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We show that in the homogeneous setting, the maximum likelihood estimator is given by the
permutation profile that minimizes the number of edges in the corresponding union graph, i.e.
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Lemma A.1. Let Gy, - ,Gy, be correlated Erdds-Rényi graphs obtained from the subsampling model
with parameters p and s € (0,1). Further, let wia,- - ,T1m denote a collection of permutations on
[n]. Then

logP (G1,- -+ G | Ty = T2, -, T = Tim) X const. — |E(Gy V G52V --- vV Goim)|,
where const. depends only on p, s and G1,--- ,Gp,.

Proof. Consider the setting where p;; = p for all i # j. Notice that

P(G17"' ,Gm’WTQ,--- 77rfm): H P Gl G2 7l'12( )) ) 7Gm(7rfm(e)) ‘ 7[-1(27"' 777Tm)
66( )
= ] P(Gile),Ghle)---, G (e)) (1)
66([ )
where for a node pair e = {u, v}, the shorthand 7(e) denotes {m(u),7(v)}. The edge status of
any node pair e in the graph tuple (G1,G5,--- ,G),) can be any of the 2™ bit strings of length
m, but the corresponding probability in (1) depends only on the number of ones and zeros in

the bit string. For ¢ € [m], let a; denote the number of node pairs e whose corresponding tuple

(G1(e),Ghy(e), -+ , Gl (e)) has exactly i 1’s:

a; = Z 1{(G1(e),Gy(e), -+ , Gy, (€)) has exactly i 1’s}.
ee(3)

Two key observations are in order. First, it follows by definition that a9 + a3 + -+ + ap = (g)
Second, by definition of «;, it follows that
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is constant, independent of 7j,,--- ,77,,. It follows then that
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where the last step uses (2). Finally, since p(ll_;sp)m > 0, it follows that the log-likelihood satisfies

log (P(G1,-+ ,Gm | M9, s T,,)) X const. + g,

i.e. maximizing the likelihood corresponds to selecting 72, - - - , T1m to maximize ag - the number
of node pairs e for which Gi(e) = Ga(m2(e)) = -+ = Gpu(mim(e)) = 0. This is equivalent to
minimizing the number of edges in the union graph G; V G52V ---V GIl™, as desired. U
Remark A.1. In the case of two graphs, minimizing the number of edges in the union graph G1 V., Go
is equivalent to maximizing the number of edges in the intersection graph G A; Go. This is consistent
with existing literature on two graphs (Cullina and Kiyavash 2016, Wu et al. 2022).

B On negative results for exact recovery with two graphs

We build up to the proof of Lemma | by presenting first a useful lemma about inhomogeneous
random graphs.

Lemma B.1. Let G ~ RG(n,P) be an inhomogencous random graph, and let N = (12(), where K is
the number of isolated nodes in G. Then,

2 —d;
po — 2pmaxi<i<p e

P(N >1)> —(4n — 2)p2 0 — 6
( = )_exp( (TL )pmax pmax)x 4(,&2+/L+1)

; (3)

where p = Y1 e,

Proof.  Let Z denote the indicator random variable that node ¢ is isolated 1n G. Further, let

Z; ~ Bern(e~%) denote a collection of independent random variables and define N £ D i<ic i<n Z;- Zj.

We use the second moment method by relating the moments of N and N.
Bounding the second moment. Notice that

3 > ElZiZiZuZi) . (4)

1<i<j<n 1<k<t<n

= > > ElZiZ;iZnZi). (5)

1<i<j<n 1<k<t<n

Consider the following three exhaustive cases.



