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A. Proof of the preliminaries

Before moving forward, let us introduce some additional definitions and facts that will be useful throughout
the appendix.

Kullback-Leibler (KL) divergence. First, for any two distributions P and @), we denote by KL(P || Q)
the Kullback-Leibler (KL) divergence of P and (). Letting Ber(p) be the Bernoulli distribution with mean
p, we also introduce
(p=a® , (=0 (=9
q l-—q  q(1-q)

and X*(p| q) = (75)

p —
KL(p [l q) =plog _+ (1—p)log1—

which represent respectively the KL divergence and the x? divergence of Ber(p) from Ber(q) (Tsybakov
2009).

The following lemma bounds the Lipschitz constant of the variance function.

LEMMA 5. Consider any 0 <V, V, < %v obeying ||Vy — V3| < x and any probability vector P € A(S)

(here A(S) represents the simplex over the state space S), one has

2
Varp(V;) — Varp(Va)| < wa (76)

Proof of Lemma 9} It is immediate to check that
[Varp(V1) — Varp(Va)| = [P(Vio Vi) — (PV1) o (PV1) = P(Va 0 V3) + (PV2) o (PV2)]

<|P(VioVi = Voo Vo) |+ |(PVi+ PVo)P(Vy — Va)|
2x

(I—=7)

where the penultimate inequality holds by the triangle inequality.

L2[Vi+ Voo V2 — Vil < (717)

A.1. Proof of Lemmall and Lemma|2

Proof of Lemmal|l} To begin with, applying (Iyengar 2005, Lemma 4.3), the term of interest obeys

inf PV = max {p (V—p)—o (m;}x{V(s’) — ()} = min {V(s') - ,u(s’)}) } . (T8

PeU(P) HERS 1>0

where 11(s’) represents the s'-th entry of 1 € R, Denoting p* as the optimal dual solution, taking o =

maxy {V(s') — u*(s')}, it is easily verified that ;* obeys

1 (s) = {V(s) —a, ifV(s)>a

. (79)
0, otherwise.

Therefore, can be solved by optimizing « as below (Iyengar|2005, Lemma 4.3):

PeU (P) a€[ming V (s),maxs V (s)] s

inf PV = max {P V], —o <a ~min[V], (s')> } . (80)
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Proof of Lemma/|2| Due to strong duality (lyengar 2005, Lemma 4.2), it holds that

inf PV= max {P(V—,u,)— aVarp(V—u)}, 81)

PeEU(P) HERS 11>0

and the optimal p* obeys

N V(s)—a, ifV(s)>a
wr(s)=4 V) (s) (82)
0, otherwise.
for some «v € [min, V'(s), max, V(s)]. As a result, solving (81) is equivalent to optimizing the scalar « as
below:
inf PV = max {P[V]a — \JoVarp ( [V]a)} . (83)
PEUT (P) a€[ming V(s),maxs V(s)]

A.2. Proof of Lemmald

Applying the y-contraction property in Lemma [3|directly yields that for any ¢ > 0,

1@ @l = [77@0 )~ F@ )] <7@ -2

<2 Q =@ =@ < 7

where the last inequality holds by the fact ||[Q* || < = > (see Lemma . In addition,

R R t
mexQu(s,0)~maxQ )| < Q- @Il <75,

ac 1

where the penultimate inequality holds by the maximum operator is 1-Lipschitz. This completes the proof

of (46).

We now move to establish (7). Note that there exists at least one state sy € S that is associated with the

|7~ 7% = ma

o0 SES

maximum of the value gap, i.e.,

~

[Vor = V|| = V57 (50) = V7 (50) 2 V57 (s) = VT(s), Vs €S.

Recall 7* is the optimal robust policy for the empirical RMDP M, rob- FOI convenience, we denote a; =
7*(s0) and ay = 7(sp). Then, since 7 is the greedy policy w.r.t. Q. one has

~

7"(807611)4‘7 mf P‘A/Tq :@T(SOaal) SQT(50702):T(30702)+’Y mf 73‘7T71-

PEUT(PY 1)) PEUT(PY, ,,)

(84)
Recalling the notation in (39), the above fact and altogether yield

/\‘7 -~ ~ - /\‘7 i
(S0, a1) +YPsgrar’ (V*’ - €opt1> <r(so,a1) +vPsgiay Vr—1

<r(sg,az)+7vy 1nf PVr_1

A
=
=

/\"\ﬁ ,o

Sr(so,a2)+7P Vi

50,02

< r(s0,a2) + 7P LT (V7 +eapl) (85)



Shi et al.: The Curious Price of Distributional Robustness in Reinforcement Learning
Article submitted to Operations Research 3

where (i) follows from the optimality criteria. The term of interest can be controlled as

=r(s0,a1) +7 1nf PV — <7’(507 as) 4y lnf 77‘7?’“>

=r(sg,a1) — (80, a2) + 7< mf PV — inf 73‘7%’”>
Peus (PY 8.a) PGM"(PSO as)
Q) *,0 VT 17/ *,0 %0 7,0
< 29€0pt + 77 SO as Y - P o v inf PV — inf pPVT
Peu (P%.a1) PEU(PY) ay)
= 2VEopt + 7 <Ps‘gﬂa: Voo — 1nf 77‘7%’”> + 'y< mf PV — PS‘gTallV* ”)

(ii)
< 2750Pt + ’7 90 ag (V* 7 Vﬂ 0') + ,7 <})90T(111 V* i g‘gTall V* 0')
< 2yegp + ||V = V7|, (86)

where (i) holds by plugging in (85), and (ii) follows from inf,_, . (PO )77‘7*"’ < PV* for any P €
0,91
U ”(Pfo o, )- Rearranging leads to
< 2’y‘c:opt .

B. Proof of the upper bound with TV distance: Theorem[1

H‘//\'*U ‘7%\0
- pr)

B.1. Technical lemmas

We begin with a key lemma that is new and distinguishes robust MDPs with TV distance from standard
MDPs , which plays a critical role in obtaining the sample complexity upper bound in Theorem |1} This
lemma concerns the dynamic range of the robust value function V™7 (cf. (5)) for any fixed policy 7, which

produces tighter control than that in standard MDP (cf. ﬁ) when o is large. The proof is deferred to
Appendix

LEMMA 6. For any nominal transition kernel P € RS4*5 | any fixed uncertainty level o, and any policy T,

its corresponding robust value function V™ (cf. (9))) satisfies

1
T,0 e 0 < .
r?gng (s) ﬁlgv (s) < ymax{l—-,0}

With the above lemma in hand, we introduce the following lemma that is useful throughout this section,

whose proof is postponed to Appendix

LEMMA 7. Consider an MDP with transition kernel matrix P and reward function 0 < r < 1. For any
policy 7 and its associated state transition matrix P, = 11" P and value function 0 < V™F <= ( of. (1)),
one has

- 8 maxg Vﬂ—’P S —mins Vﬂ',P s
(I —~P,)~"\/Varp_ (V™P) S\/ ( ’YQ( ) ( ))1

(1—=7)?
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REMARK 4. Compared to the results in (Li et al.2024b, Lemma 11), Lemmal7|provides an improved upper

bound, expressed in terms of max, V™" (s) — min, V™" (s) rather than |[V™F]| ..

B.2. Proof of Theorem[1

Throughout this section, for any transition kernel P, the uncertainty set is taken as (see (9))

s,a - Ps,a

/ 1 /
UT(P) =US(P) = QU (Pya),  US(Py,) = {PM eA®):5||P | < a}. 87)

To control the two main terms in (49), respectively, we first recall which holds for any uncertainty

set:

)

777 vt <y ([ (1 a27) (BT Ve pr )

~7*V ~1*,V * TtV *
N

’ oo

(m}. (88)

B.2.1. Controlling H‘A/”*’” —V7™7||. We shall focus on controlling the two terms on the right hand

side of the above results separately.
Step 1: controlling |[V™"7 — V™"7|| : bounding the first term in (54). To control the two terms in (54)),
we first introduce the following lemma whose proof is postponed to Appendix [B.3.3]

LEMMA 8. Consider any 6 € (0,1). Setting N > log(%), with probability at least 1 — 0§, one has

V. . . log(ISSAN> log(lssAN)
P ﬂ,a_Pﬂ',V Fiae <2 ) N *,0 1
10g(18SAN)
<YW —— 89
<3\ (89)

where Var pr+ (V*7) is defined in (37).

Armed with the above lemma, now we control the first term on the right hand side of as follows:
~7*V ~1*,V * TtV *
(100 ()

(i) A~V
<(I vP )

*
~n",V

Vﬂ'*,a _ PTI'*7VV7T*,O'

o0

(u) ~r*,V log(*%57%) * log(*5%)

< (AR (o Ve T )

log(18SAN) Jrey 10g(1SSAN) otV
<7 o\ § ~x *50
- N(1-7) (1-+P ) L2 (1= ) Vargew (V)

=:Cq
log( 18SAN v -1
+2 g(N)(I—vP ) \/ [Varpes (V47) = Var e v (V)

=:Co
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+2 ngé)(I +B" V) <\/varp7r (V=) — [ Varpe: (Vo)) (90)

=:C3

vy 1
where (1) holds by (I —vP V) >0, (i1) follows from Lemma and the last inequality arise from

V Var ps (V*o) (\/Vauqmr (Vxo) \/Varp,r* V*o) >+\/Var13ﬁ*(V*’”)
(x/VarPTr* (V*o) —y/Varp.» V*”) \/‘Vaer Vxo) — VarATr*v(V*")

by applying the triangle inequality.

+ /VarAw* v (V%)

STV . . . .
To continue, observing that each row of P is a probability distribution obeying that the sum is 1, we

arrive at

~n*, v\ 1 > ~* VNt 1
[—~P ) 1:<I+ t(P ’))1:—1. 91
( vP ;7 P : 91)

-
Armed with this fact, we shall control the other three terms Cy,C,,C;3 in separately.

* Consider C;. We first introduce the following lemma, whose proof is postponed to Appendix [B.3.4]

LEMMA 9. Consider any 0 € (0,1). With probability at least 1 — ¢, one has

log( ISSAN) log( 18S§AN)
g <1+ 177N ) <1+ A—7)2N >
(1 ~P ) Var e v (V) < 4 1<4 1

Y31 =7)?max{l—~,0} ~ Y31 —7)?

Applying Lemma[9]and inserting back to leads to

log( 1SSAN) ~r* vy 1
Cl :2 T(I—'yg ) VaerTr*,V(V*’a)
1 18SAN 1 18SAN
<8y — 085 ) e G AP 92)
P max(l 7o) N 17N
* Consider Cs. First, denote V' := V*? —mingcs V*7(s')1, by Lemma@ it follows that
0<V' < ! 1 (93)
T ymax{l—~,0}
Then, we have for all (s,a) € S X A, and P, , € A(S), and ]587(1 eU(Ps,):
‘Varﬁs (V=) =Varp,, (V*"’)‘ = ‘Varlss a(V’) — Varpsl,a(V’)‘
7112
wall V11
2 2
4 (94)

< .
v (max{l —~,0})? = v?max{l —~,0}
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Applying the above relation we obtain

Cy=2 k’g(ljijAN)(I WE”*’V) 1\/’Varﬁﬁ*(vw)—Varﬁﬂ*,v(vw)

_9 bg(lj?zv)(f_yﬁ”*v) \/\H“ (Var po (V=) — Varppe.v (V)]

<oy B (1) Ve (Vo) Vit (V)L

o mg(mSAN)O_WﬁW*V)l\/ 2 1:2\/ 2log (1854 ) ]
N v?max{l —v,0} v?2(1 —~)?max{l —v,0}N

95)

. ~T*V
where the last equality uses (I —~P ) 1= 1% (cf. ©I)).

* Consider C3. The following lemma plays an important role.

LEMMA 10. (Panaganti and Kalathil2022, Lemma 6) Consider any ¢ € (0,1). For any fixed policy m and

fixed value vector V € R®, one has with probability at least 1 — §,

2[|V|2, log (254
‘\/Varpw —+/Varpr ‘ \/H 15 log(75~ )1.

Applying Lemma[I0|with 7 = 7* and V = V* leads to

211V *e |2 1 2SA
Var e (V5) - Varls,mw)s\/ Bt

which can be plugged in to verify

1 18SAN Py
Cy=2 Og(N)<I—fyP 'V> ( Varpos (V7)) — 1/ Var ps V*”))
1 V*o o 41 18SAN
J 4 oMVl dlog(B5Y) o
(1=7) N (1- )2N

. ~T*V -1
where the last line uses (I —~yP ) 1= 1% (cf. @I)).
Finally, inserting the results of C; in (92)), Cy in (93), C; in (96), and back into gives

~T*V ~*V * v *
() (v e

( 1SSAN) ( 1SSAN)

log log
=8\ o >max{1—v,a}zv<” (- >N>1

+2\/ QIOg(ISSAN) 410g(185'AN)1+ log( 1SSAN)
(1-

1

max{l —7,0IN | (1=72N | N(1—r)
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21 1SSAN 1 SAN 51 1SSAN
<10 og(=5) . 08(%5 )\, Bloa(T5 ),
(L —7)? maX{l—%U}N (I—=7)*N (1- )N
log( 185’AN) 510g( 18SAN)
<160 1 1 97
= \/(1— Pmax{l—7,0}N | (1—)2N ©7)

where the last inequality holds by the fact v > i and letting N > 10?1_”2 .
Step 2: controlling || Ve _yme || bounding the second term in (54). To proceed, applying Lemma

on the second term of the right hand side of leads to

AW*V ~1*V * oV *
() e

Aﬂ_* 1 18SAN ISSAN
QIOg( lSSAN) n* V log( lSSAN) * V
<2985 V(- ~p ) 142 7“(1 p (Ve
=T N(1—7) (1-92 * N = \/ g o (V70)
10g(18$AN)

+2 (I P V
N ’7

\/Var _erp (V70 V”“’))
log(18SAN )

+2 T(I ’Yﬁw V <\/ VaI'Pﬂ-* V*U) Vargw*’(/(v*"’)

)

/

10g( 185'AN)

+2 (I P V
N ’7

Var p (V*7) — /Var g« (V*a”)) . (98)

We now bound the above terms separately.
* Applying Lemma lﬂ with P = ]3“*"7, m = n* and taking V = V™" which obeys Ve = Tax +

~

Vs & . . .
vP V™7, and in view of (91)), the term C, in can be controlled as follows:

(I yﬁw V) \/Var o (V7o)

log( 1SSAN )

C_

g \/ (max, V7" (s) — min, V=" 7(s)) |
71—

N

log ISSAN
<8 1, 99
=%\ 50— >max{1—%a}zv o

where the last inequality holds by applying Lemma 6]
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» To continue, considering Cs, we directly observe that (in view of (91))

log(183AN ) J - ~
C5 =2 T (I ’)/P ) \/Varﬁ,r*f, (V’T o _yr 7‘7)
log( ISSAN
<92 (7 HV*" vl 1. (100)

