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E-companion: A Novel Adaptive Testing Scheme for Multi-disease Testing

A. Summary of Notation

Table A.1

Notation for the adaptive testing design problem.

Sets and Vectors:

[a] :{1!27”' 70’}

N =[n]

S

S(r)

P N) =UremN(r)
A

(.
IeH(S) = Uye (g Z(S(r))

Set of integers from 1 to a (a € Z™T)

Set of diseases, with cardinality n

Set of diseases targeted by assay S, with cardinality s (S CN)

Set of all ordered r-combinations of set S (r € [s],S CN)

Cumulative assay set of all 2" — 1 nonempty subsets (assays) of set N
Index set of a given collection of sets

Cumulative index set of set S (S CN)

{0} UZ=(N) Set of 2" disease category indices

SR = (N) Single-assay portfolio, consisting of one n-plex
Ssneterons — ({ ) ien) All-singleton portfolio, consisting of n singletons
Parameters:

p= (P07 (Pc)ce:rcml(xv))
P(S) = (Po(S), (Pe(S))cezen(s))

Joint prevalence vector
Joint prevalence vector for assay S (S CN)

i, ©(S) Marginal prevalence of disease i (i € N), prevalence of assay S (S CN)

™ Marginal prevalence vector for all diseases in set N/

peP(m) Set of joint prevalence vectors consistent with the marginal prevalence vector =
p(S),p,,, () Assay-specific (§ CN) and universal adaptive pooling thresholds

Pt =1— e ~0.308 Dorfman pooling threshold

cy, Cy Fixed cost per test, variable cost per disease targeted by the assay

Decisions:

Main:

Sttt — (8 relql Assay portfolio (¢g-partition of set A for some ¢ € [n]), as a vector of sets (assays)
t Assay pool size vector

Auziliary:

w(t) Disease pool size vector, where w;(t) =t if i €Sy (i €N)

Kpool (SPorT:folio7 t), and (SPortfolio, t)
C(SPortfollo’ t)

For Dorfman Testing:

CDcrf (‘Sl’ort‘folio7 t)

Index set of pooled assays, index set of individually tested assays
Adaptive testing cost (i.e., expected testing cost per subject)

Testing cost (i.e., expected testing cost per subject) for Dorfman testing

00Kt (SForeolic) Optimal pool size vector for Dorfman testing when m(N) < p>=*

£ (SPorttotio) Finite local maximum pool size vector for Dorfman cost function when 7(N) < p™**

Events & Random variables:

TH(S,t) Event that the test outcome for disease ¢ is positive when assay S is tested with a random
pool of size ¢ (i € S) (with complement 7, (S, t))

N (S, t)={ieS: T (S,t)} Pool-level retesting set (with complement N, (S, t))

Dot (S, t) Cardinality of a random pool-level retesting set, i.e., | N5, (S,¢) |

Dsubject (sPorcfolio7 t)

Retesting set cardinality for a random subject

Other:

Superscript *

Superscripts (¢, =0), (¢; =0)
Superscripts nc, indep, nested
Subscript —k

Wo( W1 ()

FOC

Optimal adaptive testing design, i.e., ST " ¢*

Special cost structures: ¢, =0 and ¢; =0

Special prevalence structures: no-coinfection, independent, and nested (Definition 1)
All indices except k, e.g., t_x = (t¢)celq)\(k}

The principal and secondary branches of the Lambert-W function

oC(SPortiolio 4 ¢

T =0,k € [g))

First-order condition wrt pool size ( By

We also define v, :=1—m;, i € N5 v(S) :=po(S) and «(S) := (ln(;))))lﬂ, SCWN.

B. Proofs

1—=(S

We first provide the supporting results from the literature, followed by the proofs for the results in the
paper. Commonly used notation is provided in Appendix A; other less common notation is introduced as

needed. We use the abbreviations, with respect to (wrt), without loss of generality (wlog), respectively

(resp.), and iff (if and only if).
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B.1. Supporting Results from the Literature

Proposition B.1 (Dorfman properties) (Implied by Lemmas 1, 2, 8, Theorem 1, and Corol-
lary 4 of Aprahamian et al. (2020)). Consider Dorfman testing for a single disease with prevalence
7 under perfect test sensitivity and specificity. If m < p”7 =1 — e & 0.308, i.e., Dorfman pooling
threshold, then the following results hold:

1. The expected number of tests per subject function, given by %+ 1—(1—m)" at pool size t, has exactly
two pool size solutions that satisfy the FOC:

£9°79 () 1= ln(12—7r) _ Wo(— %(ln(l i )>1/2>’ 2 () 1= ln(12—71') W, < — %(ln( 1 ))1/2)7

T 1—-7

where tP°™ () and fDon(w) resp. correspond to the global minimum and the finite local mazimum of
the Dorfman cost function, where t*™(7) <1 (x).

2. Pooling reduces the expected number of tests over individual testing: s +1— (1 - )" < 1,

3.t () is decreasing in w € (0,p”7).
Property B.1 (Multi-disease Dorfman pool size) (From Bish et al. (2024)). For any assay S C
N, the optimal pool size follows by Proposition B.1 by letting m = w(S).

—Dorf

We use the notation t°°**(7(S)) and t*°**(S), also ¢

—Dorf

(m(S)) and ¢
Property B.2 (Dorfman and Lambert function properties).

(8), interchangeably.

1. (Based on properties in Aprahamian et al. (2020)). ¥ (r) is decreasing in 7 € (0,p"™).

2. (From Corless et al. (1996)). Both solutions to the Lambert function, Wy(x) and W_;(x), exist
only if x € (=£,0); in this range, Wy(z) € (—1,0) and is increasing in x, while W_,(z) € (—o0,—1)
and is decreasing in x.

Corollary B.1 (Dorfman pool size relationships). Let S = {iy,ia, - is} CN, with cardinality s > 1,
and diseases indexed following a nonincreasing order of marginal prevalences, i.e., mj, > m, > -+ > T;_.
When w(N') < p”™, Dorfman pool sizes satisfy the following relationships:

PN < t7T(S) <t ({in ) < 7T ({ia)}) < - < P ({d ),

PN <ET(E) < B <P (i) < - <P
Proof The result follows from Proposition B.1 and Property B.2, because for any set SCN : S # 0,
T(N) 2 7(8) 2 miy 2y > - 2, O

B.2. Proof for §2.1

Proof of Lemma 1 For a random subject, let Dj denote the event that the subject is positive for
disease j, and E, the event that the subject belongs to disease category c. Then 7(S) =P (UJ cs D;r) Under
the nested structure, only the following disjoint disease categories (indices ¢) have nonzero probability:
the no-disease category ¢ = 0, singleton categories ¢ € {1,...,n}, and nested categories ¢ =1..m for m €
{2,...,n}; disease j is present in any category containing j. Letting N := Uzlzmax{m} E, ,, denote the
union of nested categories containing disease j € N,

Df =E;UN;, jeN. (9)

Since ipin(S) =min{i: i € S} by definition, we have in,(S) <j, Vj € S. This implies N; C N,
(since any nested category ¢ = 1..m containing j also contains i,;,(S)). Thus:

U= (U)o (Us)

JES JES JES

S)s VjesS

min(
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=Nowis) U By U U B

€8\ {inin(5)}

=Dl U |J E (by(9),
7€8\{inin(S)}

where D;’min( s) and the singleton category events Ej, j # inin(S), are all disjoint. By Definition 1,
T(S)=B(D )+ D, p=PDL )+ (5= De=p s + (5 e O
jES\{imin(S)}

B.3. Proofs for §3.1

B.3.1. Supporting Results For assay S C N, the assay’s joint prevalence vector consists of:
Pe(S)=pc + Y Pesw, VeEI™(S), po(S)=1-7(S)=1— Y pS), (10)

! €IML(N\S) ceTm(S)

with the special case, po(N)=1—7(N)=po, and p.(N) =p., Yce T (N).
Lemma B.1 (Link between assay and disease prevalences). For any S CN:

Z Dige(S VieS.

CEIC””' (S\{:})

Proof Consider any S CN and i € S. Starting with the RHS, we derive the LHS. By (10),

(10) (10) . cm .
pi(S) =p; + Zpi@c and  pie.(S) = pise + Z Digeae, VidceI™(S), leading to:
€T (N\S) /€T (NN\S)

pi(S) + Z Pice(S) = pi t Zpieac + Z Pige T Z Divcac

ceTem (S\{i}) cETML(N\S) ceTem (S\{i}) ! €TML(N\S)
= pi + sz‘@c + Z Dige + Z Z Digeae’ = Pi + Z Dige
CETTN\S) €T (S\(i}) €T (S\(i}) ¢/ €T (N\S) ceC
cETR (N {i})
where ¢:= (W \S) U TS\ {i}) U [Zcml(S\{i})eaI““l(/\/'\S)], hence € =Z< (N \ {i}). O

Let X (S,t) = (Xo(s,t),(XC(S,t))CGIcml(S)) denote the number of subjects with no diseases from set S
(Xo(S,t)) and with only the diseases in category ¢ (X.(S,t)), resp., within a random pool of size ¢ > 2 for

assay S C N, where index set Z™(S) contains 2° — 1 disease category indices (except for ¢ =0). Observe
that X (S,t) ~ Multinomial(¢, p(S)).

Lemma B.2 (Multinomial probabilities). For any C' ={ci,ca, -+, ¢} CITY(S), 1<0<2° —1:

P(X.(8.0) =0, Ve e TS\ C') = (p(8) + 3 pelS)) " and

ceC’

IP(XC(S,t) >1, Veel, X,(S,t)=0, VgeIC’"l(S)\C/>

:(—1)['(po(S))t‘er:(—l)e_r'{ Z <p0(8)+2pc(8))t]

r=1 cec(r) cec
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Proof The first expression readily follows from the multinomial distribution, because the event
{X.(8,t) =0, YceZ™(S) \ C'} implies that all ¢ subjects belong to either category 0 or one of the cat-
egories in C’, which happens with probability po(S) 43" ./ pe(S) for each of the independently sampled
subjects.

To prove the second expression, observe that by the multinomial distribution, we have:

IP’(XC(S,t) >1, Veel, X,(S,6)=0, VgeI™(S) \C’)
:P(XC(S,t) > 1, Veel, X,(S,t)=0, YgeIT™(S)\C, Xo(S,t)=t— ZXC(S,t)>

_ 3 [ t |

|
' L) (pol)) e
(Teq ,J;CQ,.A.,J;CZ)E[t]Z: H xC! ’ (t o Z 'Tc)‘ cel!

Ty +Tog e Fae, <t cec! cec’

Let 2ou(C) :=)_ oz for C CC'. Re-writing the last equation with the new notation and then switching
to the binomial expressions, we get:

t! /
- T L) (&)=
(ze, 7w627m)$%)€[t]z: H I'c! ! (t - l'sum(cl))' cec’!
@eun(C) <t el

= Z {(xil) . (t ;Cffcl) (t—ajsuma(f'\{cﬁ})) . H(pc(s))zc . (po(s))tfxsum(c/) ’

2 £ /
(Teq Ty sty EH: ceC
wsum(cl) <t

which can be expressed as the product of nested summations:

==§Z[(;;)«mxs»“lff?[(t;j“)-@@anV%--~

't_wmi\{%}) [(tmsmii\{cz}v (Do, (S)) .(po(g))tzsmw')m. (11)

By the binomial theorem, the innermost summation (over x.,) in (11) can be expressed as:
(Po(S) + P, (8))' =MD — (py(8)) (@D, (12)

Substituting (12) into the second innermost summation term (over z., ,) in (11), applying the binomial
theorem again, and letting Psu(C) := po(S) + > cc Pe(S) for C CC' yield:

t—zsun (C \{cr_1,c0})
t — Zeum(C' \ {co_1,c we —wem(C'\{c —zem(C'\{c
Z ( (C"\{ce—1 f})> (Pey_, (S))Tee-1 - [Psum({Cg})t sun(C"\{ce}) _ (po(S))t sun (C"\{ z})}

Teg_q =1 Feem
_ Psum({cé_l’Ce})tfzsum(cl\{wfhw}) _ Psum({cé})t*zsum(cl\{clfl165}) _ psum({CE_l})tfrsum(c'\{wavCe})
+ (po(s))tfﬂvsum(c'\{wﬂvC/z})'
Repeating the same process, e.g., substituting the last derived expression into the previous innermost
summation term in (11) and applying the binomial theorem, yields the expression. g
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Lemma B.3 (Pool-level retesting set PMF). Consider any assay S C N with pool size t > 2. For any
disease subset 8" C S with s’ =|S'|, the probability that the assay’s pool-level retesting set, N5,.(S,1),
equals set S’ follows:

PNAA(S.0) =) = (-1 +Z Y () Y ne)

S"es!(r) ceTen(S)

Proof The proof leverages Lemma B.2, which provides various probabilities related to the random
vector X (S,t) = (Xo(S,t), (Xe(S, 1)) cezem(s)) ~ Multinomial(t, p(S)).