— Case 1: i =k and j = £. Notice that
E[Z;Z;Z,Z) = E[Z}] - E[Z?] = e~ %%,
Therefore,

E[ZiZ;ZxZd) = (1 —pig) [ (1= piw) [T (0 = ps0)

(i,u) (Gv)
u#j v#£i

,\
INE

(b) 555
e~dimditrii < Spmax (7, 7.7,.7y), (6)

where (a) uses that 1 —x < e™ for all z, and (b) uses that p;j < pmax < 6pmax-

— Case 2: j = k. Notice that

E(Z;Z;ZvZ() = E|Z;]) - E[Z?] - E[Z;] = e~ 4=~ %,
Therefore, similarly to case 1, we have

BlZZizwZd = [ (=pp)x [T 0 =pw) [T =pj) T (1 = pew)
fe({z,%,ﬁ}) (Zvu) (va) (evw)
uFg,L vl w#i,J
< e_di_dj_d£+pij+pil+pj2

< BPmax . E[ZZZ]Zng] (7)

— Case 3: i, ], k, ¢ distinct. Notice that

E[Z:Z;Zy 7)) = E|Z}) - E[Z}] - E[Z}) - E[Z)]
— e_di_dj_dk_dé .

Therefore, similarly to case 1, we have

EZ:Z;ZeZd = ] Q-pp) ] C=p) [ C=pjw) ] O =prw) J] - pe)
f€<{z’J’2k’l}) (Zvu) (]7”) (kvw) (E,.Z’)
u#g, k.l vZ£ik,l w#i,j,¢ x#£i,5,k
< e~ di—dj—dr—dg+pijtPikTPie TPk TP PR

< €6pmax . E[EZEJZ]CZ@] (8)
Consequently,

EN* = >, > {e_di_dj Lichjmey T 070700y b e TR
1<i<j<n 1<k<{<n

< Z Z |:e—di—dj 1o dimdi—de 4 o—di—d;—dj—~dy
1<i<j<n 1<k</t<n

< p? 4t 4t (9)
where p £ D i<i<n e~%. Combining equations (4) and (5) with (6), (7), (8) and (9) yields that

EI:NQ] S eﬁpmax . E[NQ] S ermaxM2(u2 + ,U + 1) (10)



Bounding the first moment. Notice that

~ == —a—q. 1 S 7 —d
BN = Y EZZI= Y b= (e ) 2 (e et)

1<i<j<n 1<i<j<n i=1

where the last step uses that e 2k < g=di . maxi<i<n e~ % for each k. Furthermore,

EIN]= Y E[ZZ]

1<i<j<n
= Z [(1 — Pij) H(l — Piu) H (1 —Pjv)}
1<i<j<n (i,u) (4v)
u#j vFL
(g) Z [efpij*p?j H e—piu—P?u H efpjvfpiv}
1<i<j<n (iu) (4,v)
uj vFL
Q) —en-1pt. . —di—d;+pi;
> e > e
1<i<j<n
(g e—2n—1)pf . -E[N], (12)

where (a) uses that 1 — 2 > e~ for all z € [0,1/2], (b) uses that e P > e Pmax, and (c) uses
that ePis > 1 for all ¢ and j. Finally, combining equations (10), (11) and (12), we have that
E[N]? E[N]? p? — 2pmax;<i<y e~ %

> ¢~ Un=2Phax—pmax ZL2 > oxp (—(4n — 2)p2,., — 6 X ,
[NQ} - E[N2] = €Xp ( ( )pmax pmax) 4(M2 Tt 1)

&=

where the last step uses that

_ 2 )
E[N]* > Mz <u2 — 2+ max e~ 4 max 6‘2‘“’) > % <u2 — 2 max e—di) .

1<i<n 1<i<n

Since P(N > 1) > %, the proof is complete. O

B.1 Proof of Lemma 1

Proof of Lemma 1. Let N be the number of pairs of isolated nodes in H. It follows from Lemma B.1
that

P (N > 1) > exp (_(2n - 4)Qr2nax - 6Qmax)

A2 —2)\ maxi<i<n e i

402+ X+1)
A2 —2) maxj<i<p € ¢
z2(=o) — ) (13)

where A £ 37 | e7"i, and the last step in (13) uses that gmax = o(1/y/n). Let Ty ST S STy
denote a sorted copy of the sequence rq,--- ,7,. Consider the following three cases.



