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Appendix A: Complete Table of Uniform and Universal Convergence Rates

We present Table EC.1, which is the complete version of Table 1 for uniform and universal non-
ergodic convergence rates of OGDA and OMWU in two-player zero-sum games. We note that
the linear universal last-iterate rate of C exp(—c%) only implies a O(T~'C,In C) random-iterate
convergence rate since the first C; InCy iterates have constant duality gap and will be sampled
each with probability % in the calculation of expected duality gap. By definition, any bound on the
last-iterate and random-iterate convergence rate implies the same rate for best-iterate convergence
rates. The exact definitions of the different notions of convergence rates are given in Definition |

and Definition 2.

Convergence OGDA OMWU OMWU (universal)
(uniform) (uniform)
Last iterate Q(1) Cjexp(— clz ) f
1
Random iterate O(T‘l/z) Q(logT) O(min {T‘%(S‘%,T—ICZ In C1})
Best iterate O(T_é) 0] (min {T_%,T_%(S_%,Cl exp(—%)})i

Table EC.1 Uniform and universal convergence rates of OGDA and OMWU in zero-sum games with a fully mixed
equilibrium. Here ¢ > 0 is the minimum probability in the Nash equilibrium. Universal convergence rates allow for dependence on
¢ while uniform convergence rates are d-independent (the constants only depend on the dimensions of the problems and the norm of

the payoff matrix). Our new results are highlighted in gray. *: C;, C, = Q(exp( %)). 4: This upper bound only holds for 2 X 2 games.

Appendix B: Proofs for Section 2
B.1. Proof of Lemma 1

Proof Lete; <ej.Denote x| = F, r(e1) and xp = F;, r(e2). By definition, we have e (x> —x1) <
%(R(xl) —R(x2)) <ej(xp —x1). Since e < ey, we have xp < xj. O
B.2. Proof of Proposition 1

Proof By definition, F,],R(%) = argmin,[g {x : % + %R(x)} = argmin,c (o {x-E+R(x)} =

F1 r(E). The second claim on the Lipschitzness follows directly. O
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Appendix C: Proofs for Section 3
C.1. Proof of Lemma 2

Proof Assume that x[1] > l—l(s,y[l] > % + €. We have DualityGap(x, y) = (% +6)x[1] -(1-

+

11425 _ 1
y[l] sz—§+626. O

C.2. The Case of Non-increasing Step Size

We focus on the following update rule with non-increasing step sizes {n,}: for each ¢ > 1, x' is

updated as follows (the update rule for y’ is symmetric):

-1
x'=argmin{(x, » pl’+nml)+R(x)}. (EC.1)
xeAd k=1

REMARK EC.1. The update rule (EC.1) covers the following classes of algorithms:
1. OFTRL with constant step size for any regularizer;
2. OOMD with constant/non-increasing step sizes for any Legendre regularizer.
However, we note that (EC.1) does not cover the case of OFTRL with decreasing step sizes, where

at each period ¢, the same step size 7, is used for all the previous losses, i.e., where the update is

t—1
X' = argmin{<x,77t (Z et +m;)> +R(x)}. (EC.2)

xeAdl k=1

Recall that we focus on 2 X 2 games, and we assume that the predictor m' is a convex combination of
0 and the loss vectors {£'~1, £'}. Recall that we also define g’ := m’[1] —m’[2] € [-1,1] and gy =
my, [1] =m[2] € [-1, 1], which is analog to the definition e, = £;[1] - £;[2] and e}, = £{[1] = £} [2].
Using this notation and F7 g, the update rule in (EC.1) can be written as

-1

ane'; +mg§),x’[2] =1-x'[1],

k=1

x'[1]=Fir

and the update rule for y’ is symmetric.

We consider non-increasing step sizes {7, } that satisfy the following assumption.

ASSUMPTION EC.1. The step sizes {n;} satisfy
1. ns>n41>0forallt > 1.

2. X2 = oo
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C.3. Proof of Theorem 3

Before we proceed to the proof, we prove a useful proposition on the predictors g% and g’y.
PROPOSITION EC.1. g\ € [-3,3 +6] and g, € [-6,1] for all t > 0.

Proof Since m' is a convex combination of 0 and the loss vectors {£~!, £'}, the value of g’ is a
convex combination of 0 and {e’~!, ¢’}. In particular, we have g’ € [—%, % +0] and g, € [-4, 1] for
all # by item 2 in Proposition 2. O

We present a full technical version of Theorem 3 with non-increasing step sizes.

THEOREM EC.1. Assume the regularizer R satisfies Assumption | and Assumption 2. For any
6 €(0,8), where b = min{ﬁ, z %, 0’} is a constant depending only on the constants ci and ¢’
defined in Assumption 2, let {x', y'} be the iterates produced by the dynamics (EC.1) on Ags (defined
in (2)) with any non-increasing step sizes {n;} that satisfies Assumption EC.1 and n; < ﬁ. Then
the following holds:
1. Define Ty the smallest iteration when x™s[1] > % andT) the smallest iteration when x'[1] >
Then y'[1] < l —c, Ve [T, Ty - 1].

1
1+6°

2. Define Ty > 0 the smallest integer such that Z? +TT[ N = gzl Define Ty, > 0 the smallest integer

such that Z? +TT” Nk = 375. Define Ty > T the first iteration when y2[1] > 5 2(1 ) Then we have

TzZThZ3UW—1>cl Moreover
1
M>——, Vte[T)+T;,, Ty +T
x'[1] Y [Ty +T¢, Ty + Tj]
1+C3
di! , Yte|T1+T,,T
x'[1] - [T\ + Ty, T2]

T2+T L

3. Deﬁne T > 0 the smallest integer such that 3., n € [20L6 20L6 + z71. Then we have

Ty

> 5(5 L and DualityGap(x', y') > cz,Vt €T+ [ ] T +T,].

Proof Since 6 <6 = min{= 106> 3 300, 6’} Assumption 2 holds.
Stage I: Recall that OFTRL is initialized with x'[1] = y![1] = % We define two time steps for
Stage I’s analysis:

T, > 1: the smallest iteration such that x’s[1] > %

1
1+6°

We note that 7 and 7 exist and postpone the proof of this fact to the end of Stage I. By definition
of Ty and the fact that F g(0) = % and F g is L-Lipschitz, we have

Ts_l 3 Ts_l l
k 0 k Iy«

o T > T,: the smallest iteration such that x”1[1] >

Fir
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Since e > —l and g\ > —3, the above further implies s vy Mk = 5r - Since the step sizes are non-

1ncreasmg and n; < 41L, we have Z e nk > 21L ﬁ = E' We define TS’ > 2 the first iteration such
that Zk i nk > 4L Note that T < Tj.
Since x'[1] < 3 for all 1 <t <771, we know that e} = £{[1] = €;[2] =1 - (1 + 6)x'[1] >
435 > 265 (as 6 < 100) for all 1 <# < T~ 1. Moreover, for all 1 <t <Tj — 1, we know that e}, >0 as

x'[1] < == 1+5 We thus have for any ¢ € [T7,T1], y'[1] is upper bounded by

! 6 " 301 1y 1
F s +migh | <Fig| 5z —nS |<F <Figl=|=z-c,
LR ;nkey M8y | = F1R| 75 ; e =1t 1R(SOL 4OOL) "R(zoL) 2~ ¢
(EC.3)
where the first inequality follows from e’y‘ > 25 for k € [1,T] — 1], ek >0 for k € [1,T1 — 1],

and g; >—02>- 100 by Proposition EC.1 and definition of ¢; the second inequality follows from
Z:‘;—ll Mk > 773 the last equality holds by Assumption 2.
This completes the proof of Stage I as well as item 1 in Theorem EC.1, where x1[1] > 1176 and
yI[1] < % — c1. Before we proceed to the next stage, we prove the existence of 7y and 7.
Existence of T; and T). 1t suffices to prove that 77 exists, as it implies the existence of 7. Assume

for the sake of contradiction that 77 does not exist, i.e., x'[1] < a3 + 5 for all £ > 1. By the same

analysis as for Stage I, we get y'[1] < 1 — ¢ forall 7 > 7. This implies that ¢’ = —1 + (1+0)y'[1] <
% —cy < -5 forall t > T;. Then Yoy k€, + Mgk — —o0 as t — +oo. As a consequence, x'[1] =

Fir(Xl oy kel +migk) — 1 as t — +oo by item 2 in Assumption 1. But this contradicts with the
assumption that x’[1] < rlé for all # > 1. This completes the proof.

