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EC.1. The G/M/∞ queue length — a boundary-free example

The G/M/∞ system provides an instructive example that features both general and expo-

nential clocks, and in contrast to the G/G/1 setting, the diffusion error for the infinite-

server queue is composed solely of interior terms and no boundary terms. As a result,

obtaining a three-moment error bound is considerably simpler.

The G/M/∞ system is an infinite-server queue where arrivals form a renewal process

with generic interarrival time distribution U and exponentially distributed service times

with rate µ. Let R= λ/µ be the offered load. We assume that EU 3 <∞ and set

λ= 1/EU, c2U = λ2Var(U).

Let Q(t) be the customer count, let Ra(t) be the residual interarrival time at t≥ 0, and

assume that

{Z(t) = (Q(t),Ra(t))}

is positive Harris recurrent. Let Z = (Q,Ra) denote the vector having the stationary dis-

tribution. Let δ= 1/
√
R and define the normalized customer count

X(t) = δ(Q(t)−R) and X = δ(Q−R).

The following is the main result of this section.

Theorem EC.1. Let Y ∼N(0, σ2) with σ2 = (1+ c2U). Then

dW (X,Y )≤ δ(KA +KD),

KA =
1

3(1+ c2U)
E |1−λU |3 + c2U

1+ c2U

(
1+

1

2
λ2EU 2(δ4λ3EU 3/3+ δ2λ2EU 2 +1)

)
,

KD =

√
2/π

(1+ c2U)

√
EX2

√
λ3EU 3/3+

1

(1+ c2U)

(
δ2λ3EU 3/3+λ2EU 2 +

1

3

)
.
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The proof of Theorem EC.1 follows the same structure as the proof of Theorem 1.

Namely, we use the BAR for the compensated customer count in the infinite-server queue to

extract a diffusion generator and corresponding error terms in Proposition EC.1. Bounding

the error terms requires both Stein factor bounds and a bound on the second moment

of the centered queue length (unlike our G/G/1 example, which did not require moment

bounds). The former are well known and the latter is obtained from the BAR by using a

quadratic test function. After presenting said Stein factor and moment bounds, we combine

everything to prove Theorem EC.1 at the end of the section.

For the BAR, let A(t) and U(t) be defined as in Section 2.1, and let D(t) denote the

number of departures on [0, t]. Given a function f(Z(t)), partition [0, t] according to event

times and consider the FTC conditions analogous to those in Section 2.2, as well as the

integrability condition

E |f(Z)| , E |∂raf(Z)| , E
∫ t

0

|∆f(Z(s−))|dD(s), E
∫ t

0

|∆f(Z(s−))|dA(s)<∞.

Arguing as in Section 2.2 yields the BAR.

Lemma EC.1. Initialize Z(0)∼Z. If f(Z(s)) satisfies the FTC conditions with probability

one under Z(0)∼Z and if the integrability condition holds, then for all t≥ 0,

0 = − tE(∂raf(Z))+E
∫ t

0

∆f(Z(s−))dD(s)+E
∫ t

0

∆f(Z(s−))dA(s)

= − tE(∂raf(Z))+ tµEQ(f(Q− 1,Ra)− f(Q,Ra))+E
∫ t

0

∆f(Z(s−))dA(s), (EC.1)

provided that all expectations on the right-hand side are well defined (in a manner similar

to (3)).

Proof of Lemma EC.1 The first equality follows as in Lemma 1 and the second is due

to Theorem 3.3.1 of Baccelli and Brémaud (2003). □

Remark EC.1. For convenience, we will work with the right-hand side of (EC.1) with

t = 1 there. For an approach that avoids using the machinery of Baccelli and Brémaud
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(2003) to establish the second equality in (EC.1), consider the first equality in (EC.1),

divide both sides by t, and let t→ 0 to get

0 = −E(∂raf(Z))+ lim
t→0

1

t
E
∫ t

0

∆f(Z(s−))dD(s)+ lim
t→0

1

t
E
∫ t

0

∆f(Z(s−))dA(s)

= −E(∂raf(Z))+µEQ(f(Q− 1,Ra)− f(Q,Ra))+ lim
t→0

1

t
E
∫ t

0

∆f(Z(s−))dA(s).

The second equality is argued using the fact that P(D(t) = 1) = tµQ(0)+o(t) and P(D(t)>

1) = o(t) for t. Since EA(t) = λt, the presence of the limit as t → 0 in the third term

does not add further complexity (compared to the t= 1 case) to our diffusion generator

extraction procedure (Proposition EC.1).

Defining the compensated customer count

X̃(t) =X(t)− δλRa(t) and X̃ =X − δλRa, (EC.2)

and specializing the BAR (EC.1) to X̃ yields

δλEf ′(X̃)+µE
(
Q
(
f(X̃ − δ)− f(X̃)

))
+E

∫ 1

0

∆f(X̃(t−))dA(t) = 0. (EC.3)

The following expansion of (EC.3) is analogous to Proposition 1 and is proved in

Appendix EC.6.

Proposition EC.1. If f ∈C2(R) with f ′′(x) absolutely continuous and ∥f ′′∥,∥f ′′′∥<∞,

then, provided that all expectations are well defined,

µE
(
Q
(
f(X̃ − δ)− f(X̃)

))
= − δRf ′(X̃)−µEXf ′(X)+

1

2
µEf ′′(X)+ ϵD(f), (EC.4)

E
∫ 1

0

∆f(X̃(t−))dA(t) =
1

2
µc2UEf ′′(X)+ ϵA(f) (EC.5)

where

|ϵA(f)| ≤
1

6
δµ∥f ′′′∥E |1−λU |3 + 1

2
δµc2U∥f ′′′∥

(
1+

1

2
λ2EU 2(E(Q−R)2/R2 +1)

)
,

|ϵD(f)| ≤ µδ∥f ′′∥
√
EX2

√
λ3EU 3/3+

1

2
µδ∥f ′′′∥δ2λE(QRa)+

1

6
µδ∥f ′′′∥.
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The upper bounds on |ϵA(fh)| and |ϵD(fh)| contain terms involving E(Q − R)2 and

E(QRa). The following lemma presents some useful identities, including a bound on these

quantities. It is proved in Appendix EC.6.1.

Lemma EC.2. Recall that R= λ/µ. For any m> 1,

EA(1) = λ, ERm−1
a = λEUm/m, EQ=R, (EC.6)

E(Q−R)2 = λEQRa ≤ λ3EU 3/3+Rλ2EU 2, (EC.7)

E
∫ 1

0

Q(t−)dA(t) = µE(Q−R)2 +λR−λ. (EC.8)

Applying the expansions in (EC.4)–(EC.5) to the BAR (EC.3) suggests the diffusion

approximation with generator

GY f(x) =−µxf ′(x)+
1

2
µ(1+ c2U)f

′′(x), x∈R,

which corresponds to the N(0, σ2) distribution with σ2 = (1+ c2U). The following lemma is

a rescaled version of (Chen et al. 2011, Lemma 2.4), and is proved in Appendix EC.6.2.

Lemma EC.3. Let Y ∼N(0, σ2) and let fh,σ(x) be the solution to

−xf ′
h,σ(x)+

1

2
σ2f ′′

h,σ(x) =
1

µ
(Eh(Y )−h(x)), x∈R, (EC.9)

with fh,σ(0) = 0. Then

∥f ′
h,σ∥ ≤

2

µ
, ∥f ′′

h,σ∥ ≤
√
2/π

µσ
, and ∥f ′′′

h,σ∥ ≤
2

µσ2
.