* Then, it is easily verified that Cs can be controlled similarly to as follows:

210g(185AN)
< .
G =2\ BT a1 7, 0] (on

* Similarly, C7 can be controlled the same as shown below:

¢, < Hos(Z5) (102)
T (1-9)°N
Combining the results in (99), (I00), (101), and (102) and inserting back to leads to
~* T BTV e . x log (1254
1-9P" ") ( v - VYT ) <8 1
( = - V(1 —7v)?max{l—~,0}N
10 185’AN ~ . 210 1SSAN 410 185’AN
g HV*,G’_VTA’ ,O 1+2 g( ) g( )
2N 0 (1—~)2 max{l —7,0}N (1— )2N
].Og ISSAN log ISSAN . 410g(185AN)
<80 HV*"’—V” | a0
=V a2 max{l—'y,a}N MR~ ST b 19
where the last inequality follows from the assumption vy > i.
Finally, inserting and (103) back to yields
Hf}ﬂ*,o’ _ Vﬂ'*,a
log(lssAN) 510g( 188AN)
< 160
_max{ \/(1— v)? max{l—'y,a}N+ ’
lo 18SAN 10 1SSAN . 410 18SAN
80 Bl +2 g HV*"’ I
(1—7)? max{l - fy,a}N 2N ~  (1=%)2N
log(ISSAN) 810g 18SAN
<160 , 104
: \/(1—7) max{l—7.0)N T (1 >N (109

16log( 24
(1—v)?

where the last inequality holds by taking N >

B.2.2. Controlling |V — V7|, Recall the bound in which holds for any uncertainty set:

LO}. (105)
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Step 3: controlling |V™° — V7| .: bounding the first term in (53). To begin with, we introduce
the following lemma which controls the main term on the right hand side of (55)), which is proved in

Appendix

LEMMA 11. Consider any 6 € (0,1). Taking N > log (5(45_‘:%2), with probability at least 1 — §, one has

BT o 10g<o415.»4]\is 810g(54SAN ) 2")/5
PR _ prVRe 7’”\/\/ (Ve =3 7 opt |
’* arpg, (V) + =N ) 1o,
log 54SAN 2
<10 Cao)s >1+ TEopty (106)

(1=9)N  1-v

With Lemmal|1 1]in hand, we have

() ~ o\ | ARV A~ PPN
S <I*’}/£ﬂ’v) B VV‘n'a'iﬂﬂ,VvTrU
1Og(54SAN2) 1 810g(54SAN2) 9
(1—v)o / T,V (1—7)é YEopt
<9 ( V: = V* 0 <I P > 1
- N arps 7 N(1—7) + 1—x

(i) 810g(5415AJ)V5 2750 log( 5415AN2) AAN. v
< ( N 7) Pt ( 19 (I—’yB ’V> Vargﬁ,f/(vﬂ’a)
=D
log (243405 A
=Dy
log(SEA) ; P
=:D3

-1
where (i) and (ii) hold by the fact that each row of (1 — ) (I — 'yB”’V) is a probability vector that falls
into A(S).

The remainder of the proof will focus on controlling the three terms in (107) separately.

* For D,, we introduce the following lemma, whose proof is postponed to Appendix

54SANZ

LEMMA 12. Consider any 6 € (0,1). Taking N > g((li)@‘s) and €qp < 1%* one has with probability at

least 1 — 9,

a1 — 1 1
I— P”’V) Var o (V7o) <6 1<6,)—— 1.
( = AU \/73(1—7)2max{1—%0} Ty (=)
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Applying Lemma|I2]and to (107) leads to

log(54SAN ) a1 —
Dy =2\ — 2 (1=9P™7 )y Var e o (V79
545 AN?2
<12 tog(T=o)5) 1. (108)
- V(1 —v)max{l—~,0}N

» Applying Lemma |5/ with Vro —PRo|| < 2ot and (91)), D, can be controlled as
1—v

10g(54SAN ) o —
Dy =2 (1 e I yP™Y \/‘Var o (Vr0) — Var ;¢ (V77)

P, V

log(s‘”fw ) AR 760 log %)

<4 #(I—yﬂ”’v) Tort ~ “ D, (109)
* Dj; can be controlled similarly to C, in (95)) as follows:
log(348AN2 ) 4 —
D, =21 — 2 (I - VE“V) \/ ’Varpa(V*’f’) Var . ¢ (V)
2

- log(5(41$A”—N ) (I - WP%"A’) -1 1 L4 log (555 .
- N - v?max{l —v,0} — | 72(1 —~)?max{l —v,0}N

(110)

Finally, summing up the results in (108), (109), and (110) and inserting them back to (107) yields: taking

A 2
O,
N> % and g4 < 1_77, with probability at least 1 — 4,

2 2
_ 8log (555 L 2\, log(°555)
T\ NI=7)?2  (1—79)? 3 (1 —7)?max{l —~v,0} N

AN?2 AN?2
44 YEopt 1Og(541s yj)\is )1 44 IOg(séiyj)\is )
(1=9)*N 7231 —7)?max{l —~,0}N

2
log(*G437) | 14loa(55)
(1 —7)*max{l—~,0}N N(1-v)? 7

<16

(111)

. . . . _ 1 ( 4SAN ) 1 (54SAN )
where the last inequality holds by taking £,, < min { lw‘* *® — 228

'yN YN
Step 4: controlling |[V™° — V77||.: bounding the second term in (55). Towards this, applying
Lemma[I1]leads to

54SAN?Z

log (2= Nl = __\-1/8log 545_‘4]\/2 2
<2 7( (=) ) (I—’yﬂ”’v) Varpz (V*7) + (I—’yﬂ”’v> < ( (1=7)3 ) + V€opt 1

B N N(1-7) 1—vy
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810g(54SAN2) 9 log(54SAN2) o
(1-)¢ YEopt (1-—)é 7vy 1 ~
< 1+2 ———— (I —~P™ Var pz,v (V™o
_< Ni-v)? Ta-2) " N (I=E™) arpz.v (V77)
=:Dy
log(54SAN ) ~ 1 — —
2\ 0 (1Y) V Varpe (VFo — V7o)
—Ds
log(54S_AN2) -1 — —
+2 7(]1\7 )9 (I — 'yBT“V) \/‘Varp%,v(v*v”) — Varpz,v (V7o)
=:Dg
1Og(54S_AN2) 1 — —
21 — 2 (1-+P7") \/ (Varpﬁ (V%9) = Var pe.v (V7)) . (112)

=Dy
We shall bound each of the terms separately.
* Applying Lemmawith P=P" r=%,and taking V' = V™7 which obeys V™7 = rz +7£%’VV%’”,
the term D, can be controlled similarly to as follows:

log(o4SAN )
D, < 1. 11
4 < 8\/ T (113)

v)?max{l —~v,0}N
* For Dy, it is observed that

10g(54SAN ) R 1 —— —
Dy =2 (1 )° (I — VBW’V) \/VarE?,v (V7o — V7o)
54SAN
HV” el 1 (114)

¢ Next, observmg that Dg and D, are almost the same as the terms D, (controlled in (109)) and D;
(controlled in (110)) in (107), it is easily verified that they can be controlled as follows
~eo log 54SAN?Z ) 1Og(54SAN2)
Dy <4y —2 (ay)s 1, D, <4 (1=7)9 1. (115)
(1- )4N 72(1—7)*max{l—~,0N
Then inserting the results in (113)), (114), and (115) back to (112) leads to

v\ BTV S = ViR
(I_,}/B, ) (P V7ro' B s V7T,O')

2
< 810%“““% ), 2\ log(52%) |
- v)? (1—7)? ¥ (1 —~)?max{l —~,0}N

54SAN?2 54SAN?
g 54SAN2 ‘Vﬂ' Neg V7r N 1 +4\/7€opt IOg( (1—v)d )1 \/ IOg( (1—v)d )

(e s Frnax{ .07
8SAN? 545 ANZ

1 2log(72405) . 14log(° 7253 )1 ) log 54SAN ‘Vﬂg ora|| 1

V(I =y)max{l —v,0}N N(1- -

(116)
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lo g(54,5'AN )
where the last inequality holds etting e, < ——-2“—, which directly satisfies e, < —2 ettin
here the last inequality holds by letting eqp < ——45"—, which directly satisfies cop < =7 by letting
log(54SAN2)
N> 1

54SAN? 543?]\,2)

lo o
Finally, inserting (I11) and (116) back to yields: taking qp < M and N > %,
with probability at least 1 — J, one has

fpre-ve
2
< max {16 log () . 1410g(54151“;){5 )
< v3(1—~)2max{l —~,0}N o
2
S ]“%@ﬁ%> e e - 9] )
73(1—7)2 max{l—%g}N N( — }
24 log(5(415_f;1)\g2) N 2810g(5(4131:N ) .
(1—7)2max{1—%g}N N(]_— )

Step 5: Summing up the results. Summing up the results in 104) and (117) and inserting back to (49)

log(5(415‘4% ) 1610g( )
complete the proof as follows: taking eqpr < 77” and N > W with probability at least

1-9,

v vl < v = P e ey

1
- 2750pt N 160 10g(18SAN) 810g( 1SSAN)
“1l—x (I1—=%)?max{l—~,0}N = (1—7%)2N
2
+24 log(2)5) 28log(3=5 )
(I—9)?max{l—v,0}N = N(1—7)
5 2 5 2
A
N V(1 —v)?max{l —v,0}N = N(1—7)
log (345402
(1—v)d
<1508 118
: \/(1—7)2ma><{1—%0}N’ (1

2
16 log( 7545?]\’ )

where the last inequality holds by v > i and N > ==

B.3. Proof of the auxiliary lemmas for Theorem 1

B.3.1. Proof of Lemma 6] To begin, note that there at least exists one state s, for any V™ such that
V™9 (sg) = minges V™7 (s). With this in mind, for any policy 7, one has by the definition in (5) and the
Bellman’s equation (7a),

™ - EIINTI' -|s |: ) i f 7T’U:|
r?e%xv (s) max ¢1s)|7(5,a) +fy7361/11‘¥1(1337a)PV

< max (1+’y inf PV”’”),

(s,a)eSx.A PEU (Ps,a)
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where the second line holds since the reward function r(s,a) € [0, 1] for all (s,a) € S x .A. To continue, note

that for any (s,a) € S X A, there exists some ]Sw € R? constructed by reducing the values of some elements
~ jg . .. . = T o

of P, toobey P,, > P,,>0and ), (P;.(s") — Psals)) = o. This implies P, , + oe, €U (Ps.a)s

where e, is the standard basis vector supported on s, since 3 || Py o +0e) = Psalli < 51| Poa—Paalli+§ =

o. Consequently,

sa‘ HVﬂJH +0’Vﬂ-70(80)

inf PV’“’<(PSQ+06 )V’“’<‘
PEUT (Ps,q)
<(1 —U)meagivﬂ’“(s) +omin V7™(s), (119)

seS

S,a

= S Puals) = =5, (Puals) = Puals)) +

>« Psa(s’) =1 — 0. Plugging this back to the previous relation gives

where the second inequality holds by ‘N

T, < o T,0 0
rglgng (s)<1+~(1 a)r?gng ()+701§1€1§1V (s),

which, by rearranging terms, immediately yields

max V™ (s) < 14+ yomings V™7 (s)
s€S 1—v(1-o0)
1
< - : Vﬂ',a’ < . Vﬂ”g )
“(1—=7v)+~o oy (s)= ymax{l —~v,0} oy ()

B.3.2. Proof of Lemma 7| Observing that each row of P, belongs to A(SS), it can be directly verified
that each row of (1 —~) (I —yP,)"" falls into A(S). As a result,

(I —~P,)""\/Varp (V©F) = (1— (I —~P,)" ' \/Varp_ (V™P)

1-—
M 1 -
< \/ 1—v)(I —~P,) Varp (V™F)

1/ ny ) Varp,_(V7F), (120)

where (1) holds by Jensen’s inequality.

To continue, denoting the minimum value of V' as Vi,;, = mingcs V™7 (s) and V' := V™ — V ;1. We
control Varp_(V™F) as follows:
Varp_ (V™)
O Varp, (V) = P, (V' o V') = (P.V') o (P,V")
Op (vov) - 712 (V' ot (1= 3)WVaiaD) o (V/ — 1+ (1 —7) Vi 1)

/ / 1 / ’ 2 /
:PTI'(V OV)_¥V oV +¥V O(TW—(l—V)lenl)
1
- ? (Tw - (1 _’y)Vminl) o (Tﬂ' - (1 _V)Vminl)

1 2
<P, (V’oV’)—§V’0V’+¥||V’||Ool, (121)
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where (i) holds by the fact that Varp_(V™F — b1) = Varp_(V™F) for any scalar b and V™7 € R?, (ii)
follows from V' = r, + P, V™" — Vol =7, — (1 — ¥)Viuinl + 7P, V', and the last line arises from
2 V"oV’ >V oV and |ry — (1 =) Vil < 1. Plugging (I21) back to (120) leads to

2
(I —~P,)" ' \/Varp (V™P) < ,/ Z’y ( (V'ioV') — V’OV’—i-/Y?HV’HO(,l)

() 1 %) oo
s ZWP#(PWW/O” v |+ S e v
t=0 _
A 20V
< ,7 ,},tl )V’OV
\KZ Z | (1 —7)?

@ HV’ !2 1 2[[V |1
Y2 (1—7)?