Given S C N, consider any &’ C S with s’ =|S’|. The proof is by induction on s’:

Base Cases (s'=0 and s’ =1): If &’ =), then letting C" =) (with corresponding £ =0) in Lemma B.2
yields P(Npoo: (S, 1) = 0) = P(X,(S,t) =0, Ve e I°(S)) = (po(S))"-

Similarly, if &’ = {i}, i € N, then letting C'" =i (with corresponding ¢ =1) in Lemma B.2 yields
PN (5.0) = (1) = P(X(5.0) 2 L, %,(S.0)=0, %9 TS\ (i) = (m(S) + pi(S)' - (m(S))'

For s = \S | <1, we are done. For s > 2, we proceed by considering any s’ € {2,---, s} as follows.

Inductive Hypothesis (< s'): Assume the lemma holds for all subsets of S with |S| < s'.

Inductive Step (s'): Let S’ C S with |S'| =s'. The event N5, (S,t) =S’ indicates: (1) every disease
from S\ &’ is absent in the pool, i.e., X (S,t) =0, Vg € Z°(S) \ Z°(S’) and (2) for every disease i € &',
at least one category including i appears in the pool, i.e., 3¢/ € Z¢(S\ {i}) U{0} such that X;p~(S,t) > 1.
By Lemma B.2, the probability of case (1) is,

P(X,(S,t) =0, Vg € Z°(S)\ I°(S") ( + > pel )
CEzcml S7)

which includes cases where not all diseases in §” appear in the pool. To ensure case (2) jointly, we apply
exclusion over the subsets 8" C S":

s'—1
PN (8.0)=8) = (1) + 3. 0(®)) —BWZL(S.0=0)~ > 3 BNia(8.6)=8").
celcml ) r=18"eS8'(r)

By the inductive hypothesis, for each " € §'(r) with r < &', substituting we already know the expressions
for P(N;5e1(S,t) =8"), the substitution of which yields:

PN (8.) =8) = (1) + 3 0(S)) — (0l(S))" (13)

cGIcml S’)
s'—1 r
-3 [0 e Y () + S ns)
r=18"e8'(r) u=1 UueS’ (u) ceTm(U)

We now simplify these terms step-by-step.

s'—1 s'—1 ’
S r S
-2 Z (8)' = —(po(S)"- Y <T>(—1) = [1+ (1)) po(S))',
r=1 8"e8!(r r=1
the last step using the binomial identity Zi/:o (‘i)(—l)r =0 = Zi:ll (‘i/)(—l)r = —1—(=1)*. Thus,
combining the (po(S))"-related terms in (13), we obtain (—1)" - (po(S))".
For the remaining part in the large summation in (13), we reindex the terms involving /. Originally, we
have:

s'—1

-2 > Z 3 () + Y pe(s ) (14)

r=18"eS8'(r) u=1 UES" (u) ceZM(U)
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where §” comes from r-subsets of S’, and U comes from wu-subsets of §”. To simplify this, we reindex by
focusing directly on the u-subsets of & where u € {1,2,...,s" — 1}. After reindexing, we first fix u and
consider all U € §’(u). We then account for how U arises as a subset of S” which has various sizes r > u.
After performing this reindexing, (14) can be simplified to:

s'—1
SEDT S () + Y el ) . (15)
u=1 UeS’(u) ceZml(Y)

We next discuss how the signs (—1)*~* in (15) are obtained. Consider (14) and fix a u-subset U C &'. Its
contribution to the summation comes from all subsets S” C S’ of size r with U/ CS” and u <r <s' —1.
Each such subset §” adds a sign (—1)"~*, thus the total contribution for U is:

/
s'—u—1

l_
szl(_l)r—u . (sl — ’U,) change (ivariable Z (_1)m . (S' — U) binomialztheorem _(_1)sl—u‘
r—u m

T=u m=0
Putting all the parts together (replacing v and ¢ in (15) with r and S”, resp.), we obtain:

s'—1

(13) = ()" - () + (po(8) + 3 pel))’ PN (ol + > p(®)

CGIcml(S/) S”ES/( ) Cel'cml(s/l)

=(-1)* +Z Z <p0(8)+ Z pc(8)>t, the desired formula. [

S ES’(T) cezenl (S”)

Lemma B.4 (Pool-level retesting set cardinality). For any given assay S CN with s =|S| and pool
size t > 2, E[Dyoor(S,t)] =5 =, cs(1 —m)"

Proof The proof follows by construction, using the PMF of N7, (S,t) from Lemma B.3. We consider
cases based on the size the assay (s). Note that if S =0, the result trivially holds.
e Consider any singleton assay S ={i},i € . We have:

E[Dyoor (S = {i}, )] “"="" 1-P (N5, (S,8) = {i}) +0- (1 =P (N, (S, 1) = {i}))

Lemrga B.3 (po(S) —l—pi(S))t . (po(S))t Lemn;a B.1 1— (1 o Wi)t.
——— S—~—

=1 =1-m;

e Consider any assay S ={i,j} where i e N',j € N'\ {i}. We have:

E[Dyocr (S = {i, j}, )] “"="" 1- [ (NVohoa(S.1) = {i}) + P (Njha (S, 1) = {5})]
P (Nopor(Sst) = {4, 5})
B (po(S) + pilS)) — ( <>>f +(p <>+pj<s>> — (po(S))!
+2- (po(S) +pi(S) +;(S) +pie;(S)) =2+ (po(S) +1:(S)) =2 (po(S) +15(S) )’
polo) +pilo) Poto) Tpi\0)

=1 by definition since S={14,5} 1—m; 1—m;

+2-(pe(8))" PP 9 (1) — (1 -,

where in the last step we use Lemma B.1, which yields, for instance, m; = p;(S) + pie;(S) and combine
it with po(S) +p,(S) =1 — (pi(S) + pig;(S)) for this special case of S = {i,j}.
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e Now, consider the general case with s > 3. We have:

[ Pool(S t deﬁmtlon Z Z r. ]P p001 S t) S)

r=18'eS(r)
t
Lemma B.3 s/ s —
Sey (ot +z > (ne+ ¥ ns)
r=1 S/'eS(r S"es! (r') ceTeml(S)
re—allange
- (z 3 (- )
r=1 8'eS(r)
=0 by (i)
s—2 t S
XY (e ) (X X c0)
r=1 SES(T) CEI‘:ml(S) rl=3 Sles(rl):égsl
=0 by (ii)
t s
Y (e e@) (X X o)
SeS(s—1) cezeml(8) r’=s—1 (unique)S’eS(r'):SCS’
:17771'(8\5') by Lemma B.1 :(s_1)4(—1)0-5-51:1)123—1—3:—1

combined with pg(S)+n(S)=1
t

o (n(®)+ X n())

cezeml (S)

=1 by definition

which yields the result of s — . _o(1 —m;)". We now provide the detailed arguments for (i)-(ii).
Derivation of (i): First, observe that the expression is equal to > »_, r- (%) - (—1)". Using the combinatorial
identity r- (%) =s- (ij), the summation becomes: s-» °_, (;j) -(=1)". By substituting k =r — 1, so that
r=k+1, we rewrite it as:

s~i 5:1 .(_1)T:5.szl s—1 ,(_1)k+1:_5.§ s—1 ,(_1)16]3%1%%:?2%10.
r—1 k 2 B

r=1 k=0

Derivation of (ii): We proceed by analyzing the inner summation. For a fixed r/, the subsets S’ € S(1')

that contain S can be constructed by fixing all elements of S as elements of &’ and selecting the remaining

s—3§

7' — § elements from S\ S. Thus, there are (57°) such &' subsets, and each subset contributes (=1)"~* to
the inner summation. Therefore, we get:

/4 s—3§ /A
_1 T =S8 — o T —S‘
> =20
S'eS(r'):8Cs!

Substituting this into the original summation, we obtain:
° /A > s— 35 /4
/. _11“75: I '_17’75.

S ¥ ey (37 e
=35 S'eS(r'):SCS’ r'=s

Change of index as k=7r"—3§ (i.e., ' =k + §) yields:

SR G [CTES o G [CIEE Sl g [

»>
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By the binomial theorem, we have ZZ;Z (S;S) (1—1)*%=0, thus the second term is 0. To show
that 70 k(°, )(~=1)* =0, consider (1+z)*~*=>",_ 8 (s *)a*. Differentiating both sides with respect to

s—3§

z, we get (5 —8)(14z)* 5t =310 k(%)= Multiplying both sides by z yields z(s — §)(1 +z)* ! =
sok(*7) 2k, Setting & = —1, we have (—1)(s —8)(1—1)*~*"1 = 350 k(*.%)(~1)*. The LHS is 0, thus
the RHS must also be 0. Since both parts vanish, the entire summation is 0, which concludes the proof.

O
B.3.2. Main Results
Proof of Theorem 1 Part 1. Dsubject(SP“tf"li",t) = 0 iff the random subject does not have any
diseases from set Npoe1 (ST ¢), which happens with probability po(Npeer (ST, ¢)), and all pool
outcomes the random subject is included in are negative considering the remaining subjects:
P (Dsubject (SPortfolio’ t) — 0) — pO(N'poozL(SPortfolio’ t)) . ]P)( ﬂ { pOOI Sk; tk o 1) — @})
kelcpool (SPortfollo t)

:po(j\[laoﬂ(sportfolio’t)) i H (po(Sk))tkil,

k'e)cpool (sPortfolio ,t)

where the last equality follows by Lemma B.3, since assay pools are constructed independently.
For the first moment of Dgypject (S5 ¢), N (c) is the set of diseases in category ¢, with cardinality
= |N(c)|. Conditioning on the random subject’s disease category and using the law of total expectation

and the first moment of Dye (Sk \ N (¢), 1, — 1) (Lemma B.4):

]E [Dsubject(sportf()llo Z pc pool SPOI‘thliO’t [N + Z pool Sk \N( ) tk - 1)] 9

CG{O}UIC'“]- (Npool (sPortfollo ,t)) kerool (sportfoho t)

that is, with probability p. (/\/;001 (Sp°rtf°1i°,t)), the (fixed) random subject will need retesting for the n..
diseases they are positive for, independently of the disease status of the subjects they are pooled with.
Further, some other diseases might be added to this subject’s retesting set based on the disease status of
the subjects they are pooled with in the various assay pools, which we express by (i) removing the diseases
this subject is positive for from their respective pooled assays, and (ii) reducing their pool sizes by one
(due to the removal of the conditioned random subject). Then, substituting the expressions from Lemma
B.4,

E [Dsubject (SPortfollo z pc pool SPortfolio,t)) A+ Z (|Sk \N(C)| _ Z (1 _ ,ﬂ.i)tk—l)

CG{O}UI°m1 (Npool (SPor\:follo’t)) kEKpool (sPortfolio ,t) iesk \N(c)
Portfoli
=3 pe N (8™, 1)) [ + Y (IS\N ()]
CE{O}UIC"‘]' (Npool (SPortfolio ,t)) ke]cpool (sPortfolio ,t)
=1 by definition nc+(npool(sPortfolio’t)inc)
Portfoli (t)—1
_ ch(Npool(S ortfo 1o,t)) . Z (1_7ri)wz( )
CG{O}UIC“‘I (Npool (sPortfolio ,t)) ieNpool (SPortfolio’t)\Nc

= Npoo1 (SPortfolio?t) . Z (1 - 7Ti)wi(t)fl . Z Do (Npool (SPortfolio, t))

ieNpool (sPortfolio Jt) ce{O}UI‘:ml (Npool (SPortfolio ,t)\{l})

— npool(SP°rtf°li°,t) — Z (1— ﬂi)wi(t)*l . [1 _ (1 _ Z Pe (MOOI(SPortfolio7t)> )] .