Stage II: We have y'1[1] < % — c1. We define the following two time steps:

T,+Ty,

* Ty +Tj: the first iteration after 77 such that >, " 7 M2 3 75

o T»: the first iteration after T} such that y’2[1] > 2(1 5
The existence of T}, follows from Assumption EC.1. We prove the existence of 7, in Claim EC.1.

We have Z?JrTT”n € [375- 575 as 1, < 41L < ¢gr- Forany t = [T}, Ty + T}, — 1], we have

Ti-1 t—1

Ti—1 t—1
YU =Fig| Y meef+ > el +nigy | <Fig| ) neel )+L maX{ ,—ane’y‘—mg§}
k=1 k=T, k=1 k=T,
1 T\ +Ty
§—C1+5L an<——cl+6L an<———,

k=T k=T
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where the first inequality holds since F g is non-increasing and L-Lipschitz; the second inequality
holds since F} R(Z e nkek) < l —c1 (by (EC.3)) and e’y‘ , gf, > —0; the last inequality holds since
Ty+T,
Zkl+T1h e € [375 3751
Forallt € [T, T\ + T, — 1], since y'[1] < % - 5+, we have
1+(1+5)(1—61) 5—C1< C1l
2 I

where in the last inequality we use 6 < 2. For all # € [T}, T, — 1], we have y'[1] < ﬁ, which

=01~ L2 = 5+ (140 [1] <

implies ¢! < 0.
We first show that x’[1] > L& fort € [Ty + T;, T} + Ty ], where Ty > 0 is the smallest integer such

that Z{“TT" i = g'“ For t € [Ty + Ty, Ty + Ty,], we have

T-1 t—1
x'[1]=Fir ane§+nzgi =Fir ane +77T18x1+zl7k€ + 1,85 — 17,87
- k=1 k=T,

T,+Ty

> Fir Zﬂké’ +11,8" Zﬂk 31 T1)
k=T,

> Fi g anefwng —5 Mty nrl)

>Fir Zﬂke + 17,8 ) T35’

where in the first inequality we use ef < —C—l for k € [T, Ty + T}, — 1], —l <gk<0forall k e
[Ty, T, — 1]; in the second inequality we use ZZ‘ +TT" Ni = ;m in the third inequality we use 7] > n7.

Now we consider x'[1] for ¢ € [T} + T}, T»]. By a similar analysis as above, we have

T:-1 t—1
K =Fi| ) neek +nngr + ) neek +migh - nngf‘)

k=1 k=T,
T)-1 T1+T,—-1
k T k t T
2 Fi.r Z Meey +178x' + Z M€y + 18y ~ 11,8y’
k=1 k=T

T]- c T1+Th—1
1
> Fir an€f+ﬂng;{l—§' Z 77k+277T1)

k=T
i 1
> Fir Zﬂke + 17,81 9L5 3L
2
Moreover, since Fl,R(Z?:_ll nrek + nTlgfl) =xT1[1] > ﬁ and — 9L16 + 21L —3015» We have x'[1] >

li:;i(s forall t € [T} + Ty, T»] by item 1 in Assumption 2.
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CLAIM EC.1. T5 exists.

Proof Assume for the sake of contradiction that 7> does not exist, ie., y'[1] < 2(1 5 for all

t > 17 (since we know y <s—5torallre|l1,11+1,— . en the analysis of Stage
Ty (si k 1] < 5 -4 for all T\, T; + Tj, — 1]). Then by th lysis of Stag

II, we have x'[1] > 1};:1 5 for all £ > Ty. This implies e}, < —@ for all r > T}. As a result, we have

2_:11 nke’y‘ + ntg’y — —oo as t — oco. By item 2 in Assumption 1, we get y [1] =F R(Zk_1 77k€y +

mgy) = % as t — oo, But this contradicts with the assumption that y’ [1] 2(1 gy forallz>Ty. O

T2+T o
e e (%15 3015 + E] The

existence of T, is due to Assumption EC.1 and 7 < 4L Slnce Nk 1s non-increasing, we have

2
Ty >

Stage III: We define 7, > 0 the smallest integer such that 3, >

“
2 55

We define T3 =T, + T,,. For any ¢ € [T>, T3], we have

Tr—-1 t—1
¥ [1]=Fig| ) meek +nngl + ) neel +migl - fmg?)
k=1 k= Tz
=
k T . .
>F1r Z nke + '7T18 - m + 3L + ,; ney +n.gl - nngxz) (by above inequality)
=12
2 1 Tr+T,,—1 1
>F + +2-—
2 'R Zﬂke 77T1 9L5 2L kZT: Mk 4L)
=12
< +T,, ex,gx <lm < 4L)
(Sl ci L1 i
k T +Tn— ¢
2 F1Rr Z Mkex +Mn8y' ~ 3575 (" e S o5+ 3p- 0 < W)
k=1
1+c3
T l4c3+6’

where the last inequality holds since FLR(Z?:_II neeX +nrgl) = xN[1] > 7= and item 1 in

Assumption 2.

This implies for all # € [T2, T3], e}, = 1 = (1 +6)x'[1] = —1+cc?35+5 < - C%‘S as c3 < 3. Moreover, we

know that g; > —¢ for any . Then for any t € [T> + [TT’"], T3]

t—1 -1 t—1

Y[ =Fig| D ncef +mgh| = Fyr| D meek +nmgl + > miel +migl —nnel?
k=1 k=1 k=T,
Tr—1 x5 T+ 1211
3
> Fir Zﬂk€l§+77ng§2—7' Z Nk + 001,
k=1 k=T,
Tr—-1 2
C35 Cl 1
>F + +6 —
LR kZ_;""e e~ oL 4L)
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Il 2 -1 2
c3C 0 c3C7 ) 1
= Fue| ) meef +nng) — oo+ o FIR(ZW Hngy ~ ors tar )| 22t e
k=1 1

where in the first inequality we use e < —@ for all ¢ € [T,,T3] and g’y > —¢ for all #; in the second
1 2

inequality we use 2, _ 5 [ 1 Nk = 5 ZT2+T k = 70755 in the last inequality we use item 2 in

Assumption 2.

Now we have prove that for ¢ € [T, + |’%’"],T3 =T +T,], x'[1] >

> 1+6 and y’ [1]2%+cz. By

Lemma 2, the duality gap of (x’, y) is at least ¢, forall 7 € [T, + [TT’"] ,T3 =T>+T,]. This completes

the proof.

C.4. Proof of Theorem 4

Proof Assume for the sake of contradiction that there is a function f that satisfies both condi-
tions. Then for any A € [0, 1]?*?, we have the OFTRL learning dynamics over A satisfies

1. DualityGap(xT,y") < £(2,2,T) for all T.

2. limy—e (2,2,T) — 0.
Since limy_, f(2,2,7) — 0, we know there exists 7p > O such that for any ¢ > Ty,
DualityGap(x’, y") < £(2,2,1) < ¢5. Now let § < min{4, ﬁ} where § is defined in Theorem 3.

