting where pij = p for all i ̸= j. Notice that

P (G1, · · · , Gm|π∗
12, · · · , π∗

1m) =
∏

e∈([n]
2 )

P
(
G1(e), G2(π

∗
12(e)) · · · , Gm(π∗

1m(e)) | π∗
12, · · · , π∗

1m

)
=

∏
e∈([n]

2 )

P
(
G1(e), G

′
2(e) · · · , G′

m(e)
)

(1)

where for a node pair e = {u, v}, the shorthand π(e) denotes {π(u), π(v)}. The edge status of
any node pair e in the graph tuple (G1, G

′
2, · · · , G′

m) can be any of the 2m bit strings of length
m, but the corresponding probability in (1) depends only on the number of ones and zeros in
the bit string. For i ∈ [m], let αi denote the number of node pairs e whose corresponding tuple
(G1(e), G

′
2(e), · · · , G′

m(e)) has exactly i 1’s:

αi ≜
∑

e∈([n]
2 )

1
{
(G1(e), G

′
2(e), · · · , G′

m(e)) has exactly i 1’s
}
.

Two key observations are in order. First, it follows by definition that α0 + α1 + · · · + αm =
(
n
2

)
.

Second, by definition of αi, it follows that
m∑
i=0

iαi =
∑

e∈([n]
2 )

m∑
j=1

Gj(e) =
∑

e∈([n]
2 )

m∑
j=1

G′
j(e) (2)
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is constant, independent of π∗
12, · · · , π∗

1m. It follows then that

(1) = (1− p+ p(1− s)m)α0 ×
m∏
i=1

(
psi(1− s)m−i

)αi

= (1− p+ p(1− s)m)α0 × p
∑m

i=1 αi ×
m∏
i=1

(
si(1− s)m−i

)αi

= (1− p+ p(1− s)m)α0 × p(
n
2)−α0 ×

(
s

1− s

)∑m
i=1 iαi

× (1− s)m
∑m

i=1 αi

=

(
1− p+ p(1− s)m

p(1− s)m

)α0

× (p(1− s)m)(
n
2) ×

(
s

1− s

)∑m
i=1 iαi

∝
(
1 +

1− p

p(1− s)m

)α0

,

where the last step uses (2). Finally, since 1−p
p(1−s)m > 0, it follows that the log-likelihood satisfies

log (P (G1, · · · , Gm | π∗
12, · · · , π∗

1m)) ∝ const. + α0,

i.e. maximizing the likelihood corresponds to selecting π12, · · · , π1m to maximize α0 - the number
of node pairs e for which G1(e) = G2(π12(e)) = · · · = Gm(π1m(e)) = 0. This is equivalent to
minimizing the number of edges in the union graph G1 ∨Gπ12

2 ∨ · · · ∨Gπ1m
m , as desired. □

Remark A.1. In the case of two graphs, minimizing the number of edges in the union graph G1∨π G2

is equivalent to maximizing the number of edges in the intersection graph G1∧πG2. This is consistent
with existing literature on two graphs (Cullina and Kiyavash 2016, Wu et al. 2022).

B On negative results for exact recovery with two graphs

We build up to the proof of Lemma 1 by presenting first a useful lemma about inhomogeneous
random graphs.

Lemma B.1. Let G ∼ RG(n,P) be an inhomogeneous random graph, and let N ≜
(
K
2

)
, where K is

the number of isolated nodes in G. Then,

P (N ≥ 1) ≥ exp(−(4n− 2)p2max − 6pmax)×
µ2 − 2µmax1≤i≤n e

−di

4(µ2 + µ+ 1)
, (3)

where µ ≜
∑n

i=1 e
−di .

Proof. Let Zi denote the indicator random variable that node i is isolated in G. Further, let
Z̃i ∼ Bern(e−di) denote a collection of independent random variables and define Ñ ≜

∑
1≤i<j≤n Z̃i·Z̃j .

We use the second moment method by relating the moments of N and Ñ .

Bounding the second moment. Notice that

E[N2] =
∑

1≤i<j≤n

∑
1≤k<ℓ≤n

E[ZiZjZkZℓ] , (4)

E[Ñ2] =
∑

1≤i<j≤n

∑
1≤k<ℓ≤n

E[Z̃iZ̃jZ̃kZ̃ℓ]. (5)

Consider the following three exhaustive cases.
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– Case 1: i = k and j = ℓ. Notice that

E[Z̃iZ̃jZ̃kZ̃ℓ] = E[Z̃2
i ] · E[Z̃2

j ] = e−di−dj .