1€Npoo1 (SFortielio ¢) c€{0}UTM ( Npger (SPOTHOIC £)\ {i})

()
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Note that (*) = Z Pe (A/;)ool (SPortfolio’ t)) _ Z De (Np001 (SPortfolio7 t))
Ce{o}uz‘cml (Npool(sPortfolio7t)) ce{o}uzcml (Npool(sPortfolio’t)\{i})
= p; ('N;ool (SPortfolio’ t)) + Z Dive (-/\/;)ool (sPortfolio, t)) =7,

ceIcml (Npool (sPortfolio’t)\{i})

where the last step is obtained from Lemma B.1 using & = Nyoo1 (87751 ¢). Substituting 7; into (x) in
the last equation yields the desired expression.
Part 2. By part 1 of this result, the adaptive cost expression in (3) reduces to:

. 1 . _
C(SPOIthllo,t) _ Z (Cf + 55 - cv) . g + ¢ (1 —po (N;,ool(sporthIIO,t)) . H (pO(Sk))tk 1)

k€K poor (SPortiolio ¢) k€K poor (SPOTHEOLI0 1)
+e,- (npool(s}’““f““,t) -y a- m)“”(t)) + > (eptsiecs)
ieNpool (sPortfolio ,t) ke]{ind(s?ortfolio7t)
1 T i tp—1
:Cf~(( Z ;)+1_pO(M001(SPo tfol O,t))' H (pO(Sk))k )
k€Kpoor (SPortiolio ¢) k k€K poo1 (SPOTtEOLio ¢)

(2 [prgri-ammo]) s P @

7;e./\/'poc:l.(SPortfolio’t) keKind(sPortfolio7t)

where in the transition we used Z (sp/tr) = Z (1/w;(t)) and ngeer = Z 1.

kEKpool (sPortfolio7t) iENpool (sPortfolio ,t) ieNpool (sPortfolio 7t)

Now, we show that CP°*%(SPorMe ) — C(SPr* M0 ¢) > 0 for any ST*°**° and t. By (4) and (5), the cost
difference is:

cr- ([ Z 1—(1 —W(Sk))tk]] 14 (/\/‘POOI(SPortfolio7t)) ) H (pO(Sk))tk—1> L (16)

ke’Cpool(sPortfoli°7t) ke’Cpcol(sPortfolio7t)

% - L - - t _ o \wilt)
e\ 2 [sd =D [om A = ) e (1=wS))] ) A -m)n®).
k€K poo1 (SPOTHEOLI0 ) 1€ Npoo1 (SPortolio ¢) z k€K poo1 (SPoTtEolio 1) 1€ Npoo1 (SPortEolio )

It is sufficient to show that the terms in parenthesis multiplying c; and ¢, are nonnegative. Noting that
w(S) >m;,i €S, the latter directly follows from the following two relationships:

O X Lmtl= X Tl ¥ [

iENpool (SPortfolio’t) ke’Cpool SPortfollo t 7,63 ke’Cpool (sPortfollo t)
(i) > A-m)mt= > (1)
ieNpool (sPortfolio ,t) ke)cpool (sPortfolio ,t) jesk
t —_ t
> 3 S A-a(S))* = Y s (1-m(S)*.
ke]cpool (SPortfolio’t) iGSk kGKpool (sPortfolio ,t)

To analyze the term multiplying c;, we first define:

\II(SPortfolio7t) — Z (1 o W(Sk))tk — o (./\/’I)OOI(SPortfolio’t)) . H (pO(Sk))tkfl’ where

ke’cpool(s})ortfolio}t) ke]cpool (SPortfolio’t)

8\11 SPortfolio’t
( 5 ) =1 —7m(8))"* - In(1 —m(Sy))
tr N——
=po(Sk) =po(Sk)
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— (po(Sk))* " In(po(Sk)) - Po (NVpeor (87712, 8)) - T (po(Si))s ™

k! e)Cpool (SPortfolio ,t)\{k}

>0
= Ino(80) - (oS | olS0) — po (N (775 1)) - T (oo(S)' .
<0 >0 k/elcpool (SPortfolio,t)\{k}

~~

< po (Npoor (SPoTtEOLE0 8)) < po(Sy)
P foli . . . .
Thus, ¥(S™°° ) is nonincreasing in t;. Therefore, we have:

\II(SPortfolio7t) < \Ij(sportfolio’ 1) _ ’ICpool (SPortfolio’ t)‘ - Z W(Sk) —po (A/;ml (SPortfolio7 t)) 7

kE]Cpool(sportf°1i°,t)
using which we obtain that the term multiplying c¢; in (16) is equivalent to:

’]Cpool (‘sPortfolio7 t)‘ —1— \Il(SPOIthlio7 t) Z ’]Cpool (SPortfolio, t)‘ —1— \Il(SPorthIio7 1)
— Z W(Sk) + (po ('/V'pool(SPortfolio, t)) _ 1) = Z W(Sk) - (NPOO:L(Sportfolio’ t)) >0.

ke)cpool (SPortfoliO 7t) kerool (SPortfolio7t)

The last inequality follows because the collection of sets Sy, k € Kpoor (S5, ¢), forms a partition of
-/V;)ool (SPortfollo, t), i.e., Uke)Cpool(SP°rtf°li°,t)Sk — Np%l (SPortfollo’ t) 0

B.4. Proofs for §3.2

I, := qcy + nc, denotes the all-assay individual testing cost for any g-partition portfolio, and

cy + sc,

C(S,t; S-only):= +cy <1 —'y(S)t) +c, (8 — Z(l — 7Ti)t> , VSCW, (17)

i€s
that is, the adaptive cost for assay S evaluated in isolation, treating S as if it constituted the complete

disease set. Thus, C' (N, t; N-only) recovers the n-plex cost C ( Sl t).

B.4.1. Supporting Result

Lemma B.5 (Link between adaptive threshold and cost). For any assay S C N, 7(S) < p(S) iff
there exists t > 2 such that C(S,t; S-only) < cy+ sc,.

Proof Because 7(S) € (0,1), we have that v(S)=1—=(S) € (0,1).
(<) Given that 3t >2:C(S,t; S-only) < ¢+ sc,, we apply (17) and rearrange terms:

chrtscv -|—Cf(1 ,W(S)t) +c, (5 _ Zies(l _ Wi)t) <cp+ sc,

= 1) < (1+m) -~ (14m) s oy (1-m)
— 1—y(S) <1-[F(1422) — 25, (1-m)]
= Y(8)' > p(S,1). (18)

If p(S,t) > 1, then (18) cannot hold for this ¢, as v(S) < 1. Therefore, we must have p(S,t) < 1. Then,
noting that v(S) =1—x(S) > 0, (18) implies:

Y8) > (p(S, 1)) )" <= 7(S) <1=((p(S,1)") " =p*(S,t) (since p(S,t) <1),
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where 7(S) <p*(S,t) <maxy > p*(S,t') = p(S) (by Definition 2), and the result holds.

(=) Conversely, if 7(S) < p(S) = maxy >, p*(S,t’), then by definition 3t > 2 such that 7(S) < p*(S,t). Since
7(S) > 0, this implies p*(S,t) > 0, and thus p(S,t) < 1. The inequality 7(S) < 1— ((p(S,t))")'/! rearranges
to v(S)' > (p(S,t))" > p(S,t). Reversing the algebraic steps in (18) confirms that C(S,; S-only) < ¢; +sc,

for this ¢. O

B.4.2. Main Results
Proof of Theorem 2 Part 1. By Lemma B.5, m(N) < p(N) (the given condition) iff 3¢ > 2 such that
C(N,t; N-only) < I, = c¢; +nc,. Then the result follows because C(N,t; N-only) = C(S" ™ ¢).
Part 2. The proof follows by contradiction. Consider any 8™ **°**°, Assume there exists an optimal pool
size vector t* where some assay Sy is tested individually (¢; = 1) while others follow t*,. Wlog, assume all
other assays are pooled (¢t*, > 2), because any other assay tested individually contributes an independent
term to the cost and can be excluded from the analysis without affecting the optimal pool sizes for the

remaining assays. We compare this solution to an alternative solution ¢’ where Sy is pooled with size ¢}, > 2,
and all other pool sizes remain unchanged (¢, =¢*,):

Portfolio px\ __ Cr + SeCy t*
c(s ,t)—(Cf‘FSka)‘i‘Zt;+Cvz<85_2(1—ﬂ'i)l>

04k ¢ 0k €Sy

+er(1-poW 80 T - (87 ),

04k

Portfolio 4\ _ Cf + SkCy Cr + seCy / *
C(S ) = m +Z i +c <(3k_2(1_77i)tk>+Z(3€_Z(1_Wz’)t€)>

04k

ey (1=po 0= m(s)s [T -n(80)7 ).

04k

Let Ay := C(S7 M ) — C(SP"™°° ¢*). By canceling terms common to assays ¢ # k:

Cr+ SiCy /
% + e, <sk — Z(l — 7r,;)tk> — (cf + skey)

A= n
k €S

t¢y (Pneg(t*) - Pneg(t/)) ) (19)

where (= Hfsék(l —m(S)), Preg(t) =po(N\Sr) - Q,  Paeg(t') =po- ’Y(Sk)t;fl Q.
As 71(Si) < p(Sk) (the given condition), by Lemma B.5, 3t} > 2: C(Sy, t}; Si-only) < cf +syc,, equivalently,
by (17):

STy e (1-1(S0%) + e (— Z<1—m>*) <cptsicy.

t;{: 1€Sy
Substituting this inequality into (19):
Ap < =cp(1=7(8k)*) + cp(Pucg () = Prcg (). (20)

In the following we show that Ay < 0. First, note the following probability bounds:
Po(N\Sk) <po+7(Sk), po<v(Sk) (since 7(Sy) <7 (N)).

Examining the probability difference term,
Pacg(t) = Proeg(t) = Q- [po(N \ 8) = po - (1)
<1-[po+7(Sk) —po-7(SK) Y| (since Q < 1)
= m(Se) + po(1 — (S1)+ )
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<1 —(S) +(S) (1 —(Sp) )
=1—9(Sp) +7(Sk) = (S =1 —y(S)',

which implies, by (20), that A, < 0. This contradicts the assumption that ¢; =1 is optimal, proving that
in an optimal solution assay S is pooled. Further, the result A, < 0 holds for all possible prevalences of
the other assays m(Sy),? # k, which only influence A; through the term @, and @ <1 always maintains
A, < 0. Therefore, the optimality of pooling for S;, holds for any SFr* e,
Part 3. We wish to show that if 7(S) < p®**, then 7(S) < p(S),VS CN.

We have, 7(S) <p*™* <= It >2:(1—-n(S))" > 1/t (from (4) in light of Remark 1, Proposition B.1,
and Property B.1). Then, noting that v(S) =1—n(S), by (18), it suffices to show that:

(1=n(S) + 23 (1 =) > % (1+ SC“) .

€l ics cr

Since 1 —7; > 1 —7(S), we have ), (1 —m;)" > s(1 —n(S))". Then, because 1 —7(S))* > 1/t,

c sc 1 sc
(1-7(8)'+—= (1—m)t2(1—7r(8))t<1+ ”>>(1+ ”),vsgN.
Cr ZEZS Cr t Cr
Therefore, p** < p(S), VS CN. O

Proof of Proposition 1 Part 1. We have, I, =1, + (¢ — 1)cs, Vg > 2. Assume 3t > 2 such that
C(8"™** t) < I, = ¢; + nc, (the given condition). In the following, for any g-partition S******°| ¢ € [n],
we construct a pool size solution such that at least one assay is pooled and its cost is lower than the
all-assay individual testing solution (i.e., C(S*7*****° t) < I,), concluding that an all-individual testing
solution (t =1) cannot be optimal for SFr*°1*,

We do this by constructing a pool size solution in which all assays in the portfolio use some common
pool size t > 2. Let C,,.(t) denote the stage 2 variable cost for this solution:

Crar(t) =, <n—2<1 —mt) ,

i=1

and the cost functions follow:

C(Sn—plex’ t)

. cr+nc,

+ ¢t [1 - P”LCQ (Sn-plex7 t)] + Cvar (t);

C(SPortfoliO’t) — Z @ + Cf [1 _ Pneg(sPortfolio’t)] + Cva’r‘(t)a
kelq]
where P, (8" P t) =pl, P (ST ) = py - H (1—m(Sp) (21)

ke[q]

. crtsre qcr+nc crt+nc q—1)cr
Noting that », ., =~ =" + 4 t) L. we have:

. -1 .
C(sPortfollojt) — C(Sn—plexjt) + (q . )Cf + Cf (Pneg(sn—plex’t) _ Pneg(SPortfollo7t)>

1 .
(qt)cf 4 Cp (Preg(8" P 1) — P (8771 1)) (pooling is optimal for n-plex)

q_]' c n-plex ortfolio
:Iq_(q_l)cf"i_(t)f"f—cf (Pneg(s o vt)_Pneg(SP wret 7t))

<I1+

- ; 1
— Iq + Cf Pneg(sn plex’t) _ Pneg(SPortfollo’t) _ (q _ 1) (1 _ t>
A(q, N———
(@0 h(q,t)




Authors: Title
Article submitted to Operations Research; manuscript no. (Please, provide the manuscript number!) 13

Thus, to prove that C(S7*°"*° ) < I, it suffices to show that, for t > 2: (8" t) < I,
A(g,t) <h(g,t), Vg =2. (22)

We do this by showing that the maximum of the LHS is strictly less than the minimum of the RHS of (22)
for all ¢>2 and any t >2: C(S8" " ¢) < I,. The function h(q,t) is strictly increasing in each of ¢ and ¢.
There are two cases for ¢:

Case 1 (q>3). For any ¢ >3 and t > 2, h(q,t)=(¢—1)(1—-1/t) > (3—1)(1 —1/2) = 1. Since A(q,t) is a
difference of probabilities, A(q,t) <1< h(q,t), and the inequality holds for all g > 3.