Then by Theorem 3, we know there exists an iteration t > ">

—3L6

c>. This contradiction completes the proof. m|

C.5. Verifying Assumption 2 for Different Regularizers
In this section, we present proofs that all the commonly used regularizers satisfy Assumption 2. We
first present a useful lemma on the Lipschitzness of F g. Then we verify Assumption 2 holds for the

negative entropy (Lemma EC.2), the squared Euclidean norm (Lemma EC.3), the log regularizer

(Lemma EC.4), and the Tsallis entropy (Lemma EC.5).
LEMMA EC.1. Ifthe regularizer R is 1-strongly convex, then F| g is %-Lipschitz.

Proof Notice that R(x) + R(1—x) is 2-strongly convex. Thus by standard analysis (see e.g., (Luo
2022, Lemma 4)) we know F g is ——Llpschltz |
By Lemma EC.1, we can choose L = % for any 1-strongly convex regularizer in Assumption 1. We
summarize the results in the table below. We recall that for each regularizer R, the constant c; is

defined as 2 - Fi R(ZOL) > 0.
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Regularizer R(x) for x € A? L co c3 | ¢
Negative entropy >& x[illogx[i] | 3 Fl,R(—%) 3 %
Squared Euclidean norm % Zflzl x[i]? % % % %
Log regularizer ~ >4 log(x[i]) 3 (zcng)z % %%L %

Tsallis entropy M ,B€(0,1) ﬁ Fir(- ;glL 3 3t

Table EC.2 Constants for Assumption 2 for commonly used regularizers.
2 2
3¢y 1-B €3]

f=min{(c3(1 - B)/(120LBc P))' /B, L, )

C.5.1. Negative Entropy

LEMMA EC.2 (Assumption 2 holds for the entropy regularizer). Consider  the  negative
entropy regularizer R defined as R(x) =xlogx + (1 —x)log(1 —x). Then Fy g is L = l—Lipschitz.

CZ
Moreover, ¢ = 5 — F) R(zoL) is a universal constant and Assumption 2 holds with 6" = 3557,

CZ—FIR( 480L) b andC3—l
Proof 1t is easy to verify that F} g(x) has a closed-form representation Fj g(E) = #p(E)'

Thus L = % and ¢y = l - FLR(ZOLL) is a universal constant. We also choose ¢3 = %

If Fi r(E) > v, then we have E < —log(1/6). We note that

1+6’
c% 1 1 1+c¢3
P\ 3005 | S Tves Tecr+0
3 I +exp(— 30L5 —log(1/6)) 3
C2 C2 . . .
Thus 6 <61 = 30L10g(11+c3)) = 3010gé 5373 suffices for item 1 in Assumption 2.
If Fir(E) > 2(1+5) = 1+]1+25, we have E <log(1+26). Note that since log(1+2y) <2y fory >0,
we have
2 2 2 2
C3C €3¢ €3c] €3¢y c3C]
0< = - +log(l+206) <-— = Firl- +FE|>Fr|l-
180L ~ 1oL T 1081 +20) <—535 = Fik ( 120L LR 24OL)
(,‘36‘2 c% C3C

Thus item 2 in Assumption 2 holds for any 6 < 62 = z551 = ggor and ¢2 = Fir(=5507) — 5 =
Fir(— 480L . Combining the above, we know Assumption 2 holds for the negative entropy

2 2
’ 1
regularizer w1th 0" = ggpr and c2 = F1 r(—7567) — 3 O

C.5.2. Squared Euclidean Norm Regularizer

LEMMA EC.3 (Assumption 2 holds for the Euclidean regularizer). Consider the Euclidean

regularizer R defined as R(x) = 2()c + (1 —x)?). We have L = 3 and c| = 2—10. We also have

2
’_ 1
Assumption 2 holds with 6" = 480L’ cy= 960L’ and c3 = 5.
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Proof It is easy to verify that F| g(x) has a closed-form representation

1 ifx<-1

Fir(x) =142 ifxe(-1,1)

0 ifx>1
Thus F g is L-Lipschitz with L = l. Moreover, ¢ = l -F R(ﬁ) = 2—10. We choose ¢3 = %
2 2
Fix any E such that Fy g(E) > 1+5 We have E < —m < 0. We note that for any 6 < 57 = %,

Fir(- 3OL6 +E)>F gr(-1)=1.Thus 6 <6, = 30L suffices for item 1 in Assumption 2.
2

Fix any E such that Fir(E) > 2(1+5) = 2(1+6) We have E < 1 6 < 0. The for any ¢ <

¥ 240L’
2

we have F1 R(= 120L + E) > F1r(— ;ZSL) = 480L Thus item 2 in Assumption 2 holds for any

0<dp = 480 7 and ¢ = %O 7 - Combining the above, we know Assumption 2 holds for the negative

2

. . C2 C
entropy regularizer with 6" = min{d1, 02} = 3557 and c2 = gg57- O

C.5.3. Log Barrier

LEMMA EC.4 (Assumption 2 holds for the log barrier). Consider the log barrier regularizer R
defined as R(x) = —log(x) —log(1 — x). Then Assumption 2 holds with the following choices of

2 2 2
. _ N1 2 o _ C';C c3cy ) C3c)
constants: ¢ = 1/4 +400L* -20L > 0,c3 = 5,2 = 4 + (240L) sa0r > 0,0" = 57601

Proof By setting the gradient of x - E + R(x) to 0, we get a closed-form expression of Fj g:

HE—AJitm IfE>0
Fir(E)=41 if E=0
T+ it fE<O.

For x € (0, 1), the F} g function admits an inverse function defined as Fy R(x) =

know E := F] R(m) =L ‘5 satisfies Fi g(Eo) = 1,5- Moreover, we can calculate

_1( 1+C3) (1+C3)2—52_ 1 +c3 ) £ C3 30

l+c3+6) (1+c3)8 6 T+c; 276 1+cs3
C2 C2
Thus we can choose ¢3 = g5y so that, siznce §<1/2and c3>0, Eg— 555 =Eo— 3 -3 <
Ey—3 - 1‘:33. Thus we have Fy g(Eo — %) Fir(Eo—5 - ffi > 1:3615
We calculate E| := Fl_,lle(2(11+5)) = 4(1(5;;55) < 86. Then we can choose § < ¢’ := % so that
Fir(= 1§o‘L + 2+ E1) 2 Fip(—1r +90) > Fi g(~ 240L) =1+ ¢y, where cp = /1 + (gng)

;jglL >0 by the closed form expression of Fj . -
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C.5.4. Negative Tsallis Entropy For x € [0, 1], the negative Tsallis entropy is a family of regu-

larizers parameterized by S8 € (0, 1):
1 xP

-B
The corresponding F g is F1 g(E) = arg minxe(o’l) { . 11__’;;3 + #} .Forx € (0, 1), we note

R(x) = (EC.4)

that F) g has an inverse function F| ,(x) = %(X'B_l —(1-x)F1h.

LEMMA EC.5 (Assumption 2 holds for Tsallis entropy). Consider Tsallis entropy parameter-
ized by B€ (0,1). Then L = ﬁ and Assumption 2 holds with the following choices of constants:

1
2 2 3 2 2
1 1 1 _ c3¢] , ci(1-p) B c3ci 1-B  c3cy
c1=3=Fir(zpp) >0.¢3= 5,62 = FLr(=gp1) = 3> 0,6" =min{(7-755) " T+ 5~ Fwor. >
3

Proof We choose c3 = % We have ¢; = % - FLR(ﬁ) is a constant.