Therefore,

E[ZiZjZkZℓ] = (1− pij)
∏
(i,u)
u̸=j

(1− piu)
∏
(j,v)
v ̸=i

(1− pjv)

(a)
≤ e−di−dj+pij

(b)
≤ e6pmax · E[Z̃iZ̃jZ̃kZ̃ℓ], (6)

where (a) uses that 1− x ≤ e−x for all x, and (b) uses that pij ≤ pmax ≤ 6pmax.

– Case 2: j = k. Notice that

E[Z̃iZ̃jZ̃kZ̃ℓ] = E[Z̃i] · E[Z̃2
j ] · E[Z̃ℓ] = e−di−dj−dℓ .

Therefore, similarly to case 1, we have

E[ZiZjZkZℓ] =
∏

f∈({i,j,ℓ}2 )

(1− pf )×
∏
(i,u)
u̸=j,ℓ

(1− piu)
∏
(j,v)
v ̸=i,ℓ

(1− pjv)
∏
(ℓ,w)
w ̸=i,j

(1− pℓw)

≤ e−di−dj−dℓ+pij+piℓ+pjℓ

≤ e6pmax · E[Z̃iZ̃jZ̃kZ̃ℓ] (7)

– Case 3: i, j, k, ℓ distinct. Notice that

E[Z̃iZ̃jZ̃kZ̃ℓ] = E[Z̃i] · E[Z̃j ] · E[Z̃k] · E[Z̃ℓ]

= e−di−dj−dk−dℓ .

Therefore, similarly to case 1, we have

E[ZiZjZkZℓ] =
∏

f∈({i,j,k,ℓ}2 )

(1− pf )
∏
(i,u)

u̸=j,k,ℓ

(1− piu)
∏
(j,v)

v ̸=i,k,ℓ

(1− pjv)
∏
(k,w)
w ̸=i,j,ℓ

(1− pkw)
∏
(ℓ,x)

x̸=i,j,k

(1− pℓx)

≤ e−di−dj−dk−dℓ+pij+pik+piℓ+pjk+pjℓ+pkℓ

≤ e6pmax · E[Z̃iZ̃jZ̃kZ̃ℓ] (8)

Consequently,

E[Ñ2] =
∑

1≤i<j≤n

∑
1≤k<ℓ≤n

[
e−di−dj1{i=k,j=ℓ} + e−di−dj−dℓ1{j=k} + e−di−dj−dk−dℓ1{i̸=j ̸=k ̸=ℓ}

]
≤

∑
1≤i<j≤n

∑
1≤k<ℓ≤n

[
e−di−dj + e−di−dj−dℓ + e−di−dj−dk−dℓ

]
≤ µ2 + µ3 + µ4, (9)

where µ ≜
∑

1≤i≤n e
−di . Combining equations (4) and (5) with (6), (7), (8) and (9) yields that

E[N2] ≤ e6pmax · E[Ñ2] ≤ e6pmaxµ2(µ2 + µ+ 1). (10)
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Bounding the first moment. Notice that

E[Ñ ] =
∑

1≤i<j≤n

E[Z̃iZ̃j ] =
∑

1≤i<j≤n

e−di−dj =
1

2

(
µ2 −

n∑
i=1

e−2di
)
≥ µ

2

(
µ− max

1≤i≤n
e−di

)
, (11)

where the last step uses that e−2dk ≤ e−dk ·max1≤i≤n e
−di for each k. Furthermore,

E[N ] =
∑

1≤i<j≤n

E [ZiZj ]

=
∑

1≤i<j≤n

[
(1− pij)

∏
(i,u)
u̸=j

(1− piu)
∏
(j,v)
v ̸=i

(1− pjv)
]

(a)
≥

∑
1≤i<j≤n

[
e−pij−p2ij

∏
(i,u)
u̸=j

e−piu−p2iu
∏
(j,v)
v ̸=i

e−pjv−p2jv
]

(b)
≥ e−(2n−1)p2max ·

∑
1≤i<j≤n

e−di−dj+pij

(c)
≥ e−(2n−1)p2max · E[Ñ ], (12)

where (a) uses that 1 − x ≥ e−x−x2 for all x ∈ [0, 1/2], (b) uses that e−p2ij ≥ e−p2max , and (c) uses
that epij ≥ 1 for all i and j. Finally, combining equations (10), (11) and (12), we have that

E[N ]2

E[N2]
≥ e−(4n−2)p2max−6pmax

E[Ñ ]2

E[Ñ2]
≥ exp

(
−(4n− 2)p2max − 6pmax

)
× µ2 − 2µmax1≤i≤n e

−di

4(µ2 + µ+ 1)
,

where the last step uses that

E[Ñ ]2 ≥ µ2

4

(
µ2 − 2µ · max

1≤i≤n
e−di + max

1≤i≤n
e−2di

)
≥ µ2

4

(
µ2 − 2µ max

1≤i≤n
e−di

)
.