8[[V"[loc1

V(1 —7)
where (i) holds by the triangle inequality, (ii) holds by following recursion, and the last inequality holds by
V'l < 155

-

(122)

B.3.3. Proof of Lemma[§

Step 1: controlling the point-wise concentration. We first consider a more general term w.r.t. any fixed
(independent from ﬁo) value vector V obeying 0 <V < ﬁl and any policy 7. Invoking Lemma [1|leads
to that for any (s,a) € S x A,

max {13;)@ V], —o (a —min [V], (s’)) }
a€[ming V (s),maxs V(s)] ? s’
-  max {Pga V], —wo <a—min [V]a(s’))} ‘

a€[ming V (s),maxs V(s)]

(PLa=P2) Vi

::gsya(a,V)

Pryv—priv|<

s,a

< max
a€[ming V (s),maxs V (s)]

) (123)

where the last inequality holds by that the maximum operator is 1-Lipschitz.
Then for a fixed o and any vector V' that is independent with po, using the Bernstein’s inequality, one

has with probability at least 1 — 4,

210g % 210g
v Varee, (Vi) 3505y 1—
2log % 2log (2
124
=\ VYVt g5 =) (129

9s.ala,V) = ‘( -
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Step 2: deriving the uniform concentration. To obtain the union bound, we first notice that g, ,(«, V')
is 1-Lipschitz w.r.t. o for any V' obeying IV oo < #. In addition, we can construct an ;-net N, over
[0, - — ] whose size satisfies |V, | < - Py (Vershynin 2018)). By the union bound and (124)), it holds with
probability at least 1 — <5 that for all o€ NEI,

210g ZSA|N51 210g 2SA|N€1|)
gsa a, V 1/Varpg)a 3N 1— ) . (125)

Combined with (123), it ylelds that,

e
()
<&+ sup <P0 PO ) V]a
aeNEl

(i) 210g 25‘A|N€1 2log 2SA\N€1\)
<e+ ,/Varpsoa SN (1= ) (126)
m /210 2SA|N51 10 2SA\N51\
8l , /Varpo g )
(IV) log 1SSAN log ISSAN
1 /Varpo (127)

ISSAN 18SAN
<2 7)‘”/”00 M
N N(1—=7)
log(ISSAN)
< — 9 7 128
<3 (172N (128)

where (i) follows from that the optimal o* falls into the €;-ball centered around so‘me Point inside N, and
2SA|Ne

Gs.a(, V) is 1-Lipschitz, (ii) holds by (123), (iii) arises from taking &; = %

[N., | € =5 < 9N, and the last inequality is due to the fact [|[V*7||oc < 12 and letting N > log(#*5%).

To continue, applying (127) and (128) with 7 = 7* and V = V* (independent with P°) and taking the

(iv) is verified by

union bound over (s,a) € S x A gives that with probability at least 1 — ¢, it holds simultaneously for all

(s,a) € S x A that
/10 185AN ) 10 18SAN
g , /Varpo (Vxo) g

ﬁ:;,vv*,o o PS‘IT;,VV*,U
, ;

log( 1SSAN
<34 - 129
<3 Toh N (129)
By converting (129) to the matrix form, one has with probability at least 1 — ¢,
V. . . log(185AN ) log( 185AN)
P Ve _ pT ,Vvﬂ' o <9 V. o (Vo) 4
] ISSAN
<)o) (130)

(1- )2N
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B.3.4. Proof of Lemma[9] Following the same argument as (120, it follows

(1=2B™) " g ) = [ [ 2o (B7) Vo (7). (131
t=0

To continue, we first focus on controlling Var 5-+,v (V*7). Towards this, denoting the minimum value of

V*7 as Vipin == minges V*7(s) and V' := V*7 — V;;, 1, we arrive at (see the robust Bellman’s consistency
equation in (45))

Vi=V*T — Vminl =T+ 7£ﬂ*7vv*70 - Vminl
~*V " Vv % *
=t BTV (P BTV -V

~m*V

/\7]'*7‘/ *
= e = (1= Vil +9B "V 4y (P70 = PT T yne
/ SV / TV SV *,0
=T +7P V+7(£ R i )V’, (132)

where the last line holds by letting 7/ . := r+« — (1 —7)Vipin1 < 7.«. With the above fact in hand, we control
Var e v (V*7) as follows:

~T*V vV ~*V

VarEw*,v(V*"’) gVarEW*,V(V') =P = (V'oV')— (Eﬁ Vo (P V)
i) ~m*, 1 * ~7*, 02
P oV~ (Ve =y (BT BT v
Y
~7*, 1 2 * T,
P" (Vo) = VoV + SV o (v 4 (P - BT )
Y Y
1 * ~7*, o2
_7<r;—*+7<Bﬂ- 7V_£ V>v*,a>
Y

2

|>_-.

(i) ~q*, 1 2 2 * ~7*,
p V(V,OV/) N *V/OV,"F72HV/H001+*HV/H00‘<£W ,V_E V>V*,a
Y i Y
(133)
. 1 9 6 log(l&S‘AN)
<P VoV =2V oV 4+ = |V |al 4+ = |V ||ocy | ——2—21, (134)
(vov)-1 ZWV et 21y [ 2B

where (i) holds by the fact that Varp_(V — b1) = Varp_(V') for any scalar b and V € R¥, (ii) follows from
(132), (iii) arises from V%V’ oV'> %V’ oV’ and —1 <7« — (1 —4)Viinl =75 <7pe <1, and the last
inequality holds by Lemma [§]

Plugging into leads to

~*V -1
(I—'yﬂ ) Var ooy (V57)

1 > ot VN [ v 1 2 6 log(185AN)
At (B ) P (VoV) = 2V oV [V |lad 4 2|V ||y | o2/
> (viov) -2 ZWV et + 2Vl B

s ~*V t ~7*V 1
Z,yt (B ) P (V'oV)==V'oV
t=0 v
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1 o) eV t 92 6 log ISSAN
| S (B [ Zwer+ Sy [
1—7 ; 7 e
log( ,
: (2+6\/ ) IVl
< -
<\is

(1 ’y) 7
where (i) holds by the triangle inequality. Therefore, the remainder of the proof shall focus on the first term,

oo

7

t=0

(135)

which follows

‘ ;,Yt (Eﬂ*7v)t (Eﬂ*yv (V' oV')— i/v, . V')

> ~1*V t+1 > ~n* V\ 1 1
=’<th(P ) =Y ))(Vov/) < VR (136)
t=0 t=0 ’y
by recursion. Inserting (136) back to (135) leads to
.y -1
<I ~P ) VarEW*,v(V*v”)
1o ( SAN) ,
VIR |, (1+ N )IIVIIOO1
2]+
7(1-7) (I—7)*?
log( log( ISSAN) log( ISSAN)
. (H M)I!V/I!oo1<4 (H W) (H (17)621\7)1
- (1—7)2y? T NP (A =) max{l—v,0} YA-7)P
(137)

where the penultimate inequality follows from applying Lemma@with P=P%and 7 =7*:

1
V/ o= Ve — minV*° < )
vl Leg (5) es (s) < ymax{l—~,0}

B.3.5. Proof of Lemma To begin with, for any (s,a) € S x A, invoking the results in (123), we

have
PLIVE BV s max (PP ) [V,

® ~ ~ ~ ~ ~

s 0% g (P = P 7 [ (P2 = P (17771, - 771, )
a€[ming V™9 (s),maxs V™ (s

< __ max N ( ‘ <P90a - ﬁ?a) [‘/}*70} ‘ + H‘Psoa - ﬁ‘?a [‘7%70] - [‘7*70} H >
a€[ming V™9 (s),maxs V77 (s)] ’ ’ a / i @ a '

(2 max (Pgoa — ﬁfa) [17*’”] ‘ +2 H‘Af%’” _pre
a€[mins V77 (s),maxs V7 (s)] v v « o0

< e |(B, B [P |+ 2 (138)
a€[ming V79 (s),maxs V7 (s)] / 1—- Y
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where (i) holds by the triangle inequality, and (ii) follows from ||P?, — 132 oI, <2 and || [V%"’} L
[\7*’”] aHOO < HV%*" e HOO and (iii) follows from (48).

To control ‘ (Pga — ﬁsoa) [17*7"} a‘ in for any given o € [0, 2= ], and tame the dependency between
V*7 and P°, we resort to the following leave-one-out argument motivated by (Agarwal et al. 2020, Li et al.
20244, |Shi and Chi|2024). Specifically, we first construct a set of auxiliary RMDPs which simultaneously
have the desired statistical independence between robust value functions and the estimated nominal transi-
tion kernel, and are minimally different from the original RMDPs under consideration. Then we control the
term of interest associated with these auxiliary RMDPs and show the value is close to the target quantity
for the desired RMDP. The process is divided into several steps as below.

Step 1: construction of auxiliary RMDPs with deterministic empirical nominal transitions. Recall that
we target the empirical infinite-horizon robust MDP /\//\l rob With the nominal transition kernel P°. Towards
this, we can construct an auxiliary robust MDP M\fog for each state s and any non-negative scalar v > 0, so

that it is the same as M, except for the transition properties in state s. In particular, we define the nominal

transition kernel and reward function of M*

rol

o as P*" and r**, which are expressed as follows

P (s'|s,a) = 1(s' = s) forall (s',a) €5 x A, (139)
P |3,a) = ﬁO(. |s,a) forall (s,a) € S x Aand 5# s,

and
Ts,u(i’ CL) =u N for all (ING -/47 _ (140)
r*t(s,a) =r(s,a) forall (s,a) € S x Aand 57 s.

ER)
rob

It is evident that the nominal transition probability at state s of the auxiliary MY, i.e. it never leaves state

s once entered. This useful property removes the randomness of ﬁsoa for all @ € A in state s, which will be
leveraged later.

Correspondingly, the robust Bellman operator ’7A;"u (+) associated with the RMDP M ~u is defined as

V(3,0)eSx A T2(Q)(5,a)=r""(,a)+~ inf_ PV,  with V(5) =maxQ(3,a).

Peus (PE)
(141)
Step 2: fixed-point equivalence between Mrob and the auxiliary RMDP M®“. Recall that Cj*"’ is the

rob*

unique fixed point of 7A"’() with the corresponding robust value V*7. We assert that the corresponding

g

robust value function 17,5*’ . obtained from the fixed point of i"u() aligns with the robust value function

U

V*7 derived from 77 (-), as long as we choose v in the following manner:

ut = ’UJ*(S) _ ‘7*,0(5) _ ,ypezi/lr}rf&e l)rp‘/}*,a. (142)

where e is the s-th standard basis vector in R®. Towards verifying this, we shall break our arguments in

two different cases.
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* For state s: One has for any a € A:

" (s,a)+~  inf PV =u*+~ inf PV

Peus (P Peus(es)
=V*(s) — inf PV inf PV =V*(s), (143
( ) fyPeu”(es) +77’624”(65) ( )7 ( )

where the first equality follows from the definition of P;;}* in (139), and the second equality follows from
plugging in the definition of v* in (142).
* For state s’ # s: It is easily verified that for all a € A,
v (s a)+~ inf PV =r(sha)+~ inf PV
Peus (P"") Peus (P9, )

= ?"(@*’”)(s', a) = @*’”(s', a), (144)

where the first equality follows from the definitions in (140) and (139), and the last line arises from the
definition of the robust Bellman operator in (15]), and that @*’” is the fixed point of ”f"() (see Lemma .
Combining the facts in the above two cases, we establish that there exists a fixed point @;Z* of the

operator 7o (+) by taking

@:,’Z* (s,a) = ‘7*"’(8) foralla € A, (145)
Qs (s',a) =Q7 (s, a) forall s # s and a € A.
Consequently, we confirm the existence of a fixed point of the operator AS"U* (+). In addition, its correspond-

*,0

ing value function YA/S)U* also coincides with V/*. Note that the corresponding facts between M, and

—~
s,u
rob

in Step 1 and Step 2 hold in fact for any uncertainty set.
Step 3: building an e-net for all reward values u. It is easily verified that

~ 1
0<ur <V*(s) < ——. (146)
L=y
We can construct a N.,-net over the interval [0, ﬁ] , where the size is bounded by |V, | < ﬁ (Ver-
shynin [2018])). Following the same arguments in the proof of Lemma [3| we can demonstrate that for each

u € N,, there exists a unique fixed point Q77 of the operator ﬁ"u(), which satisfies 0 < Q%7 < ﬁ -1

Consequently, the corresponding robust value function also satisfies HYZ*UULO <1

By the definitions in and (140), we observe that for all u € N.,, M} is statistically independent
from 16? .- This independence indicates that [Kff]a and ﬁsoa are independent for a fixed «. With this in
mind, invoking the fact in (127) and and taking the union bound over all (s,a,a) € S x A x N,

u € N, yields that, with probability at least 1 — 4, it holds for all (s,a,u) € S x A x N, that

R R Jog (224NN 1y = 2log
PO _ PO ) V*,a’ ‘ < 2 —5 V ‘/s*&o-
( 0 =P ) [Vie] et ~ arpo (Vi) + SN 1)

log( 18SAN|N¢, | )
)
<ert 3\ =g (147)

18SAN|Ne, |
(——*)

max
a€l0,1/(1=v)]
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where the last inequality holds by the fact Varpga(‘zf;f) < HV*"HOo < 15 and letting N >

1
log <185A1;1\N52 | ) ‘

Step 4: uniform concentration. Recalling that u* € [0, - ] (see (146)), we can always find some T €
N, such that [z — u*| < &,. Consequently, plugging in the operator ’7"’ (+) in (141) yields

VQ e R4 ‘

Tl @ = Toe (@) _=li—w|<e

[ee]

With this in mind, we observe that the fixed points of 7A'S‘7 (-) and 77 7. (-) obey

.
i

s, - s(,ju* (Q::Z*>
< 1 QD - To(Qi)
<’YHQ:Z_QSU*

~
Qre Q
ERT s,u*

A*,0 - A*,0
, _ TOo (Q , )
Qs,u*) 7-5,u* s,u*

| 7ol

.

+527

where the last inequality holds by the fact that ﬁ"u() is a y-contraction. It directly indicates that

Eg E2
= =7) ===

Armed with the above facts, to control the first term in (138), invoking the identity Ve = ‘7*7;0* estab-

S

{r*,0 {r*,0 AN AN
) ’ ’ )
and ||V =V Qin — Qoo

|Qiz-au

<

(148)

lished in Step 2 gives that: for all (s,a) € S x A,

—~ max —~ <Psoa - ﬁsoa> [‘7*70](1

a€[ming V79 (s),maxs V79 (s)] ’ ’
S max (P.Sa Asoa) [‘7*,0]@) = max <Psoa ﬁs a) [‘/}s*:ui]a

a€l0,1/(1—7)] ’ a€l0,1/(1—7)] ’ ’
) ) x,0 0 50 T rx,0 x,0
S max {‘(Psa P >[V7ﬂ]0t + (Psa_Psa) ([‘/s%]a_[‘/@;;*]a)}

a€l0,1/(1-7)] ’ ’ ’ ’ >
(ii) ~ ~ 2
< max (P =P (Vi) +

a€f0,1/(1-v)] ’ ’ (1-7)
SAN|Ne,| 18SAN|Ne, |
W 2, log (154NN ) o 2log(RANN))
< 2\ ———2 24\ /V Vil
Sy et \/ N g, (Vi) T 3N =)

18SAN|Ne, | 18SAN|Ne, |
3¢, log(——5—2) = 2log(——5—*)
< 2\ —————4/V Vo .
= \/ N arpg, (V) + 3N(1—7)
10 1SSAN|N52\ N
+ 2\/g(N \/‘Varpo Vo)~ Varpy (V77)
(Z) 3e9 2\/log(18SA];|Ns2l) Var (‘7* )+ 210g(—185A];’\N52|) Y 2e9 log(ilgsAlglNE?l)
= (1-9) N 3N(1—7) N(1—7)
log(54SAN2 - 810g(54SAN )
(1—7)s 1-7)d
<2 Vi Vo) 4 —— — 149
< N aI'p()’a( )+ N(l*’y) ( )
10g(54SAN2)
10 “ )6 (150)
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where (i) holds by the triangle inequality, (ii) arises from the bound

(P, = P2) (Ve = V) | < P2 17
262
<2’ Vs*;ji < T (151)
’ (1-7)
(iii) follows from (147), (iv) can be verified by applying Lemma@wﬁh (148). Here, the penultimate inequal-
185AN|Ne, |

ity holds by letting 5 = g(#ﬂ, which leads to |V, | < = 1 iy = < 3N , and the last inequality holds
by the fact Varpo (V) < [|7*7]| < 1% and letting N > log (i‘ﬁf;@{f).