As a consequence, |fh,σ(x)| ≤ 2 |x|/µ for all x∈R.

We are ready to prove Theorem EC.1.

Proof of Theorem EC.1 Since ∥f ′
h∥<∞ and |fh(x)| ≤ 2 |x|/µ for any h ∈ Lip(1), one

readily verifies that the BAR (EC.3) holds with fh(X − δλRa). Applying the Stein factor

bounds of Lemma EC.3 and the moment bound in (EC.7) of Lemma EC.2 to the upper

bounds on |ϵA(fh)| and |ϵD(fh)| in Proposition EC.1 yields |ϵA(fh)| ≤KA and |ϵD(fh)| ≤
KD. □

The following appendix treats the two-station tandem queue, the only example whose

diffusion approximation is multidimensional.
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EC.2. The tandem queue — a multidimensional example

In higher dimensions, the mechanics are unchanged: we derive the diffusion generator from

the BAR and decompose the approximation error into interior and boundary contributions.

Our approach also extends naturally to generalized Jackson networks. The added difficulty

lies in establishing Stein factor bounds for the multidimensional RBMs; bounds are not

known even for the two-dimensional RBM approximating the tandem queue.

Consider two first-come-first-served single-server stations in tandem. Customers arrive

to station one according to a renewal process with generic interarrival time U ; after service

at station one they move to station two and depart after completing service at station two.

Service times at station i are i.i.d. Si, independent of the arrival process and of service

times at the other station. Assume EU 3 <∞, ES3
1 ,ES3

2 <∞, and no simultaneous events

almost surely. Set

λ= 1/EU, µi = 1/ESi, ρi = λ/µi,

c2U = λ2Var(U), c2S,i = µ2
iVar(Si).

For t≥ 0, let Qi(t) be the queue length at station i, Ra(t) the residual interarrival time,

and Rs,i(t) the remaining service at station i (if Qi(t) = 0, the service time of the next

customer). Define X(t) = (δ1Q1(t), δ2Q2(t)) with δi = 1− ρi, Rs(t) = (Rs,1(t),Rs,2(t)), and

Z(t) = (X(t),Ra(t),Rs(t)). Assume {Z(t)} is positive Harris recurrent (cf. Dai and Meyn

(1995)) and let Z = (X,Ra,Rs) have the stationary distribution. Let A(t) and Di(t) denote

arrivals and station-i departures on [0, t].

The procedure of applying the generator approach to the tandem queue is similar to the

three examples already considered. We therefore highlight only the key steps, leaving the

formal derivations to the interested reader. For sufficiently regular functions, the BAR for

Z is

−E(∂raf(Z))−
2∑

i=1

E(1(Xi > 0)∂rs,if(Z))

+E
∫ 1

0

∆f(Z(t−))dA(t)+
2∑

i=1

E
∫ 1

0

∆f(Z(t−))dDi(t) = 0. (EC.10)
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Let X̃ have the stationary distribution of the compensated queue-length vector X̃(t) =

(X̃1(t), X̃2(t)), where

X̃1(t) =X1(t)− δ1λRa(t)+ δ1µ1Rs,1(t), X̃2(t) =X2(t)− δ2µ1Rs,1(t)+ δ2µ2Rs,2(t).

The BAR for X̃ is

δ1E
(
(λ−µ11(Q1 > 0))∂x1f(X̃)

)
+ δ2E

(
(µ11(Q1 > 0)−µ21(Q2 > 0))∂x2f(X̃)

)
+E

∫ 1

0

∆f(X̃(t−))dA(t)+
2∑

i=1

E
∫ 1

0

∆f(X̃(t−))dDi(t) = 0,

Omitting the higher-order error terms, it follows that

E
∫ 1

0

∆f(X̃(t−))dA(t)≈ 1

2
δ21λc

2
UE∂2

x1
f(X),

E
∫ 1

0

∆f(X̃(t−))dD1(t)≈
1

2
µ1c

2
S,1E

(
δ21∂

2
x1
f(X)− 2δ1δ2∂x1∂x2f(X)+ δ22∂

2
x2
f(X)

)
,

E
∫ 1

0

∆f(X̃(t−))dD2(t)≈
1

2
δ22µ2c

2
S,2E∂2

x2
f(X).

As in our prior examples, the omitted error terms can be bounded using the first three

moments of the primitives as well as the second- and third-order derivatives of f(x).

Furthermore, omitting the boundary error terms, we have

δ1E
(
(λ−µ11(Q1 > 0))∂x1f(X̃)

)
+ δ2E

(
(µ11(Q1 > 0)−µ21(Q2 > 0))∂x2f(X̃)

)
≈ −µ1δ

2
1E∂x1f(X)+ δ2(µ1δ1 −µ2δ2)E∂x2f(X)

+µ1

(
δ11(Q1 = 0)∂x1f(X)− δ21(Q1 = 0)∂x2f(X)

)
+µ2δ21(Q2 = 0)∂x2f(X).

The second line on the right-hand side is tied to the reflection structure of the approximat-

ing RBM, which we introduce shortly. It is similar to the f ′(0) found in (8) of Proposition 1

and is not simply an error term.

Our expansions suggest the diffusion generator

GY f(x) = −µ1δ
2
1∂x1f(x)+ δ2(µ1δ1 −µ2δ2)∂x2f(x)+

1

2
δ21
(
λc2U +µ1c

2
S,1

)
∂2
x1
f(x)

− δ1δ2µ1c
2
S,1∂x1∂x2f(x)+

1

2
δ22
(
µ1c

2
S,1 +µ2c

2
S,2

)
∂2
x2
f(x)

+µ1(1(x1 = 0)(δ1∂x1f(x)− δ2∂x2f(x)))+µ2δ21(x2 = 0)∂x2f(x), x∈R2
+,
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which corresponds to a two-dimensional RBM {Y (t) ∈ R2
+ : t ≥ 0} on the nonnegative

orthant defined as follows. Set

µ=

(
µ1

µ2

)
, Σ=

(
λc2U +µ1c

2
S,1 −µ1c

2
S,1

−µ1c
2
S,1 µ1c

2
S,1 +µ2c

2
S,2

)
, R=

(
1 0
−1 1

)
,

let {ξ(t) : t≥ 0} be a two-dimensional Brownian motion with drift b=−Rµ and covariance

matrix Σ, and let

Y (t) =

(
δ1 0
0 δ2

)
Ỹ (t),

where

Ỹ (t) = ξ(t)+RI(t), t≥ 0,

and I :R→R2 is the unique nondecreasing process with I(0) = 0 and∫ ∞

0

Ỹi(t)dIi(t) = 0, i= 1,2.

For the existence and uniqueness of {Ỹ (t) : t≥ 0} see Harrison and Reiman (1981).

The final ingredient is the Poisson equation. Fix h : R2 → R with E |h(Y )|<∞, where

Y has the stationary distribution of {Y (t) : t≥ 0}, and consider

GY fh(x) =Eh(Y )−h(x), x∈R2
+,

δ1∂x1f(x)− δ2∂x2f(x) = 0, x= (0, x2)∈R2
+, (EC.11)

∂x2f(x) = 0, x= (x1,0)∈R2
+. (EC.12)

This is known as an oblique derivative problem (Lieberman 2013) with (EC.11) and

(EC.12) arising from the reflection structure of the RBM, which is driven by the matrix R.