Since P (N ≥ 1) ≥ E[N ]2

E[N2]
, the proof is complete. □

B.1 Proof of Lemma 1

Proof of Lemma 1. Let N be the number of pairs of isolated nodes in H. It follows from Lemma B.1
that

P (N ≥ 1) ≥ exp
(
−(2n− 4)q2max − 6qmax

)
× λ2 − 2λmax1≤i≤n e

−ri

4(λ2 + λ+ 1)

≥ (1− o(1)) · λ
2 − 2λmax1≤i≤n e

−ri

4(λ2 + λ+ 1)
, (13)

where λ ≜
∑n

i=1 e
−ri , and the last step in (13) uses that qmax = o(1/

√
n). Let r[1] ≤ r[2] ≤ · · · ≤ r[n]

denote a sorted copy of the sequence r1, · · · , rn. Consider the following three cases.
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– Case 1. r[1] = ω(1). In this setting, it follows that

λ max
1≤i≤n

e−ri = λe−r[1] = o(1),

since λ = Ω(1). Thus,

P (N ≥ 1) ≥ (1− o(1)) · λ2 − o(1)

4(λ2 + λ+ 1)
= Ω(1).

– Case 2. r[2] = O(1). In this setting, there exists a constant C > 0 such that C ≤ e−r[2] ≤ e−r[1] .
Let A denote the adjacency matrix of G and let R[1] and R[2] denote the degree of two nodes
with mean degree r[1] and r[2] respectively. Then,

P
(
R[1] = 0, R[2] = 0

)
= P

(
R[1] = 0

)
· P
(
R[2] = 0 | R[1] = 0

)
≥ P

(
R[1] = 0

)
P
(
R[2] = 0

)
=
∏
i̸=[1]

(1− q[1]i)
∏
j ̸=[2]

(1− q[2]j)

(a)
≥
∏
i̸=[1]

e
−q[1]i−q2

[1]i

∏
j ̸=[2]

e
−q[2]j−q2

[2]j

= e−r[1]e−r[2] · exp
(
−
∑
i̸=[1]

q2[1]i −
∑
j ̸=[2]

q2[2]j

)
(b)
≥ exp

(
−2(n− 1)q2max

)
· C2 (c)

= Ω(1).

Here, (a) uses the inequality 1−x ≥ e−x−x2 whenever x ∈ [0, 1/2], (b) uses that e−q2ij ≥ e−q2max

for all i, j and also that C ≤ e−r[2] ≤ e−r[1] . Finally, (c) uses that exp
(
−2(n− 1)q2max

)
= Ω(1)

whenever qmax = o(1/
√
n).

– Case 3. r[2] = ω(1). Consider the induced subgraph G′ of G on the vertex set V = V − {[1]}.
The mean degrees of G′ satisfy r′[i] ≤ r[i], and so it follows that

λ′ ≜
n∑

i=2

e
−r′

[i] ≥
n∑

i=2

e−r[i] = Ω(1),

and the smallest mean degree in G′ diverges, i.e. r[2] = ω(1). Equivalently, the graph G′

satisfies the conditions for Case 1 above, and so there is a constant lower bound C on the
probability that the number of pairs of isolated nodes N ′ in G′ is at least one. If node [1] does
not connect to an isolated pair of nodes in G′, then the pair remains isolated in G as well.
Therefore,

P (N ≥ 1) ≥ (1− qmax)
2 · P

(
N ′ ≥ 1

)
≥ (1− qmax)

2 · C = Ω(1).

In all cases, we have that P (N ≥ 1) = Ω(1), i.e. there is a non-vanishing probability that two
isolated nodes exist in H. This concludes the proof. □
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C Supplementary proofs for Section 4

The following facts about random variables are used frequently in the analysis. First, we have
concentration inequalities for a sum of Bernoulli random variables.

Lemma C.1. Let X be a sum of n independent Bernoulli random variables, and let E[X] = np.
Then,

1. For any δ > 0,

P (X ≥ (1 + δ)np) ≤
(

eδ

(1 + δ)1+δ

)np

≤
(

e

1 + δ

)(1+δ)np

. (14)

2. For any δ > 5,

P (X ≥ (1 + δ)np) ≤ 2−(1+δ)np. (15)

3. For any δ ∈ (0, 1),

P (X ≤ (1− δ)np) ≤
(

e−δ

(1− δ)1−δ

)np

= e−np ·
(

e

1− δ

)(1−δ)np

. (16)

Proof. All proofs follow from the Chernoff bound and can be found, or easily derived, from Theorems
4.4 and 4.5 of (Mitzenmacher and Upfal 2017). □

Next, we have two lemmas about stochastic ordering of Poisson random variables.