We note that Ej := F (%):1%((1+6)1_ﬂ—(¥) )satlsﬁes Fir(Eo) = 1,5 Similarly,
we calculate
_ 1+c¢3
Ey:=F L(———
: LR 1+C3+5)
_ B l+c3+6 l_ﬁ_ l+c3+6 1=5
1-p 1+c3 0
1-g
I+c3+6
L B [agpn o (Lresto
1-8 0
1+6\' 7 1-p
> P |qeys (120 —(C—3) 2
1-8 5 5

a3

where in the first inequality we use the fact that (1 + 8)'~# < 2 since § < 1; the second inequality

we use the inequality (x + y)'™# <x!=8 4+ y!=8_ We note that

2 /if 2
) 2 B (cs\1-B

Thus for any 6 < 6}, we have for any E such that Fj g(E) > 7= 1+6,

2 2
Cc ] 1-B
L yE<- +E0_E0—L((C—3) +2)§E1.

30L6 - 30L5 1-p
2
The above implies F7, R(—35—IL5 +E)> liﬂi 5 and the first item in Assumption 2 is satisfied.
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We define E;

2(1+9) 1-8 1+26

B _
:T(2+25)1B( (1+25) )

S14—[313'( ( 1+26) )

- 48 26 836
_1—,8 1+6 (I=-8)(1+06)

where in the first inequality we use (2 +26)'# <4 since 0 <6 <1 and S8 € (0, 1); in the second

1-B
L O =

inequality we use the basic inequality (1 —x)” <1 —x for r,x € (0, 1). We define

C3C% ]—ﬁ C3C%

02:=min{ o0 5 I80L

Then for any 6 < 6, and E such that F| g[E] > ﬁ, we have

2 2 2
C3C (S © VE<- c3C ] (S E2 <_ C3C1 + C3C1 + Sﬁé
“120L T aL 120L 3L 120L  480L (1-B)(1+96)
C3C% C3C% C3C% C3C%

- + + + =— .
120L  480L 480L 240L
2
Thus we know F R( 1581L + 4L +E)> FLR(—%) and item 2 in Assumption 2 is satisfied by
636

= F1.r(=5501) — > 0. Combining the above, we can choose § = min{d, 5>} so that both items

in Assumption 2 hold for § < 4. |

Appendix D: Proofs for Section 4

In this section, we present our lower bounds for random-iterate convergence rates of OFTRL
learning dynamics. The main theorem in this section is Theorem EC.2 (the technical version of
Theorem 5) that shows there exists 7' = O(ﬁ‘f(‘s)) such that all the iterates t € [T, T + Q((ls)] have
a duality gap lower bounded by a constant. Here fz(9) := —F L 113(%) is a quantity that depends
on the regularizer R. We provide upper bounds of f(9) in Lemma EC.6. At the end, we combine

Theorem 5 and LLemma EC.6 to prove Theorem 6.

D.1. Bounds on f;(5) for Different Regularizers

LEMMA EC.6. Let fr(9) := —Fik(ﬁ) If E > —fg(9), then Fi r(E) < —= 1+5 Moreover, we have
the following upper bounds on fr(6) for 6 € (0, 5) and regularizer R:
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1. Negative entropy: fr(0) < log(};);

2. Squared Euclidean norm: fr(8) < 1.

3. Log barrier: fr(6) < %.

4. Negative Tsallis entropy (B € (0,1)): fr(6) < 12_—";(}5)1_[3.

Proof Since fr(6) = _Ff}e(ﬁ)’ we have

Fir(=fr(6)) = FlvR(Fl_Jl?(l ié)) - lié'

1

Since Fj g is a non-increasing function (Lemma 1), we know if E > —fg(6), then Fy g(E) < 135.

This finishes the proof of the first claim.

We then prove upper bounds for fz(0) for different regularizer R. Our proof strategy is to derive
the closed-form expression of Fi g (by setting the gradient of Equation (1) to be 0) and that of its
inverse function F; ; and directly bound fx(6).

Negative Entropy: R(x) = xlogx + (1 —x)log(1 — x). For negative entropy, Fj g admits the

following closed-form expression:

Fir(E) = ! N (L
LR ~ 1+exp(E) LR\1+6] g
Hence, fz(5) = — i}e(ﬁ) =log 3.
Squared Euclidean Norm: R(x) = %(x2 + (1 —x)?). In this case, we can verify that Fi (%)

admits a closed-form for x € (0, 1):
1-E 1
Figr(E)= T,VE €(-1,1) = F p(x) =1-2x,Vx € (0,1).

Hence, fr(6) = —Fi}e(ﬁ) = % <.
Log Barrier: R(x) = —logx —log(1 — x). In this case, we can verify that Fl_lle(x) admits a
closed-form for x € (0, 1):
2x—1

Fl_,ll?(x) = m,\fx € (0, 1)

Hence, we have

1 ):_2(1+5)—(1+5)2 _ 162

<L
1—(1+0) s o
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Negative Tsallis Entropy: R(x) = 1l—ﬁ(l —x +1—(1-x)#). In this case, we can verify that

Fy Ile (x) admits a closed-form for x € (0, 1):

B
1-8

Fih(x) = (x'B_l ~Q —x)ﬁ—l),Vxe (0, 1).

Hence, we have

_ (L )_ B s\ 1\ B (1+6\'"* 28 (1\'F
fR((S)__Fl’R(1+5)_1—ﬁ((1+5) -(m5) )55 =Sl

This completes the proof. O

D.2. Proof of Theorem 5

We prove the following theorem that implies Theorem 5.

THEOREM EC.2. Assume the regularizer R satisfies Assumption | and Assumption 2. For any

2
5 € (0,8) where § = min{ - 000 & 36010,6’} is a constant that depending only on the constants c

and & defined in Assumption 2, the OFTRL dynamics on As (defined in (2)) with any non-
increasing step size {n;} satisfying Assumption EC.] satisfies DualityGap(x', y") > ¢, for all t €

[T + [Q'l T, + T,,,], where ¢ > 0 is a constant defined in Assumption 2. Moreover, we have

T2+T 13+6LfR(6)
1. Z - C1C;L6

T2+T -1
2. Eakzjé Mk =

20L(5

REMARK EC.2. When n, =7 < 41L are ﬁxed there exists T =T, + I'TT’"] < %ﬁ;&) such that

DualityGap(x’,y") > ¢, forallt € [T, T + m]. This implies Theorem 5.

Proof of Theorem EC.2 Recall that n; < 7+ and the step sizes are non-increasing. We will use

= 4L
notations and results presented in Theorem EC 1. We restate some definitions and key facts:

Ty is the smallest iteration when Zk ) nk > 4L , we have ZZ‘;I Nk € [ﬁ, %].
s T is the smallest iteration when x”1[1] > m.
e T; >0 the smallest integer such that ZZ‘ “LTT" Nk > ;Zl Thus ZT‘ +Tf [;Zi , 26771‘]
e Tj, >0 is the smallest integer such that Z? “LTT" Mk € [375575]
T, >Tj is the smallest iteration when y2[1] > m,
* We have e\ < -5 forallr € [T}, Ty +T), - 1].
(,‘2

* T, > 0is the smallest integer such that ZT2+T nk € [5o15> 3015 + ﬁ]. We have

DualityGap(x',y") > ¢p, Vte |Tr+ [ '| T+ T,
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Notice that the interval [T + [TT’"],T2+Tm] has length at least TT’" Moreover T,, satisfies

To+T,—
by 2+ = 20L6 Q( 5):
In the following, we prove that Z?:l Ny = 0(%(6)). We proceed with two steps. We first upper

bound 7, then we use the obtained bound to further bound 75.
Bounding Ty. By item 1 of Theorem EC.1, we have y'[1] < l —c forallt e [T], T — 1]. Recall
that ey =1- (1 +6)x'[1], this implies e} < -3 for all r € [T}, T; — 1]. Since T} is the first iteration

that x”' [1] > —, it follows that

1+6’
1 T,-2 T, c T-2
_ 1
m>x “[1=Fir anei‘+nﬂ—1g§‘ "> Fig an—?' Z Nk
k=1 k=1 k=T}+1
By definition of f(6) and monotonicity of F; g, we deduce

T ) -2

C1 21r(6) 3
an—?' Z M= —fr(6) = Z Mk < fc 5o
k=1 k=T]+1 k=T]+1 ! !