— Case 1. rj) = w(1). In this setting, it follows that

A max e "t = e " = o0(1),
1<i<n

since A = Q(1). Thus,

2_o
P(N>1)> (1_0(1))-M:9(1).

— Case 2. 19y = O(1). In this setting, there exists a constant C' > 0 such that C' < e "2 < e7 "1,
Let A denote the adjacency matrix of G and let Rjj) and Ry denote the degree of two nodes
with mean degree (1] and 7y respectively. Then,

P (Rpj=0,Rjp =0) =P (R =0) - P (Ryg =0 | Rpyy = 0)
>P (R =0)P (R =0)

= H (1 —qpuy) H (1 —qp)y)
]

i#[1 i#[2]
(;) H —an)i—4hy; H —al2li-ay,
pu— 6 ' e ’
i#[1] J#[2]
=e "e "2 - exp ( — Z q[21]i - Z q[22]j>

i#[1] i#(2]

(b) B 2 2 ©
> exp (—2(n — 1)ghay) - C7 = Q(1).

Here, (a) uses the inequality 1 —z > e~*~** whenever z € [0,1/2], (b) uses that e > e~ imax
for all 4, j and also that C' < e~ "2 < e ", Finally, (c) uses that exp (—2(n — 1)gZ,,) = (1)
whenever gmax = o(1/y/n).

~ Case 3. 19y = w(1). Consider the induced subgraph G’ of G on the vertex set V =V — {[1]}.
The mean degrees of G’ satisfy rfi] < 75, and so it follows that

NeN e > Y e = (1),
1=2

1=2

and the smallest mean degree in G’ diverges, i.e. TR = w(1). Equivalently, the graph G’
satisfies the conditions for Case 1 above, and so there is a constant lower bound C' on the
probability that the number of pairs of isolated nodes N’ in G’ is at least one. If node [1] does
not connect to an isolated pair of nodes in G’, then the pair remains isolated in G as well.
Therefore,

P(N >1) > (1= gmax)? P (N > 1)

(1 = gmax)® - C = Q(1).

(AVARAY]

In all cases, we have that P (N > 1) = Q(1), i.e. there is a non-vanishing probability that two
isolated nodes exist in H. This concludes the proof. ]



C Supplementary proofs for Section 4

The following facts about random variables are used frequently in the analysis. First, we have
concentration inequalities for a sum of Bernoulli random variables.

Lemma C.1. Let X be a sum of n independent Bernoulli random variables, and let E[X] = np.
Then,

1. For any § > 0,

66 np e (1+8)np
> < | — < .
P(X > (14+9)np) < ((1+5)1+5> < <1+6> (14)
2. For any § > 5,
P(X > (14 0)np) < 2-(Fomp, (15)
3. For any 6 € (0,1),
676 np e (1=6)np
< - < —_— s —np . .
P(X <(1—-9)np) < ((1 — 5)1_5> e (1 _5> (16)

Proof. All proofs follow from the Chernoff bound and can be found, or easily derived, from Theorems
4.4 and 4.5 of (Mitzenmacher and Upfal 2017). O
Next, we have two lemmas about stochastic ordering of Poisson random variables.

Lemma C.2. Let p € [0,1]. Consider independent random variables X, Y and Z with distributions
X ~ Bern(p), Y ~ Pois(p), Z ~ 2-Pois(p/2).
Then, for all t, the moment generating functions of X, Y and Z are ordered as
Mx(t) < My(t) < My(t).