Step 5: finishing up. Inserting (149) and (150) back into (138) and combining with (150) give that with
probability at least 1 — 4,

o RPN - - 2ve,
A T AR T Cmax (PO =B [P+ T
ae[mins V79 (s),maxs V9 (s)] i ’ 1- Y
. N 2ve,
< max (Pfa - Psoa) V*)al + ZCopt
agl0,1/(1—7)] I\" ’ 1—~
(3484N2 54SAN
log (1— 'y)tS Var 0 V*U 810g (1— 7)6 ) + 2’}/Eopt
\/ varpg 1—~
log( 54SANZ ) 9
<10 A=y - =7 o (152)
(I=79)*N  1-nv
holds for all (s,a) € S x A.
Finally, we complete the proof by compiling everything into the matrix form as follows:
—~ J4SAN J4SAN
B pme - prope| o[ R o 81°g ()| Do
- -7) 1—7
log(B48AN? 9
<10 ( (-)5) 14 1oty (153)

(1—7)*N 1—v
B.3.6. Proof of Lemma [I12] The proof can be achieved by directly applying the same routine as
Appendix [B.3.4] Towards this, similar to , we arrive at

(I—fyﬁﬁ)_l Var - o (V7) ,/1_ ny P”V> Var - o (V7). (154)

To control Var - ¢+ (V™9), we denote the minimum value of V77 as Vi, = min,es V77(s) and V/ =

Vo Vinin 1. By the same argument as (133), we arrive at

P 1 2 2
<P (v ov) = Loy 2+ v \ (
Y Y Y

2

54SAN

2 2 log( (1 ) 278 t
+ =V el + =V ]| | 10 ” +—>= 1, (155)

SE%\‘/}(V Ov)_lvlovl
v
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where the last inequality makes use of Lemma|[l1} Plugging (155) back into (154) leads to

(I fyP’Tv> ,/Varﬂﬁwv(),/l_ ’Z P”V ( (V’oV’)—iV’oV’)

(=)

| A

54$AN2 ) 2’}/8
(1 )o o
o (2 T vl
2+20 ) | s ) 1)
g VL. 1+ il ~,
— )%y
(i) IIV’Ilﬁo 24IIV’Iloo HV’Hoo
z 1<6 sl (156)
)2y
where (i) arises from following the routine of (135), (i1) holds by repeating the argument of (136)), (iii)

54SAN2

follows by taking N > M and eqpr < =, and the last inequality holds by 1V o < IIV* |0

7)? =

1
1—7v"

Finally, applying Lemmaldwith P=Plandr=7 yields
~ ~ 1
/ < o _ : T,0 <
1V lloe < rgleaSXV () rsnelgv (s) < ymax{l—~,0}’

which can be inserted into (156) and gives

B = 1 1
I P’T’V> Var . o (V70) <6 1<6,)——1.
( = (V7] S \/73(1—7)2max{1—%0} - =)y

C. Proof of the lower bound with TV distance: Theorem [2

C.1. Construction of the hard problem instances

First, note that we shall use the same MDPs defined in Section|[5.3|as follows
{M¢ = (S,A,P¢,T’,’}/) ‘(ZSE {071}} :

In particular, we shall keep the structure of the transition kernel in (56)), reward function in (61]) and initial
state distribution in (62]), while p and A shall be specified according to TV distance case.
Uncertainty set of the transition kernels. Recalling the uncertainty set assumed throughout this section

is defined as U7 (P?) with TV distance:

/ 1 /
U (P?) = UR(P?) = @UR(PL,),  Usy(PL)={Pl e AS): 5P boasn

where P?, := P?(-|s,a) is defined similar to (). In addition, without loss of generality, we recall the
radius o € (0,1 — ¢o] with 0 < ¢y < 1. With the uncertainty level in hand, taking ¢, := %0, p and A which

determines the instances obey (recall (58))

p=(14+c¢)max{l—~,0} and A <c¢ymax{l—~,0}, (158)



Shi et al.: The Curious Price of Distributional Robustness in Reinforcement Learning
Article submitted to Operations Research 23

which ensure 0 < p <1 as follows:

3 3
(1+cgog1—cm+qog1—%h<L (+e)(1-9)<5(1-7<T<L. (159)

Consequently, applying directly leads to
p>q>max{l—~,0}. (160)

To continue, for any (s, a,s’) € S x A x S, we denote the infimum probability of moving to the next state
s’ associated with any perturbed transition kernel P, , € U7 (P?,) as

P?(s'|s,a) = inf  P(s'|s,a) =max{P(s'|s,a) — 0,0}, (161)
Ps,aqu(Pg?a)

where the last equation can be easily verified by the definition of ¢/ (P?) in (157). As shall be seen, the

transition from state O to state 1 plays an important role in the analysis, for convenience, we denote
p=P°(1]0,¢)=p-0,  ¢=P’(1|0,1-¢)=q~0, (162)

which follows from the fact that p > ¢ > o in (160)).

Robust value functions and robust optimal policies. To proceed, we are ready to derive the corresponding
robust value functions, identify the optimal policies, and characterize the optimal values. For any MDP M,
with the above uncertainty set, we denote 7 as the optimal policy, and the robust value function of any
policy 7 (resp. the optimal policy ;) as V" (resp. V7). Then, we introduce the following lemma which
describes some important properties of the robust (optimal) value functions and optimal policies. The proof
is postponed to Appendix [C.3.1}

LEMMA 13. Forany ¢ € {0,1} and any policy r, the robust value function obeys
V7 (0) = 1z o) , (163)
(14755 ) a-va-0)

where 27 is defined as
27 = pr(#]0) + gr(1— 6] 0). (164)

In addition, the robust optimal value functions and the robust optimal policies satisfy

v(p—o)
(1= (14 7252%5) =7 (1-0))
T (¢]s) =1, forseS. (165b)

Vo (0) = : (165a)
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C.2. Establishing the minimax lower bound

Note that our goal is to control the quantity w.r.t. any policy estimator 7 based on the chosen initial dis-
tribution ¢ in (62) and the dataset consisting of N samples over each state-action pair generated from the

nominal transition kernel P?, which gives
(V)7 = V7)Y =V} (0) = V7 (0).

Step 1: converting the goal to estimate ¢. We make the following useful claim which shall be verified in

Appendix With e < % letting

32(1—7)’
A=32(1—-v)max{l —v,0}e <¢ymax{l —v,0} (166)
which satisfies (158), it leads to that for any policy 7,
(o, V7 =V]7) >2e(1-7(¢0)). (167)

With this connection established between the policy 7 and its sub-optimality gap as depicted in (167),
we can now proceed to build an estimate for ¢. Here, we denote P4 as the probability distribution when the
MDP is M, where ¢ can take on values in the set {0, 1}.

Let’s assume momentarily that an estimated policy 7 achieves
*,0 T, 0 7
Po{(o Vi =V ) sep 25, (168)

. . . o~ 1 . g 7 . . . .
then in view of (167), we necessarily have (¢ | 0) > 5 with probability at least 5. With this in mind, we are

motivated to construct the following estimate gg for ¢ € {0,1}:

b= arg max, m(al0), (169)
which obeys
~ _ 7
Py{o =0} 2Ps{7(6]0)>1/2} > 2. (170)

Subsequently, our aim is to demonstrate that cannot occur without an adequate number of samples,
which would in turn contradict (167).

Step 2: probability of error in testing two hypotheses. Equipped with the aforementioned groundwork,
we can now delve into differentiating between the two hypotheses ¢ € {0,1}. To achieve this, we consider

the concept of minimax probability of error, defined as follows:

pe = infmax {Po(¢) #0), P1(¢ # 1)} (171)
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Here, the infimum is taken over all possible tests ¢ constructed from the samples generated from the nominal
transition kernel P?.

Moving forward, let us denote s, (resp. ji,(s)) as the distribution of a sample tuple (s;, a;, s;) under the
nominal transition kernel P? associated with M, and the samples are generated independently. Applying
standard results from [Tsybakov| (2009, Theorem 2.2) and the additivity of the KL divergence (cf. Tsybakov
(2009, Page 85)), we obtain

exp (= NSA-KL(uo || 1))

eXp{ = N(KL(P(-]0,0) | P*(-]0,0)) +KL(P°(-]0,1) || P*(-0,1)) ) }, (172)

Pe 2>

= | »—‘)-b\f—‘

where the last inequality holds by observing that

KL (0 [| 1) = SAZKLPO (s'|s,a) | P'(s'| 5, )

SllS

_ SLA Y KL(P’(-]0,a) | P(-]0,a)),

a€{0,1}

Here, the last equality holds by the fact that P°(- | s,a) and P'(-|s,a) only differ when s = 0.
Now, our focus shifts towards bounding the terms involving the KL divergence in (172). Given p > ¢ >
max{1l —~, o} (cf. (L60)), applying Tsybakov| (2009, Lemma 2.7) gives

(r—9?wn A°

(I-p)p p(l p)
(i) 1024(1 — v)? max{1l — v, o }%e?

KL(P°(-10,1) || P*(-0,1)) =KL (p]| q) <

p(1—p)
1024(1 — ~)? 1— 24096
S ( 7) 1max{ 770}6 S (1 —y)zmax{l —’)/,0'}82,
-D C1

(173)

where (i) stems from the definition in (57)), (ii) follows by the expression of A in (166), and the last inequal-
ity arises from 1 — ¢ >1—p > < (see (159)).
Note that it can be shown that KL(P°(-|0,0) || P*(-]0,0)) can be upper bounded in the same manner.

Substituting (173) back into (172) demonstrates that: if the sample size is selected as

c1log?2
N < 174
~ 8192(1 —y)?max{l —v,0}e?’ (174)
then one necessarily has
1 8192 1
p624exp{ N—(l— 7)? max{ly,a}sQ}ZS, (175)
C1
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Step 3: putting the results together. Lastly, suppose that there exists an estimator 7 such that

N 1 - 1
IP’O{<<p,V0*’”—VJ“”>>s}<§ and P1{<go,V1*’”—V1”’”>>s}<§.

According to Step 1, the estimator (}5 defined in (169) must satisfy

~ 1

Py (¢ #0) <é and  Py(0#1) <.

However, this cannot occur under the sample size condition (174)) to avoid contradiction with (175). Thus,

we have completed the proof.

C.3. Proof of the auxiliary facts

C.3.1. Proof of Lemma 13|
Deriving the robust value function over different states. For any M, with ¢ € {0, 1}, we first characterize
the robust value function of any policy 7 over different states. Before proceeding, we denote the minimum

of the robust value function over states as below:

Vﬂ',o‘

¢,min

= min V"7 (s). (176)

sES

Clearly, there exists at least one state s7 ;,, that satisfies V"7 (s7 ;) = V17

¢, min ¢,min"*

With this in mind, it is easily observed that for any policy m, the robust value function at state s = 1 obeys

V;’U(l):EaNW(.U) r(l,a)—|—7 inf ’PV(;T’U
Peu(py,)
O A B rc ) [P, @)V (1] + 70V D14 9(1 = o) V7 (1) 470 VIS
(177)

where (i) holds by 7(1,a) = 1 for all a € A’ and (161), and (ii) follows from P?(1|1,a) =1 foralla € A’
Similarly, for any s € {2,3,--- ;S — 1}, we have

V7 () =04 YEann(. ) [PO(1] 5,0)V, 7 (1)] +y0 V]

¢,min

=y (L—=o) V(1) +yo Vo (178)

¢,min?

since 7(s,a) =0 forall s € {2,3,---,S — 1} and the definition in (161).
Finally, we move onto compute V"7 (0), the robust value function at state 0 associated with any policy
«. First, it obeys
V7 (0) =Eanr(poy|7(0,a) +y  inf  PVS?

Peus(PY )

=0+7m(¢]0) inf PV +am(1-¢|0) inf PV (179)

PeU (P ,) PEUT (P, _,)
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Recall the transition kernel defined in (56) and the fact about the uncertainty set over state 0 in (162), it is
easily verified that the following probability vector P; € A(S) obeys P, € U (P(f 4)» which is defined as

Pl(o)zl_p+a]l(O:Sg,min)7 Pl(l):B:p_Ua
Pi(s)=01(s=5] ), Vs€{2,3,--+,5—1}, (180)

where p = p — o due to (162). Similarly, the following probability vector P, € A(S) also falls into the

uncertainty set ”( 0,1— qS)

P0)=1—q+0c1(0=5}.), P1)=gq=q—o,
Py(s) =01 (s=5] 1) Vs€{2,3,---,8—1}. (181)
It is noticed that P, and P, defined above are the worst-case perturbations, since the probability mass at

state 1 will be moved to the state with the least value. Plugging the above facts about P; € Z/l"( ) and
P, e M“(nglﬂb) into (179), we arrive at

V7 (0) <@ 0PV +ym(1— 6| 0) PV
= 7(610)| (p= ) VI (1) + (1 =p) VI (0) + 0V,
(1= 610) [ (a= o) VI7(1) + (1 = ) VI (0) + 0V,

v (25 — o) V7 (1) + 70 Vm, (1= 25) V7 (0), (182)

—~

D)

where the last equality holds by the definition of 27 in (164). To continue, recursively applying (182) yields

V5 (0)

V(25 = 0) VT (1) + 90V +(1 = 20) [ (57 = o) VI 7 (1) + 20V + (1= 25V (0)]

IN

—~
=

1

IN

Y (25 = ) Vi () + 30V + (1= 23) |75 VT (1) + (1= )V (0)]

IN

<y (25 =) VI () + 0V 4925 300" (1= 20) V7 (1) + Jim o/ (1= 2) V7 (0)

t=1
(i) yzg
Sfy Zﬂ—O' Vﬂ-’U Vﬂ'rﬁm 1 — V" ]. +0
(¢ ) @ () &, ( )177(172(7;) f ()
<y (25 = o) Vi (1) + oV, + (1= 25) Ve (1)
=y (L =0) V"7 (1) + 90V, (183)

where (i) uses V7.7, < V7(1), (ii) follows from (1 — 27) < 1, and the penultimate line follows from the

¢m1n—

trivial fact that W <1.
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Combining (177), (178)), and (183), we have that for any policy ,

Vo (0) = VIS, (184)

¢,min?

which directly leads to

L+~0V,;7(0)
Vio(1)=1 1-0) V71 v =———2> " 185
D) =1 (=) VI W) 40V = T (159

Let’s now return to the characterization of V;"?(0). In view of (184), the equality in (182) holds, and we

have

VIo(0) = (25 — o) VIO (1) +7 (1= 25 +0) VI (0)
) _ 1+'yaV”U(O)
=1(E )T q Ty T

) v(1—2]+0) Vi7(0)
_ 7(22—0) ( (- )w(lv(la))>v(;r,a(0)

T—v(-0) = (1-0)
v (2 —0) (L= =0)\ o
= 1— ’
1—vu—a>+7< —ai-o) )0
where (i) arises from (185)). Solving this relation gives
17(221—0)
V7o (0) = o) . (186)

- (1+25)

The optimal robust policy and optimal robust value function. We move on to characterize the robust

optimal policy and its corresponding robust value function. To begin with, denoting

_ (g -0)
Sl Pt (187)

we rewrite (186) as

1= ({1+2)

Plugging in the fact that 2§ > ¢ > o > 0 in (160), it follows that z > 0. So for any z > 0, the derivative of

V5o (0) = =: f(2).

f(z) w.rt. z obeys

1-7)(0+2)-(1=9)z _ 1
(1=7)*(1+2)? (1=7)(1+2)?