Case 2 (q=2).

minh(2,1) = (2— 1) (1 _ ;) —05. (23)

t>2

Therefore, it is sufficient to show that max;>» A(2,¢) < 0.5.
We have that 1 —7(S) > py, for any S CN. Therefore, by (21), for ¢ =2:

2
Preg (8™ (q=2),t) > po- [ [ b =po-pi " =p2 "
k=1

Thus, by (21), for any p, € (0,1), A(2,t) <ph —pg' ' < p — p3, where the last inequality follows because
po € (0,1). Letting u = pf, (where u € (0,1)), the upper bound becomes u — u?, and its maximum value
occurs at u = 0.5 and equals 0.25. Therefore, for any t > 2:

A(2,) <0.25. (24)

Consequently, by Eqgs. (23) and (24), A(2,t) <0.25 < 0.5 <h(2,t), for any ¢t > 2.

Thus, for all ¢ > 2, we have shown that if C(S" " t) < I, for some t > 2, then C(S ™" t) < [, that
is, if adaptive pooling is optimal for the n-plex, then adaptive pooling of at least one assay is also optimal
fOI‘ any ‘SPortfolio7 that iS, t* (SPortfoliO) 75 1

Part 2. By Definition 2, the given conditions, m; > p({i}), Vi € N/, imply:

mi 2 p({i}) = maxp*({i}, )
> ({0 = (1 (). 0)") ") ez 2. vie . (25)

For any i € N, if 3t > 2 with p({i},t) <0, then p*({i},t) =1 = p({i}) = 1. Consequently, m; > p({i}) =1
cannot be satisfied (as m; < 7(N) <1 since py > 0). Therefore, it must be true that p({i},t) >0,Vt > 2,i €
N, which implies:

Pk = (1= (i) e > 2,ie N (26)

By (25) and (26), and Definition 2, for any i € N,
. . 1/t\+ . 1/t
w2 (i) = > (1 ({1, 0) )" = 1= (p({i} )", vie>2
~(-m) < p({ih), Ve>2
1 1
= (1—7ri)t(1+c—”) < - <1+C”> VE>2 = (1—-m)' <=, Vt>2. (27)
Cr t Cr t
By Theorem 2 and Definition 2, pooling is optimal for the n-plex iff 7(N) < p(N) = maxy o p*(N,t') =

+
p*(N,t) for some t > 2, equivalently, 3t > 2 such that 7(N) < p*(N,t) = (1 — ((p(/\/’,t))*)l/t> , where

p(N,t) <1 (otherwise, m(N) < p*(N,t) =0, which cannot be satisfied). Further, by Definition 2 and (27),

1 ne, Co s 1 nec, ne,1l 1
o=t (14 2) gy (e mal Lo,

Cf Cf N Cf Cf t t
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Because 0 < p(N,t) < 1, the adaptive pooling condition for the n-plex (Theorem 2) reduces to:

T(N)<1— (p(/\/',t))l/t = (1—7r(/\/))t+c—”z [(1—m)t—ﬂ >%. (28)

cr iEN

However, because ©(N) > m;, Vi € N, we also have (1 —7(N))' < (1 —m;)! <1/t (by (27)). Therefore,

(w4 3 [emy ] <@ -ry <1,
d ZENﬁz—’

contradicting (28). Hence, by Theorem 2, adaptive pooling cannot be optimal for the n-plex.

Part 3. Since 7(N) <p__ () (the given condition) and 7(S) < 7(N), VS C N, by Definition 2 7(S) <

T(WN) <p_ () <p(S), VS CN. Thus, n(S) <p(S),¥S CN, and the result follows by Theorem 2. O
Proof of Proposition 2 Part 1. The result follows because for a fixed marginal vector m, the

adaptive pooling threshold p(S) is independent of the joint vector p (Definition 2), and 7(S(p)) <

7(S(p™(m))), Vp € P(m). Consequently, if 7(S(p**(7))) <p(S), then 7(S(p)) < p(S), Vp € P(w).

Part 2. Let t > 2 be fixed. By Definition 2, maximizing p(S) is equivalent to maximizing p*(S,t), which

in turn is equivalent to minimizing p(S,t) = ¢ (1 + %) - Z—; ies(I—m)t Let m(s) == (7;)ies,S CN.
Thus, for a given ), s =II, we wish to maximize the summation term F'(m(s)):=> ;. s(1 — ;)" over
the convex polytope defined by >, s m =II and m; > ¢, Vi € S (reflecting the distinct disease requirement,
T >p; >€ YieN). For any t > 2, g(m) :== (1 —m)" is a strictly convex decreasing function of 7 on
(0,1); hence F(m(s)) is a strictly convex decreasing function, as it is the sum of strictly convex decreasing
functions. The maximum of a strictly convex function over a convex polytope is achieved at an extreme
point of the feasible region. In this symmetric setting, the extreme points correspond to marginal vectors
where exactly one component is maximized (taking value II — (s — 1)¢) and the others are minimized
(taking value €). O

B.5. Proofs for §3.3.1

To simplify the exposition, we omit the superscripts (¢, =0) and (¢; =0) as well as the arguments in
parentheses when the context is clear.

B.5.1. Supporting Results

Corollary B.2 (Optimal n-plex pool size for ¢, =0). Consider that c, =0 and 7(N) <p__ (). For
S" 7P the optimal adaptive pool size equals the Dorfman pool size, that is, t*(©v=0)(N') = t?/(N), which
satisfies the FOC. In addition,

C(CUZO) (Sn—plea:7 t*(cU:O) (N)) — CDorf(Sn—plecc’ tDorf(N)) < cs.
Proof Let ¢, =0 and 7(N) <p__ (). By Theorems 1 and 2:

COD(ST PN = - (s +1- () ) = O (ST (),

t*(0=0(N) = 7 (), readily follows from Proposition B.1, which satisfies the FOC. Finally, by Proposi-
tion B.1, CPort(S"Pex #Port () < ¢, hence C'(cv=0)(S"Pex pr(cv=0)(N)) < ¢;. O

Further, m(N) <p . (m), thus m(N) < p™* because p** < p (m) (Theorem 2). Hence, the result,
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We use the following definitions in the subsequent results. For any S7°r*f°t°

Portfolio 1 V(Sk) 1 v
S )= 'l
Bi( to) 2 <P0'Hze[q]\{k}w(&))trl n<7(3’€>>>

- . ‘e Si v
IB(SPortfollo) — _% . (Z 04(8[)) . (lm) ) (30)

teld Po

i

, Vi_i, k€ ql, (29)

Lemma B.6 (Local minimum and maximum pool sizes for ¢, =0). Consider that ¢, =0. For any
q-partition ST consider assay k € [q] and any given t_,,. We have:

(i) Be(SFTM et ) < —1/e= Ov=0(t,, 8™V t_}) is strictly decreasing, Vit > 0.
. (ep=0) Portfolio
(ii) Br(STH M t_ 1) > —1/e= T exactly two FOC solutions satisfying o¢ (tkéfk k) ).
= . 2 .
(cy=0) Portfolio - Portfolio
t S ) = ———=— Wo(Br(S k),
k ( k) h’l(')/(Sk)) 0( k( k))
+(cv=0) / @Portfolio _ 2 Portfolio
7 s )= W (Bu(S ),
k ( k) ln(’y(Sk)) 1( k( k))

(ev=0) correspond to a local minimum and a local maximum, resp., and Q(f”zo) <

where t; and f,(:”:O)
%](:U:o)‘ Further, C(ev=9 (¢, 87r°Y ¢ .Y is decreasing in t;, € (0,£\=")U (EE:U:O), 00), and increasing

in t, € (= 7=y,
In both cases, limy, o0 C=0) (;,, 8™ ¢ 1) =c; - <(Zee[<ﬂ\{k} %)+ 1> > cy.

Proof Consider any g-partition S7***°**°. For ¢, =0, the cost function (5) (Theorem 1) is:

C(C’U:O)(sportfolio,t) =c;- (( Z tl) +1—pg- H (V(Sk))tk1>, where

kelq] keld]
ac(cvzo) t ’SPortfolio’ti 1 B B
e Do (= - nems)) - 680 T (s kelal
Ot i cela\{k}

First, we study the asymptotic behavior of the cost function and its derivative:

) ; 1
lim C(cv:O) (tk,SPorth:Llo,t,k) = 00, lim C(cvzo) (tk,sportf(ﬂlo,t,k) _ Cf . (( Z 7) + 1> Z ¢t

o R eianiey
8C(CU:0) t SPortfolio t_ i aC(CU:()) t SPortfolio t_ ]
lim (B, e _ oo lim (t, ) - (31)
tp—0t Oty tp—r00 Oty
ac(cv:[)) (tk,sPortfolio7t_k) ’Y(Sk)

VEk € [q].

=0 5~ (1(S)* In(y(S) =

Oty Po - Tleeigp iy (V(S)) e

After some algebraic manipulations (i.e., for each side, multiplying by — In(y(Sk)), taking the square root,

dividing by 2), and using the equivalence, (7(S))*/? = etk‘lnwsk)), we obtain:
ZRUCCRES S O SR . N T ) LRV
2 2 \po Tleepqn iy (V(S0))"e ™ V(Sk) ’

We drop the arguments of §; to simplify the subsequent notation. Because the LHS is negatli}fezzs 1)‘5 is
t.-In
sufficient to consider the solution with —1/2 coefficient, that is, the FOC becomes % R

Bi. Then, if it exists, the solution can be obtained from the Lambert-W function definition of x-e* =a =
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x =W /{(a). There are two possible cases:

Case (i). Br < —1/e: The Lambert-W function is not defined, and no finite FOC solution exists for t;.
Then, due to (31), Cv=0)(t,, ST t_,) must decrease, Vt, > 0, establishing part (i).

Case (ii). Otherwise (8, > —1/e): By Property B.2, FOC has two real solutions given by:

— 2 . +(cv=0) Portfolio _ 2 .
_1H(’7(Sk)) Wo(ﬁk) and tk (S ,t,k)— Wfl(/Bk)a

In(v(Sk))
where t}:v =0) (S-P’ortfolio7 t,k) < %](:UZO) (SPortfolio’ t,k).
Due to the asymptotic behavior in (31), the cost function is decreasing for sufficiently small and large

ti, values. Since there are exactly two FOCs, the cost function must be,
8C<CU:0) (tlwsPortfolio’tik)

L(Ccv:O) (SPortfolio’ t,k)

e decreasing in t;, € (O,E,(:“:O)), equivalently, o < 0;
P —(co= . (cp=0 Portfolio _
e increasing in t; € (ﬂc‘” 0),t§€ O)), equivalently, 2 (tkb‘jk t=t) 5 0; and
—(cp= . (cp=0) Portfolio
e decreasing in ¢ € (75,(C 0), 00), equivalently, oc (t’“’a‘; tok) <,

Therefore, £.=" and =0

cost function. This completes the proof. O

resp. correspond to the local minimum and local maximum pool sizes of the

Proposition B.2 (Optimal pool sizes for ¢, =0). Consider that c, =0 and 7(N') <p__ (). For any
q-partition STV the FOC pool size solutions exist for all assays only if B(SP"T”"”") > —1/e. Regarding
the optimal pool size vector t*(cv=0) (SFrtforeey.