To bound the diffusion approximation error for the tandem queue, we require bounds on

the partial derivatives, up to the third order, of fh(x). These Stein factor bounds remain

an open problem.
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EC.3. The G/G/1 workload: supporting proofs

EC.3.1. Proof of the inversion formula (Lemma 3)

Let τm be the time of the mth arrival and observe that∫ 1

0

f(X(t))dt=

∫ τ1

0

f(X(t))dt+

A(1)∑
m=1

∫ τm+1

τm

f(X(t))dt−
∫ τA(1)+1

1

f(X(t))dt.

Since τm+1 − τm =U(τm), it follows that

A(1)∑
m=1

∫ τm+1

τm

f(X(t))dt=

A(1)∑
m=1

∫ U(τm)

0

f
(
X(τm +u)

)
du

=

∫ 1

0

∫ U(t)

0

f
(
X(t+u)

)
dudA(t).

Furthermore, since τ1 =Ra(0) and τA(1)+1 = 1+Ra(1),∫ τ1

0

f(X(t))dt−
∫ τA(1)+1

1

f(X(t))dt=

∫ Ra(0)

0

f(X(t))dt−
∫ Ra(1)

0

f(X(1+ t))dt.

Therefore,

Ef(X) = E
∫ 1

0

f(X(t))dt

= E
∫ 1

0

∫ U(t)

0

f
(
X(t+u)

)
dudA(t)+E

(∫ Ra(0)

0

f(X(t))dt−
∫ Ra(1)

0

f(X(1+ t))dt

)
and the result follows by noting that since (X,Ra) is stationary, the joint distribution of

(X(t),Ra(t)) is the same as (X(1+ t),Ra(1+ t)), so the two integrals cancel in expectation.

□

EC.3.2. Proof of Theorem 1

Given h∈ Lip(1), consider the Poisson equation (12) with θ= δ2 and σ2 = δ2ρES(c2U +

c2S). Assuming that the BAR (7) holds for fh(X̃), we set x=X and take expected values

to arrive at

Eh(Y )−Eh(X) = EGY fh(X)

= EGY fh(X)− δE
(
(ρ− 1(X > 0))f ′

h(X̃)
)
−E

∫ 1

0

∆fh(X̃(t−))dA(t).
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Taking the supremum over all h∈ Lip(1) and using Proposition 1 yields

dW (X,Y )≤ |ϵ0(fh)|+ |ϵA(fh)| .

We now bound both |ϵ0(fh)| and |ϵA(fh)|, and then show that the BAR (7) holds for fh(X̃).

Recalling that

ϵ0(fh) = δ3ρE(Raf
′′
h (ξ))− δ2ρE(1(X = 0)Raf

′′
h (ξ)),

the bound on |ϵ0(fh)| follows from ∥f ′′
h∥ ≤ δ−2 (Lemma 4) and ERa = λEU 2/2 (Lemma 2).

Similarly, recall that

ϵA(fh) =
1

6
δ3E

∫ 1

0

(S(t)− ρU(t))3f ′′′
h (ξ(t))dA(t)

− 1

2
δ2λE(S− ρU)2E

∫ 1

0

∫ U(t)

0

(
X(t+u)−X(t−)

)
f ′′′
h (ξ(t+u))dudA(t).

The first term is handled using the Stein factor bound ∥f ′′′
h ∥ ≤ 4/σ2, while the second term

requires controlling increments of X over an interarrival time. Namely,

1

6
δ3E

∣∣∣∣∫ 1

0

(S(t)− ρU(t))3f ′′′
h (ξ(t))dA(t)

∣∣∣∣≤ 4δ3E |S− ρU |3

6δ2ρES(c2U + c2S)
EA(1) =

2δE |S− ρU |3

3(ES)2(c2U + c2S)
,

where the equality is true because EA(1) = λ, and

1

2
δ2λE(S− ρU)2E

∣∣∣∣∣
∫ 1

0

∫ U(t)

0

(
X(t+u)−X(t−)

)
f ′′′
h (ξ(t+u))dudA(t)

∣∣∣∣∣
≤ 2E

∫ 1

0

∫ U(t)

0

|X(t+u)−X(t−)|dudA(t)

= 2E
∫ 1

0

∫ U(t)

0

∣∣(X(t−)+ δS(t)− δu)+ −X(t−)
∣∣dudA(t)

≤ 2E
∫ 1

0

∫ U(t)

0

δ(S(t)+U(t))dudA(t)

= 2δE(US+U 2)EA(1) = 2δ(ES+λEU 2),

where the last inequality follows from |(x+ y)+ −x+| ≤ y+.

It remains to show that (7) holds with f(X̃) = fh(X̃). By assumption (1), U and S have

finite third moments. Since ERa = λEU 2/2<∞ (Lemma 2) and EX2 <∞ (Asmussen 2003,
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Theorems X.3.4 and X.2.1), the fact that |fh(x)| ≤ x2/(2θ) (Lemma 4) yields E|fh(X̃)|<

∞; the fact that E|f ′
h(X̃)|<∞ is argued similarly. To show that the jump term in (7) is

well defined, note that

E
∣∣∣∣∫ 1

0

∆f(X̃(t−))dA(t)

∣∣∣∣= E

∣∣∣∣∣
∫ 1

0

∫ δS(t)

0

f ′
h(X(t−)+u)dudA(t)

∣∣∣∣∣
≤ E

∣∣∣∣∣
∫ 1

0

∫ δS(t)

0

δ−2 |X(t−)+u|dudA(t)

∣∣∣∣∣
≤ E

∫ 1

0

δ−1S(t)(X(t−)+S(t))dA(t)

= δ−1(ES)E
∫ 1

0

X(t−)dA(t)+ δ−1ES2EA(1)

The second term on the right-hand side is finite because EA(1) = λ (Lemma 2). Letting

τm be the time of the mth jump, the first term is bounded by

E
∫ 1

0

X(t−)dA(t)≤E
(
A(1) sup

0≤t≤1

X(t)
)
≤

√
E(A(1))2

√√√√E
(
X(0)+ δ

A(1)∑
m=1

S(τm)
)2

.

The right-hand side is finite because EX2 <∞, EA2(1)<∞ (since EU 2 <∞), and that

E(
∑A(1)

m=1 S(τm))
2 <∞ (since A(1) is independent of S(τm)). □

EC.4. The prelimit approach: supporting proofs

Proof of Lemma 5 The first inequality follows from monotonicity: forcing an arrival

to occur immediately can only increase the initial workload and hence can only delay the

first time the workload empties.

For the second inequality, consider the system initialized with workload x/δ + S and

residual interarrival time U . Treat the initial amount x/δ as low-priority work and all

remaining work, including the initial S and all future arrivals, as high-priority work. The

low-priority work is processed only when no high-priority work is present, that is, during

idle periods of the high-priority system. Therefore, the low-priority work is cleared once

the cumulative idle time of the high-priority system exceeds x/δ. If Nx denotes the number

of idle periods required for this to occur, then ENx <∞ by Gut (1974). Since the high-

priority system has i.i.d. cycles with finite mean E(B̄ + Ī), Wald’s identity implies that
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the expected time until the end of the Nxth idle period is ENxE(B̄+ Ī)<∞. This upper-

bounds E(Ex+δS,UB0) and proves (19). □

EC.4.1. Proving Proposition 2

We require several auxiliary lemmas.