Observing that f(z) is increasing in z, z is increasing in 27, and 27 is also increasing in w(¢|0) (see the

> 0. (188)

fact p > ¢ in (160)), the optimal policy in state O thus obeys

m5(60) = 1. (189)
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Considering that the action does not influence the state transition for all states s > 0, without loss of gener-

ality, we choose the robust optimal policy to obey
Vs>0: mi(o]s)=1. (190)

Taking m = 7, we complete the proof by showing that the corresponding optimal robust value function

at state 0 as follows:

W(Zg*_") v(p—0)
V7 (0) = 1"*“7 Y Lot f’)( - (191)
—0 _ y\p—o
(1=7) <1+1»y<1a>) (1= (14 24525)

C.3.2. Proof of the claim (167) Plugging in the definition of ¢, we arrive at that for any policy 7,

(-2
*,0 0 *,0 0 1—v(1—0o
(V37 =V =Vy7(0) = V7 (0) = nio) (192)

(r-0) 1(z5-0) )
(1=7) (1"'_177]0(1 o)) <1+ 1—y(1— a))

which follows from applying (163) and basic calculus. Then, we proceed to control the above term in two

cases separately in terms of the uncertainty level o.

* When o € (0,1 — ~]. Then regarding the important terms in (192), we observe that

1-7<l=9(1-0)<l-7(1-(1-7)=01-7)1+7)<2(1-9), (193)
which directly leads to

1z —0) O ~(p—o) yer(1—7) i)
< < 194
T—v(1=0) " 1—7(l=0) " 1—7(l=0) =97 (194)

where (i) holds by 27 < p, and (ii) is due to (193). Inserting (193) and (194) back into (192), we arrive at

v(p—23)
<QO V VW> 2(1— f) > 7(1?*%)

(1- )(1(+01’Y) f;( )( )
=g (-7 YA(1-7(¢|0) o
- 8(1—~)? $(1—~)2 >2¢(1-n(¢]0)), (195)

where the last inequality holds by setting (y > 1/2)

A=32(1—-7)%. (196)

Finally, it is easily verified that

&S]
< — < —v).
5_32(1_7) - A_Cl(l ’Y)
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* When o € (1 —+,1 — ¢;]. Regarding (192), we observe that
yo<l—v(l—0)=1—7+~v0<(1+7)o <20, (197)

which directly leads to

(25 —0) v(p—o0) veo G
< < 198
=7 (—0) “T-r(1-0) ~1-y(1-0) =" (159

where (i) holds by (197). Inserting (197) and (198) back into (192), we arrive at

A(—3) .
o rme 5 v(p—23) vp—q (1-7(¢]0))
Ve V) 2 A (T e 28 —q)e — 81—7)0
N VAétl_—ﬁv(()ﬂO)) 2 2¢(1-7(¢]0)), (199)

where the last inequality holds by letting (v > 1/2)
A =32(1—~)oe. (200)
Finally, it is easily verified that

C1
e<

_ A< . 201
f32(1_7) — S o (201)

C.3.3. Proof of Lemma[I5] The proof follows the same routine as that of Lemma 9] Taking the same
pipeline as that in Appendix similar to (133), we have

~m*V 1 2 2 * ~1*V
Var ey (V) BT (V0 V) = VoV SV a1+ =V | (BT = BT Yo
£ v v v
TtV 1 2 4 log(M)
<P VoV ==V oV + = ||[V'||el + —[|[V'|| (1 +2V/0) | ——2L—=1,
( ) 5 72|| | 7|| oo ( ) (1=7)°N

(202)

where the last inequality holds by Lemma

Plugging the above results leads to

/\ﬂ'*,V -1
(I 4P ) JVar ey (V59)
1 > ~*V t ~*V 1 2
S ,yt<P ) (B V/Ov/ _7vlovl+7 VI 001
\/1_7@_; (vVievi) -2 SV

1/2
4 10 18SAN
v ava) )

(I—=7)*N
@ [1
< -
_,/1_7

s ~*V t ~7*V 1
Z,yt (B ) P (V'oV)==V'oV
t=0 v
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1 = 7V t 2 4 log(w)
+F g (B ) SV el + = [V oo (14 2v0) | o251
1= ; & Y (1—7)°N
]. s ~T*, t ~TT*, 1
|2 (E7) {P V<V'oV'>—V’OV’]
1= t=0 Y
2+4(1+2/0) log(1554°%) V|
N + +2v/0 )N 001
(1—=7)%y?
i 24+ 4(142 log(1E54%) 1y
@ (v | P2V T )V
(=) (1 —7)%y2
log(l855AN)
(2440 +2v0)F55)
- (=) ! (203)

where (i) holds by the triangle inequality, (ii) follows from (136), and the last inequality is obtained by the

fact [|[V'[| oo < 125

D. Proof of the upper bound with \? divergence: Theorem 3
The proof of Theorem [3]mainly follows the structure of the proof of Theorem I}in Appendix [B.2] Through-

out this section, for any nominal transition kernel P, the uncertainty set is taken as (see (10))

U (P)=U}(P)=RU%(Psa), U:(Ps.)= {P‘;a cA(S): Z (P'(s'] s],;zll_‘fc(j |s,a)) < U}.

(204)
D.1. Proof of Theorem|[3

In order to control the performance gap HV*"’ — Ve HOO, recall the error decomposition in (@9): as long as

the iteration number 7" > log(m),

=~ * Sk 2 o S =~

V*,cf _ YT S (Vﬂ' o ,J) + 1’75 pt 1 + <V7’r,o o Vﬂ,a) 7 (205)
-7

where e, (cf. (48)) shall be specified later (which justifies Remark [2). To further control (205), we bound

the remaining two terms separately.

D.1.1. Controlling H‘A/”*"’ — V’T**"HOO Towards this, recall the bound in (54) which holds for any

uncertainty set:
777 vl < gma{ | (127 ) (BT Ve )

~7*V -1 ~1*,V * * v *
H([_,yp ) (P VT _ prVyT ,0)
~T*V

’ )
oo

Lo } (206)

™, * ﬂ_* * . . .
To control the main term P ve.e P VY™ in (206), we first introduce an important lemma

whose proof is postponed to Appendix [D.2.1.
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LEMMA 14. Consider any o > 0 and the uncertainty set U° (-) := U, (-). For any § € (0,1), one has with
probability at least 1 — 6,

TV

oo *.o Voo
P vre—-P vTo

log( 1856AN) log( 1SSAN) o log( 24SAN)

=2 (- )N

V/ Var s (V*o) + 144

ISSAN 24SAN

2 log o log

Step 1: controlling the first term in |i Armed with the above lemma, now we control the first term
on the right hand side of (206)) as follows:

~1*V ~1*V * Vv *
(I ,YP ) (B VT ,O'_B Vyr ,o’)

(1) ~1*V ~1*,V * oV *
<(1-+P ) v - prVyTte

(oo}

(u) TV log(185AN) - 10g(185AN) alog(24SAN)
vy 1 [log(LESAN)
1) D
log( 18SAN) o 10g(24SAN) otV
4 I—~P 1
*( Ni—y) W Ta—eN >( )
log(ISSAN) Ulog(24SAN) oty -1
<N+ | (TP 1
—<N<1— W A >2N)( )
1 18SAN P
+ 2 Og(]V) <I ,YP V) Varﬁﬂ*,‘/ (V*,a)
=:F
1 18SAN -1
+2 Og(N)(I—’YP /V> \/‘Varpw*(V*"’)—Varﬁw*,v(V*v”)
=:F2

L2 W(I@W‘V)I(W Varpos (Vo)) (207)

I
w

A7r*7 -1 .. . . .
where (i) holds by (I —vP V) > 0, (ii) follows from Lemma and the last inequality can be obtained

similarly as (90).
We shall control the three terms F;, F», F3 in (207) separately.
* Consider F;. We first introduce the following lemma, whose proof can be found in Appendix|C.3.3]

LEMMA 15. Consider any ¢ € (0, 1). With probability at least 1 — §, one has

(2+401+2v0)y 250
(1—7)2N 1
(1—7)%y?

~r* v 1
(I—fyﬂ ) Var ey (V57) <2
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Applying Lemma|[I3]leads to

log(lssAN) |
Fi=2 T(1 ~P ) Var ooy (V)
log( 1SSAN) log( 185‘AN)
—= 9 L (244(1+42 = 3 2. 208
<4\ 35— (202 ) (208)

« Consider F,. Forall (s,a) €S x A, P, , € A(S), and P, , €U (P, ,):

*,0 2 \/E
Vel < Yo

Poa = Poall, < \/py2(Pea, Po), and [[V7]| < 7.

Applying the above relation and following the same routine in give

[Varg, , (V*7) = Varp, ,(V*7)| < || P

s,a Ps,a

(209)

where the last inequality holds by the fact that ’

log( 18SAN P
F2<2 g(N) (I P ) \/HVarIso(V**") — Var g v (V)|
<2 bg(lmN)(I VP V 5 [ VO 108(F) (210)
- N - (1-y)'N
. ~*V
where the last equality uses (I ~P ) ﬁ (cf. (O1)).

* Consider F3. Applying Lemma[I0|with 7 = 7* and V = V*7 leads to

/ 2IIV*”H2 log( 25‘4)
V Var pr+ (V*7) Var g+ (V*7)

which can be plugged in to verify similar to (96)) as

410g( ISSAN)
F3 < =N (211)
Finally, inserting the results in (208), (210), and (211) back into (207) gives
~T* ~*V log(lssAN> O’]Og(24SAN>
I—~P ) (g Yo _ pTVynt “) ( +4 1
( N =7)? (L=7)*N
] 1SSAN 18SAN 41 ISSAN log( 18SAN
e a1 2y R | Alos(S0) [ log(S5)
V(1 —7)N (1- )2N (1- )2N (I=7)'N
SA SA SA
_ 5log<18 N>1+4 Tlog252%) [ 7log(B5A%)
(1—=7)>N (I=7)*'N (I=7)'N
] 18SAN
+4\/ o8 <2+4 1+2ﬁ)>1
1 24SAN 1/2 1/4 1 1SSAN
18 og(225AN ) o2 +o 5log(+%~) 7 212)
(1- )3N VI=vy (1- )2N
log(S4)

where the last inequality holds by the fact v > i and letting NV >

(1-)2
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Step 2: bounding the second term in (206). Applying Lemma [I4] to the second term on the right hand
side of (206) leads to

/\ﬂ'V ~*V * v *
() (v e

An*,f/ 1 log( 18SAN) log( 1SSAN) o log( 24SAN)
< _ O\ 8 7 g *,0 -~ 9 7 - - 9 7
_(I ~P ) (2 AV (V) + N N T 1)

log(18SAN) Ulog(24SAN) P
<\ ——+4 —"—=——)(I—7P 1
log(lssAN) Py —
+2 T(I ’}/P ) \/V&I'ﬁﬂ*yf/(vﬂ- ’U)
e
log( 154N ) Py . ~
+2 T(I ~P ) <\/Varﬁﬂ*ﬁ(v R ,)>
=:F5
log(L38AN o
=:Fg ’
log( 18SAN ok
O e ot S
N
o

We now control the above terms separately.
* Applying Lemma [7] and in view of (91), the term F, in (213) can be controlled similarly to as

follows:

log(lssAN) * D — log(ISSAN)
=2 ———" «p (Vo) < — 1.
Fi=2 ~ (I ~P ) \/Varﬁ,r PV S8y gy 214)
¢ In view of (91), we have
1 18SAN ot P 1 —
Fo=2 Og( ) (I — 4P ) \/Varﬁ,rm; (Vo — Prto)
ISSAN .
2N HV*"’ Sl I 215)
* Then, itis easily verified that F4 can be controlled similarly to (210) as follows:
V7 log(B5A)
Fo <24 ——2—"1. 216
AT o
* Similarly, F; can be controlled the same as (211]) shown below:
41 18SAN
og(=5) 217)

- )2N
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Plugging in the results in (214), (215), (216)), and (217) to (213) gives

(I ~B" V) (13” Yyt B“*’VV’T*’“)

SA SA SA
(b g(18 N) a Ulog(24 N) - lgg(18 )
Y(L=7)*N
185AN loo( 18SAN 4] 1SSAN
g HV _prta|| gVl L Alog(TE)
- (1—)"N (7N
18SAN . 5log ( 18SAN log( 24SAN 1/2 1/4
HV*"’—V” o 1+70g< )1 3o, 8 ) () oo
TN o =N (1—7)°N Vi
(218)
where the last inequality follows from the assumption v > i.
Finally, inserting (212) and (218)) back to (206)) yields
H‘//\'W*,o’ _ VTr*,U
10g(24SAN) 0_1/2 + 01/4 5 log( 185AN)
<max {484/ ——>—= )
v)3N V=7 (1—%)2N
10 1SSAN ~ 51o 18SAN lo 24SAN 1/2 1/4
g HV*"’—V’T R ) BV -G O il
2N oo (1—7v)2N (1—=%)3N V1=~
1 24SAN 1/2 1/4 101 18SAN
< 96,198 . (1 A ) og( E ) (219)
(1- ) N Vi=v (1=7)*N
. . . 1610g(SATN) .
where the last inequality holds by taking N > T and rearranging terms.