T! o . . _
where we use Y, 7k < 7. Applying this fact again with 77, < ;- and ¢; < 1 gives X1 i <

2fr(0) , 2
Ccl + ciL"®

Bounding T,. We first give several bounds on e’y.
1. For all ¢, we have ety <1 by Proposition 2.

2. For t € [Ty + T;, T\ + Ty,], we have e’y < 0. This is because we have x'[1] > 1+5 for t €
[Ty +T;, T + Ty] by item 2 of Theorem EC.1.

3. For t € [Ty + T}, T»], we have x'[1] > Ltes by item 2 of Theorem EC.1, which implies

= l+c3+0
ey, =1-(1+)x'[1] = 1+CC3:S+§ < —% as 1+ c3 + 6 <2. Moreover, ggz_l <0 as it is convex
combination of {0, eT2 2 e? h,

Combining the above gives

1 -2
T-1 t -1
F2y? [1]=Fir Z niey +1N1,-18°
l—]
T1+T, T1+T,—-1 1,2
t t -1
=Fig Zn,e + Z n,e + Z niey + Z n,ey+nT2_1gy2
t=T t=T+T¢+1 t=T1+Ty
T\ +Ty -2
C35
> Fir Zm Z Mt — Z Nt |-
t=T t=T1+Ty,

By monotonicity of F g and F; g(0) = 5 (Assumption 1), we have

T,+T, -2 -2

C36 2 (2fr(6) 2 2m\ _8+4Lfr(5)
>0=> < — <
S - S nz0 3 et (0, 2 ) bt

t=T t=T1+Ty t=T1+Tj
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Combining the bounds on step size again we get

I T-1 T1+T;,—1 -2

12+ 6L fr(0)
Zn1327h+ Z n: + Z M +2n < ———~2
=1 =1 =T t=T\+Tj, cieslo

Recall that DualityGap(x’, y’) > ¢, forall t € [T + [%’"] ,T> +T,,]. We conclude that there is one

iteration 7 :=T5 + [TT’"] such that the following iterations [T,T + LT—'”J] all have duality gap larger

than the constant ¢ > 0. The length of the interval is LTT’"J +1 2 , which satisfies ZT2+T - Nk =
2 2
+ 2] e, 12+6LfR(6) ] 1 13+6LfR(6)
0L - Moreover, we can bound Zk oo "M S Taals T YL S Toals - O

D.3. Proof of Theorem 6

We only present the proof for the negative entropy regularizer since the proof for the other regular-
izers follows in the same way.

For OFTRL with negative entropy regularizer, by Theorem 5 and Lemma EC.6, we have
DualityGap(x’, y") > ¢, forallz € [T> + [TT’"], T +T,,] with ZT2+T =0( g( )) nd ZT2+T e =

. . . . Tin
Q((ls)~ Since the step sizes are non-increasing, we have il = Q(

oz ( )) Thus we have

Ty+T,, Shtm - DualityGap(x', y')

. Tf ]
DualityG Ty > =
21] ualityGap(x', y") T

T 1 1

2
> —- :Q :Q .
2 T+T, S%@Q (myn+m9

1
T2 + Tm

where the last equality holds since log(7; + T,,,) = Q(log %). We note that 7> + T, can be arbitrarily

large as 6 — 0. Therefore, the uniform random-iterate convergence rate of OFTRL with negative

entropy regularizer is at most €2(; OéT).

Appendix E: Extension to Higher Dimensions

In this section, we show that the pathological behaviors highlighted in Section 3 and Section 4 may
also happen beyond the hard matrix game (2). In particular, we show that there exists matrix games
of size 2n X 2n where the OFTRL iterates of the players behave similarly as the OFTRL iterates
over the 2 X2 game As.

We start by showing an equivalence result for a single player (say, the first player). We assume
that a decision maker is using OFTRL with a 1-strongly convex (w.r.t. the £, norm) and separable
regularizer R(x) = Ri(x1) + R2(x2) to choose decisions. At a given time time ¢, they see a loss

¢ e [0,1]%.
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Now consider the following 2n-dimensional decision problem: The player uses OFTRL using
the regularizer R (%) = L Ri(%) + Z, 2 o1 R2(X)), i.e., they use Ry on the first half of actions, and
R, on the second half. ThlS is again a 1-strongly convex regularizer (w.r.t. the £, norm). Suppose
the decision maker sees the rescaled and duplicated version of the losses ¢ L .., ¢7 from the 2-
dimensional case: fl’ = nla{’i if i <n, and fl? = n%f; if i > n. The parameter a will be chosen later
based on the regularizer.

Now we wish to show that by choosing « in the right way, we get that the decisions for the
2-dimensional and 2n-dimensional OFTRL algorithms are equivalent. Let x',...,x” be the 2-
dimensional OFTRL decisions, and let £!, ..., %7 be the 2n-dimensional OFTRL decisions. Then,
we want to show that 3.7 | ! =x'[1] and Zl 1% =x"[2] for all .

LEMMA EC.7. Let the losses {',. .., 0" satisfy the duplication procedure given in the preceding

paragraph. Then for any time t, we have X = pand & = =%

2n'

Proof Suppose not and let £ be the corresponding solution. Then the optimal solution is such
that £} # & for some i, k both less than n, or both greater than n. But then, by symmetry, we have
that there is more than one optimal solution to the OFTRL optimization problem at time ¢: the
objective is exactly the same if we create a new solution where we swap the values of £/ and &
This is a contradiction due to strong convexity. O

From Lemma EC.7, we have that the OFTRL decision problem in 2n dimensions can equivalently
be written as a 2-dimensional decision problem: Since the first n entries must be the same, we
can simply optimize over that one shared value, say x'[1], which we use for all n entries, and
similarly we use x’[2] for the second half of the entries. Let Dupl : A> — A?" be a function that

maps the two-dimensional solution into the corresponding duplicated 2n-dimensional solution. The

equivalent 2-dimensional problem is then:

[ -1
= Dupl argmm{ < Z€T+m >+ =Ry (x[1]) + Rz(x[ ])H
n n

2
»xenA

1 =
= Dupl | — - argmin {i <—x, +m' >+ R(x/n)}
n XEA? “\n =1
1 - petl
=Dupl | — - arg min Z R(x/n)
»I’l XEA? n

The next theorem shows that we can choose « for different regularizers and construct 2n X 2n loss
matrices whose learning dynamics are equivalent to the learning dynamics in 2 X 2 games given in

the preceding sections.
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THEOREM EC.3. For any loss matrix A € [0,1]%2, there exists a loss matrix A € [0, n~®]2>2"
such that for the Euclidean (a = 1), entropy (a =0), Tsallis (B € (0,1) and a = -1 + B), and log

(a = —1) regularizers, the resulting OF TRL learning dynamics are equivalent in the two games.