Lemma EC.4. For any h∈ Lip(1) and M > 0,

∂xF
M
h (z) = Ez

∫ B0∧M

0

h′(X(t))dt, z = (x, ra)∈ S.

Proof of Lemma EC.4 The proof is identical to that of Lemma 6; see Appendix EC.4.2.

□

Lemma EC.5. For any differentiable g :R+ →R with E|g(U)|,E|g(Ra)|, E|g′(Ra)|<∞,

Eg′(Ra) = λ
(
Eg(U)− lim

ϵ→0
g(ϵ)

)
.

Proof of Lemma EC.5 Since EA(1) = λ (Lemma 2), the result follows from the BAR

in Lemma 1 with f(Z(t)) = g(Ra(t)) there. □

The next two lemmas are proved in Appendix EC.4.1.1.

Lemma EC.6. For any h∈ Lip(1) and almost all M > 0,

−δ∂xF
M
h (z)− ∂raF

M
h (z) =Ezh(X(M))−h(x), z = (x, ra)∈ S.

In particular, ∂raF
M
h (z) is well defined for z ∈ S.

Lemma EC.7. For any h∈ Lip(1) and M > 0,

lim
ϵ→0

FM
h (x, ϵ) =EFM

h (x+ δS,U).

Proof of Proposition 2 For almost all M > 0, Lemma EC.6 says that

−δ∂xF
M
h (z)− ∂raF

M
h (z) =Ezh(X(M))−h(x), z ∈ S. (EC.13)

Observe that f(ra) = FM
h (x, ra) satisfies the conditions of Lemma EC.5. Indeed,

|Ef(U)| , |Ef(Ra)| < ∞ because M < ∞. Furthermore, |Ef ′(Ra)| < ∞ follows from the
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expression for ∂raF
M
h (z) in Lemma EC.6, together with the observation that |∂xF

M
h (z)| ≤

M , which follows from Lemma EC.4. Setting ra = Ra in (EC.13) and taking expected

values yields

E
(
Ez,Rah(X(M))−h(x)

)
= − δE∂xF

M
h (x,Ra)−E∂raF

M
h (x,Ra)

= − δE∂xF
M
h (x,Ra)−λ

(
EFM

h (x,U)− lim
ϵ→0

FM
h (x, ϵ)

)
= − δE∂xF

M
h (x,Ra)−λ

(
EFM

h (x,U)−EFM
h (x+ δS,U)

)
,

where the second and third equalities follow from Lemmas EC.5 and EC.7, respectively. □

EC.4.1.1. Auxiliary lemma proofs

Proof of Lemma EC.6 We define h̃(x) = h(x)−Eh(X) for convenience, in which case

FM
h (z) =

∫ M

0

Ezh̃(X(t))dt, z ∈ S.

Our goal is to prove that

−δ∂xF
M
h (z)− ∂raF

M
h (z) =Ezh(X(M))−h(x), z = (x, ra)∈ S. (EC.14)

Fix z = (x, ra)∈ S and suppose first that x= 0. On one hand,

FM+ϵ
h (0, ra + ϵ) = FM

h (0, ra + ϵ)+

∫ M+ϵ

M

E0,ra+ϵh̃(X(t))dt,

and on the other,

FM+ϵ
h (0, ra + ϵ) =

∫ ϵ

0

E0,ra+ϵh̃(X(t))dt+

∫ M

0

E0,ra h̃(X(t))dt= ϵh̃(0)+FM
h (0, ra),

Equating the two expressions and dividing both sides by ϵ yields

lim
ϵ→0

1

ϵ

(
FM

h (0, ra + ϵ)−FM
h (0, ra)

)
= h̃(0)− lim

ϵ→0

1

ϵ

∫ M+ϵ

M

E0,ra+ϵh̃(X(t))dt.

The left-hand side equals δ∂xF
M
h (z) + ∂raF

M
h (z) = ∂raF

M
h (z), since ∂xF

M
h (0, ra) = 0 by

Lemma EC.4. Thus, to prove (EC.14) when x= 0, it suffices to show that

1

ϵ

∫ M+ϵ

M

(
E0,ra+ϵh̃(X(t))−E0,ra h̃(X(t))

)
dt

=
1

ϵ

∫ M+ϵ

M

E0,ra

(
h̃(X(t− ϵ))− h̃(X(t))

)
dt→ 0 (EC.15)
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as ϵ→ 0, which implies that

lim
ϵ→0

1

ϵ

∫ M+ϵ

M

E0,ra+ϵh̃(X(t))dt= lim
ϵ→0

1

ϵ

∫ M+ϵ

M

E0,ra h̃(X(t))dt=E0,ra h̃(X(M)).

Observe that |X(t− ϵ)−X(t)| is bounded by the workload processed during [t−ϵ, t], which

is at most δϵ, plus any new work that arrives during [t− ϵ, t]. Letting A([t1, t2]) denote

the number of customers arriving during [t1, t2], Wald’s identity says that the expected

workload to arrive during [t1, t2] equals ESEA([t1, t2]). Thus, to prove (EC.15), we observe

that for any h∈ Lip(1) and for all t∈ [M,M + ϵ],

E0,ra

∣∣h̃(X(t− ϵ))− h̃(X(t))
∣∣≤ E0,ra |X(t− ϵ)−X(t)|

≤ δϵ+E0,ra

(
δESE(A([t− ϵ, t]))

)
≤ δϵ+ δESE0,ra

(
A([M − ϵ,M + ϵ])

)
.

It suffices to argue that the right-hand side goes to zero as ϵ → 0. By the dominated

convergence theorem,

lim
ϵ→0

E0,ra

(
A([M − ϵ,M + ϵ])

)
=E0,ra

(
A([M,M ])

)
,

which equals the expected number of arrivals at time M . The right-hand side may be non-

zero if the distribution of U has point masses. However, since the number of point masses

is at most countable, then E0,ra

(
A([M,M ])

)
= 0 for all but at most countably many M .

This proves (EC.14) when x= 0.

The case when x> 0 follows similarly. We repeat the arguments, highlighting the differ-

ences. Given z = (x, ra), fix ϵ < x/δ. Then

FM+ϵ
h (x, ra + ϵ) = FM

h (x, ra + ϵ)+

∫ M+ϵ

M

Ex,ra+ϵh̃(X(t))dt

and

FM+ϵ
h (x, ra + ϵ) =

∫ ϵ

0

Ex,ra+ϵh̃(X(t))dt+FM
h (x− δϵ, ra).
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Equating both expressions, subtracting FM
h (x, ra) from each side, and dividing by ϵ yields

1

ϵ

(
FM

h (x, ra + ϵ)−FM
h (x, ra)

)
=

1

ϵ

(
FM

h (x− δϵ, ra)−FM
h (x, ra)

)
+

1

ϵ

∫ ϵ

0

Ex,ra+ϵh̃(X(t))dt− 1

ϵ

∫ M+ϵ

M

Ex,ra+ϵh̃(X(t))dt.

We now argue that each of the terms on the right-hand side has a well-defined limit as

ϵ→ 0, implying that the left-hand side converges to ∂xF
M
h (z), which is itself well defined.