D.1.2. Controlling |VV*7 — V7|, Recall the bound in which holds for any uncertainty set:

HV%,U _ Vﬁ,aHOO S’YmaX{H (I_,VB%,V)_1<E*"7‘7%,U _Eﬁﬁfﬁ,a> ‘ :
() (7).

To begin with, we introduce the following lemma which controls the main term on the right hand side of

(220), which is proved in Appendix [D.2.2.

LEMMA 16. Consider any 6 € (0,1). Taking N > log (543‘41)\; ) with probability at least 1 — 6, one has

’EW’V‘/}ﬁ o _ Bﬁ,f/"}% o
log (5452 = 8log(54SAN ) 2 1o (SGSAN )2 4
(1—’7)5 (1—7) g YEopt v O E€opt
< ————\/ Varpz(V*° —1 1 1
ar p# ( )1+ + (I—~2N 1=
SAN2
log(5(41ﬂ)§ ) 2% log 3GSAN - 2€opt + 44 /0E€opt L 221)
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Step 3: controlling the first term in (220). Applying Lemma [16]leads to

(i) 7V~ =~ U Se
(I_,YBWV) B VVWO'_BTF,VvTFO'
10g(54SAN ) _1 —
<2 % (I ~P™ V) Var pz (V*)
n (I B ,ypﬁvvﬁ) 810g( 54SAN ) n 6 20 10g(%) + 2'}/Sopt + 4\/0-5opt 1
N N(lf ) (1-7)2N 1—
(2 8 10g( ??S;Ug[; ) 20 log(w) 2/-}/Eopt + 4\/ O Eopt
o 07N =
log(54SAN ) o1 —
2| — 2 (1=7P™") ) Var . p (V7)
-G,
log( 541{A]\Z;2 ) =\ !
w2y P (1) Ve (7)Y o (P7)
=:Gy
log(54SAN2) L — —
42 % <I _ VE’V) \/ Varps (V47) = Var .z 5 (V7). (222)
—:Gs

where (i) and (ii) hold by the fact that each row of (1 — ) <I — fyB%"A/> is a probability vector that falls
into A(S).
Therefore, the remainder of the proof will focus on controlling G;, G-, G5 separately.

* For G;, we introduce the following lemma, whose proof is postponed to Appendix

2
(54SAN )

lo,
LEMMA 17. Consider any 6 € (0,1). Taking N > g(l(_lig)é)‘s and €qp < 177”’, one has with probability at
least 1 — 9,

/7'?,\7 -1 A%a 1 \/E
(I—fyﬂ ) Varye o (V97) STy i +0y o -

Applying Lemma|I7]and to (222) leads to

IOg 54SAN?Z -1 -
( (1—7) )<I PTF,V) Var A‘A/(V;T\,O')

P

R 1 [YOR D

(223)
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 Applying Lemmalw1th |V — VT || < 275"‘“ and (91)), G, can be controlled as

1—

10g(54SAN2) - —
Go=2 (Jif U I o7 il \/‘Varpﬁ o ( V* 7) Varp%,f/ (V™)
10g(54SAN ) ~ 5 750 log SANQ)
<4 %(I—VP”V ” Pt < ™ “ D, (224)
* Gs can be controlled similarly to 5 in as follows:
log(54SAN ) . —~ —~
Gy =2 — -0 (1-+P™") \/ ’Varp;f (Vo) = Var . o (V)
1 54SAN -1 1 54SAN?2
<oy 08T )<I_7Pﬂ,v> Vo =2 Vo log( - ) (225)
N (1—7) (L=7)*N
To proceed, summmg up the results in (]223D (224), and (225) and inserting them back to (222) yields:
54SAN

taking N > g((li)@‘s) and eqpr < () ’Y , with probability at least 1 — 0,

2 o0
< (810g(?411§f,‘)]¥5) 6 2010g(%) 2y€opt + 4, /aaopt>

N(1—=7) (1—7)*N (1—7)?
o[, [ eloa R, [y
V(L=7)N 12(1—7)'N (1-9)'N (1—7)'N
1/2 1/4 log ( BASANZ 1010 54SAN
<18 <1+ o to > (G L ) 8(G 55 ) | 26
vi—v P(L=7)*N N(1— 7)
1—y log( 5(415_‘41;76 log 5(415AJ)\76
where the last inequality holds by taklng 5opt < min gl ~

Step 4: bounding the second term in . Towards thlS applying L ma. 16]leads to

1/ 7V~ ~ O~a 1 7V~ ~ O~
(I— Pﬂ"V) (P Vvﬂa_BmVVrra')<<I_,YPﬂ'V) B VvﬂU_Bﬂ',VVﬂ'U
log(5415AJ\g) N —

<2y —L (I AP ’V) Var ps (V+7)

N 8log(> 15':])\; ) 46 2010g(36SAN2) N 27€opt +44/TEopt 1

N(1-79) (1—=7)2N 1—v
_ 8log( 41 oF ) o 2010g(36SAN ) N 29€0pt + 41/TEopt )
—\ N(-7) (1—=7)2N 1—v
log(o4SAN2) R B —
NI Y P G DL (I—vﬂ”’v) ' Var pz,v (V77)
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log(54SAN2) ~ 1 —
(1—7)§ T, T,o T,o
2 = (1 P™Y)  [Varpay (V7 — V7o)
=:Gx
log(54SAN ) U - -
2| — 2 (1 - VEV) \/ ‘Varg?,v (V) = Var pe.v (V70)
—:G6
10g(54SAN ) .
42 %(1—@” V) \/‘Varpw (V59) = Var pa.v (V7)) . (227)
=:G7
We shall bound each of the terms separately.
 The term G, can be controlled similarly to (214) as follows:
log( 1SSAN)
G, <84 ————1. (228)
TV —)N
 For s, it is observed that
IOg 54SAN
( —Lomt ) (I— P V) \/Varpﬁ v (VAo — V7o)
o4SAN
HV’”’ veell 1 (229)

» Observing that G and G, are almost the same as the terms G, (controlled in (224)) and G5 (controlled

in (223)), it is easily verified that they can be controlled as follows

2 2
YEopt lc>g(5415‘4])\iS ) /7 log(3454N2)
<4 | <2 | 230
Gs < \/ (1—7)N ) g7 < (I—~)iN (230)
To continue, inserting the results in (228)), (229)), and (230) back to (227) leads to
v 1, FV ~_ P
(I ,)/]_‘)7T ) (B V'n’o’ _Bﬂ‘ VV7T cr)
= 2
< Blog (%) 2010g(45H) | 2920 +4/0Eon L4, losl Ba)
B —7)’N 1=~ Y2 (1—7)3N
log (25AN? VEopt 10g( 4SAJ)\Z; ) ﬁlog(LSANQ)
V‘n’ o V7r o 1 4 1 2 S
H = )4N +
1/2 1/4 log 545'14N2 1010g 54SAN 1 54SAN
§16<1+ i Og va pe 1,
231)

. . : log (345402
where the last;nequahty holds by letting g5t < S ~
N > log( 545341\[ )

- 1—

, which directly satisfies e, < 1;—] by letting
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54SAN2

. . . . . log( ) 16 log( 54SAN?
Finally, inserting (226) and (231) back to (220) yields: taking eqp < % and N > %,

with probability at least 1 — d, one has

~a ~
H VT _yTe

oo

54SAN2) 10 log(54SAN )

ol/?2 4 gt/4 log( 5 1—)6
< 18 (1 <
<max ( TV ) (1 -)°N
y 1+Ul/2+01/4 log("“s‘”)\if) 101og( 5415’47% log (A5AN2 Hvﬂg o }
VI—v Y31 —=7)*N N(1 o

1/2 1/4 1Og(54SAN2 20log 045,41\/
<36 <1+ oo > (-7 ) S 03)

VI—7 PA=y)N - N(1- ’Y)
Step 5: summing up the results. Inserting the results in 232) and (219) back to (205) completes the proof

. (045 ) oo(BLSAN
as follows: taking eqpr < gwi‘s and N > %

with probability at least 1 — 4,

Hv*,a_v%,UH S HV‘IT*,O'_‘/}TI'*,UH + 27€0Pt 4 HVTK‘O’ V?,UH

oo

< Do g 108 o2 4ol 10log(185AN)
1= (1=7)*N vI—7 (1—7)2N

vas(1a o124 g1+ | log(BAEAN2) 201og(5(415f‘71)§ )
vi-vy V(A=7)N  N(1—9)?
<152 (1s o2 1 g1/ log(54SA]\%2) 2210g(54ls‘471)\fs )
vi=v PA=7)PN - N({1-7)
ol/2 +01/4> 10g(5(413’47N2)
vI—7y V(1 =7)3N’

2
16log( 245 4N=)
(1-7)

<550 <1 + (233)

where the last inequality holds by v > i and N >

D.2. Proof of the auxiliary lemmas

D.2.1. Proof of Lemma[l4] Without loss of generality, we focus on a more general form that considers
any fixed deterministic policy 7.

Step 1: controlling the point-wise concentration. Consider any fixed policy 7 and the corresponding
robust value vector V := V™ (independent from P°). Invoking Lemma [2/ leads to that for any (s,a) €

S x A,

T,V yrm,o
_Ps,a Vv

max P° V], —/oVar Via }
a€[ming V(s),maxs V(s)] { s,a[ ] Pg,a ([ ] )
max ﬁfava— oVarpy ([V]a }
ae[mlns V(s),maxs V(s)] { " { ] P, ([ ] )
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IN

max
a€[ming V (s),maxs V(s)]

(P =P2) VIt foVarpy ([V]a) = /oVarey, (IV]a)
max

P° _ po ) Vv
a€[ming V(s),maxs V (s)] ( 5,a s,a [ ]a

mas Vo | Nargy ([V]) —yVarey, (IV])

a€[ming V(s),maxs V(s)]

IN

_l’_

(234)

where the first inequality follows by that the maximum operator is 1-Lipschitz, and the second inequality
follows from the triangle inequality. Observing that the first term in (234) is exactly the same as (123),
recalling the fact in (128) directly leads to: with probability at least 1 —

1SSAN ISSAN
max (PO log , / Var PO, log
a€[ming V(s),maxs V(s)] 5@
log 1SSAN

holds for all (s,a) € S x A. Then the remainder of the proof focuses on controlling the second term in
(234).
Step 2: controlling the second term in (234). For any given (s,a) € S x A and fixed « € |0, ﬁ], applying

the concentration inequality (Panaganti and Kalathil 2022, Lemma 6) with ||[V], /s < ﬁ we arrive at

[ Vars, (V1a) =y Varey, (V1)
holds with probability at least 1 — 4. To obtain a uniform bound, we first observe the following lemma
proven in Appendix

LEMMA 18. For any V obeying ||[Vl]ew < ﬁ, the function Js,(a,V) = ’ Vargo ([V]a) —
Varpo ([V]a)

210g(§)
(I=7)*N

(236)

w.r.t. o obeys

’Js,a(alav)_']s,a(a%v)‘§4 ’ai:f:2|

In addition, we can construct an £5-net V., over [0, ﬁ] whose size is | N, | < = (1 (Vershynln 2018]).
Armed with the above, we can derive the uniform bound over v € [min; V (s), max, V( )] C[0,1/(1—7)]:

with probability at least 1 — it holds that for any (s,a) € S x A,

SA’

\/Varpo ([V]a) — \/Varpso’a (V]a)

max
a€[ming V (s),maxs V(s)]

_ae[onll/a)l{ ] \/V Poa ]a)—\/VarpLg’a ([V}a)

®

<4 V. o) —1/V Vla
Sy s |\, (V1) - Varmg, (01
- 2bﬁéﬂﬁﬂ)

11—~ (I—=7)*N
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(E) , 9 log( QSALNS:; | ) 92 log( 24SAN) 237
(1=7)2N —7) (1=9)N "’

25A|Ney |
. —

where (i) holds by the property of NV.,, (ii) follows from (236), (iii) arises from taking €5 = %,
& <2N.
Inserting (233) and (237) back to (234) and taking the union bound over (s,a) € S x A, we arrive at that
for all (s,a) € S x A, with probability at least 1 — 9,

(P, = P) Ve
ae[mlns V(e) maxs V (s)] UvarPO ([V]a) \/UvarPO ([V]a)

log 18SAN 10g 1SSAN O'lOg(24SAN)
, /Varpo +4 W

1SSAN

and the last inequality is verified by | V., | <

_l’_

Pryv - priv|< max

a€[ming V (s),maxs V (s)]

24SAN

2 log o log

Finally, recalling the matrix form leads to: with probability at least 1 — 6,

o, 1 18SAN 1 18SAN 1 24SAN
Pv-pv| <2 Log(* 5™ )warpﬁ(vwiog( )i 44 "(Og( )2N)
18SAN 24SAN

2 log o log

Applying the above results with 7 = 7* and V' = V**¢ completes the proof.

D.2.2. Proof of Lemma
Step 1: decomposing the term of interest. The proof follows the routine of the proof of Lemma [T1]in

Appendix To begin with, for any (s,a) € S x A, following the same arguments of (234) yields

AN~ TS~ ~ TS~
T,V,7,0 T,V/7,0
SZIV; P57 V7

< max ] ‘ (Pga — ]3;'@) [f/\'ﬁ"’] ‘ +
() ‘ “

a€ [mins V7.9 (s),maxs V7o

\/ Vargy ([V77],) - \/ Varpg, ([77], )]

Invoking the fact in the first line of (138) and (152) (for proving Lemma I T)), the first term in (238) obeys

max | ’(Pga — ]3&1) [Vﬁ’”]a

ac [mins vﬁva(s),maxs Vo (s)

+ max Vo

aE[mins V7.9 (s),maxs \7%0(5)]

(238)

< max (PO, =P, [V77]
a€l0,1/(1—v)] ’ *
log(5415AN2) 810g(54SA ) e
<92 )0 \/V V* P 1—7v)d Y E€opt
- e,V o) T,
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log(*§*405)

(1-7)°N

2Eopt

<10 (239)

by letting N > log (5(415_‘:%2). The remainder of the proof will focus on controlling the second term of
1238).

Step 2: controlling the second term of ([238). Towards this, we recall the auxiliary robust MDP M2
defined in Appendix Taking the uncertainty set U7 (-) := U, (-) for both Mfoﬁ and M, we recall

the corresponding robust Bellman operator 7:"u( ) in (141) and the following definition in (142)

w =V (s)—y inf PV, (240)

PEU (es)

Following the arguments in Appendix it can be verified that there exists a unique fixed point CA)*’” of

the operator ﬁ"u(), which satisfies 0 < Q* o< = ~1.In addition, the corresponding robust value function
coincides with that of the operator To (+),ie., stj = Ve,

We recall the N_,-net over [O, %} whose size obeying |N.,| < S0 (Vershynin|2018). Then for

all u € N, and a fixed a, Mrob is statistically independent from Ps o>

between [stf]a and Pg .- With this in mind, invoking the fact in (237) and taking the union bound over all
(s,a) €S x Aand u € N, yields that, with probability at least 1 — 0,
max

5 N 2]og (AN N |y
Vars (V;*;f O4)—\/V (Vg*q’f a) <9 5 241
€l0,1/(1-7)] \/ arpg, (Vo] arpo ([Vii]a ) | < (241)

(I—=7)*N
holds for all (s,a,u) € S x A x N,,.