Lemma C.2. Let p ∈ [0, 1]. Consider independent random variables X, Y and Z with distributions

X ∼ Bern(p), Y ∼ Pois(p), Z ∼ 2 · Pois(p/2).

Then, for all t, the moment generating functions of X, Y and Z are ordered as

MX(t) ≤ MY (t) ≤ MZ(t).

Proof. We have

MX(t) = 1 + p(et − 1)
(a)
≤ exp

(
p(et − 1)

)
= MY (t)

(b)
≤ exp

(
p

(
e2t − 1

2

))
= MZ(t),

where (a) uses 1 + x ≤ ex and (b) uses that the function
(
ekt − 1

)
/k is increasing in k for all t. □

Lemma C.3. Let n > 0 and let X1, · · · , Xn be independent random variables with Xi ∼ Bern(pi).
Let m be an integer so that 0 ≤ m ≤ n, and define

X ≜
∑
i≤m

Xi +
∑
j>m

2Xj .

Then, for any t < EX,

P (X ≤ t) ≤ exp

(
−EX

2
+

t

2
log

(
e · EX

t

))
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Proof. Let Yi ∼ Pois(pi) and Zi ∼ 2 · Pois(pi/2). It follows that

MX(t) =
m∏
i=1

MXi(t) ·
n∏

j=m+1

MXj (2t)

≤
m∏
i=1

MZi(t) ·
n∏

j=m+1

MYj (2t)

=
m∏
i=1

MZi(t) ·
n∏

j=m+1

M2Yj (t) = MZ(t),

where Z ≜
∑m

i=1 Zi +
∑n

j=m+1 2Yj is distributed as Z ∼ 2 · Pois (EX/2).

Therefore, Chernoff tail bounds that hold for Z also hold for X. In particular, for any t < EX,

P (X ≤ t) ≤ inf
θ≥0

eθtMX(−θ)

≤ inf
θ≥0

eθtMZ(−θ)

= inf
θ≥0

exp

(
θt+

EX
2

(
e−2θ − 1

))
.

Setting θ = 1
2 log (EX/t) gives the desired result. □

C.1 Proof of Lemma 3

If strictly more than nδ nodes all have degree less than or equal to r, then a subset of exactly nδ

nodes has average degree less than r, so

P
(
|Zr| > nδ

)
= P

(
∃ T ⊆ [n] :

{
|T | ≥ nδ

}
∩
{
max
u∈T

δG(u) ≤ r
})

= P
(
∃ T ⊆ [n] :

{
|T | = nδ

}
∩
{
max
u∈T

δG(u) ≤ r
})

≤ P
(
∃ S ⊆ [n] :

{
|S| = nδ

}
∩
{∑
u∈S

δG(u)≤r|S|
})

(17)

Let Guv denote the indicator random variable for the presence of edge {u, v} in G. For any set
S ⊆ [n], define

µS ≜
∑
i∈S

E[δG(i)] =
∑
i∈S

di.

Since for any i ∈ [n], we have that e−di ≤
∑n

j=1 e
−dj ≤ n−α, it follows that di ≥ α log n. Therefore,

for any S ⊆ [n], we have that µS ≥ α|S| logn. Hence,

P

(∑
u∈S

δG(u) ≤ r|S|

)
= P

( ∑
u∈S

v∈[n]\S

Guv +
∑
u,v∈S
u<v

2Guv ≤ r|S|
)

(a)
≤ exp

(
−µS

2
+
r|S|
2

log

(
e · µS

r|S|

))
(b)
≤ exp

(
−α|S|

2
log(n) +

r|S|
2

log

(
e · α logn

r

))
(18)
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where (a) uses Lemma C.3 and (b) uses that the function on the right hand side of (b) is decreasing
in µS on the interval (r|S|,∞), and that r|S| ≤ α|S| logn ≤ µS for all sufficiently large n. Finally,
combining (17) and (18), and using that |S| = nδ yields

P
(
|Zr| > nδ

)
≤

∑
S⊆[n]:|S|=nδ

P
(∑

u∈S
δG(v) ≤ r|S|

)

≤
(
n

nδ

)
exp

(
−αnδ

2
log n+

rnδ

2
log
(eα log n

r

))
(a)
≤ exp

((
1−δ−α

2

)
nδ log n+

rnδ

2
log
(eα log n

r

))
= o(1/n),

whenever δ > 1− α/2. Here, (a) uses the fact that
(
n
nδ

)
≤ exp

(
(1− δ)nδ logn

)
. Hence, (11) follows.