Proof. We have

a et _
Mi(t) =14 ple! — 1) 2 exp (ple’ — 1) = My () © exp (r(55)) =zt

where (a) uses 1+ 2 < e® and (b) uses that the function (e** — 1) /k is increasing in k for all ¢t. O

Lemma C.3. Let n >0 and let Xy, -+, X, be independent random variables with X; ~ Bern(p;).
Let m be an integer so that 0 < m < n, and define

X2 X+ ) 2X;
i<m j>m

Then, for any t < EX,

EX -EX
P(X <t)<exp (—2+;log <e ; )>



Proof. Let Y; ~ Pois(p;) and Z; ~ 2 - Pois(p;/2). It follows that

HMX H Mx, (2t)

j=m+1

< HMZ H My, (2t)
j=m+1

= HMZ H May, () = Mz(1),
j=m+1

where Z £ 3" Z; + > j=my1 2Yj is distributed as Z ~ 2 - Pois (EX/2).
Therefore, Chernoff tail bounds that hold for Z also hold for X. In particular, for any t < EX,

P(X <t) < inf e Mx(—6
( _)_5206 x(=0)

< inf "' My (-6
< jgpe MA=0)

EX
= inf == (*-1) ).
51210 exp (025 + G
Setting 6 = 3 log (EX/t) gives the desired result. O

C.1 Proof of Lemma 3

If strictly more than n nodes all have degree less than or equal to 7, then a subset of exactly n®
nodes has average degree less than r, so

P(|Zr’ > né) =PETC [n]:{|T| > na} A { maxda(u) < r})

ueT

=P(3TC [n]: {|T| = }ﬂ { max da(u) <r})

ueT

<P(3SC [n];{\5\=n5}m{25g u)<r|S|}) (17)

u€esS

Let Gy, denote the indicator random variable for the presence of edge {u,v} in G. For any set

S C [n], define
ps £ Ela(i)] =) di

€S €S

Since for any i € [n], we have that e~% < Z;LZI e~ % < n~?% it follows that d; > alogn. Therefore,
for any S C [n], we have that us > «|S|logn. Hence,

P (Z S (u) < 7"5]) = ]P’( > Guwt Y 2Guw < r\5\>

u€eS u€esS u,vES
ve[n]\S u<v

(2) 7’!5| e- s
< 2o T -
oo (57475 (557)

(b) -
< exp <—a’25| log(n) + 7“]28| log (ealogn)) (18)
r




where (a) uses Lemma C.3 and (b) uses that the function on the right hand side of (b) is decreasing
in pug on the interval (r|S], 00), and that r|S| < «|S|logn < ug for all sufficiently large n. Finally,
combining (17) and (18), and using that |S| = n? yields

P<|ZT’ >n5> < Z P(Z(SG(U) <7“’S|>
SC[n]:|S|=n? uesS
1) 9

n an rn ealogn
< exp(——logn—i——log( ))
nd 2 2 r

o5 v (252

= o(1/n),

whenever § > 1 — a/2. Here, (a) uses the fact that (5) < exp ((1— &)n’logn). Hence, (11) follows.

Suppose that puax = o(n®/?~1). Notice that

Z(SG(U):Z Z GquZ Z GuvéYSU

u€sS ueS ve(n] ueS ven]\S
vFU
and so we have that
(a) CE v\ 1S
P (Z da(u) < r]S]) <P(Ys <7|S|) < e Elsl. <€T|b[,|5]) , (19)
u€esS

where (a) uses that Yg is a sum of independent Bernoulli random variables, and so the Chernoff tail
bound (16) can be applied. On the other hand,

(a) S (®) -
E[YS] = Zdu - ZZZPuv > Zdu - <|2’) : (2pmax) > a’S“Og(n) - |S|2 * Pmax = Hs,

u€eS ueS veS u€eS
v#EU
where (a) uses that pyy < Pmax and (b) uses that pg > «|S|logn. Continuing from (19), we have
_ -E[YS] 7S] e e'ﬁS 7S]
P(Ys < r|S]) < e Bl (£ 21251) 0 o —fis , 20

r|S
where the last step uses that the function x — ™% - (%) is decreasing in x whenever x > r|S|.
Thus, for any S such that |S| = n’, we have from (20) that

1 —nd max \ "
P (YS < rn‘s) < exp (—n6 (a log(n) —r — népmax)) ) (a Og(n)r " Pma )

= exp (— n’ (a log(n) — 1 — n®puax — rlog (a log(n)r— nPmax ))) . (21)