Wthh indicates the independence

To continue, we decompose the main part of the second term in (238) as follows:

s (1770, = P, (19701
ae[mlns v, 27 (8),maxg v, o ( s) «a s,a «

= ae[or,rll/a()lc—v)] \/Varpga ([Vﬁ’g]a) \/V3"P507a ([Vﬁ’ff]a)
¢ \/v Pro \/V oo
< ae[or?/a()f,w)] arpo, <[ ’ ](X) — arpo,, ([ , ]()t)

ity [V, (77,) ~vorsy, (17<1,)

\/’\/arPO ( ) Varpo ([‘7*”](1)]

(11 ”

< mas N Narsy ((70],) Versg, ((7],)
2 PN ~
NEmE—

it 7L 17,

for (1) (71

o0

< max
a€l0,1/(1—)]

a | Coet (242)
5
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where (i) holds by the triangle inequality, (ii) arises from applying Lemma 5] and the last inequality holds

by (@8).
Armed with the above facts, invoking the identity V* =V leads to that for all (s,a) € S x A, with

s,u*

probability at least 1 — 6,

\/Varﬁsoﬂ ([XA/*’”]Q — \/Varpsqa ([IA/*"’

max ) ] )
a€g0,1/(1—v)] a
-t oy, (2] ) - o, ()
0‘6[071/()1(*7)] \/ Fla S o Pa sur ],
@ %0 rx,0
< max Var rpo, <[VS’E} )— Var po ([Vsﬁ} )
a€0,1/(1—7)] T la 5@ a

ae[or?ﬁ}f ] [\/’ AP0, ([ Sv':“} >_Varﬁ§{a <[Vs,’ﬂ]a)

n wvmpga ([72] ) —varse, ([72¢] ) }
< Poorss, ([722],) = s, ([722] ) +0/52
max ar s i — ar iy
= ael0.1/(1-) Pla \[Psm ], Pa\[Psw ], 1)

(iii) 2 log(iﬂ*%i;m\[g2 | ) =
<2 5 +4
(1—=7)°N (1-7)

2 log( 36SAN2 )
> W (243)
where (i) holds by the triangle inequality, (ii) arises from applying Lemmaand the fact ) V Vs*u‘i <
[Neg |

(241), and the last inequality holds by letting £, = w
’ (1-)N ’

which leads to \ | < <3

62(1 20, 2

In summary, inserting (243) back to (242) leads to with probability at least 1 — 6,

max ‘\/Varpo V“»"]a) - \/Varpga ([f/ﬁv”}a)
a€ mms V7.0 (s),maxs V70 ( s) ’

20 log 36SAN U€opt

(244)

holds for all (s, a)e S x A.
Step 4: finishing up. Inserting (244) and (239) back to (238)), we have for all (s,a) € S x A, with proba-
bility at least 1 — 6,

log (245482 ) — 810g(545“‘N) 20 log(BSAN2) 2y, + 4, /5,
<92 (1=7)d Varpy (V+7) + L0/ 46 g(=25) VEopt T 24/0Eopt

(1- )2N 1—v

54SAN?2

log( (-5 ) 6 20 log 365AN2 2’y55c,pt—|—41 /OEopt

(245)
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Finally, recalling the matrix form in (40), taking N > log (545 AJ)\g ) we complete the proof:

’]3”‘7% 7V (R

log( 541&‘7])\;2 \/\r 810g 5(4181L;N ) 1+6 20 log(SGSAN ) 14+ 2YCop & 4\/0570F,t1
o= (=PN 1=y
log 54SAN2 2 10 SGSAN 2VEont + 4+ /OE,
o) 7108 Pop AT ) (246)

D.2.3. Proof of Lemma Following the proof pipeline of Lemma [12] in Appendix [B.3.6] we first
recall (I131)

20\ ! = 1 - 0\! o~
(1277 )\ Vare g (V7)< [y | D27 (7)) Varye o (V7). (247)
t=0

Recall that we denote the minimum value of V7 as V,,;, = min,es V™7(s) and V' := V77 — V. 1. By

the same argument as (155), we arrive at

~ O 1 2 2 ~7,V S\ ~n
SB#,V (V/OV/)**V/OV/+f”V’HoolJr*HV/HOO B B 7,V Ve
¥ v? ¥

~ 7 1 2
<P VoV = VoV 4 SVl

,}/2

P log (245402 ) 2010 365AN? | Do+ 40
+HV’HOO<10 AN T g ot P, (248)
v

where the last inequality follows by Lemma [16] Plugging (248)) back into (247) and following the routine
of (156)) leads to
—1

(1=2277) " \/Var o (V7o)

%) 1% ‘E;Vt(P%’v)t(P%V(V V’)—}yV’OV’)

10g<54SAN2) 2010 365AN2 2 Eopt + 8+/0C,
+ 2420y — =0 2 4 19 g ot ") IVl
(I=7)* —
(i) U
< ||V ||oo 1
2 5(415‘:1)\;2 20‘10g 36SAN2 2’)/€opt+8\/0'€0pt>HV/H
2 2
)2y

(iii) /0|2 1 ’
i HVH \/32 +fuv Hoo1<7 [ 1 / 1 (249)
(1—7)3 1— 2
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where (i) arises from followmg the routine of ( 35) (ii) holds by repeating the argument of (136)), (iii)
54SANZ
)

lo
follows by taking N > %(1(_177)72)5

and .,y < U2 and the last inequality holds by [|[V'||sc < [|V*"||s
1—~"

D.2.4. Proof of Lemma(l8] Forany 0 < a;,a, <1/(1—+), one has

‘Js,a(ala V) - Js,a(a27 V)‘

’\/Varﬁga (V]ay) — \/Varpga lay) ‘\/Varpo las) \/Varpo las)

\/Varﬁga ([V]ay) — \/Varpsp’a (V]ay) — \/Var}so lag) \/Varpo lag)
\/V"”ﬁga ([V]ay) — \/Varlgsoa las) ’\/Varpo loy) \/Varpo las)
9 \/Varpo Jas) = Vargo ([V]a,) + \/Varpo Jos) = Varpo ([V]a,)

P 1) (V1) = (V1) o (V)] B (Vs + ) P (e, = V)

+ \/!P?,a [([V]ay) o (V]ay) = (V]az) © (V]ao)l| + [P0 ([V]ay + [V]az) - P ([V]ay = [Vas)]

o — g
1—~

INZ

IN

<2v/2(a1 + )]y —ay| < 4 (250)

Here, (i) holds by the fact ||z| — |y|| < |z — y| for all z,y € R, (ii) follows from the fact that /z — \/y <
vz —y forany x >y >0 and Varp ([V],,) > Varp ([V],,) for any transition kernel P € A(S), (iii) holds
by the definition of Varp(-) defined in (38)), and the last inequality arises from 0 < ay, a2 <1/(1 —7).

E. Proof of the lower bound with \? divergence: Theorem |4

To prove Theorem (4, we shall first construct some hard instances and then characterize the sample com-
plexity requirements over these instances. The structure of the hard instances is the same as the ones used

in the proof of Theorem

E.1. Construction of the hard problem instances

First, note that we shall use the same MDPs defined in Section|5.3|as follows
{M¢> = (S,A,P¢,T,’Y) |¢€ {071}} :

In particular, we shall keep the structure of the transition kernel in (56)), reward function in (61]) and initial

state distribution in (62), while p and A shall be tailored to the x? divergence case.
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Uncertainty set of the transition kernels. Recalling the uncertainty set associated with y? divergence in

(204), for any uncertainty level o, the uncertainty set throughout this section is defined as U (P?):
P(s'|s,a) — P*(s ’
(P15 P el ]

o ) . .
Un(P;,) = {Psvu €A(S): ngg P(s'|s,a)
251)

Z/{U(P¢) = ®Z/{;2(Ps¢?a),
whenever the state

where A(S) denotes the simplex over the state space S. Clearly, U° (P?,) = {P?
transition is deterministic for x? divergence. Here, ¢ and A (recall (539)) which determine the instances are

(252)

specified as
1—x 1fa€(0 1=y
0<q= . L =q+A,
- { o)’ P
and
1(1—49) if o€ (0,2
O<A<S o (1_74) (253)
I 275y 2(1+a)} Ioe [T,oo)
This directly ensures that
Ao < ma i+o 5(1 1T
p q= l+o'4 Y=

since v € [%, 1).
To continue, for any (s,a,s’) € S x A x S, we denote the infimum probability of moving to the next state
(254)

s" associated with any perturbed transition kernel P, , € U (P?,) as

P?(s'|s,a) = inf  P(s']s,a).
Py,a€U7 (PS4)
In addition, we denote the transition from state O to state 1 as follows, which plays an important role in the

(255)

analysis,
q=P?(10,1-9).

p=P*(1]0,0),
Before continuing, we introduce some facts about p and g which are summarized as the following lemma;

the proof is postponed to Appendix |E.3.1.
LEMMA 19. Consider any o € (0,00) and any p,q, A obeying (252)) and [253), the following properties

hold
Sr<qg<l-y, g+iA<p<q+A<R foc(0,457), (256)
ifoe['500).

{qu, SHA<P< (3+0)A
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Value functions and optimal policies. Armed with the above facts, we are positioned to derive the cor-
responding robust value functions, the optimal policies, and their corresponding optimal robust value func-
tions. For any RMDP M, with the uncertainty set defined in (251), we denote the robust optimal policy
as m}, the robust value function of any policy 7 (resp. the optimal policy 7}) as V" (resp. V7). The
following lemma describes some key properties of the robust (optimal) value functions and optimal policies

whose proof is postponed to Appendix |E.3.2.
LEMMA 20. Forany ¢ € {0,1} and any policy 7, one has

N V24
V¢ (0)— (1_’”(1_7(1_2:;)), 257)

where zj is defined as

2y =pm(¢]0) +qm(1—¢|0). (258)

In addition, the optimal value functions and the optimal policies obey

P
V*ﬁ 0) = = , 259
SO D) 2o
Ti(p]s) =1, forseS. (259b)

E.2. Establishing the minimax lower bound

Our goal is to control the performance gap w.r.t. any policy estimator 7 based on the generated dataset and

the chosen initial distribution ¢ in (62), which gives
(@, V)7 = V7)Y =V} (0) = V7 (0). (260)

Step 1: converting the goal to estimate ¢. To achieve the goal, we first introduce the following fact which

shall be verified in Appendix [E.3.3: given

< 261
“S768(1 ) (261)
and choosing
18(1—7)%  ifoe (0,52,
A= {645(17)2 . (H‘* ) (262)
3(1+0) toe [T?OO) )

which satisfies the requirement of A in (253), it holds that for any policy 7,

(V37 =V 7) > 2e(1-7(6]0)). (263)
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Step 2: arriving at the final results. To continue, following the same definitions and argument in

Appendix we recall the minimax probability of the error and its property as follows:
1
o= gop { < N (KLPC0.0) | P(10.0) +KLPC 0.0 | P2 0.1) 264

then we can complete the proof by showmg Pe > 3 given the bound for the sample size V. In the following,
we shall control the KL divergence terms in ( in three different cases.
* Case 1: 0 € (0,22). In this case, applying v € [2,1) yields

1-y_3 1 _1
Log>lop=l-g-A>q—— > >0,

p=qg=1—r. (265)

Armed with the above facts, applying Tsybakov| (2009, Lemma 2.7) yields

KL(PO(' 10,1) || P*(- |0, 1)) KL(pllq) < <(11) gip = p(lA2 P)
() 324(1 —7)"e?
p(1- )
2 648(1 — ) o

where (i) follows from the definition in (252)), (ii) holds by plugging in the expression of A in (262), and
(iii) arises from (265). The same bound can be established for KL(P°(-|0,0) || P*(-]0,0)). Substituting
(266) back into (264) demonstrates that: if the sample size is chosen as

log 2

N<—F—>—— 267
~ 1296(1 —v)3e?’ (267)
then one necessarily has
1 3 9 1
peZZexp{—N-1296(l—*y) ¢ }Zg' (268)
* Case2: 0 € [152,00). Applying the facts of A in (253), one has
1 1 1
e E T Ty gy
o
>g= . 269
PZ4=1 7 (269)
Given (269), applying [Tsybakov| (2009, Lemma 2.7) yields
N2 A2
KL(PY(-10,1) | P1(-]0,1)) =KL (p|| ) < L=9" ©
(P10 [ P'10.0) =KL(p g < =22 2
4096e2(1—)*
(i:i) 9(14+0)2
p(1—p)
. 409682 (1—7)*
() Tomee — _ 8192(1 7)€’ 270)

o _
2(140)2
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where (i) follows from the definition in (252), (ii) holds by plugging in the expression of A in (262), and
(iii) arises from (269). The same bound can be established for KL(P°(-]0,0) || P*(-]0,0)).

Substituting (270) back into (264) demonstrates that: if the sample size is chosen as
olog?2

N< 271
= 16384(1 — 7)ie2’ @70
then one necessarily has
42
pe> jlexp{ _ 163841 =) } > %. (272)
o

Step 3: putting things together. Finally, summing up the results in (267) and (271), combined with the

requirement in (261), one has when

e (273)
taking
1 ifoce (0 1—
N<ed@v= ° (1L ) (274)
aoyiz ifoce [ 00)

leads to p., > é, for some universal constants ¢, co > 0.

E.3. Proof of the auxiliary facts

We begin with some basic facts about the x? divergence defined in for any two Bernoulli distributions
Ber(w) and Ber(z), denoted as
(w—x)2+(1—w—(1—x))2 (w—x)?

=2 = = . 275
)= | ) e @)
For z € [0,w), it is easily verified that the partial derivative w.r.t. 2 obeys 2£ g;,x) = i((ﬁ:’:))) < 0, implying
that
Vi, <xzo€[0,w), flw,z1) > f(w,zy). (276)

In other words, the x? divergence f(w,z) increases as x decreases from w to 0.

Next, we introduce the following function for any fixed o € (0,00) and any x € Lj%g, 1) :

fo(x) = inf ygmaX{O,a}— O'IL‘(l—:L‘)}:IL‘—\/O'{L‘(l—:L'), 2277)
{y:x2(ylle)<o,y€l0,2]}

where (i) has been verified in |Yang et al. (2022, Corollary B.2), and the last equality holds since x > 7.