The first term on the right-hand side converges to −∂xF
M
h (z), which we know exists for

all z ∈ S by Lemma EC.4. Furthermore,

lim
ϵ→0

1

ϵ

∫ ϵ

0

Ex,ra+ϵh̃(X(t))dt= h̃(x) and lim
ϵ→0

1

ϵ

∫ M+ϵ

M

Ex,ra+ϵh̃(X(t))dt=Ex,ra h̃(X(M)).

The first equality is straightforward because no arrival occurs during [0, ϵ], while the second

equality is proved the same way as (EC.15). □

Proof of Lemma EC.7 Define h̃(x) = h(x)− Eh(X) and consider first the case when

x= 0. Then

FM
h (0, ϵ) =

∫ ϵ

0

E0,ϵh̃(X(t))dt+

∫ M

ϵ

E0,ϵh̃(X(t))dt

=

∫ ϵ

0

E0,ϵh̃(X(t))dt+E
∫ M−ϵ

0

EδS,U h̃(X(t))dt,

where the outer expectation is with respect to U and S. Taking ϵ→ 0, the left-hand side

converges to limϵ→0F
M
h (0, ϵ) while the right-hand side converges to

lim
ϵ→0

E
∫ M−ϵ

0

EδS,U h̃(X(t))dt=E
∫ M

0

EδS,U h̃(X(t))dt− lim
ϵ→0

E
∫ M

M−ϵ

EδS,U h̃(X(t))dt.

The first term equals EFM
h (δS,U) while the second term is zero because h ∈ Lip(1). Now

suppose that x> 0 and take ϵ < x/δ. Arguing as before,

FM
h (x, ϵ) =

∫ ϵ

0

Ex,ϵh̃(X(t))dt+EFM−ϵ
h (x− δϵ+ δS,U).

To conclude, we use the fundamental theorem of calculus to write

EFM−ϵ
h (x− δϵ+ δS,U) = EFM−ϵ

h (x+ δS,U)+E
∫ −δϵ

0

∂xF
M−ϵ
h (x+ v+ δS,U)dv.
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The second term on the right-hand side converges to zero because
∣∣∂xF

M−ϵ
h (z)

∣∣≤M due

to Lemma EC.4. The first term converges to EFM
h (x+ δS,U) because

lim
ϵ→0

E
∫ M−ϵ

0

Ex+δS,U h̃(X(t))dt=E
∫ M

0

Ex+δS,U h̃(X(t))dt− lim
ϵ→0

E
∫ M

M−ϵ

Ex+δS,U h̃(X(t))dt,

and the second term equals zero since h∈ Lip(1). □

EC.4.2. Proofs of Lemmas 6 and 7

We recall the synchronous coupling {Z(ϵ)(t) : t≥ 0} defined in Section 3.3.

Proof of Lemma 6 First, observe that

1

ϵ
E
(∫ ∞

0

(
Ex+ϵ,Th(X(t))−Ex,Th(X(t))

)
dt
)

=
1

ϵ
E
(
Ex,T

∫ B0

0

(
h(X(ϵ)(t))−h(X(t))

)
dt
)
+

1

ϵ
E
(
Ex,T

∫ B
(ϵ)
0

B0

(
h(X(ϵ)(t))−h(X(t))

)
dt
)
.

Note that
∣∣h(X(ϵ)(t))−h(X(t))

∣∣/ϵ≤ ∥h′∥ ≤ 1 and B
(ϵ)
0 →B0 as ϵ→ 0. Also note that for

all ϵ < 1,

Ex,TB
(ϵ)
0 =Ex+ϵ,TB0 ≤Ex+1,TB0 ≤E

(
Ex+1+δS,UB0

)
<∞,

where the second-last inequality follows from the fact that the busy period starting at

state (x+ 1, T ) is made longer if the next arrival happens immediately. The DCT then

implies that

1

ϵ
E
(
Ex,T

∫ B0

0

(
h(X(ϵ)(t))−h(X(t))

)
dt
)
→ E

(
Ex,T

∫ B0

0

h′(X(t))dt
)
,

1

ϵ
E
(
Ex,T

∫ B
(ϵ)
0

B0

(
h(X(ϵ)(t))−h(X(t))

)
dt
)
→ 0.

□

Proof of Lemma 7 Fix h∈ Lip(1). Let µRa and µX|ra denote the law of Ra and condi-

tional law of X given Ra = ra, respectively. We first prove (30). Note that

Eh(X) =

∫ ∞

0

∫ ∞

0

Ey,rah(X(M))dµX|ra(y)dµRa(ra),

E
(
Ex,Rah(X(M))

)
=

∫ ∞

0

Ex,rah(X(M))dµRa(ra) =

∫ ∞

0

∫ ∞

0

Ex,rah(X(M))dµX|ra(y)dµRa(ra).
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The first equality is true because Eh(X) coincides with Eh(X(M)) if Z(0) is initialized

according to Z. It follows that

E
(
Ex,Rah(X(M))

)
−Eh(X) =

∫ ∞

0

∫ ∞

0

(
Ex,rah(X(M))−Ey,rah(X(M))

)
dµX|ra(y)dµRa(ra).

Since h ∈ Lip(1), we can use the synchronous coupling defined in (25) to compare two

workload processes initialized at (x, ra) and (y, ra). Under this coupling, their workloads

differ by at most |x− y| until they couple. Coupling occurs no later than the first time the

larger initial workload process empties. Therefore,

|Ex,rah(X(M))−Ey,rah(X(M))| ≤ |x− y|Px∨y,ra

(
B0 >M

)
,

where the probability on the right-hand side is the probability that the coupled processes

have not yet coupled by time M . Thus,

lim
M→∞

∣∣E(Ex,Rah(X(M))
)
−Eh(X)

∣∣≤ lim
M→∞

E
(
|x−X|Px∨X,Ra

(
B0 >M

))
= 0,

where the expectation on the right-hand side is taken with respect to the joint law

of (X,Ra). The last equality follows from the DCT because EX < ∞, and because

limM→∞ Px∨x′,ra

(
B0 >M

)
= 0 for any x,x′, ra > 0 by (19). To prove (31), one can reuse

the arguments used to prove Lemma 6 to show that

∂xF
M
h (x, ra) =Ex,ra

∫ B0∧M

0

h′(X(t))dt→ ∂xFh(x, ra) as M →∞ for all (x, ra)∈ S,

and also that limM→∞E∂xF
M
h (x,Ra) =E limM→∞ ∂xF

M
h (x,Ra). Lastly, we prove (32). Sim-

ilar to the way we argued (26),

FM
h (x+ ϵ, ra)−FM

h (x, ra) = Ex,ra

∫ B
(ϵ)
0 ∧M

0

(
h(X(ϵ)(t))−h(X(t))

)
dt

→ Fh(x+ ϵ, ra)−Fh(x, ra), as M →∞ for all (x, ra)∈ S.