8

Combining this with (17), a union bound yields that

P <|Zr| > n5> < IP’(EIS C [n] :{|S|:n5} N { Z5G(u) < T|S|})

ueS
< (Z)IP’ (YS < rn5>
n

(%) exp (_ nd {(a—f—é—l) log(n) — 1 P — 7 log (alog(n)r—n%max) —T—l} >’ (22)




where (a) uses that (5) < exp ((1— 5)n®logn). Finally, note that the right-hand side of (22) is
o(1/n) whenever a + 6 > 1 and npuax = o(logn). Both conditions are satisfied when ppay =
o(n®/?>~1) by choosing & such that 1 —a < § < 1 — a/2.

C.2 Proof of Lemma 5

(a) The proof is by construction: Since Uy is obtained by adding exactly f nodes to Uy, it follows
that U]? C U5 = Zj,1, so each node in U]? has degree k + 2 or more in G — v. Further, each node in
UJ? has at most 2 neighbors in Uy, else the for loop would not have terminated. Thus, the subgraph
of G — v induced on the set Uf has minimum degree at least k, and the result follows.

(b) Let & be such that 1 —a < ¢ < min {8, 1 — a + 2¢}. If |Us| > 3n?, then either |Up| > 3n
or there is some M in {0,1,---, f} for which |Up;| = 3n° . Therefore,

P (|Uf| > 3n5) <P (\U0| > 3n5’) +PEM € {0,1,---, f} s.t. [Un| =3n")

=o(1/n) + P(3 M € {0,1,--- , f} s.t. [Un| =3n"),
*)

where the first term is o(1/n) by Lemma 3. Note that each iteration ¢ =0,1,--- , M — 1 of the for
loop adds exactly 1 vertex and at least 3 edges to the subgraph of G — v induced on Uy;. Therefore,
the induced subgraph G|y,, has 3n? vertices and at least 3 (|Uys| — |Up|) edges.

Let us couple the inhomogeneous random graph GG with an Erdés-Rényi random graph Gonn
nodes with marginal distribution G~ ER(n, pmax), such that G is a subgraph of G. Thus,

() < IP’(H subgraph H = (W, F) of G — v s.t. |W| =3n" and |F| > 3(3n" — ]UO\))
<P (\U0| > n5/> +P(3 subgraph H = (W, F) of G s.t. [W| =3n" and |F| > 6n?)
<P (\U0| > n‘sl) + P(3 subgraph H=(W,F) of G s.t. \W| = 3n% and |F| > 6n5/)

< o(1/n) + (325/>P<Bin<<325/>7pmax> > 6n5’),

-~

(t)

where the last step uses Lemma 3 and a union bound over all possible choices of W. Finally, using
that (}) < (%)k and the fact that Bin(n,p) < Bin(n/, p’) whenever n’ > n and p’ > p yields

(< (22" Bin (22 o) s 60)
(%) (n1—6')3n5’ . (% . na/2—e—(1—5'))6”5,

36 ’ GTL‘;/
— (4 . na/2757(175 )/2> — O(l/n)7

since a/2 —e — (1 —¢')/2 < 0. Note (a) uses the concentration bound (14) from Lemma C.1. This
concludes the proof of Lemma 5.



D Supplementary proofs for Section 5

D.1 Proof of Lemma 7

For any vertex cut U,

{(mr= 7 (k4 2) ) € (a1 o (14 2)
{5 5 i 1(s+2)

2
- U {5G§AG;(U)>k+a}y

where (a) uses the fact that the maximum of a set of numbers is greater than or equal to the average.

On the other hand,

{y(U) =0} = ﬂ ﬂ {v ¢ corer(G; AG))} .

i€U jeue

It follows from the union bound that

P({CU(U) — 01N {EU(U) > ”f (k + 2)})

a
2
< yes e Z) =
< Z Z ]P’({v ¢ corer(G; AN G)} N {(SGi/\Gj(U) >k + a}) o(1/n),
€U jeUe
since for any choice of i and j, the graph G} A G; ~ RG (n,Ps?).
D.2 Proof of Lemma 8

We start by making a simple observation about products of Binomial random variables.