Suppose that pmax = o(nα/2−1). Notice that∑
u∈S

δG(u) =
∑
u∈S

∑
v∈[n]
v ̸=u

Guv ≥
∑
u∈S

∑
v∈[n]\S

Guv ≜ YS ,

and so we have that

P

(∑
u∈S

δG(u) ≤ r|S|

)
≤ P (YS ≤ r|S|)

(a)
≤ e−E[YS ] ·

(
e · E [YS ]

r|S|

)r|S|
, (19)

where (a) uses that YS is a sum of independent Bernoulli random variables, and so the Chernoff tail
bound (16) can be applied. On the other hand,

E [YS ] =
∑
u∈S

du −
∑
u∈S

∑
v∈S
v ̸=u

2puv
(a)
≥
∑
u∈S

du −
(
|S|
2

)
· (2pmax)

(b)
≥ α|S| log(n)− |S|2 · pmax ≜ µ̃S ,

where (a) uses that puv ≤ pmax and (b) uses that µS ≥ α|S| logn. Continuing from (19), we have

P (YS ≤ r|S|) ≤ e−E[YS ]

(
e · E [YS ]

r|S|

)r|S|
≤ e−µ̃S

(
e · µ̃S

r|S|

)r|S|
, (20)

where the last step uses that the function x 7→ e−x ·
(

e·x
r|S|

)r|S|
is decreasing in x whenever x ≥ r|S|.

Thus, for any S such that |S| = nδ, we have from (20) that

P
(
YS ≤ rnδ

)
≤ exp

(
−nδ

(
α log(n)− r − nδpmax

))
·
(α log(n)− nδpmax

r

)rnδ

= exp

(
− nδ

(
α log(n)− r − nδpmax − r log

(α log(n)− nδpmax

r

)))
. (21)

Combining this with (17), a union bound yields that

P
(
|Zr| > nδ

)
≤ P

(
∃S ⊆ [n] :

{
|S|=nδ

}
∩
{∑

u∈S
δG(u) ≤ r|S|

})
≤
(
n

nδ

)
P
(
YS ≤ rnδ

)
(a)
≤ exp

(
− nδ

[
(α+δ−1) log(n)− nδpmax − r log

(α log(n)−nδpmax

r

)
−r−1

])
, (22)
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where (a) uses that
(
n
nδ

)
≤ exp

(
(1− δ)nδ log n

)
. Finally, note that the right-hand side of (22) is

o(1/n) whenever α + δ > 1 and nδpmax = o(log n). Both conditions are satisfied when pmax =
o(nα/2−1) by choosing δ such that 1− α < δ < 1− α/2.

C.2 Proof of Lemma 5

(a) The proof is by construction: Since Uf is obtained by adding exactly f nodes to U0, it follows
that U c

f ⊆ U c
0 = Zc

k+1, so each node in U c
f has degree k + 2 or more in G− v. Further, each node in

U c
f has at most 2 neighbors in Uf , else the for loop would not have terminated. Thus, the subgraph

of G− v induced on the set U c
f has minimum degree at least k, and the result follows.

(b) Let δ′ be such that 1− α < δ′ < min {δ, 1− α+ 2ε}. If |Uf | > 3nδ, then either |U0| > 3nδ′

or there is some M in {0, 1, · · · , f} for which |UM | = 3nδ′ . Therefore,

P
(
|Uf | > 3nδ

)
≤ P

(
|U0| > 3nδ′

)
+ P

(
∃ M ∈ {0, 1, · · · , f} s.t. |UM | = 3nδ′

)
= o(1/n) + P

(
∃ M ∈ {0, 1, · · · , f} s.t. |UM | = 3nδ′

)︸ ︷︷ ︸
(⋆)

,

where the first term is o(1/n) by Lemma 3. Note that each iteration i = 0, 1, · · · ,M − 1 of the for
loop adds exactly 1 vertex and at least 3 edges to the subgraph of G− v induced on UM . Therefore,
the induced subgraph G|UM

has 3nδ vertices and at least 3 (|UM | − |U0|) edges.
Let us couple the inhomogeneous random graph G with an Erdős-Rényi random graph G̃ on n

nodes with marginal distribution G̃ ∼ ER(n, pmax), such that G is a subgraph of G̃. Thus,

(⋆) ≤ P
(
∃ subgraph H=(W,F ) of G− v s.t. |W | = 3nδ′ and |F | ≥ 3

(
3nδ′ − |U0|

))
≤ P

(
|U0| > nδ′

)
+ P

(
∃ subgraph H = (W,F ) of G s.t. |W | = 3nδ′ and |F | ≥ 6nδ′

)
≤ P

(
|U0| > nδ′

)
+ P

(
∃ subgraph H̃=(W̃ , F̃ ) of G̃ s.t. |W̃ | = 3nδ′ and |F̃ | ≥ 6nδ′

)
≤ o(1/n) +

(
n

3nδ′

)
P
(
Bin
((3nδ′

2

)
, pmax

)
> 6nδ′

)
︸ ︷︷ ︸

(†)