Let ĥ(x) = x and observe that since h∈ Lip(1) and X(ϵ)(t)≥X(t), then

∣∣FM
h (x+ ϵ, ra)−FM

h (x, ra)
∣∣≤ Ex,ra

∫ B
(ϵ)
0 ∧M

0

(
X(ϵ)(t)−X(t)

)
dt≤ Fĥ(x+ ϵ, ra)−Fĥ(x, ra).
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It remains to show that E
(
Fĥ(x+ δS,U)− Fĥ(x,U)

)
<∞, because then we can use the

DCT to conclude (32). The finiteness of this expectation follows from

E
(
Fĥ(x+ δS,U)−Fĥ(x,U)

)
= lim

M→∞
E
(
FM

ĥ
(x+ δS,U)−FM

ĥ
(x,U)

)
= lim

M→∞
E
(
Ex,RaX(M)−x

)
+ lim

M→∞
δE∂xF

M
ĥ
(x,Ra),

where the first equality is due to the monotone convergence theorem, since FM
ĥ
(x+ ϵ, ra)−

FM
ĥ
(x, ra) is increasing in M and is nonnegative for any (x, ra)∈ S, and the second equality

is due to (23). The right-hand side is finite by (30) and (31). □

EC.4.3. Section 3.4 Proofs

Proof of Lemma 8 Recall that J(x, ra) =−(x∧ δra)+ δS′. It follows that

Fh(x+ δs, ra)−Fh(x, ra) =

∫ ∞

0

(
Ex+δs,rah(X(t))−Ex,rah(X(t))

)
dt

=

∫ ra

0

(
h
(
(x+ δs− δt)+

)
−h

(
(x− δt)+

))
dt

+E
(
Fh

(
x+ δs+ J(x+ δs, ra),U

)
−Fh

(
x+ J(x, ra),U

))
.

To conclude, note that

E
(
Fh

(
x+ δs+ J(x+ δs, ra),U

)
−Fh

(
x+ J(x, ra),U

))
= E

(
Fh

(
x+ δs+ J(x, ra),U

)
−Fh

(
x+ J(x, ra),U

))
+E

(
Fh

(
x+ δs+ J(x+ δs, ra),U

)
−Fh

(
x+ δs+ J(x, ra),U

))
.

Using the fundamental theorem of calculus, together with Lemma 6, which shows that

∂xEFh(x+ δS,U) =E∂xFh(x+ δS,U), we arrive at

E
(
Fh

(
x+ δs+ J(x+ δs, ra),U

)
−Fh

(
x+ δs+ J(x, ra),U

))
= E

(∫ −(x+δs)∧(δra)

−x∧(δra)

∂xFh(x+ δs+ v+ δS′,U)dv
)

= ES′
(∫ −(x+δs)∧(δra)

−x∧(δra)

EU∂xFh(x+ δs+ v+ δS′,U)dv
)

= ES′
(∫ −(x+δs)∧(δra)

−x∧(δra)

∂xEUFh(x+ δs+ v+ δS′,U)dv
)
.
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Interchanging EU with the integral in the second equality is justified by the Fubini-

Tonelli theorem because ES′EU |∂xFh(x+ δS′,U)| ≤ES′EUEx+δS′,UB0 <∞ for all x≥ 0 by

Lemma 6 and (19).

□

EC.4.3.1. Proving Lemma 9 We recall that F̄ ′
h(x) = ∂xEFh(x,Ra) and that F̄ ′′

h (x)

and F̄ ′′′
h (x) are assumed to exist. We recall (35), or

Eh(X)−Eh(x+ J(x,R′
a))

= − δEF̄ ′
h(x+ J(x,R′

a))+λE
(
Fh(x+ δS,R′

a)−Fh(x,R
′
a)
)
−E

(
ϵ(x,R′

a, S)
)
, (EC.16)

where J(x, ra) =−(x∧ δra)+ δS′. The following lemma expands the first two terms on the

right-hand side of (EC.16). We prove it after proving Lemma 9.

Lemma EC.8. For any x≥ 0,

F̄ ′
h(x+ J(x,R′

a)) = F̄ ′
h(x)+ δ(S′ −R′

a)F̄
′′
h (x)+ 1(δR′

a <x)

∫ δ(S′−R′
a)

0

∫ v

0

F̄ ′′′
h (x+u)dudv

+1(δR′
a ≥ x)

(
F̄ ′

h(δS
′)− F̄ ′

h(x)− δ(S′ −R′
a)F̄

′′
h (x)

)
E
(
Fh(x+ δS,R′

a)−Fh(x,R
′
a)
)
= δESF̄ ′

h(x)+
1

2
δ2ES2F̄ ′′

h (x)+E
∫ δS

0

(δS− v)

∫ v

0

F̄ ′′′
h (x+u)dudv,

Proof of Lemma 9 Recall that λES = ρ. Combining Lemma EC.8 with (EC.16) yields

Eh(X)−Eh(x+ J(x,R′
a))

= − δ
(
F̄ ′

h(x)+ δE(S′ −R′
a)F̄

′′
h (x)

)
+λ

(
δESF̄ ′

h(x)+
1

2
δ2ES2F̄ ′′

h (x)
)

− δE
(
1(δR′

a ≥ x)
(
F̄ ′

h(δS
′)− F̄ ′

h(x)− δ(S′ −R′
a)F̄

′′
h (x)

))
− δE

(
1(δR′

a <x)

∫ δ(S′−R′
a)

0

∫ v

0

F̄ ′′′
h (x+u)dudv

)
+λE

∫ δS

0

(δS− v)

∫ v

0

F̄ ′′′
h (x+u)dudv.

Using the facts that λES = ρ, λEU = 1, and that ER′
a = λEU 2/2, we see that the first line

on the right-hand side equals

−δ(1− ρ)F̄ ′
h(x)+

1

2
δ2
(
λES2 − 2λEUES′ +λEU 2

)
F̄ ′′

h (x).
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Let us call this term GY2
F̄h(x). Since F̄

′
h(0) = 0 due to Lemma 6 (because B0 = 0 if the ini-

tial workload X(0) = 0), our assumptions that E
∣∣F̄ ′

h(Y2)
∣∣ ,E ∣∣F̄ ′′

h (Y2)
∣∣<∞ and integration

by parts yield EGY2
F̄h(Y2) = 0. □

Proof of Lemma EC.8 The expression for F̄ ′
h(x+J(x,R′

a)) follows from the facts that

F̄ ′
h(x+ J(x,R′

a)) = 1(δR′
a ≥ x)F̄ ′

h(δS
′)+ 1(δR′

a <x)F̄ ′
h(x− δR′

a + δS′)

and, for all x> δR′
a,

F̄ ′
h(x− δR′

a + δS′) = F̄ ′
h(x)+ δ(S′ −R′

a)F̄
′′
h (x)+

∫ δ(S′−R′
a)

0

∫ v

0

F̄ ′′′
h (x+u)dudv.

Next, we argue that

E
(
Fh(x+ δS,R′

a)−Fh(x,R
′
a)
)
=E

∫ δS

0

F̄ ′
h(x+ v)dv, (EC.17)

so that the expression for E
(
Fh(x+δS,R′

a)−Fh(x,R
′
a)
)
also follows from Taylor expansion

of the integrand around x. To prove (EC.17), note that

E
(
Fh(x+ δS,R′

a)−Fh(x,R
′
a)
)
= E

∫ δS

0

∂xFh(x+ v,R′
a)dv

= ES

∫ δS

0

ER′
a∂xFh(x+ v,R′

a)dv

= ES

∫ δS

0

∂xEFh(x+ v,R′
a)dv

= E
∫ δS

0

F̄ ′
h(x+ v)dv.

The first and second-last equalities follows from Lemma 6. Once we justify the interchange

of the integral and expectation in the second equality using the Fubini-Tonelli theorem,

(EC.17) will follow. Let ĥ(x) = x. Using the form of ∂xFh(x, ra) from Lemma 6, it follows

that for any h∈ Lip(1),

|∂xFh(x, ra)| ≤Ex,raB0 =Ex,ra

∫ B0

0

ĥ′(X(t))dt= ∂xFĥ(x, ra).