The next lemma summarizes some useful facts about f,(-), which again has been verified in [Yang et al.

(2022, Lemma B.12 and Corollary B.2).

LEMMA 21. Consider any o € (0,00). For x € [-2=,1), f,(x) is convex and differentiable, which obeys

’ _ \/E(Q‘T_]-)
fo®) =1t )
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E.3.1. Proof of Lemma@ Let us control g and p respectively.

Step 1: controlling q. We shall control ¢ in different cases w.r.t. the uncertainty level o.

e Case l: 0 € (0 ) In this case, recall that ¢ = 1 — v defined in (252)), applying 277) with z = ¢
leads to

-y s — (278)

l—y=q>q=fs(q)=1—y—+oy(1—7)>21—~— 1

» Case 2: 0 € [1,00). Note that it suffices to treat Pf 1, as a Bernoulli distribution Ber(gq) over states 1

and 0, since we do not allow transition to other states. Recalling ¢ = -7 in (252) and noticing the fact that
2 2
¢  (1-(1-q) q
f(q,0)=—+ = =0, (279)
(.0) q 1—gq (1—q)

one has the probability Ber(0) falls into the uncertainty set of Ber(q) of size . As a result, recalling the

definition (255) leads to
q=P’(1]0,1-¢) =0, (280)

since q=>0.
Step 2: controlling p. To characterize the value of p, we also divide into several cases separately.
e Case 1: 0 € (0,232). In this case, note that p > ¢ =1 — v > 2. Therefore, applying that f,(-) is

convex and the form of its derivative in Lemma[21] one has

p=fo(p) > fo(q@) + fr(a)(p—q)

Ja(2q—1) \/T(1—2(1—7))> 3A
=q¢+ |1+ ——= |A>q+|1- A>qg+—. (281)
- < 2 q(l—q)> - ( 2v/ (1 =)y -4
Similarly, applying Lemma [21]leads to
p=fo(p) < fola)+ fo(p)(P—q)
N PG Ut/ DR PPN (282)
N 2y/p(1-p) -

where the last inequality holds by 1 —2p > 0 due to the fact p=¢+ A < 2(1 —v) < & < £ (cf. (253) and

v €[2,1)). To sum up, given o € (0, 272), combined with (278), we arrive at

5(1—7)

A<p<g+A<———r, (283)

= w

q+

where the last inequality holds by A < (1 — ) (see (253)).

4
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e Case 2: 0 € [152,00). We recall that p =g + A > ¢ = v in (252). To derive the lower bound for p
in (255)), similar to (281), one has

p=fo(p) = fo(0) + fo(a)(p — q)
2g—1
a1 YR A
N 2v/q(1—q)
; o —1 1
Do |14V be A:< g )Az(g+ )A, (284)
2,/ 1 2 2
140 140
where (i) follows from g = 17— and ¢ = 0 (see (2 (280)). For the other direction, similar to (282)), we have
, o(2p—1
p=rfep) < fol)+ fop)(p—a) =g+ [ 1+ NGIC IS N
2y/p(1—p)
i - ii Vo (§5 +24
O e =
pil—=D
2\/<1+0+A) (m—A>
(i) 142A (iv)
< 1+ﬁ(—+1> Ag<1+(1+o)<1+1+ >>A:(3+U)A, (285)
2 1-%0 " 2(110)
where (i) holds by ¢ = 0 (see -) (i) follows from plugging in p = ¢+ A = ;7= + A, and (iii) and (iv)
arise from A = min {Z<1 v), 2(1+ ) } <1 in (253). Combining (284) and (285] - ) yields
1
U;r A<p<(3+0)A. (286)

Step 3: combining all the results. Finally, summing up the results for both ¢ (in (278) and (280)) and p
(in (283) and (286)), we arrive at the advertised bound.

E.3.2. Proof of Lemma [20)

The robust value function for any policy m. For any M, with ¢ € {0, 1}, we first characterize the robust
value function of any policy 7 over different states.

Towards this, it is easily observed that for any policy 7, the robust value functions at state s = 1 or any

s€{2,3,---,5—1} obey

mo i1y O 0 1

and

Vse{2,3,,S—1}:  VI(s) D04V (1) = ——, (287b)
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where (i) and (ii) are according to the facts that the transitions defined over states s > 1 in give only one
possible next state 1, leading to a non-random transition in the uncertainty set associated with y* divergence,
and r(1,a) =1 for all a € A’ and r(s,a) =0 holds for all (s,a) € {2,3,---,5 -1} x A.
To continue, the robust value function at state 0 with policy 7 satisfies
V7(0) =Egnroy|7(0,a) +  inf . PV
PeU (PY,)

=0+9m(60) inf  PVI74am(1-0[0) inf  PV] (288)
PGUU(P$¢) PEUT (P, 01 ¢)

i

—
=

- (289)
I—7~

where (i) holds by that ||V || < ﬁ Summing up the results in (287b) and (289) leads to

IN

Vse€{2,3,---,5 —1}, V5o (1) > Vo (s) > V27 (0). (290)
With the transition kernel in (56)) over state 0 and the fact in (290), (288) can be rewritten as

V2 (0)=vm(¢]0) inf PV +qm(1-¢]0) mf PV?
PeUs (P, ¢) PeU (P, _ )
Lam(6]0) [PV (1) + (1= p) VI (0)] +ym(1 = 0]0) ¢V (1) + (1~ @) V7 (0)]

VW (1= 2) V()
= T , (291)
(- (1-7(1-27))

where (i) holds by the definition of p and g in (255), (ii) follows from the definition of 27 in (258), and the

last line holds by applying (287a) and solving the resulting linear equation for V"% (0).
Optimal policy and its optimal value function. To continue, observing that V"7 (0) =: f(z7) is increasing

in 27 since the derivative of f(2]) w.r.t. 2z obeys

V(A=) (A =v(1-2])) 7"z (1 —7) _ Y -
(1= (1=~(1-2))" (1=7(1-27))°

where the last inequality holds by 0 < 27 < 1. Further, 2] is also increasing in 7(¢|0) (see the fact p > ¢

f'(z5) =

from Lemma [19), the optimal robust policy in state 0 thus obeys
T (¢]0) = 1. (292)

Considering that the action does not influence the state transition for all states s > 0, without loss of gener-

ality, we choose the optimal robust policy to obey

Vs>0: mi(o]s)=1. (293)



Shi et al.: The Curious Price of Distributional Robustness in Reinforcement Learning
Article submitted to Operations Research 53

Taking 7 = 77 and z;¢ = pin (291), we complete the proof by showing the corresponding optimal robust

value function at state O as follows:

i
*,0 vz P
V7 (0) = 2 =

1= (1= (1-27)) G0 = (=)

E.3.3. Proof of the claim (263) Plugging in the definition of ¢, we arrive at that for any policy T,

(o, V7 = VI7) = V7(0) = Vo (0)

0 P N V24

A=) (1-a(1-p) =) (L-y(1-27))

_ ) W y-2) wre-91-7(40)
(1-7(1-p) 1=7(1-23) = (1-~(1-p))’ (1-7(1-p)’

(294)

—~

)

where (i) holds by applying Lemma (ii) arises from 27 < p (see the definition of 27 in (258) and the fact
p=q+ % from Lemma , and (iii) follows from the definition of z7 in (258).

To further control (294), we consider it in two cases separately:

* Case l: o € (0, 1777) In this case, applying Lemmalﬁ'to yields

e yrey s WD0=R610) | B -n(6]0)
T T ) (1o (1o 22)]

- A(l —71'((;5]0))
o 9(1—n)?

=2¢(1—n(¢|0)), (295)

where the penultimate inequality follows from v > 3/4, and the last inequality holds by taking the specifi-
cation of A in (262) as follows:

A=18(1—7)%. (296)

It is easily verified that taking € <
ie, A<i(1—7).
e Case2: 0 € [152,00). Similarly, applying Lemma|1_9|to (294) gives

as in (261) directly leads to meeting the requirement in (253),

__ 1
72(1—7)

Y- (1-7(6]0) _  4=A(-7(6]0))
(=7 (1=p)"  ~min{1,(1-7(1-B+0)A)7}

(o, V3" = Vi) > (297)

Before continuing, it can be verified that

®

1—-7(1-B+0)A)=1—-7+vB+0)A<2(1—7), (298)



Shi et al.: The Curious Price of Distributional Robustness in Reinforcement Learning

54 Article submitted to Operations Research
where (i) is obtained by A < - (13?0) (see (253). Applying the above fact to (297) gives
(o VT YTy > Y A(1-7(9]0)) 93(0+1)A(1—w(¢|0))
’ e ¢ = =
min{l,(l—*y(l—(3+a)A))2} 32(1 —7)?
=2¢(1—7(¢|0)), (299)

where (i) holds by v > 2 and (297), and the last equality holds by the specification in (262):

4
_ 64e(1—~)?

3(1+0) (300)

As a result, it is easily verified that the requirement in (253))

1—7~

<610 GO

is met if we let

1

e< m (302)

as in (261).

The proof is then completed by summing up the results in the above two cases.

F. Proof for the offline setting
F.1. Proof of the upper bounds: Corollary[1 and Corollary 3

As the proofs of Corollary [1| and Corollary |3| are similar, without loss of generality, we first focus on
Corollary|l|in the case of TV distance.

To begin with, suppose we have access to in total N, independent sample tuples {s;,a;, s, ri}fv:bl from
either the generative model or a historical dataset. We denote the number of samples generated based on the
state-action pair (s,a) as N(s,a), i.e.,

Np
V(s,a) e Sx A: N(s,a):Z]l{si:s,ai:a}. (303)

i=1
Then according to (13), we can construct an empirical nominal transition for DRVI (Algorithm [1).
N(s,a)

L ) Z ]l{si:s,ai:a,sézs’}. (304)

V(s,a) €S x A: ]30(3'|3,a) — m
’ i=1

Armed with the above estimate of nominal transition kernel, we introduce a slightly more general version

of Theorem I} which follows directly from the same proof routine in Appendix
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THEOREM 5 (Upper bound under TV distance). Let the uncertainty set be U (-) = U7\ (), as specified
by the TV distance (9). Consider any discount factor ~ € [Zv 1), uncertainty level o € (0,1), and § € (0,1).
Based on the empirical nominal transition kernel in (304), let T be the output policy of Algorithm |l| after
T=Clog ( ) iterations. Then with probability at least 1 — §, one has

VseS: V*(s)=V™(s)<e (305)

forany e € (0, V/1/max{1 -+, U}], as long as

_ C, SAN,
V(s,a)eSx A: N(s,a)> 1= 7)Zmax{1 7,02 log <(1 _7)5) . (306)

Here, C1,Cy > 0 are some large enough universal constants.
Furthermore, we invoke a fact derived from basic concentration inequalities (L1 et al.|2024a) as below.
LEMMA 22. Consider any § € (0,1) and a dataset with Ny, independent samples satisfying Assumption

With probability at least 1 — 0, the quantities { N (s,a)} obey

Nb} o Nop®(s,a) (307)

2
max{N( a), log 5 T
simultaneously for all (s,a) € S x A.

Now we are ready to verify Corollary m Armed with a historical dataset D° with IV, independent samples

that obeys Assumption [I| one has with probability at least 1 — 4,

Nb,“fb(saa) > Nblumin

V(s,a) e Sx A: N(s,a)> 1 25 (308)
as long as N, > Blog 3, Slog for all (s,a) € S x A. Consequently, given N, > Blog 3 applyin
b= Hmin Nb(sva) ’ ’ q Y g b= Hmin pp y g

Theorem |5| with the fact N(s,a) > % for all (s,a) € S x A (see (308)) directly leads to: DRVI can

achieve an e-optimal policy as long as

Nb,umin CQ SANb
N > > 1
(s:0) 2 12 = (1—~)?max{l —v,0}e? ©8 ((1—7)5 ’ (309)
namely
Ny > 1 1
2 e () o

where (5 is some large enough universal constant. Note that the above inequality directly implies N, >

8 log 5
Hmin

. This completes the proof of CorollaryU 1} The same argument holds for CorollaryH
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F.2. Proof of the lower bounds: Corollary 2 and Corollary |4

Analogous to Appendix without loss of generality, we first focus on verifying Corollary [2| where we
use the TV distance to measure the uncertainty set.

We stick to the two hard instances M, and M (i.e., M, with ¢ € {0,1}) constructed in the proof for
Theorem 2| (Appendix . Recall that the state space is defined as S = {0,1,2,---,S — 1}, where the

corresponding action space for any state s € {2,3,---, S —1}is A={0,1,2,--- ;A —1}. For states s =0

or s = 1, the action space is only A’ = {0, 1}. Hence, for a given factor fii € (0, 5], we can construct a
historical dataset D with N, samples such that the data coverage becomes the smallest over the state-action
pairs (0,0) and (0, 1), i.e.,

1 —2pmin

m, VSE{1,2,,S—1} (311)

©°(0,0) = p(0,1) = piain  and  p°(s,a) =

Armed with the above hard instance and historical dataset, we follow the proof procedure in Appendix
to verify the corollary. Our goal is to distinguish between the two hypotheses ¢ € {0, 1} by considering the

minimax probability of error as follows:

Do = igfmax{l[”o(¢7é()), P1(¢751)}, (312)

where the infimum is taken over all possible tests 7 constructed from the samples in DP.
Recall that we denote 14 (resp. fu,(s)) as the distribution of a sample tuple (s;, a;, s;) under the nominal
transition kernel P? associated with M 4 and the samples are generated independently. Analogous to (172),

one has

exp (—NbKL(;LQ I ,ul))
= exp { = Nopuin (KL(P(-0,0) | P'(-0,0)) + KL(P'(-[0,1) [ P'(-[0,1)))},  (313)

where the last inequality holds by observing that

KL(po [l ) = 3 #b(s. a)KL(P(' [ ,a) || P(s' | 5.a)

s,a,s’

= Z 1°(0,a)KL(P°(-10,a) || P'(-]0,a)) = fimin Z KL(P°(-10,a) || P*(-]0,a)).
ac{0,1} a€{0,1}

(314)
Here, the last line holds by the fact that PY(-| s, a) and P*(-| s, a) (associated with M, and M, ) only differ

from each other in state-action pairs (0,0) and (0, 1), each has a visitation density of fi,,;,. Consequently,
following the same routine from (173) to the end of Appendix we apply (174) and (175) with N =

Nplimin and complete the proof by showing: if the sample size is selected as

¢y log?2

Npprin =N < )
b#t 8192(1 — v)?max{1l —v,0}e?

(315)
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then one necessarily has

pe =inf max {Po(V*(0) = V™ () >¢), Py (V" () = VT (p) > )} > (316)

oo =

We can follow the same argument to complete the proof of Corollary [4]
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