,

where the last step uses Lemma 3 and a union bound over all possible choices of W . Finally, using
that

(
n
k

)
≤
(
ne
k

)k and the fact that Bin(n, p) ⪯ Bin(n′, p′) whenever n′ ≥ n and p′ ≥ p yields

(†)≤
(n1−δ′e

3

)3nδ′

P
(
Bin
(9n2δ′

2
, nα/2−ε−1

)
>6nδ′

)
(a)
≤ (n1−δ′)3n

δ′ ·
(3e
4

· nα/2−ε−(1−δ′)
)6nδ′

=

(
3e

4
· nα/2−ε−(1−δ′)/2

)6nδ′

= o(1/n),

since α/2− ε− (1− δ′)/2 < 0. Note (a) uses the concentration bound (14) from Lemma C.1. This
concludes the proof of Lemma 5.
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D Supplementary proofs for Section 5

D.1 Proof of Lemma 7

For any vertex cut U ,{
c̃v(U) >

m2

4

(
k +

2

α

)}
(a)
⊆
{
c̃v(U) > |U | (m− |U |)

(
k +

2

α

)}
=
{∑

i∈U

∑
j∈Uc

δG′
i∧G′

j
(v)> |U |(m− |U |)

(
k+

2

α

)}
⊆
⋃
i∈U

⋃
j∈Uc

{
δG′

i∧G′
j
(v) > k +

2

α

}
,

where (a) uses the fact that the maximum of a set of numbers is greater than or equal to the average.
On the other hand,

{cv(U) = 0} =
⋂
i∈U

⋂
j∈Uc

{
v /∈ corek(G

′
i ∧G′

j)
}
.

It follows from the union bound that

P
(
{cv(U) = 0} ∩

{
c̃v(U) >

m2

4

(
k +

2

α

)})
≤
∑
i∈U

∑
j∈Uc

P
({

v /∈ corek(G
′
i ∧G′

j)
}
∩
{
δG′

i∧G′
j
(v) > k +

2

α

})
= o(1/n),

since for any choice of i and j, the graph G′
i ∧G′

j ∼ RG
(
n,Ps2

)
.

D.2 Proof of Lemma 8

We start by making a simple observation about products of Binomial random variables.

Lemma D.1. Let X1, · · · , Xm ∼ Bern(s) be i.i.d. random variables, and let B = X1 + · · ·+Xm

denote their sum. For each ℓ in {1, 2, · · · , ⌊m/2⌋}, define

Tℓ = (X1 + · · ·+Xℓ) (Xℓ+1 + · · ·+Xm) .

For any ℓ1, ℓ2 ∈ {1, 2, · · · , ⌊m/2⌋} such that ℓ1 < ℓ2, and for any t ∈ R and any b ∈ {0, 1, · · · ,m},

P (Tℓ1 > t | B = b) ≤ P (Tℓ2 > t | B = b) . (23)

Proof. Consider overlapping but exhaustive cases:

Case 1: t < 0. Since Tℓ ≥ 0 almost surely for all ℓ, the inequality (23) holds.

Case 2: t ≥ b− 1. Note that conditioned on B = b, it follows that T1 ∈ {0, b− 1}. Therefore, the
left hand side of (23) equals zero, and the inequality holds.

Case 3: b = 0 or b = 1. In this case, Tℓ is identically zero for all ℓ, so (23) holds.
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Case 4: b ≥ 2 and 0 ≤ t < b − 1. For ease of notation, define for any indices a < b the quantity
Xa:b :=

∑b
i=aXi. For any ℓ ∈ {1, 2, · · · , ⌊m/2⌋},

P (Tℓ > t | B = b) (24)

=
P ({X1:ℓ ·Xℓ+1:m > t} ∩ {X1:m = b})

P (X1:m = b)

=

∑
i:i(b−i)>t P ({X1:ℓ = i} ∩ {Xℓ+1:m = b− i})

P (X1:m = b)

(a)
=

∑b−1
i=1 P (X1:ℓ = i)P (Xℓ+1:m = b− i)

P (X1:m = b)

(b)
=

∑b−1
i=1

(
ℓ
i

)(
m−ℓ
b−i

)(
m
b

)
=

∑b
i=0

(
ℓ
i

)(
m−ℓ
b−i

)
−
(
m−ℓ
b

)
−
(
ℓ
b

)(
m
b

)
=

(
m
b

)
−
(
m−ℓ
b

)
−
(
ℓ
b

)(
m
b

) , (25)

where (a) used the fact that for any t such that 0 ≤ t < b− 1, it is true that

{i : i(b− i) > t} = {1, 2, · · · , b− 1} .