Thus,

E
∫ δS

0

|∂xFh(x+ v,R′
a)|dv≤E

∫ δS

0

∂xFĥ(x+ v,R′
a)dv=E

(
Fĥ(x+ δS,R′

a)−Fĥ(x,R
′
a)
)
,

and the right-hand side is finite because the right-hand side of (32) in Lemma 7 is finite.

□
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EC.5. G/G/1 workload Stein factor bounds: supporting proofs

For the entirety of this section we fix h(x) = x and assume that η= sup{η(x) : x≥ 0}<∞.

EC.5.1. Second-order bounds (Proof of Lemma 14)

Recall that G(x) = P(U ≤ x). The following auxiliary lemma is needed to prove Lemma 14.

Lemma EC.9. For any ϵ > 0 and (x, ra)∈ S with ra <x/δ,

1

ϵ
Px,ra(Ra(B0)< ϵ/δ)≤ η/δ, (EC.18)

lim
ϵ→0

1

ϵ
Px,ra(Ra(B0)< ϵ/δ) =

1

δ
Ex,raη(α(B0)). (EC.19)

Proof of Lemma EC.9 Let Un denote the interarrival time of the nth customer, let

W0 = V (0), and let Wn = V (U1 + · · ·+Un) be the workload in the system right after the

nth customer arrives, which includes the workload brought by the nth customer. Let

σ=min{n≥ 1 :Un >Wn−1}

be the number of customers served in the first busy period [0,B0]. Now assuming that

Z(0) = (x, ra) ∈ S with ra < x/δ, it must be that σ > 1, because W0 = x/δ and U1 = ra.

Since {Ra(B0)≤ ϵ/δ}= {Uσ ≤Wσ−1 + ϵ/δ}, it follows that

1

ϵ
Px,ra(Ra(B0)≤ ϵ/δ) =

1

ϵ

∞∑
n=2

Px,ra

(
Un ≤Wn−1 + ϵ/δ

∣∣σ= n
)
Px,ra(σ= n)

=
1

ϵ

∞∑
n=2

Ex,ra

[
Px,ra

(
Un ≤Wn−1 + ϵ/δ

∣∣σ= n,Wn−1

)∣∣∣∣σ= n

]
Px,ra(σ= n).

To proceed, note that {σ = n} = {U1 ≤W0, . . . ,Un−1 ≤Wn−2,Un >Wn−1} for any n ≥ 1,

implying that for any n≥ 2,

Px,ra

(
Un ≤Wn−1 + ϵ/δ

∣∣σ= n,Wn−1

)
= P

(
Un ≤Wn−1 + ϵ/δ

∣∣W0 = x/δ,U1 = ra, σ= n,Wn−1

)
= P

(
Un ≤Wn−1 + ϵ/δ

∣∣W0 = x/δ,U1 = ra,U1 ≤W0, . . . ,Un−1 ≤Wn−2,Un >Wn−1,Wn−1

)
= P

(
Un ≤Wn−1 + ϵ/δ

∣∣Un >Wn−1,Wn−1

)
= P

(
U ≤Wn−1 + ϵ/δ

∣∣U >Wn−1,Wn−1

)
=

G(Wn−1 + ϵ/δ)−G(Wn−1)

1−G(Wn−1)
,
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and therefore

1

ϵ
Px,ra(Ra(B0)≤ ϵ/δ) =

1

ϵ

∞∑
n=1

Ex,ra

[
G(Wn−1 + ϵ/δ)−G(Wn−1)

1−G(Wn−1)

∣∣∣∣σ= n

]
Px,ra(σ= n)

=
1

ϵ
Ex,ra

[
G(Wσ−1 + ϵ/δ)−G(Wσ−1)

1−G(Wσ−1)

]
. (EC.20)

To prove (EC.18), observe that the right-hand side of (EC.20) is bounded by η/δ because

by the mean value theorem,

G(w+ ϵ/δ)−G(w)

1−G(w)
=

ϵ

δ

G′(ξ)

1−G(w)
=

ϵ

δ
η(ξ)

1−G(ξ)

1−G(w)
≤ ϵ

δ
η

for some ξ ∈ [w,w+ ϵ/δ], where the last inequality follows from ξ ≥w and η(x)≤ η. Once

we observe that Wσ−1 = α(B0), then (EC.19) follows from taking ϵ→ 0 in (EC.20) and

applying the dominated convergence theorem. □

Proof of Lemma 14 Fix h∈M2, x≥ 0, and ϵ > 0, and consider

1

ϵ

(
∂xEFh(x+ ϵ, T )− ∂xEFh(x,T )

)
=

1

ϵ
E
(
Ex,T

∫ B0

0

(
h′(X(ϵ)(t))−h′(X(t))

)
dt

)
+

1

ϵ
E
(
Ex,T

∫ B
(ϵ)
0

B0

h′(X(ϵ)(t))dt

)
.

Repeating the proof of Lemma 6 yields

1

ϵ
E
(
Ex,T

∫ B0

0

(
h′(X(ϵ)(t))−h′(X(t))

)
dt

)
→ ∂xEFh′(x,T ) as ϵ→ 0.

Recall that Ra(B0) is the residual interarrival time at the end of the initial busy period

(which also equals the length of the first idle period I0). If Ra(B0)≥ ϵ/δ, then there is no

arrival during the interval [B0,B
(ϵ)
0 ). Since X(ϵ)(B0) = ϵ, this implies that

1

ϵ
E
(
Ex,T

(
1(Ra(B0)≥ ϵ/δ)

∫ B
(ϵ)
0

B0

h′(X(ϵ)(t))dt
))

= E
(
Px,T

(
Ra(B0)≥ ϵ/δ

))1
ϵ

∫ ϵ/δ

0

h′(ϵ− δt)dt.

As ϵ→ 0, the right-hand side converges to

E
(
Px,T

(
Ra(B0)> 0

))1
δ
h′(0) =

1

δ
h′(0).



ec22 e-companion to Author: Article Short Title

To justify the last equality, we observe that Ra(B0) = 0 would imply that an arrival occurs

precisely at the instant that the workload hits zero. Since the workload process is right-

continuous, this would imply that X(B0) > 0, which contradicts the definition of B0. It

remains to show that

1

ϵ
E
(
Ex,T

(
1(Ra(B0)< ϵ/δ)

∫ B
(ϵ)
0

B0

h′(X(ϵ)(t))dt
))

→ 1

δ

(
θ(x/δ)+E

(
1(T < x/δ)Ex,Tη

(
α(B0)

)))
E
(
∂xFh(δS,U)

)
.

Since Ra(B0)< ϵ/δ implies that an arrival occurs in [B0,B
(ϵ)
0 ), then

1

ϵ
E
(
Ex,T

(
1(Ra(B0)< ϵ/δ)

∫ B
(ϵ)
0

B0

h′(X(ϵ)(t))dt
))

=
1

ϵ
E
(
Ex,T

(
1(Ra(B0)< ϵ/δ)

∫ Ra(B0)

0

h′(ϵ− δt)dt
))

+
1

ϵ
E
(
Ex,T

(
1(Ra(B0)< ϵ/δ)E

(
∂xFh(ϵ− δRa(B0)+ δS,U)

)))
.