Proof Recall the equivalent 2-dimensional problem:

[ 1—1
£ = Dupl |arg min {% <x,Z{’T +m’> + E1'31()6[1]) + E1?2()6[2])}]
n n

1.A2
| xe A

=
= Dupl | — - argmin % —x,Z€T+mt + —R(x/n)
nooen |(n%\n 4
-1 a+1
=Dupl |- -argmin< (x, » T+m')+ R(x/n)
n X€A? =1

Euclidean regularizer: this regularizer is homogeneous of degree two. Choosing « = 1, the inner
minimization problem is exactly the same as the one solved by OFTRL in two dimensions.

Entropy regularizer: we set @ =0 to get equivalence:

2 2 2

2
nR(x/n) = Zx[i] log(x[i]/n) = Zx[i] log x[i] - Zx[i] logn = Zx[i] log x[i] — logn.

i=1 i=1 i=1 i=1
Now we have equivalence because the last term is a constant that does not affect the arg min.

Log regularizer: we set @ = —1 to get equivalence, using similar logic as for entropy:

2 2
R(x/n) = Z —log(x[i]/n) =2logn + Z ~logx[i].
i=1 i=1

Tsallis entropy regularizer: we set @ = —1 + 8 to get equivalence, using similar logic as for

entropy:

-3, (e sy 1-32 %[0
B — 8. i=1\ n _ i=1
n’R(x/n)=n -5 =13 + -5 .

]
Using the reduction in Theorem EC.3, we can extend our lower bound results for the last-iterate

convergence (Theorem 3) and the random-iterate convergence (Theorem 6) to higher dimensions.

Appendix F: Proofs for Section 5
F.1. Existing Results on Linear Last-lterate Convergence

The next two lemmas are adapted from Wei et al. (2021).
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LEMMA EC.8 (Adapted from Lemma 1 of Wei et al. (2021)). Consider OWMU for a zero-sum
game A € [0,1]9%% with 5 < l. Let 7* be a Nash equilibrium. Define ®" = KL(z",7") +
1 LKL(Z, 27" and ¢ = KL(Z*, 2) + KL(Z',2"). Then for any t > 2, we have

1. Forany z, n{F(7"),7' —z) <®' —@"*! - }—g{t.

2. 9fl<e - 27

3. X2, I = Z'll} = O(log(d1d2)).
LEMMA EC.9 (Adapted from Lemma 19 of Wei et al. (2021)). Let matrix game A € [0, 1]91*¢
has a fully mixed Nash equilibrium with minimum probability § > 0. Let {z'};>1 be the iterates

produced by OMWU with uniform initialization and step size n < é, then

1 1
. fre1 =tr- >0 i b
tzl,igﬂirll+d2]{z UM (dldz exp ( 6))

F.2. Global Phase: Missing Proofs in Section 5.2
F.2.1. Proof of Proposition 3
Proof Recall that £ = Ay" and £; = ~ATx'. By definition, we have

T T
Z DualityGap(x’, y') = Z (max (x")TAy — min xT Ay’ )
yeAh

=1 =1 xeAd

T T
= (max (X TAy — (x") T Ay ) + Z ((x’)TAy min x" Ay’
=1 yeAh = xeAd

= RT({y}) + RT ({x)).

F.2.2. Proof of Lemma 3
Proof By Lemma EC.8, for any interval I € [s,e] € [2, 00]*, we have

R[+Rj—maxZ<F(z)z—z>< ZG)’ e+l - §<1®S,

t=s t=s

For any ¢ > 2, we can bound @' by definition and the probability lower bound in Lemma EC.9:

1
O <KL(z*,7) +KL(Z, 7 ) < log —— +1 <
(2T +KLEF.Z < ) 08y Hlog 7

1
0((d +d )(log(d d )+—)).
iE[d|+d2] [] 1 ’ o 6

Combining the above two inequalities completes the proof. O

4 Here we ignore the first iteration which contributes at most O (1) regret.
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F.2.3. Proof of Lemma 4
Proof Let I = [s,e]. Then by definition, we have

v = Z mzax|<F(Zt) —F(Zl_l)’z>|

t=s5+1
e
<2 Z IF (") = F(z Y| (Cauchy-Schwarz and ||z|, <2)
t=s+1
< 2\ |7 Z ||F(Z’) - F(Zt‘l)”i0 (Cauchy-Schwarz)
t=s+1
< 2\ | 7| Z ||z = 2! ||f (F is 1-Lipschitz since A € [0, 1]9%%)
t=s+1
< 0(\/|I| log(d; dg)). (Lemma EC.8 item 3)
O

F.2.4. Proof of Theorem 8
Proof Let I} = [s1,e1],...,Zu = [sm,epm] be any partition of the T rounds. Recall that 7/, €

argmin, (F(z'), z). Then, the social dynamic regret on 7, is

Z (F(2),7 -2}) = Z (F(2), 2 —zm) + Z (F(z'), 2 = 24 ) < RIm 4 2|1, |V Im,

tely, tely, tely,

where the last step is by the definition of interval regret and the fact that

t

F(Z), 2y =2) <(F(Z)=F ("), ;") + (F(*") - F(2),2}) = F(-F(E Y,z
( ) <{ ( y= >, (

k=snu+1
t
+ Z (F(z"1 = F(z"),2})
k=snu+1
<2ovim,
where the first inequality is by optimality of z}". Therefore,
T M
D AF@E) =2k < ) (R +2| 5, [V
t=1 m=1
M [1.7] .
<0|(dy+dy)log(didy) - — + max |L,|-V (Lemma 3)
no  me[l,M]

M
< 0((d1 +dy)log(didy) - | — + max |Im|\/7)) (Lemma 4)
no  me[l,M]
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We choose M = max{1, Tis %} and make sure each interval has length 0(%), then we have

3 1

M T Tis2
—o|122 ).

n5 M n

We note that the above holds for any 7. This completes the proof. O

M
— + max |I INT =0|=
né  mellLM

F.3. Initial Phase: Missing Proofs in Section 5.3

F.3.1. Proof of Proposition 4

Proof Fixanyn € (0,1']. Since A = by -1+ b2A;, 5,, we know that the following two dynamics
produce exactly the same trajectory {x’, y'}:

1. OMWU with step size 7 on A;

2. OMWU with step size bon on As,.s,-
The reason is (1) the update rule of OMWU concerns only the relative loss between actions so
the b1 component does not matter; (2) n(bzA(;x,(;y) = (bzn)A(;x,(;y. Therefore, if we assume that
{x’,y'} evaluated on As, s, has a rate O(ﬁ f(T)), then the same sequence {x’,y’} evaluated on
A=b11+DbyAs, s, has a convergence rate of O (b; - ﬁf(T)) = 0(}’f(T)). O
F.3.2. Proof of Theorem 9 By Assumption 3, Lemma 5, and Proposition 4, we only need to

consider the following class of matrices without loss of generality:
1-6, 1-6,—6,

— 1
Asos,= |70 10 | <6, <6,<1-6, EC.6
S0y 0 L 100 (EC.6)

For simplicity, in the proof, we omit the subscript and denote by A the matrix As, s, . We first

summarize properties of A that can be verified by simple algebra.