Here, the notation for binomial coefficients in (b) involves setting
(
n
k

)
= 0 whenever k < 0 or k > n.

Let fm,b(ℓ) denote the numerator of (25), i.e.

fm,b(ℓ) ≜

(
m

b

)
−
(
m− ℓ

b

)
−
(
ℓ

b

)
It suffices to show that fm,b(ℓ)− fm,b(ℓ− 1) ≥ 0 for all ℓ ∈ {2, · · · , ⌊m/2⌋}. Indeed,

fm,b(ℓ)− fm,b(ℓ− 1) =

(
m− ℓ+ 1

b

)
−
(
m− ℓ

b

)
−
((

ℓ

b

)
−
(
ℓ− 1

b

))
(c)
=

(
m− ℓ

b− 1

)
−
(
ℓ− 1

b− 1

)
≥ 0,

whenever m− ℓ ≥ ℓ− 1, i.e. ℓ ≤ ⌊m/2⌋. Here, (c) uses the identity
(
n
k

)
=
(
n−1
k−1

)
+
(
n−1
k

)
, and the

fact that
(
n1

k

)
≥
(
n2

k

)
whenever n1 ≥ n2. This concludes the proof. □

Corollary D.1. Let F be a collection of edges in the parent graph G. For any edge er ∈ F , let Xr
i

denote the indicator random variable G′
i(er) ∼ Bern(ps). For each ℓ in {1, · · · , ⌊m/2⌋}, define

T r
ℓ = (Xr

1 + · · ·+Xr
ℓ )(X

r
ℓ+1 + · · ·+Xr

m).

Then, for any ℓ1, ℓ2 ∈ {1, · · · , ⌊m/2⌋} such that ℓ1 < ℓ2, the following stochastic ordering holds

|F |∑
r=1

T r
ℓ1 ⪯

|F |∑
r=1

T r
ℓ2 .
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Proof. It suffices to show that T r
ℓ1

⪯ T r
ℓ2

for each r, since the edges are independent. For any t,

P
(
T r
ℓ1 > t

)
=

m∑
b=0

P (B = b)P
(
T r
ℓ1 > t|B = b

)
≤

m∑
b=0

P (B = b)P
(
T r
ℓ2 > t|B = b

)
= P

(
T r
ℓ2 > t

)
,

which concludes the proof. □

With this, we are ready to prove Lemma 8. Let ℓ1, ℓ2 ∈ {1, · · · , ⌊m/2⌋} such that ℓ1 < ℓ2. Let t ∈ R.
Consider the parent graph G and label the set of incident edges on v as {e1, · · · , eδG(v)}. Denote by
Xr

i the indicator random variable G′
i(er) ∼ Bern(ps). It follows that

P (c̃v(Zℓ2) > t) = P

 ℓ2∑
i=1

m∑
j=ℓ2+1

δG′
i∧G′

j
(v) ≥ t


= P

 ℓ2∑
i=1

m∑
j=ℓ2+1

δG(v)∑
r=1

Xr
i X

r
j > t


=

n∑
d=0

P (δG(v) = d)× P
( d∑

r=1

(Xr
1+· · ·+Xr

ℓ2)(X
r
ℓ2+1+· · ·+Xr

m) > t
)

(a)
≥

n∑
d=0

P (δG(v) = d)× P
( d∑

r=1

(Xr
1+· · ·+Xr

ℓ1)(X
r
ℓ1+1+· · ·+Xr

m) > t
)

= P

 ℓ1∑
i=1

m∑
j=ℓ1+1

δG(v)∑
r=1

Xr
i X

r
j > t


= P

 ℓ1∑
i=1

m∑
j=ℓ1+1

δG′
i∧G′

j
(v) ≥ t


= P (c̃v(Zℓ1) > t) ,

as desired. Here, (a) uses Corollary D.1.