1. Either ;=0 (8Frtfo') vk ¢ [q] satisfies the FOC, yielding

tz(C“:O)(SP‘”"tf””") = 7{(51’0th0”0)’ Vk € [q], where t(S7TM) = _ =2 Wy (B(SPortfete)).
o(Sk) Zze[q] o(Se)

Hence, w(S,) > m(S,) = (=0 (Fortforioy < yrlev=0)(gPertiolioy for any k0 € [q].

2. Or t;@=0(8%r°V) 5 0o, Vk € [q], with

hmt*(cuzo) (SPortrotio) o0 C(CUZO) (SPortfolio7 t*(cU:O) (SPortfoLio>) =c;.

Proof Let ¢, =0. Consider any g-partition S7"*°*°. As w(N) < p . (m), t" (SForrfetio) £ 1 (Propo-
sition 1). Thus, each t;(S7**°**°), Vk € [q] must either correspond to the boundary solution ty,(— 00)
(part 2 of the proposition) or satisfy the FOC (part 1 of the proposition). Then, it suffices to consider the
following cost function ((5) in Theorem 1):

C(CU:O)(SPortfoliojt) = (( Z tl) F1—py- H (pO(Sk))tk—l)'

kelg F kelg)

First we show that if 3k € [¢] such that ¢;(ST™**'*°) = oo, then t;(S™7****°) — 0o, W/ € [g]. To this end,
assume that ¢} (S7°7°**°) — oo for some k € [q], with the cost function reducing to,

. 1
li (cv=0) SPortfollo ot )= . ( - 1)
tzgnooc ( » Ukes k) Cy ( Z Z) +1),
tefa]\{k}
which is separable by assay, yielding t}‘(SP".“f"li",t,*; — 00) — 00, Y0 € [q] \ {k}. Hence it follows that
LM (gporttotio) o O =0 (STTHOH ¢(S7TH 1)) — ¢/ establishing part 2.

Next we consider the remaining case, i.e., ik € [¢] such that t;(S™***°**°) — co. Then, by Theorem 2
all pool sizes must correspond to the FOC, 9C(cv=0) (¢, SForerotie ¢ | (SPortotio)) /gt =0, Vk € [q], which,
from Lemma B.6, implies:

1
* Portfolioy
po- [T (v(80))7® :

L€(q]

—(tR(S™TR))?  In(y(S)) = - Vk € [q] (32)
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= — (tp(S™71))%  In(y(Se)) = —(t;(S™77)? - In(v(Sy)), VL. k € [q]. (33)

Note that (33) holds since the RHS of (32), which includes all assays in the product term, remains the same
for all assay indices. Then, it readily follows from (33) that if 7(S) > 7(S,) (equivalently, v(Si) < v(S¢)),
then ¢} (ST M) < 5(8SFT*°1°) | the last result in part 1.

Next, we characterize the optimal pool size vector that satisfies the FOC. Observe that:

(33) = (tz (SPortfolio))Z . ln( ) — (tz (SPortfolio))Q . ln(

v(Sk) ’Y(Se))’ Ve, k € [q].

1/2
Taking the square root of both sides and substituting the definition of a/(Sy,) = (ln(v(}sk) )) / (>0), we get
t(SPTEE) L (S) = 1 (ST - a(Sy), VU, k € [g]. Letting,

F(SPorvEote) i g (SPOOL0) L o(Sy), V€ [g], (34)

{(SPortfoliO)

* Portfolio a —1
H (7(Sy)) i (ST~ [leeig(¥(80))7e® : _ [Ty (7(55))( (50 )
¢€lq) er[q] V(S) Hze[q] v(Se)

Then, by (32), (34), and (35),

({(SPortfolio))Q — Hze[q] ’Y(Sf)l
P Tleeiq) (V(Se) (@S

E(sPortfolio) .

To simplify the subsequent notation, let K := ][, (7(84))(“(52))71, hence we have:

(E(SPortfoliO))Q . K{(sPorthIiO) _ M

Po
After some algebraic manipulations (i.e., for each side, multiplying by lnz(K ), taking the square root,
7(gPortfolio f(gPortfolioy 1,
dividing by 2), and using the equivalence, KT =

g ortfolio - <Portfolio 1/2

t(sP tfol ) . 1n<K) ' et(sP fol )-In(K) _ :l:l ) ng[q] 7(8@) 1n2(K) ‘
2 2 Po

Because the LHS is negative, it is sufficient to consider the solution with —1/2 coefficient on the RHS.

Then, if it exists, the FOC solution can be obtained from the Lambert-W function definition of x -e* =

a = x=W{(a). Regarding the existence of the FOC solution, note that:

i | e VSO
f(SPorteetio) . _%. (Za(se)) ) (H [Q]'V( )) ’

teld) Po

is equivalent to the RHS since In(K) = — Y, v/~ m(y(s@))‘ = e @(S0).

Note that B(S™r M) < 0. If B(S™"*M°) < —1/e, the Lambert-W function is not defined, and there
would not be any finite solutions for #(S****°**°) (equivalently, a solution to FOC does not exist), whereas
if B(S7*™°H°) > —1/e, then exactly two FOC solutions exist, proving the existence condition in the

proposition. In the latter case, one of the FOC solutions corresponds to #(S7r*1°): §(SForHfotio) = ﬁ .

Wo(B) = m -Wo (ﬂN) . Using this, the optimal pool sizes obtained from (34) match the optimal pool

sizes provided in part 1. O
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Lemma B.7 (Merged assay prevalence properties). Consider any pair of nonempty assays, Sk, Sy C
N, and let Sy := 8, US,. ]f W(Skg) (0 1—e© 5) (0 0. 393) then:

(i) aSee) < S alS,) and (i) [] (1(S))T < (4(Sye)) 70

re{k,0} re{k,l}

Proof We use the notation «(S) and a(y(S)) interchangeably. Observe that the function «(S) =

(In(535))"* > 0 is:

- o 0a(S) _ 1 .
® decreasing In 3(8) €(0.1). since ) = =0 S (@2 <"
Pa(S)  —[2In(y(S)) +1]

I©) ~ AGE)F [-In((&)7

Then, since Sy, =Sy US,, and «(S) is decreasing in v(S), we have, for all r € {k, ¢},

e concave decreasing in y(S) € (e7%%,1), since <0.

1 < 1
@(Skg) Oé(ST)'

ﬂ'(Skg) > F(ST) = ’}/(Skg) < "}’(ST) = (X(Sk[) > OC(ST) = (36)

Case 1. Suppose V(Ske) 2 [, ep.0y V(Sr). We have:

(y(S) 2 ([ %8)) = ~l(rS) <= ( [T %S)) == (s

re{k,l} re{k,l} re{k,l}

#ln(@) < Z ln('y(gls,.)>’

re{k,l}
which yields, after taking the square root of both sides (and using the positive roots),
1/2
Sk[ [ Z In ( )] < Z OC(ST),
re{k, 0} refk,0}

which holds since the square root function is strictly concave on non-negative reals. Thus, (i) holds.

1 1
For r € {k,{}, because 0 <(S,) <1, we have (y(S,)) *©7 < (v(S,)) “®kd by (36). This implies the first
inequality in the following:

[T 8™ < T] ((8.0)) ™ < (+(Sw) ™57,

re{k,0} re{k,l}

whereas the second inequality follows from the assumption of Case 1. Hence, (ii) holds.
Case 2. Suppose ¥(Ske) < [[,c(r0y 7(Sr)- Based on (36), we represent v(Si) = 7(Ske) + 0 and (Se) =
¥(Ske) + d¢ for some 0y, 6, > 0. As we show next, this also implies oy + 0, + 7(Sk) < 1:

Ok + 00 +v(Ske) = V(Sk) — Y(Ske) +7(Se) — ¥(Ske) +7(Ske)
= ([1=7(Sk)+ 1A =m(S)) — (1 =7(Ske)) = 1= [m(Sk) + 7(Se) — 7(Ske)]

(213)1—[2 pc + ch@c +Z pc + Zpo@(" _Z (p(' + ZPCEBC/)}

cEIM(Sy) eTM(N\Sy) cEIML(Sy) I ETM(N\Sy) cETM (Sky) €T (N\Sky)

=1-> > > Pyseer <1 (37)

Cl eIle(Sk) cgeIle(SZ) C/EI‘:ml(N\SkZ)U{O}
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Under the given condition, 7(Sy,) € (0,1—e7°%), i.e, 7(Ske) € (e7°7,1), thus, v(Si),7(Se) € (e7°°,1) ((36)).
To show a(Sy) + a(Se) — a(Ske) > 0, we analyze the optimization problem:

min (3 +7(Ske)) + (b +7(Ske)) — a(7(Ske))
k»9¢
SUbjGCt to Eédk, ES(Sg, (5g—|-(5k§ 1—’Y<Sk£),

where € > 0 is sufficiently small to ensure 7;,7; > 0, and the last constraint follows by (37). Because «(-)
is concave decreasing in (¢7%® 1) and the sum of two concave decreasing functions is concave decreasing,
the objective function is concave decreasing in (e~%5,1). Since the feasible set is a polytope (hence convex
and compact), it has an extreme point that is a global minimum. Hence, there are two candidates for
the optimal solution (d;,6;): (€,¢) and (e,1 — v(Sk¢) — €) (or its symmetric version). Comparing their
objective values, and using the fact that «(-) is decreasing, we find that the latter solution is optimal (as
Y(Ske) <1 —2¢), yielding the minimum value,

a(l =€) = [a(v(Ske)) — ale +v(Ske))] = [a(1—€) — a1 — e+ €)] = [a(¥(Ske)) — a((Ske) +€)] >0,

where the last inequality follows because «(+) is a concave decreasing function, proving that «(Sy,) + «(Sy) —
Oé(Skg) > (0 when ’Y(Skg) S (670'5, 1]
To prove the second inequality given in (ii), we use the observation,

0 (180757 ) = Ly O 180) = s M(8) =~/ (80) = ~o(S,),

1/2
along with the definition of a(S) = (In(=f= / . Then (ii) follows from (i) because:
v(8)

(1) a(Sk) + CY(S@) > Oé(Skg) = —Oé(Sk) — O[(Sg) < —OZ(SM)

1
= Z In (7(87")@(‘197")) <In (”)/(Skg)a<ské)) (using the observation)
re{k, 0}

1
= H (7(8,))043%) < (Y(Ske)) @k (via exponentiation). [
ref{k,(}

B.5.2. Main Results
Proof of Theorem 3 Part 1 (a). Consider ¢, =0 and 7(N) <1—e %5 From (3):

CY(SPo:rtfollo7 t) (cy=0) =cy- ( |: Z 7i| +1— P (Dsubject (SPortfollo7 t) — O) 4n— Tipoo1 (sPortfollo7 t)) 7
keK:pool (SPortfolio7t) k
where the first term represents the number of stage 1 pooled tests, the term 1 —P (Dsubject(SP“tf"li", t)= 0)

represents the expected number of stage 2 retests, and n — Moo (ST ¢) ) represents the number

of stage 1 individual tests, per subject. Thus, when ¢, = 0, the minimization of the adaptive cost and
per-subject expected number of tests coincide.

Part 1 (b). Consider m(N) <p__ (7). We wish to show that, for any S**,
C’(Cv:O) (‘gn‘Plex7 t*(cvzo) (N)) S C(CU:O) (SPortfolio’ t*(Cv:O) (SPortfolio)).

By Proposition B.2, when ¢, =0, the optimal pool size vector for any S™***°'*° is such that all pool sizes
either satisfy the FOC or equal ty., (— o0). We show 8" P*** optimality in both cases.

First, by Corollary B.2, for 8"™**, the optimal pool size is t*(cv=9 (N') = t*=£ () (satisfying the FOC)
and the optimal cost satisfies,

Oler=0) (G Plex (=0} (Af)) < ¢ (38)
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Suppose, to the contrary, that the optimal portfolio is not an n-plex, that is, ST = (Sk)kelq for
some ¢ > 2. We first consider the case where all optimal pool sizes satisfy the FOC, for which a necessary
(but not sufficient) condition is that, B(S****°***) > —1/e (Proposition B.2), where 5(S*"*****°) is defined
n (30). We construct a new portfolio by combining any two assays in the given portfolio, say assays S; and
S, Avsg)?tgf,diirito Si2:= 8, US,, while keeping assays Ss, - -A,P‘OS’rqtfirllit?ct; we denote the new (¢ — 1)-partition
by & . We show that the cost of the new portfolio S is lower than that of the given portfolio
SFerttelie that is, merging any two assays in any multi-assay partition reduces the cost.