PROPOSITION EC.2. Given Assumption 3, we have the following:

e The loss vectors of A are

, 0 1-9 0
b=Ay= L+ Y[, 1-y[1]].6=-ATx=— Yx[1],1 - —2x[1
X y 1_5)( 1_(5xy[ ], )’[ ]]’y X [1_5xX[] 1_5XX[]
® The loss vectors of A satisfy:
yl1l1-¢6y 1-06y-y[2]
ey =0 [1] =6 [2] = 1_5xy: 1)}_5)( s
x[2] -6, 1-0,y—x[1]
=4,[1]1-¢,[2] = = .
e =6 =6121==7F -0,
Moreover,
|- 1| c[-1,1],e,€ Ox 1| c[-26.1].
e _—’ _— - 2 ’e - b
* 1—5x Y 1-6, *

We consider two cases: (1) 6, > 2, (2) oy < 5. We prove Theorem 9 for each case in the following.
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. 1
Case 1: 6, > 5

LEMMA EC.10. Consider matrix A defined in Equation (EC.6) that satisfies 6y € [%, 1). Let
{x',y'}s>1 be the iterates produced by OMWU dynamics with uniform initialization and step size
n < 1. Let T\ be the first iteration such that x'[1] > 1 — 6,. Then

1. DualityGap(x’, y B forallte[1,T) - 1];

2. DualityGap(xT, yTl) < 26x.

3. Forallte[1,T], there exists a universal constant C > 0 such that

C1
DualityG , ——.
krerﬁnt] ualityGap(x*, y*) < o

Proof The OMWU dynamics is initialized with uniform distributions (x!,y!) and step size

n < 1. Denote by T = [%‘l +1< % Using the update rule, we have for all t € [1,Tp],

X1 x'[1]
x[2] " x'[2]

2

-exp (—nEfC_l ne'” 1) <em <e”,

2

where we use x!'[1] =x![2] = % and —e, < 1 by Proposition EC.2. This implies x’[1] < 7 < g
for all 7 € [1,Ty]. We define T > Ty the first iteration where x'[1] > 1 - 6,.
We have the following two inequalities on e/, = £; [1] — £;[2] by Proposition EC.2:
1-6,—x"[1
e;:lx—;[]zO,Vte[l,Tl—l], (EC.7)
-6 —x'[1] 1
l=——————<>_— Vre[l,Ty]. EC.8
ey 5. 210 [1,70] (EC.8)

where in (EC.7) weuse x’[1] <1 -6, forallr € [1,T} — 1]; in (EC.8) we use &, < 100 and x'[1] S%
forallr € [1,Ty].

For any 7 € [Ty, T;], we have y' satisfies

Y1 y'[1] el S, )
- =———-exp|-nE)" - ) e exp (—nE (by (EC.7))
Y121 2] ! ;y (=nE57)
To—1
p( 1o )) (by (EC.8))
p( ) (To-127)
[

This implies y'[1] < é—(l) for all # € [Ty, T ]. Moreover, for all ¢ € [Ty, T; ], we have €. satisfies
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Whereweusey’[1]< oIl nddyzé

For all t € [Ty, T1 — 1], using the fact that e’. € [-1, - 42] we have x’ satisfies

X1] xM1] o=
xf[2]:x1[2] exp( 2ne’; 1 ;ne Zne)

k=T

t—T;
> exp (u —TlTo) (el < —ﬁ fort € [Ty, T1] and €' € [-1/2,1/2 + §] for all ¢)

42
nt 1 )
> _— =2 Th < 2
—eXp(42 21 ) To=p)
1 t
2§~exp (2—2) (e‘_%_zz %)

Now we track the duality gap. Note that for z € [Ty, T} — 1], we have x'[1] <1 -6, and y'[1] <

5(1) < 6y. Therefore,

X t M t ¢
—5 Vs (=2l <22 < 7

where we use 0 <6, < 1 -6, in the second inequality. Then we get for all r € [Ty, T — 1],

x'[1]

DualityGap(x’, y') = -

t
DualityGap(x’, y") < i -

Since Ty < %, the above bounds on duality gap also holds for all # € [1, Ty]. Thus we conclude that
forall t € [1,T} — 1], DualityGap(x', y') <9 - exp (——

Moreover, since x’'[1] > 1 -6, and y/1[1] < s 0y, we have

DualityGap(x™!, y'1) = max (A"x")[i] — min (Ay")[{]
i€{1,2} ie{1,2}

1-6, 5 5,
T -1
BT b I s

1

- 1<26;.

X
To summarize, we have shown the following:
. — 1 . 1 _77_t
For ¢ € [1,T1 — 1], we have linear convergence rate: DualityGap(x', ') < 9exp(—75);
* At Ty, we have DualityGap(x”', y1) < 26,.
Forall r € [1,T; — 1], we know there exists a universal constant C” such that 9 exp(—— <= C . Thus
we have ming¢[; ;) DualityGap(x k yky < %% forallr € [1,T; —1]. For t = T;, we have
C’ 2C !
min DualityGap(x”~, ky < mm DualityGap(x”©, _
(nin yGap(x*, y*) cein yGap(x*,y*) < U(Tl_l)
Let C =2C’, we have for all # € [1,T1], it holds that minge[y 4 DualityGap(x*, y¥) < %% O
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Case 2: 6, < %

LEMMA EC.11. Consider matrix A defined in (EC.6) that satisfies Assumption 3 and 6y € (0, %)
Let {x',y'};>1 be the iterates produced by OMWU dynamics with uniform initialization and step
sizen < %. Denote T the first iteration that x'[1] > 1 — 8. Then
1. DualityGap(x”1, y') < 26,.
2. Forallt e [1,Ty], there exists a universal constant C > 0 such that
krer%ilr’lt] DualityGap(x¥, y¥) < %@
Proof The proof of Lemma EC.11 is more involved than that of Lemma EC.10. We track the
trajectory of OMWU dynamics in two phases:
* Phase I: x’[1] decreases and y'[ 1] decreases. At the end of phase I, y’[1] < §, and the duality
gap decreases to O(6,).
» Phase II: x’[ 1] increases and y’[1] continues to decrease. At the end of phase I, x'[1] > 1 -6,
and the duality gap further decreases to O (dy).
Phase I: x'[1] and y'[1] both decreases. Recall that initially, x'[1] = y'[1] = % We note that

e[ _ yt[l]_‘sy

X -0,

, thus as long as y'[1] > &, we have ¢’ > 0. This implies x'[1] <x![1] = % until the
first iteration when y’[1] < &y, which we denote as T,,. Now we know for all iterations ¢ € [1,7,],

t
1 .
YU 5 1 gince 0 < 6, < -L-. As a result, we have
=6, = 3 100

x'[1] < %, this further implies e}, = 1 -

i1
v[2]

Moreover, we know at time T, yI[1] < 0y for the first time. Consider the duality gap of

t
= exp (—nE;_l - nety_l) <exp (—%),Vt €[1,1y].

{(x", ) Yeeq1.1,-1): since x'[1] <1 -6, and y'[1] > 6, we have Vr € [1, T, — 1],

DualityGap(x'[1],y'[1]) = ig{lg}(ATX’)[i] - ier?lig}(Ayt)[i] =y'[1] - =

Y21 <exp (—?)