D.3 Proof of Lemma 9

If s = 1, then the graphs G1, · · · , Gm are all isomorphic, and

(⋆) = P (∃ v ∈ V \ v∗ : δG1(v) ≤ r) ≤
∑

v∈V \v∗
P (δG1(v) = 0) ≤

n∑
i=1

e−di = o(1),

and so the result follows. We therefore assume without loss of generality that s < 1. For a vertex v,
graph k and integer i, let Hv

k (i) denote the event

Hv
k (i) := {δG1∧G′

k
(v) = i} .
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Observe that

(⋆) ≤ P
( r⋃

r2=0

· · ·
r⋃

rm=0

(
∃ v ∈ V \ v∗ : Hv

2 (r2) ∩ · · · ∩Hv
m(rm)

))
≤

r∑
r2=0

· · ·
r∑

rm=0

∑
v∈V \v∗

EDv

[
P
(
Hv

2 (r2) ∩ · · · ∩Hv
m(rm) | δG1(v)=Dv

)]
(a)
=

r∑
r2=0

· · ·
r∑

rm=0

∑
v∈V \v∗

EDv

[ m∏
ℓ=2

(
Dv

rℓ

)
srℓ(1− s)Dv−rℓ · 1{rℓ≤Dv}

]
(b)
≤

r∑
r2=0

· · ·
r∑

rm=0

[
m∏
ℓ=2

(
e

rℓ
· s

1− s

)rℓ
]
·
∑

v∈V \v∗
EDv

[
m∏
ℓ=2

Drℓ
v (1− s)Dv

]
, (26)

where (a) uses that the degrees of node v in the graphs G1 ∧ G′
2, · · · , G1 ∧ G′

m are conditionally
independent of the degree of v in G1, and that each edge of G1 is independently present in G1 ∧G′

j

with probability s. Further, (b) uses that
(
n
k

)
≤ (ne/k)k with the implicit definition (1/0)0 ≜ 1.

Note that

∑
v∈V \v∗

EDv

[
m∏
ℓ=2

Drℓ
v (1− s)Dv

]
=

∑
v∈V \v∗

(
n−1∑
d=0

P (Dv = d)
m∏
ℓ=2

drℓ(1− s)d

)

=
n−1∑
d=0

∑
v∈V \v∗

P (Dv = d) d
∑m

ℓ=2 rℓ(1− s)(m−1)d. (27)

Proceed by splitting the outer summation in (27) over d at d∗ ≜ n
α

2(m−1)r . We have

d∗∑
d=0

∑
v∈V \v∗

P (Dv = d) · d
∑m

ℓ=2 rℓ · (1− s)(m−1)d ≤
∑

v∈V \v∗
(d∗)

∑m
ℓ=2 rℓ

d∗∑
d=0

P (Dv = d) · (1− s)(m−1)d

≤ (d∗)
∑m

ℓ=2 rℓ
∑

v∈V \v∗
EDv

[
(1− s)(m−1)Dv

]
(c)
= (d∗)

∑m
ℓ=2 rℓ

∑
v∈V \v∗

∏
u̸=v

(
1−puvs+puvs(1− s)m−1

)
(d)
≤ (d∗)

∑m
ℓ=2 rℓ

∑
v∈V \v∗

e−
∑

u̸=v puvs(1−(1−s)m−1)

(e)
≤ nα/2 ·

∑
v∈V \v∗

e−dvs(1−(1−s)m−1) = o(1). (28)

Here, (c) uses the moment generating function of Dv, which is distributed as a sum of independent
Bernoulli random variables with means puv respectively. Further, (d) uses that 1− x ≤ e−x for any
x, and finally (e) uses the definition of d∗ and the assumed condition∑

v∈V \v∗
e−dvs(1−(1−s)m−1) = o(n−α).
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The other part of the split sum can be bounded as

n−1∑
d=d∗

∑
v∈V \v∗

P (Dv = d) · d
∑m

ℓ=2 rℓ · (1− s)(m−1)d

≤
∑

v∈V \v∗

[
max

d∈[d∗,n]
d
∑m

ℓ=2 rℓ(1−s)(m−1)d
]
P (Dv ≥ d∗)

(f)
≤ (d∗)

∑m
ℓ=2 rℓ(1− s)(m−1)d∗ ·

∑
v∈V \v∗

P (Dv ≥ d∗)

(g)
≤ n1+α/2 ·

(
(1− s)m−1

)n α
2(m−1)r

= o(1), (29)

whenever s > 0. Here, (f) uses that the function d 7→ d
∑m

ℓ=2 rℓ(1−s)(m−1)d is decreasing on the interval
[d∗, n] for all sufficiently large n. Finally, (g) uses the definition of d∗ and that P (Dv ≥ d∗) ≤ 1 for all
v. Plugging (28) and (29) in (27) yields that

∑
v∈V \v∗ EDv

[∏m
ℓ=2D

rℓ
v (1− s)Dv

]
= o(1). Therefore,

continuing from (26),

(26) =
r∑

r2=0

· · ·
r∑

rm=0

[
m∏
ℓ=2

(
e

rℓ
· s

1− s

)rℓ
]
· o(1)

≤ (r+1)m−1 max
1≤r′≤r

( es

r′(1−s)

)r′(m−1)
· o(1)

= o(1),

since r and m are both constants independent of n. This completes the proof. □
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