By the given condition, m(Sy) < 7(N)<1—e%5, Vk, /€ [q]. Hence, by Lemma B.7,

a(S12) <> a(S,) and H )T < (v(Sha)) T (39)

Substituting the optimal pool sizes (that correspond to the FOC) from Proposition B.2, namely

tz(c“zo) (SFerriotio) = 75(3:(1‘;;1%’ VEk € [q], into the cost function C/(SForH et ¢)(cv=0) = cr - ((Zke[q} i) +

1=po-Tlrey (v(S ))tk _1> (Theorem 1), allows us to write the testing cost function parametrized by the

single pool size 'E(SP"rtfollo)

B . ~ ' q S q f(sPortfolio) _
C(cufo)(SPortfolcht(SPortfollo)) =c; - |:~Zk—1 Oé( 'k) + 1 — o - H (’Y(Sk)) a(Sp) 1:|

Portfolio
LS ) i
K a(Si2) + 345 (Sk) gsforttorte) ;A (sPortiolio)
> Cf ’ |: E(SPortfkolfO) + 1 —DPo- (’7(812)) aSr2) H (V(Sk)) .
k=3
2 C(C'UZO) (sportfollo’ E(sportf()llo)) (by opt1mahty Of E(SPOTHOHO) for SPortfolio)‘

Proceeding in this way, i.e., merging assays and reducing the cost, we end up with n-plex as the optimal
portfolio.

Next we consider the other case where t*(<v=9(8"**°11°) _; 55, As shown in Proposition B.2,

lim C(C»U:O) (‘SPortfolio7 t*(cvzo) (SPortfoliO)) =cy.

t*(cv:O)(sPortfolio)ﬁoo
By (38), 87**°*° with any ¢ > 2 cannot be optimal, and the optimality of 8" *** follows.
Part 2 (a). Consider ¢; = 0. By Theorem 1, (3) reduces to:

C(sPortfolio7t)(cf:O) —c,- ( Z Z (t pool(SP”thli",t) _ Z (1— m)wz‘(t)] + Z Sk)

ke’Cpool (sPortfollo t) ZGSk ieNpool(sPortfolio7t) kE}Cind(SPOItf()lio,t)

(Y % 1@ [ o= =m0+ Y )

ke’Cpool (SPortfolm t) 1€Sy ke}cpool (sPortfollo t) €Sy kGIClnd(S%rtf"ho t)

=c,- ([ Z Sk+z wl(t) Z 5k>7

ke’Cpool (sPortfollO t) ZESk ke’clnd(sportfollo t)

where the last expression decomposes by assay (index k) for a given portfolio.

Part 2 (b). By Theorem 2, for any ST N (STOrHeMe ¢ (SPrH°1%)) = N/, hence the adaptive cost
function (5) (Theorem 1) reduces to:

C(Cf:O)(SPortfolio’t) =c,- <Z [wzl(t) +1— (%)wZ t)]) =c,- Z Z + 1— %)tk] ’

ieN kelq) i€Sk
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which is additively separable over assays. In the following, we start with an all-singleton portfolio S*"&+**°"*
with optimal pool sizes, then show that merging any two assays cannot reduce the cost.
Consider the all-singleton portfolio S***8'***"* for which

*(cr= i s : 1 i ) )
tz( f 0)(881ngleton ):argmln{t— 4 1— (,yl)tz} :tDorf({Z})’ i GN,
t; i

which follows because if 7(N) <p__ (), then the optimal pool size is t"**({i}) (Corollary B.2).
We now merge any two singletons in this portfolio, say S, ={k} and S, = {¢},k,l € N,k # ¢, into a new

~ Portfolio

assay Sge = {k,(}, while keeping all other singletons (S, = {r}, Vr e N'\ {k,£}) intact, ylelding &

Portfolio

Because the pool size decision decomposes by assay, the optimal pool size vector for S remains
unchanged for all assays except for the new assay Sy, the cost of which is,

1 ; 1
mjn{ Z [;-1—1_(%)t]}:min{ Z [t—+1_(%)n] : }> Z mln{ (%)tr}.

i tot ¢
re{k,0) U ey T refkt}

Consequently, it must be true that:

~ Portfolio ~ Portfolio

C(S ,t*(cfzo) (8 ) 2 C(SSingletons’ t*(cfzo) (SSingletonS)) Z 0

Note that any portfolio can be obtained from S*"&°*°** by applying a finite sequence of assay merges,

where a merge replaces two assays in a portfolio, S and &’ with SNS’ = (), with their union, SUS’. Next,

SSingletons is

we show via induction that no sequence of merges can yield a lower cost portfolio, hence
optimal.
Base Cases (0 and 1 merge): No merge is the case of S*"8'***** and the case of one merge applied
to 858" does not result in any cost reduction, as shown above.
Inductive Hypothesis (m merges): Assume that for any portfolio SFor*f ot
merges starting from S*"8'°*°"* it is true that C(SToT* 1) > C/(SSimeterers),

Portfolio

Inductive Step (m+1 merges): Let S§,°2"°° be a portfolio formed by (m+ 1) merges from singletons

obtained via m sequential

. i merge 1 i merge m io merge m 41
via the Sequence SSlngletons Sl;ortfollo . S}:;rtfollo f,o:;:{ollc

By the inductive hypothesis, we know that C(SFor* 1) > C/(S5€**), Suppose, in the last merge,

SPortfolio
m

assays S and &’ of are combined into assay SUS’. First consider the case where S = {k} and
= {{} are singletons. As shown above (which is included in the base case), this merge cannot yield a

lower cost portfolio. That is,

C((Sl:r(zrtfolio \ {{k}, {é}}) U {{k’g}}) Z C(sf;zrtfoliO) Z C(SSingletonS)’

where the last inequality follows from the inductive hypothesis.
We now extend this argument to the case where the merged assays are not necessarily singletons. Given
the separability of the cost function, the merge operation affects only the cost contributions of the merged
assays. Thus, the cost difference C(S25°°) — C(Srer 1) is:

min { Z[ ! +1—(%)t3“5'}}—min{iezs[ti—i—l—(%)t‘g}}—min{Z[tl—|—1—(ryj)tsf}}.

tsus’  Ltsus ts tgr jear b

Again, since SNS’ =), writing the first minimization problem as,

min{;[ +1—(%) tS}%—Z[ +1-— %)*S’]: tszts'},

tSvtS’

ensures the cost difference is non-negative. Thus, C(S5FeH0) > C(Sherttetio) > C(SSingtetons) ]
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Proof of Proposition 3 Part 1. By Theorem 3, if ¢, =0 and 7(N) <1 — e %% then S"™™* is
optimal. We show that the optimal cost function, provided below, is continuous in ¢,:

C*(¢y) == min min  C(S7°° ¢; ¢, ¢;), where (40)
SPortfolio EP(N) teT(sPortfollo)

C(STHH° ¢ ¢y ep) =4 - (( Z tlk) +1—pg- H (po(sk))tk 1) e, - (Z [wzl(t) +1—(1- 7ri)wi(t)]),
k€l kelq] iEN
and P(N), the set of all possible partitions of N, is a finite discrete set, and 7 (S7**°**°), the domain of
pool sizes, is a compact set (due to the existence of a finite pool size limit tyay).

The proof proceeds in two steps. (i) We fix a portfolio S7**°**° and focus on the inner minimization in
(40). C(SFT 1 ¢; ¢,, ¢f) is continuous in ¢,, because the first part is fixed in ¢,, and the second part is
linear in ¢, (with coefficients depending continuously on ¢). Then, since the domain of ¢ is compact, Berge’s
Theorem of the Maximum (Berge 1963), applied to minimization, ensures that the optimal value function
for the inner minimization is continuous in ¢,. (ii) Since this result holds for any given portfolio and P(N)
is finite, we obtain the continuity for the optimal value of the outer problem, i.e., for C*(¢,), because the
minimum of finitely many continuous functions is also continuous. Hence, there exists a neighborhood of
¢, = 0 such that 8" ™°* remains optimal.

Part 2. By Theorem 3, if ¢; = 0 then S¥"8'°*°™ is optimal. The proof is similar to the first part, except
that ¢, is fixed and the optimal cost function is analyzed wrt cf, and is omitted. [

B.6. Proofs for §3.3.2
B.6.1. Supporting Results

Lemma B.8 (Cost bounds for given marginals). Consider any marginal prevalence vector m such
that Y . 7 < 1. The cost for portfolio SPertiete and pool size vector t for any joint vector p € P(m) can
be bounded as follows:

C(SPortfalio’ t>pneSted(ﬂ-)) < C(SPartfal'L'o, t7p) < C(SPartfal'io’ tapnc(ﬂ-))'

Proof Consider any g-partition S*°***°**°. The cost of any individually tested assay does not depend
on p € P(m); further, individually tested assays do not affect the cost for the pooled assays. Therefore, we
consider, wlog, that t > 2. For any p € P(m), where ), 7 <1:

c(s™mme gy = 3 R o (1= -n)) T (1-m(s0)* )

by
kela] kelq]
Cpool (SPortfolio7t) Cfized(sPortfolio 7t7p)
+cv-<n— E E (l—wi)t’v),
ke[q) €S

Coar (SPortfollo’t’ﬂ.)

SPortfolio

,t,p) wrt p € P(m) is equiv-
alent to maximizing (minimizing) Cfizea, Which requires minimizing (maximizing) (1 —m(N))-J[, (1~
7(Sy))* 1. This is equivalent to maximizing (minimizing) each of 7(N') and 7 (Sy), Vk € [¢], under the
constraint, max;es{m;} <7m(S) <Y, s, ¥S CN. The bounds hold since the joint vector p () attains
the upper bound 7(S) =3, sm, VS CN (maximizing Cyizeq), while the joint vector p*=***(r) attains
the lower bound (approaching max;cs{m;} as e = 0) for all sets (minimizing C};zeq)- O

Let C* (ST p) := min, C(S7*°"*°, ¢, p), i.e., the adaptive cost for ST at its optimal pool size
vector under joint vector p.

where only Cf;;.q is a function of p. Thus, maximizing (minimizing) C(
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B.6.2. Main Results
Proof of Theorem 4 Part 1. Consider any 8™ *°**° with ¢*(S7***°**° p) denoting its optimal pool
size vector at p € P(m). For simplicity, we drop the argument S"°***°***° in the functions below. For p € P(m):

C*(p) =C(t*(p),p) > C(t*(p),p**=*(m)) (by Lemma B.8)
Z C(t* (pnested(ﬂ_))’pnested(ﬂ_)) (by optimality of t* (pnested(ﬂ_)) at pnested(ﬂ_))
— C* (pnested(ﬂ_ )

C*(p™(m)) = C(t"(p™(m)),p™(w)) = C(¢" (p™*(7)),p) (by Lemma B.8)
>C(t"(p),p) (by optimality of t*(p) at p)
=C*(p).

ThUS, C* (8P0rtf01i°7pnested(ﬂ.)) S C* (SPortfolio’p) S C’* (SPortfolio’pnc (7’[')), Vp c P(ﬂ')

SPortfolio t

Part 2. From Lemma B.8, we know that for any fixed design ( ,t):
C(SPortfolio’t’p) S C(SPortfolio’t7pnc(ﬂ_))’ vp c P(ﬂ')

Since this inequality holds for all p € P(7), the inner maximization in Adaptive-R reduces to:
max C(SPortfolio’ t,p) — C(SPortfolio’ t,pnc (71'))

PEP(m)

Substituting this into the outer minimization in Adaptive-R yields the equivalence. O

A result similar to the second part of Theorem 4 holds when uncertainty is on the cost param-
eters rather than the joint prevalence vector. Specifically, suppose ¢y and ¢, vary independently
over compact uncertainty sets C; and C,, respectively. Since the cost function C(S"*™°*° t c;,c,)
is increasing in both ¢y and ¢,, the robust adaptive testing design problem under cost parameter
uncertainty reduces to a deterministic counterpart evaluated at the worst-case cost parameters, that

: : Portfoli : Portfoli e
1S, ININgPortfolio ¢ (machecf)cUecv C(S ortio lo,t,Cf,Cv)> = mingeorstotio 4 C(S ortfo 1o’t,c?mx’cgmx)’ where

max

Cy

max

r=max.ec,{cs} and '™ :=max,,ec, {c, }-

B.7. Proofs for §3.3.3
B.7.1. Supporting Results

Lemma B.9 (Pool size comparison with Dorfman for ¢, =0). Let ¢, =0 and 7(N) <p__ (). For
any q-partition ST and k € [q], if Br(STTH ) > —1/e, then:

EI(CCU:O) (SPo'rtfoZio, t,k) Z tDorf(Sk) and %](:UZO) (SPortfol'La’ t,k) S %Dm"f(sk)‘

Proof To prove this result, we use the characterization of the local minimum and local maximum

pool sizes from Lemma B.6 when B, (S t ;) > —1/e. We drop the superscript (¢, = 0) as well as
the arguments in parentheses in places, and also let, for k € [q],
7(Sk) 1
fk(t_k)lz 111( >0
Do - Hee[q]\{k}(’Y(Sé))tﬁl v(Sk)
so that in Lemma B.6 we have:
= ; 2
/Bk — _1/2 . (fk(t—k))1/2 < 07 and t;cw_()) (SporthIlo’t_k) -~ . WO(Bk)

In(v(Sk))
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Part 1. For any m € [g] \ {k}, we have, by the chain rule,

OEECCU:O) (SPortfolio,t,k) B 2 . OWo(Br) . 0B and
atm N 1H(’}/(Sk)) aﬁk 6tm’
OWo(Be) Wo(Bk)

>0, by Corless et al. (1996),

Bk B [L+Wo(B)]
which follows because —1 < Wy(-) <0 (Property B.2) and (3, < 0. Observe that:

B _ 1 10 (Sk) 1 1 (A Sy))
hlnt? —(fr) /2., -ln< ( ) .