Lemma D.1. Let Xy, -+, X,, ~ Bern(s) be i.i.d. random variables, and let B = X1 + ---

denote their sum. For each £ in {1,2,--- ,|m/2]}, define

Tr= X1+ +Xo) (Xeg1++ X))

For any 01,0 € {1,2,--- ,|m/2]} such that {1 < L3, and for any t € R and any b € {0,1,---

P(Tgl>t|B:b)§P(Tg2>t’B:b).

Proof. Consider overlapping but exhaustive cases:

Case 1: t < 0. Since Ty > 0 almost surely for all ¢, the inequality (23) holds.

+ Xm

Case 2: t > b—1. Note that conditioned on B = b, it follows that 77 € {0,b — 1}. Therefore, the

left hand side of (23) equals zero, and the inequality holds.
Case 3: b=0 or b= 1. In this case, Ty is identically zero for all ¢, so (23) holds.

10



Case 4: b> 2 and 0 <t < b— 1. For ease of notation, define for any indices a < b the quantity
Xop =0, Xi. Forany £ € {1,2,---,|m/2]},

P(Ty>t|B=0b) (24)
_ P{Xue Xepim > 1) N { X1 = b))
B P (X1 =b)
Y-yt P (X = i} N { X1 = b — i})
B P (X1.n = b)
() 291 P (Xue = ) P (Xpr1an = b — )
P()(Lm/::m
w 21 (1) (52

{Emtnd=b) (25)
where (a) used the fact that for any ¢ such that 0 <t < b — 1, it is true that
{i:i(b—1d) >t} ={1,2,--- ,b—1}.

Here, the notation for binomial coefficients in (b) involves setting (Z) = 0 whenever k <0 or k > n.
Let fr,5(¢) denote the numerator of (25), i.e.

o2 (0)-("4)-0)

It suffices to show that f,, 5(¢) — frnp({ —1) >0 for all £ € {2,---, |m/2]}. Indeed,

Frnd(©) = Fanpl€ = 1) = (m o 1) - <mb_€> ‘(@ - <£;1>>
206z

whenever m — £ > £ — 1, i.e. £ < |[m/2]. Here, (c) uses the identity (}) = (Z’j) + (";1), and the

fact that (721) > (722) whenever nq > no. This concludes the proof. O

Corollary D.1. Let F' be a collection of edges in the parent graph G. For any edge e, € F, let X7
denote the indicator random variable Gi(e;) ~ Bern(ps). For each ¢ in {1,---,|m/2]}, define

Tp = (X1 + -+ X)) (X + -+ X))
Then, for any 1,03 € {1,---,|m/2]} such that {1 < {3, the following stochastic ordering holds

|F| |F|

> T2 T,
r=1 r=1

11



Proof. It suffices to show that T; < Ty for each r, since the edges are independent. For any ¢,

NE

P(Tf >t)=> P(B=0b)P(T} >tB=0)

T
o

A
NE
~

B="b)P (T}, >t|B=1b) =P (T}, > t),

o
Il
o

which concludes the proof. (I

With this, we are ready to prove Lemma 8. Let ¢1,0s € {1,---,|m/2]} such that ¢; < ¢5. Let t € R.
Consider the parent graph G and label the set of incident edges on v as {eg, - - - ,€5G(v)}. Denote by
X7 the indicator random variable G(e,) ~ Bern(ps). It follows that

P (¢(Ze,) > 1) Z Z dcincy (v

i=1 j=la+1

m  dg(v)

— ZZ > XTXT >t

1=1 j=l+1 r=1

n d

=Y P(06(v) = d) x P( (X4 4 X]) (Xfpyr +- -+ Xp) > t)
d=0 r=1

(a) n d

> > P a(v) = d) x P 3 (XT 4+ X3, ) (X 4o+ Xp) > 1)
d=0 r=1

01 m o (U

Z ZX’"XT>t

i=1 j=0;+1 r=1

= Z Saincy (v

lj l1+1
=P(c (Zél) > t),

as desired. Here, (a) uses Corollary D.1.