Thus we have a linear convergence for t € [1,7), —1]. Fort =T, since x'[1] <1 -6, and y'[1] <6,

<y'[1] <

the duality gap at (x>, yT) is

DualityGap(x™[1], y*[1]) = max (ATx")[i] — min (Ay")[{]

i€{1,2} i€{1,2}
Sy 5

= 1=—xDJ1) = —=—yI[1] < 26,.
1—5x( xv[1]) 1_5xy [1] <26y

This completes the analysis of Phase I.
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Phase II: y'[1] continues to decrease but x'[1] increases. Now that at time Ty, y7» < &y, €’ could

t
be negative since then and x’[ 1] might increase. However, we know that e; =1- )lc_[(;] >0 holds as

long as x’[1] < 1 —4,. Thus y’[1] would continue to decrease until the first iteration x’[1] > 1 — &y,

which we denote as T,. Now recall that x’> < é, we argue x’ for allt <7, =T, + [%]:
-1
xt[l] _ Ty t J t—1 2
=exp|—nE, —n ey —nel | <exp(n(r-Ty)) <e”, Ve e [Ty +1,T,]
x'[2] .
]:Ty+l
where we use ¢} >0 for all 7 € [1,7}] and ¢/, > —1 for all 7 as well as r — T}, < % This implies
x'[1] < 21 <3 [1,T,]. It further implies ¢, = f_[;j > - since 0y < 155
Using T, = Ty > [ | and bounds on ey, we have
Vt c [T T 1] yl[l] ETy_l i k t—1
, — , =eX — e, —ne
y
SRR 1
=exp|-nE,” —ney —nZey—ney 1+neyy
k=T,
< —y6 -exp (—n e’yc - ey, L4 ney
Y k=T,
Tu—1
6 m
<—2 .exp| -7 ek +ney’ !
1-0y Y
k=T,
dy n(Tn —Ty)
< - +
“1-s, eXp( 0 7
Oy 1 10 oy
< expl——=| <17 .
1-0y 10/~ 11 1-¢,
where: in the first inequality, we use exp (—nETy - negy _1) = g E} <

we use et > 0 for all ¢t < T; in the third mequahty, we use e’ for all t € [1,T,]. In the last

yZ 10
inequality, we use 7, — T, > ﬁ and 17 < 75 This implies

1 1 106 20
1= < L 5, V€ [T T~ 1
s L+y'[2]/y'[1] 1+% 11—, =% (T ]
where we use ¢, < % in the last inequality. Then e’ = ytP]é P r forall ¢ € [T, T, - 1].

. B
Given that e < —57 for all ¢ € [T;,, T — 1], we know x'[1] increases during these iterations. In

order to quantify the speed, we first provide some bounds on 7,,, =T, + [%]. In the analysis in Phase
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I, we know (1) i;g} <exp (—%t),\ft € [1,7y] and (2) y'[1] = 6y for all 7 € [1,7} — 1]. Combining

the two inequalities gives

T,-1 3 1
§exp(—%):>Tys—log5—+l.
n y

1-0,

This implies 7,, — 1 =Ty, — 1 + [%] < %log 5%,
Now we analyze x’ for t € [T}, Ty]:

x'[1]

x'[2]

t—1
= exp (—nEi‘l —nei‘l) =exp|-nEf" =1 > e —nei‘l)
k=T,

n6y(t =Ty + 1))

> -n(T,—-1)+
>exp (—1(Tn ) 71

noyt
> 20Ty — 1)+ ——
exp | =27( )+ =7 )
8 10yt
24y -exp (7)
where: in the first inequality we use e’. < 1 for all ¢ and €. < —% fort € [T,,, T — 1]; in the second
inequality we use 6, < 1; in the last inequality, we use 7, — 1 < ;—;log %.
Now we analyze the duality gap. For € [T,,, T — 1] we have

x2] 1 noyt
vt =55

DualityGap(x’, y") <

where the first inequality follows the same lines as for Phase I. For 7 = T, since x’[1] > 1 — ¢, and

y'[1] <6y, we have

DualityGap(x’*, y™*) = max (ATx")[i] — min (Ay")[]

ie{1,2} ie{1,2}
-6y 1 Oy 1
= O T -1+ < ~1<26,.
5.~ -6, 1-0, x

Combining Bounds. We combine the analysis in Phase I and II here. We claim the iterates

{x', ¥ }te[1,1,] has the following convergence rates.

CLAIM EC.2. There exists a universal constant C such that for any t € [1,Ty], the following
2

best-iterate convergence holds: mine(q DualityGap(x¥, y¥) < % . lOng.

Proof We prove the claim by considering the following cases.
1.t €[1,Ty]. In this case, by analysis in Phase I, we have DualityGap(x', y') < exp (—%t). Then

there exists a universal constant C; > 0 such that DualityGap(x’, y") < exp ( —%t) < %
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2.t € [Ty,T,,]. We note that by analysis in Phase I, DualityGap(x’>, y’v) < 25,; by analysis in

Phase II, we have T, < %log 6%. Thus for ¢ € [Ty, T,,], we have

‘ =

1

log %

1
krr%iln] DualityGap(x¥, y*) < DualityGap(x™>, y7) < 26 y = < <-—- e
e[l,t

S | oo
=

Of:l,_.
IA
S | oo

I |
I | oo

1
T

S|

y

where the third inequality uses a > loga, Ya > 1, the fourth inequality uses 7, < %log %, and the
last inequality uses t < T,.
3.t € [T}y, T — 1]. By analysis in Phase II and duality bound of (x”,y’>), we have for any

t € [T,,, T — 1], there exists a universal constant C; = 8 X 21 such that

1 syt\| _ Cy log*t
min DualityGap(x*, y*) < min {26y, = exp (_g_i)} < 2. g T

kel[1,z] y n t
The last inequality holds since (1) if 6, < & ﬁ;’fzt, then the inequality holds; (2) if 5, > % 1"%2‘, then
we have
C, log?t
5> 228
n t
Cs 10g5l t t t c
———<——log g < (=1
n 6 log’r ~ logr logt 7
1 noyt
©8logr +8log— < —-- (C, =8x21)
y
5yt
=logr<8logo, + ]72—i
néyt 1 noyt\ 1
r<o8 — e — —— | < -
= yeXp( 21 ) 5§eXp( 21 |57

4. t = T.. We know DualityGap(x’~, y’~) <26,. Let C’ = max{C;,C>}. We can use the above

bounds and conclude that

C'log* (T, — 1) _2C"log*(T,
min DualityGap(x¥, y*) < DualityGap(x™>~!, y&>~1) < Clog (T: - 1) < 2C" log™ (1)

ke[1,Tx] n T,—-1 — n T,
Thus the claim holds with C =2C" =2 max{Cy, C>}. O
Let Ty = Ty, Lemma EC.11 then follows from Claim EC.2 and the fact that DualityGap(x'~, yx) <
20,. O

Combining Lemma EC.10 and Lemma EC.11 gives Theorem 9.
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F.4. Combining Two-Phase Analysis: Proof of Theorem 7

Consider any matrix game A € [0, 1]?*? that has a fully-mixed Nash equilibrium with minimum

probability ¢ > 0. First, by Theorem 9, we know there exists an initial phase [1,7]] such that

O(IOgT2 T) best-iterate convergence rate holds and DualityGap(x”', y1) < 26.

Thus we only need to consider iterations ¢ > 77 + 1. By Theorem 8, we know for all iteration #,
the best-iterate convergence rate of O(T‘%é‘%) holds (note that d| = d» = 2 are constants). Then
we have for all T > Ty + 1 minye[; 77 DualityGap(x', y) < min{25,0(T~3672)} < O(T~%). This

completes the proof.

Appendix G: Numerical Experiments with Adaptive Stepsizes

In this section, we present our numerical results when OFTRL and OOMD are instantiated with
the adaptive stepsizes of Hsieh et al. (2019) (given here for the x-player, the case of the y-player is

symmetric):

-1
=1y e+ Y llek—ek1)2 (EC.9)
k=1

for some constant € > 0. From Section 4.2 of Hsieh et al. (2021), we know that OFTRL with this
choice of step sizes has last-iterate convergence and that {17} } and {; } converge to strictly positive
constants. We present our numerical experiments in Figure EC.1, where we choose € =0.1. We
still observe empirically the pathological behavior for the uniform last-iterate convergence rates of

OFTRL with constant step sizes (Figure 1).
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Figure EC.1

Dynamics (EC.2) with step sizes (EC.9), e =0.1, § =0.01.