= 180 T 0@ (S

8tm B 4 Po
(C'U:O) Portfolio _ .
Thus, 2% (‘Ztm tok) 0, ie., t,(f“_o) (SFortfetie ¢ ) is increasing in any t,,,m # k. Then, to prove
LE:UZO) (SPortfolio, t—k) Z Dorf (Sk)a it suffices to prove ﬁ](:v:()) (SPortfolio7 t—k — 1) Z Dorf (Sk>
Recall that v(Sy) =1 —7(Sk) = po(Sk). For t_;, =1, we have that:

V(Sk) - (Sk) >1 (since 7(S) < 7(N) <1—py)

Po - Ilecpgnim (VS po
> (e (T o <v<‘19k>>)1/2 > (n <7<‘19k)>)1/2

waeg (7 <v<;k>>>l/2 <=5 (7<§k>)>1/2

= Wo (Br) < W, (—1 . (111( 1 ))1/2) (by Property B.2)

_ . Dorf L.
— EI(CCU_O)(Sp°rtf°h°,t7k:1) = t°°7*(S;) by Proposition B.1

= ln(ﬁs))w (B = m@?s»w (—; (m <7<}sk>>)1/2)

= t;(:v:()) (SPortfolio7t_k) > Q(:v:()) (SPortfolio’ t—k — 1) > tDorf (Sk)7 Vt_k 0

Part 2. Next, we show the relation between the finite local maxima. From Lemma B.6, we have
f,(:vzo) (SForttotiot ) = m -W_1(Bk). For any m € [¢] \ {k}, we have, by the chain rule,

8%k(8Portfolio7z_k) _ 2 . aW—l(,Bk) . aﬁk
8tm N ln(’y(Sk)) 8ﬁk Btm’
where, by Corless et al. (1996), because W_;(-) < —1 (Property B.2) and Sy <0, we have
W) W),

0B B 1+ W_1(B)]

From Part 1 we know that g%’; < 0. Thus, % <0, that is, £, (ST"*°**° ¢_,) is decreasing in any t,,, m #

k. To show that Zj,(ST"™° ¢_,) > tPTf(Sy), it is sufficient to show that 7, (ST t_y = tpay) > t2°75(Sy),
where t,,, is sufficiently large. We proceed as in Part 1:

v(Sk) > v(Sk) >1

Po - [oergpey (V(Se)) =" po

1/2 1/2
= (fr(t ik = tuax))/? = (]90 . er[q]\zii]i(sl))tm“1 In (7(‘19;@))> - <ln (7(‘15’;6))) /
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1/2 1/2
= b= _% (po Hze[q \{i}(’i(se))t’“a" ln< (tlsk))) = _% . <ln <7(‘1S"k)>> |
=W_y (Br) <W_4 ( ( n (7 >>1/2) (by Property B.2)
= e W (B <

1/2
ne&)) n((S0) (;<1“<fmls>>> )

¥ Portfoli — ]
Ty (SPortiolio ¢ | YV—tpax °°7(S;) by Proposition B.1

= 15, (STTHON 1) < HR(STTR = thae) < ot (Sk), Vt_,, completing the proof. [

2

Proposition B.3 (Portfolio-specific pool size bounds). Consider that m(N) < pmm( 7). For any q-
partition SN if the optimal pool size for any assay k € [q] satisfies the FOC, then it can be bounded
as follows for any t_:

1. ﬁk(SPortfoZio,tik) > *1/6’ = min {t](:v_()) (SPOT‘ffOZiO)’tDcrf({,L'k:})} S tz(sPortfoliO) S%Do’r‘f({l-é;k}),
2 Bu(S"THN ) < <1 e = 1 ({if}) <H(S™T) < T ),

where i¥ and sz resp. correspond to the highest and lowest marginal prevalence diseases in Sy.

Proof Consider any g-partition S*°**°**°. From Theorem 1,

C(SPortfolio7t):cf.((Ztlk)_i_l_po. H ('Y(Sk) tk 1) (ZZ[ +1—(y) tk:|)

kelq] kelq] k€E[q] i€SE

C(cv=0) (sPorthlic),t) C<Cf:0> (sPortfolioyt)

where ¢} (877 °1°) is either a boundary solution (equaling t,.,) or satisfies the FOC. In the following we
establish bounds for the case where it corresponds to an FOC.

First consider the case where 3,(S™™*°"*° t_,) > —1/e for some k € [q], that is, the FOC pool size
exists for function C(=%(¢,, 87" ¢ ) when ¢, = 0, and the local minimum pool size is given by
tv=0) (§PerH o) (Lemma B.6). The following properties hold:

o Clev=0)(¢, SForiolie ¢y i decreasing in t;, for t, < £~ (&P 1) and t, > t(cv_o)(8P°rtf°h°)

(Lemma B.6).
o In Cr=0) (S ¢) each term 3o 1= (7)™ is of the same form as Dorfman cost function ((4)),

hence is decreasing in t; for ¢, < t**({i}) and t; > 7 ({i}), Vi € Sy, (Proposition B.1).
t) is decreasing in t, for any ¢, that satisfies that,

Consequent]y, C(SPOrtfolfm7 )

ty < min {t)(ccv:()) (‘gl:’ortfoliO)7 ’Lrg‘g; tDorf({Z-})} and t, > max {Egccv:()) (‘gl?‘ortfolio)7 ?elgffDorf({Z})} (41)
Further, by Lemma B.9 and Corollary B.1, for any S, = {i},45,...,4 }, with diseases indexed following a

nonincreasing order of marginal disease prevalences, we know that
tDorf (S ) < tDorf({ik}) < tDorf({ig}) S . § tDorf({ifk}), t(cv:()) (SPortfolio) > tDorf (Sk)a
Dorf (Sk) < tDorf({ }) < tDorf({Z.g}) S L S %Dorf({ifk})’ ka—O (SPortfollo) < tDorf (Sk)

Then, by (41), C(tg, ST t_,) is decreasing in t; for any
£, < min {Q(:v:O) (SPortfolio)’ tDorf({illc})} and t;, > fDorf({ilzk }

H~

Because we consider the case where t(S77°*°) is an FOC, it must be true that t}(S77* ) ¢
(" ({5, }, 00). Vk € [q], hence,

min {Q(:U:O) (‘sli’ortfolio)7 tDorf ({lec})} S tz (SPortfolio) S iDorf ({Z’;k })
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Next consider the case where £, (877" ¢t_,) < —1/e for some k € [g], that is, the FOC does not exist
for function C©v=0)(t;, SP°H° ¢ ) that is, £\~ (S7"*°*°) and 7770 (SPor¥elie) are undefined, and
function Cv=9) (¢, ST ¢ ) is decreasing, V¢, > 0 (Lemma B.6). Then, following a similar argument
to the first case, the bounds reduce to:

o (LR }) < ¢ (8PN <7 ({3* 1), completing the proof. [

Sk

B.7.2. Main Results
Proof of Theorem 5 Because 7(N) <p__ (), by Theorem 2, for any SForvtotio | px(GPortiolioy o
1, Vk € [q], that is, pooling is optimal for all assays. Further, because 7(N) <p__ (m) and p*** <p _ ()
(Theorem 2, Proposition 1), the Dorfman pool size for any assay satisfies the FOC, and is characterized

in Proposition B.1.
Consider any assay k € [¢]. For the lower bound on the optimal pool size for assay k, first consider the

case where S3;,(STT* 1 t_,) > —1/e. We can write the following inequalities:
min {tgjv =0) (SPortfolio>’ 7fDo:rf ({lec})} S tz (SPortfolio) (by PI'OpOSitiOH B?))
2T (N) < P (%) (by Corollary B.1)
P (N) < 07 (S)) < fLev0) (SPorttotiey (by Corollary B.1 and Lemma B.9),

—1/e, t=” does not

estathhng that tDorf(N) S tz(sportfoliO) FOI‘ the case Where B (SPortfollo t k)
) S t* (SPortfollo) (PI‘OpOSIthH

exist (Lemma B.6), but because m(N) < pP=f, we still have that, > ({i}}
B.3), and the result follows similarly.

For the upper bound on the optimal pool size for assay k, for all values of 3, (ST™****° ¢_,):

tp(SPm) <7 ({i }) (by Proposition B.3)
fDorf({ifk}) < ({n}) (by Property B.2 since m, < 7Ti}sck),

establishing that ¢} (877 °H) <7 ({n}).

Then, incorporating the finite pool size limit (¢,., < 00) and the integrality of the pool sizes leads to the
lower and upper bounds provided in the theorem. Finally, the result that ¢® > 2 follows directly from the
result that t°71(S) > 2.57, VS C N (Proposition B.1). O

Proof of Theorem 6 The bound C™® is obtained by separately bounding the fixed and variable cost
terms of the cost function in (5):

Subproblem (¢, =0) objective Subproblem (Cf =0) objective
. g 1 ty—1
Portfolio k
crsemee ) =g (3 1)+ 1= [L1-760)" ) +er (XX [ +1-(-m)]).
kelq] kelq) kelq] i€Sk

Subproblem (¢, =0) and (¢; =0) objectives correspond to the special cases of ¢, =0 and ¢y =0, resp.,
for which the optimal solutions are given in Theorem 3. In particular, 8" *** with pool size t***(N) is

SPortfclio

optimal when ¢, = 0. Hence, for any portfolio and pool size vector t,

1 tp—1 1 DorfN)
(S T ) ol 1),

Similarly, from Theorem 3, S*"8'°**™ with pool sizes t*°*({k}),Vk € [n], is optimal when ¢; = 0. Hence,
for any portfolio 87" **°** and pool size vector t,

e e (STl ey,
(Z% +1-(1—m)™]) > (iEZN[tDorf({i})Jrl (1—m) " in))

Because these inequalities are satisfied for any S*°***°**° and ¢, they remain valid for the optimal portfolio
and its optimal pool size vector. Combining the inequalities yields the lower bound. O
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C. Bucket-based Formulation for Independent and Nested Structures

Independent structure requires: (1) Removing variables 7, log 7, log € and associated constraints (8f),
(81), and (80). (2) Replacing (8m) with logp = >, loge;. Nested structure requires: (1) Defining
variables y, € {0,1}" and 7p**, Vb€ N. (2) Adding the following constraints:

Yp <} VieN, Vvbe N
v <1—a] Vie{2,...,n}, Vi€ {l,...,i—1}, Vbe N
Zyé:zb Vbe N
ieEN
W‘g‘aX:Zm-yz Vbe N
iEN
(3) Replacing (8f) with m,=1—¢€- Y x) — 1 + €z, VbeN.
ieN

D. Supplementary Numerical Analysis and Case Study Details

D.1. Supplementary Numerical Analysis

EXAMPLE 4 (Nonmonotonicity of adaptive pool size in assay prevalence). Consider an instance
with n =4, ¢; =20, ¢, =5, and marginal prevalences 7 (¢) = 0.067851 60 and m»(6) = 0.053303 0 (parameter-
ized by 0), m3 = 0.042999, and 7, = 0.039108 under the no-coinfection structure. Consider the portfolio S; =
{1,2} and S, ={3,4}, with assay prevalences m(S1(0)) = m1(0) + m2(0) =0.1211546 and 7(Sy) =73 + 74 ~
0.082107. For 6 € {0.6, 1.0, 1.6, 2.2}, Table B.1 reports the optimal adaptive pool sizes t;(Sy,0),t5(Sz,0)
(confirmed to be unique) and optimal cost C*(S;,Ss,6), showing that ¢;(S;,0) decreases as 7(S;(6))
increases from 0.072692 to 0.193846, but then increases (from 4.340 to 4.365, bolded) as 7(S1(0)) rises
further to 0.266539. Thus, the optimal adaptive pool size need not be monotone in assay prevalence.