D.3 Proof of Lemma 9
If s =1, then the graphs G, -- , Gy, are all isomorphic, and

() =PEFveV\v':dg ) <r)< Z P (0¢,(v) =0) <Ze i =o(1

veV\v*

and so the result follows. We therefore assume without loss of generality that s < 1. For a vertex v,
graph k and integer 4, let H} (i) denote the event

Hi (1) = {0c,nay (v) = i} -

12



Observe that

r

W<P(U- U @vev\o: B0 Hy ()

T2 =0 T'm:O
T

< Z Z EDU[P(Hg(rg)ﬂ‘--ﬁH%(Tm) | 5G1(U):DU)]

r2=0 rm=0 eV \v*

@S Z > Ep, [H (D”> s(1 —g)Pemre. l{regDv}:|

r2=0  rm=0 oveV\v* =2
(b) T T m e
< e T¢ o Dy,
EDIEDY [H( ) ] > e, |[[ P09 ] (26)
ro=0 rm=0 L{=2 veV\v* (=2
where (a) uses that the degrees of node v in the graphs Gi A GY, -+ ,G1 A G, are conditionally

independent of the degree of v in G, and that each edge of G is independently present in G1 A G;

with probability s. Further, (b) uses that (}) < (ne/k)* with the implicit definition (1/0)° £ 1
Note that

2. Ep,

veV\v*

HDge(l—s)Dv] = > (Z]P’ Hd”(l—s)d>

/=2 UEV\U* d=0 =2

_ Z Z (D, = d) A== 27e(1 s)(m_l)d. (27)

d=0veV\v*

Proceed by splitting the outer summation in (27) over d at d* = nZm-17 . We have

Z Z IP) dzz 9T '(1_ (m—1)d < Z d* e Te ZIP) 8)(m71)d

ym OUGV\U* ’UEV\U*

< (d*)2€:27‘5 Z EDU |:(1 _ S)(m—l)Dv:|
veV\v*

e 0 | ()
vEV\vuFu

(%) (dF)X=2e Z ¢~ Luzo Puvs(1=(1=5)""1)
veV\v*

(e) m—

<. 3 e~ hs(1=0=9" 1) — (1), (28)

veV\v*

Here, (c) uses the moment generating function of D,,, which is distributed as a sum of independent
Bernoulli random variables with means p,, respectively. Further, (d) uses that 1 — 2 < e™* for any
x, and finally (e) uses the definition of d* and the assumed condition

Z o dvs(1=(1=s)""1) _ o(n™%).

veV\v*

13



The other part of the split sum can be bounded as

n—1
Z Z P(Dy = d) . dZZ’Lg T, (1 _ 8)(m—1)d

d=d* veV\v*

< SttoTe(1_ o\(m—1)d > J*

(f) m £
< (d9)Xi=2Te(] — ) m=hd Z P (D, > d¥)
veV\v*

(g) P T
< n1+a/2 . ((1 _ S)m—l) 2(m—1) _ 0(1)7 (29)

whenever s > 0. Here, (f) uses that the function d — d>=t=27¢(1—s)(m~14 is decreasing on the interval
[d*, n] for all sufficiently large n. Finally, (g) uses the definition of d* and that P (D, > d*) < 1 for all

v. Plugging (28) and (29) in (27) yields that }_ .y ,« Ep, [TT/%, Dit(1 — s)Pv] = o(1). Therefore,
continuing from (26),

(26):i...i [ﬁ(e s )7"1-0(1)

re 1—s
ro=0 rm=0 L{=2 ¢

el es \7'(m=1)
< e max (Gs) e
= o(1),

since r and m are both constants independent of n. This completes the proof. O
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