Table B.1  Optimal adaptive pool sizes and cost for portfolio &1 = {1,2},82 = {3,4} (no-coinfection structure).

9 71'(81 (9)) t}‘(Sl,H) t;(SQ,Q) C*(81782,0)
0.6 | 0.072692 | 5.740 5.400 26.611609
1.010.121154 | 4.820 5.845 29.701722
1.6 10.193846 | 4.340 6.580 33.078117
2.210.266539 | 4.365 7.520 35.569923

Monte Carlo Simulation (§5.3) In our simulations, we independently vary test specificity (0.95-1.00)
and sensitivity (0.95-1.00). For each simulation run, we generate 1 million subjects, randomly assigning
each subject to a disease category based on the given joint prevalence vector. To determine the cost of a
specific testing design (comprising a portfolio and pool sizes), we construct random pools for each assay
in the portfolio by randomly assigning the subjects according to the assay’s pool size, independently of
all other pools. We then simulate the test outcome for each pool based on the true disease categories of
the subjects within the pool and the provided test sensitivity and specificity (using uniformly distributed
realizations), and compute the testing cost.

D.2. Case Study Details

A Bayesian network (BN) is a directed acyclic graph (Pearl 2014) suitable for modeling the effect of season-
ality on respiratory disease prevalences. We use the simple BN shown in Fig. B.1, which captures seasonal
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dependencies through the month variable. To estimate the joint prevalence vector, we employ a forward
sampling approach (Koller and Friedman 2009) to generate 10 million samples, each representing the dis-
ease status of a random subject, as follows: (1) We sample a month 7 € {1,2,--- ,12}. (2) Given the month,
we determine the presence/absence of each disease in the subject via independently sampled Bernoulli
distributions, each with success probability 7; , or #; . (for i € N) in the accurate- versus inaccurate-mean
scenarios. Using the 10 million subjects, we compute the frequency of each disease category to derive the
annual joint prevalence vector.

Table B.2  Yearly marginal prevalences for 2018-2021 (disease indexing based on 2021 prevalences).
| Disease | Index | 2018 | 2019 | 2020 | 2021 |

Respiratory syncytial virus (RSV) 1 6.15% | 6.67% | 2.05% | 6.16%
COVID-19 2 | N/A | N/A |3.59%6.03%
Parainfluenza virus 3 3 2.75% | 2.73% | 0.12% | 3.38%
Respiratory adenovirus 4 3.08% | 3.66% |1.86% |2.84%
Human metapneumovirus 5 3.15% | 2.94% | 1.50% | 1.46%
CoVOC43 6 1.34% | 1.35% | 0.23% | 1.34%

7

8

9

Parainfluenza virus 2 0.93% | 0.21% |0.05% | 0.77%
CoVNL63 0.70% | 0.70% | 0.53% | 0.71%
Mycoplasma pneumoniae 19.10% | 29.46% | 9.12% | 0.53%

Influenza A' 10 0.51% | 0.49% | 0.50% | 0.50%
Parainfluenza virus 4 11 0.62% | 0.54% |0.22% | 0.48%
CoV229E 12 0.27% | 0.27% | 0.07% | 0.28%
Bordetella parapertussis 13 0.21% | 0.21% |0.21% | 0.21%
Bordetella pertussis 14 0.04% | 0.04% | 0.04% | 0.04%
Chlamydophila pneumoniae 15 0.03% | 0.03% | 0.03% | 0.04%
Parainfluenza virus 1 16 0.20% | 1.51% |0.16% | 0.03%
CoVHKU1 17 0.03% | 0.03% | 0.72% | 0.03%
Influenza B 18 9.84% | 8.83% |4.87% | 0.01%

! Influenza A prevalence represents the sum of the prevalences of its subtypes H1 and H2.

Month of the
year

Disease 1 Disease2 | ~  ccreommmm--oe- Diseasen

Figure B.1 Bayesian network for joint prevalence vector estimation.

D.3. Additional Case Study Results

We conduct a stress test to examine the sensitivity of annual testing costs to the assumed structure of
the actual prevalence vector (i.e., independent infections within each month) used for design evaluation.
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(a) Optimality gaps (%) for C™® (b) Computational times (seconds) for C'"®

Figure B.2 (a) Optimality gaps for the lower bound C™®, and (b) computational times for the upper bound C".

The decision-maker continues to optimize based on the joint prevalences generated by the BN, but the
resulting annual designs are re-evaluated under two extreme correlation structures: no coinfections and
nested (Definition 1), with monthly marginal prevalences, 7., held fixed at the values obtained from the
CDC dataset. The results, reported in Table B.3, for the accurate-mean setting for 2021 designs, indicate
that adaptive designs continue to perform well across all joint prevalence structures considered. Moreover,
even under extreme shifts in the prevalence structure, adaptive designs yield more robust costs than the
benchmarks.

Table B.3 Accurate-mean setting: Annual testing costs for 2021 designs under different actual prevalence structures.

Adaptive Designs Benchmarks

Prevalence Structure Adaptive-D Adaptive-R Dorfman Dorfman-n-plex Individual-n-plex

Independent 41.33 41.16 65.84 90.02 105.82

No-coinfection 41.90 41.68 67.49 94.16 105.82

Nested 34.05 34.07 48.91 61.82 105.82
Table B.4 Accurate- and inaccurate-mean settings: 2019 designs under assay size limit Smax = 12.

Design (2019 accurate-mean)  Portfolio Pool Sizes Cost
Adaptive-D [1,3-7,9, 18], [8, 10-17] 8, 16 49.85
Adaptive-R [1, 3-7,9, 18], [8, 10-17] 8, 16 49.85
Design (2019 inaccurate-mean) Portfolio Pool Sizes Cost
Adaptive-D [1, 3-7,9, 18], [8, 10-17] 7,16 50.38
Adaptive-R 11, 3-6,9, 18], [7, 8, 10-17] 7, 16 50.10
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Table B.5

(All designs are ordered partitions based on monthly prevalences).

Accurate-mean setting: 2021 and 2019 designs.

Design Portfolio Pool Sizes
— 2021 Designs —
Adaptive-D [1-9], [10-18] 6, 16
Adaptive-R [1-8], [9-18] 6, 16
Dorfman [1-6], [7-12], [13-18] 3,6, 16
Adaptive-PI (Jan) (2, 4, 10], [1, 3, 5-9, 11-18] 4,16
Adaptive-PI (Feb) (2, 4, 8, 10], [1, 3, 5-7, 9, 11-1§] 5, 16
Adaptive-PI (Mar) [14, 6, 8, 10], [5, 7, 9, 11-18] 6, 16
Adaptive-PI (Apr) [1-4, 6, 8, 10], [5, 7, 9, 11-18] 5, 16
Adaptive-PI (May) [14, 6-8, 10], [5, 9, 11-18] 5, 16
Adaptive-PI (Jun) [1-4, 6-8], [5, 9-18] 5, 16
Adaptive-PI (Jul-Aug) [1-4, 6, 7], [5, 8-18§] 5, 16
Adaptive-PI (Sep) [1-5, 7], [6, 8-18] 5,16
Adaptive-PI (Oct) [1-5, 7, 11], [6, 8-10, 12-18] 5, 16
Adaptive-PI (Nov) [1-7, 9, 11], [8, 10, 12-18] 5, 16
Adaptive-PI (Dec) [1-7,9, 11], [8, 10, 12-18] 6, 16
Dorfman-PI (Jan) [2, 4], [8, 10, 13], [1, 5-7, 11], [3, 9, 12, 14-18] 3, 11, 16, 16
Dorfman-PI (Feb) [2, 4, 8, 10], [1, 3, 6, 7, 12, 13], [5, 9, 11, 14-18] 4,12, 16
Dorfman-PI (Mar) [2, 4, 8, 10], [1, 3, 6, 7, 12, 13], [5, 9, 11, 14-18] 4,8, 16
Dorfman-PI (Apr) [1-4, 6, 8], [7, 10, 12, 13], [5, 9, 11, 14-18] 3,9, 16
Dorfman-PI (May) [14, 6, 8], [5, 7, 10, 12, 13], [9, 11, 14-18] 3,8, 16
Dorfman-PI (Jun—Jul) [1-4, 6], [5, 7, 8, 10, 12, 13], [9, 11, 14-18] 3,7, 16
Dorfman-PI (Aug) [1-4], [5-7, 10], [8, 11-13], 9, 14-1§] 3, 6, 10, 16
Dorfman-PI (Sep) [1-4, 7], [5, 6, 10-13], [8, 9, 14-18] 3,7, 16
Dorfman-PI (Oct) [1-5, 7], [6, 9-13], [8, 14-18] 3,7, 16
Dorfman-PI (Nov) [1-5, 7, 9, 11], [6, 10, 12, 13], [8, 14-18] 3,8, 16
Dorfman-PI (Dec) [1-5, 9], [6, 7, 10-12], [8, 13-18] 3,5, 14
— 2019 Designs —
Adaptive-D (1, 3-18] 11
Adaptive-R [1, 3-18] 11
Dorfman 1, 3-6, 9, 16, 18], 8, 10-13], [7, 14, 15, 17] 1,7, 16
Adaptive-PI (Jan) [1, 3-18] 15
Adaptive-PI (Feb) [1, 3-18] 16
Adaptive-PI (Mar) [1, 3-18] 14
Adaptive-PI (Apr) [1, 3-18] 11
Adaptive-PI (May) [1, 3-6, 8, 9, 18], [7, 10-17] 6, 16
Adaptive-PI (Jun) [1, 3-6, 9, 18], [7, 8, 10-17] 6, 16
Adaptive-PI (Jul) [1,3-6,9, 16, 18], [7, 8, 10-15, 17] 6, 16
Adaptive-PI (Aug) [1, 3-18] 11
Adaptive-PI (Sep) (1, 4,9, 16, 18], [3, 5-8, 10-15, 17] 5, 16
Adaptive-PI (Oct) [1, 4,9, 11, 16, 18], [3, 58, 10, 12-15, 17] 5, 16
Adaptive-PI (Nov) [1, 3-18] 12
Adaptive-PI (Dec) [1, 3-18] 13
Dorfman-PI (Jan) 1, 4, 5,9], [3, 7, 10, 11, 18], [8, 13, 16], [6, 12, 14, 15, 17] 1,5, 15, 16
Dorfman-PI (Feb) [3-5, 9, 18], [7, 8, 10, 11, 13], [1, 6, 12, 14-17] 1,8, 16
Dorfman-PI (Mar) [3-5, 8,9, 18], [1, 6, 7, 10, 12, 13], [11, 14-17] 1, 8, 16
Dorfman-PI (Apr) [3-6. 8, 9. 18], [1, 10, 12, 13, 16, [, 11, 14, 15, 17] 1,8, 16
Dorfman-PI (May)  [L, 3-6, 8, 9, 18], [10-13, 16], [7, 14, 15, 17] 1,8, 16
Dorfman-PI (Jun—Jul) [1, 3-6, 9, 18], [8, 10-12, 16], [7, 13-15, 17] 1,7, 16
Dorfman-PI (Aug) 1, 4,9, 18], 3, 5, 6, 10, 16], [8, 11-13], [7, 14, 15, 17] 1, 5, 10, 16
Dorfman-PI (Sep) 1, 4,9, 16, 18], [3, 5, 6, 10-13], [7, 8, 14, 15, 17] 1,6, 16
Dorfman-PI (Oct) 1, 4,9, 16, 18], [3, 5, 6, 10, 11, 13], [7, 8, 12, 14, 15, 17] 1, 6, 15
Dorfman-PI (Nov) 1, 4,59, 11, 16, 18], [3, 6, 10, 12, 13], [7, 8, 14, 15, 17] 1, 8, 16
Dorfman-PI (Dec) 1, 4-6, 9, 11, 16, 18], [3, 10, 12, 13], [7, 8, 14, 15, 17] 1,9, 16
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