The first term on the right-hand side converges to zero as ϵ→ 0. To analyze the second

term, note that Ra(B0)< ϵ/δ implies that T < x/δ+ ϵ/δ, and if x/δ ≤ T < x/δ+ ϵ/δ then

Ra(B0) = T −x/δ. Therefore, the second term equals

1

ϵ
E
(
1(T < x/δ)Ex,T

(
1(Ra(B0)< ϵ/δ)E

(
∂xFh(ϵ− δRa(B0)+ δS,U)

)))
+

1

ϵ
E
(
1(x/δ≤ T < x/δ+ ϵ/δ)Ex,T

(
E
(
∂xFh(ϵ− (δT −x)+ δS,U)

)))
.

It is straightforward to check that sup0≤x′≤ϵ

∣∣E(∂xFh(x
′ + δS,U)

)
−E

(
∂xFh(δS,U)

)∣∣→ 0

as ϵ→ 0. Lemma EC.9 and the DCT then yield

1

ϵ
E
(
1(T < x/δ)Ex,T

(
1(Ra(B0)< ϵ/δ)E

(
∂xFh(ϵ− δRa(B0)+ δS,U)

)))
→ 1

δ
E
(
1(T < x/δ)Ex,Tη

(
α(B0)

))
E
(
∂xFh(δS,U)

)
.

Similarly, using the fact that θ(x) is bounded,

1

ϵ
E
(
1(x/δ≤ T < x/δ+ ϵ/δ)Ex,T

(
E
(
∂xFh(ϵ− (δT −x)+ δS,U)

)))
→ 1

δ
θ(x/δ)E

(
∂xFh(δS,U)

)
.

□
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EC.5.2. Third-order bounds

EC.5.2.1. The renewal process driven by idle times In this section we prove

Lemma 16. Recall that α(t) is the age of the interarrival process at time t ≥ 0. Further

recall from the discussion following (17) that Bn and In, n≥ 0, are the lengths of the nth

busy and idle periods, respectively. While B0 and I0 are the initial busy and idle period

lengths, which depend on the initial condition Z(0), the pairs (Bn, In), n≥ 1, are i.i.d. with

distributions B̄ and Ī, respectively. Given Z(0−) = (0,0) (an arrival occurs to an empty

system at time t= 0), consider α(B0), the age at the end of the first busy period, and let

ᾱ be the random variable having its distribution.

Central to our analysis is the following continuous-time Markov process that behaves

like the interarrival age during idle periods of the workload process. Formally, we let

{Φ(t) : t≥ 0} be defined by the infinitesimal generator

GΦf(γ) = lim
t→0

Eγf(Φ(t))− f(γ)

t
= f ′(γ)+ η(γ)

(
Ef(ᾱ)− f(γ)

)
, γ ≥ 0. (EC.21)

This process grows at unit rate and, at its jump times, Φ(t)
d
= ᾱ. Jumps occur with rate

η(Φ(t)).

Let {Φ(t) : t ≥ 0} and {Φ̃(t) : t ≥ 0} be two copies (possibly coupled) of the Markov

process defined by (EC.21). The following technical lemma is proved in Appendix EC.5.2.3.

The conditioning on the right-hand side of (EC.22) is non standard and means: pick a

single ᾱ-distributed random variable ξ and run {Φ(t), t≥ 0} from time zero starting at ξ,

and run {Φ̃(t), t≥ 0} from time s starting at ξ.

Lemma EC.10. Let v= v(x) = x/δ. For any (x, ra)∈ S with ra < v and any s≥ 0,

Ex+δs,raη(α(B0))−Ex,raη(α(B0))

= E
(
η(Φ(v− ra + s))− η(Φ̃(v− ra + s))|Φ(0) = Φ̃(s),Φ(0)

d
= ᾱ

)
, (EC.22)

Furthermore if Φ(0)
d
= ᾱ, then the inter-jump times of {Φ(t) : t≥ 0} are i.i.d. Ī.

The final ingredient for the proof of Lemma 16 is a coupling {(Φ̃(t),Φ(t)) : t≥ 0}, which
allows us to bound the expression in (EC.22). Defining

ηm(x, y) =min{η(x), η(y)}, η∆(x, y) =max{η(x), η(y)}−min{η(x), η(y)},
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we let {(Φ̃(t),Φ(t)), t≥ 0} have the same distribution as the Markov process defined by

the generator

GJf(γ̃, γ) = ∂γ̃f(γ̃, γ)+ ∂γf(γ̃, γ)

+ ηm(γ̃, γ)
(
Ef(ᾱ, ᾱ)− f(γ̃, γ)

)
+ η∆(γ̃, γ)1(η(γ)< η(γ̃))

(
Ef(ᾱ, γ)− f(γ̃, γ)

)
+ η∆(γ̃, γ)1(η(γ)> η(γ̃))

(
Ef(γ̃, ᾱ)− f(γ̃, γ)

)
. (EC.23)

Note that the marginal law of either component of this process is equivalent to the Markov

process defined in (EC.21). Furthermore, when this process jumps it either couples (with

rate ηm(γ̃, γ)), or only one of the components jumps.

Proof of Lemma 16 Fix v= x/δ≥ 0 and ra < v, and let τC = inf{t≥ s : Φ̃(t) =Φ(t)}. It

follows that

|Ex+δs,raη(α(B0))−Ex,raη(α(B0))|

=
∣∣∣E(η(Φ(v− ra + s))− η(Φ̃(v− ra + s))|Φ(0) = Φ̃(s),Φ(0)

d
= ᾱ

)∣∣∣
≤ ηP

(
τC > v− ra + s

∣∣Φ(0) = Φ̃(s),Φ(0)
d
= ᾱ

)
. (EC.24)

If Φ̃(s) > Φ(s), then ηm(Φ(t), Φ̃(t)) = η(Φ̃(t)) for all t ≥ s until the first jump of {Φ̃(t) :

t ≥ 0}, at which point coupling occurs. Since Φ̃(s)
d
= ᾱ, we know by Lemma EC.10 that

the first jump after s happens after Ī amount of time, implying that the probability of no

jump on (s, v− ra + s] is at most

P(Ī > v− ra). (EC.25)

Alternatively, if Φ̃(s)<Φ(s), then τC corresponds to the first jump time after s of {Φ(t) :

t≥ 0}. Unlike Φ̃(s), it is not true that Φ(s) is distributed like ᾱ, because the latter process

has been running since time zero with Φ(0)
d
= ᾱ. We will shortly prove that the probability

that {Φ(t) : t≥ 0} does not jump on (s, v− ra + s] is at most

P(Ī > v− ra)E(NΦ(s)|Φ(0)
d
= ᾱ), (EC.26)
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where NΦ(t) is the number of jumps made by {Φ(t) : t≥ 0} on [0, t]. Adding (EC.25) and

(EC.26) yields

ηP
(
τC > v− ra + s

∣∣Φ(0) = Φ̃(s)
d
= ᾱ

)
≤ η(1+E(NΦ(s)|Φ(0)

d
= ᾱ))P(Ī > v− ra).

Let {NU(t) : t≥ 0} be the counting process of a zero-delayed renewal process whose inter-

event times have the interarrival distribution U . It follows that

E(NΦ(s)|Φ(0)
d
= ᾱ)≤ENU(s)≤ λs+λ2EU 2, s≥ 0,

where the first inequality is due to the hazard rate η(x) being nonincreasing, and the

second inequality follows from Lorden’s inequality (Lorden 1970).

It remains to verify (EC.26). Let T0 = 0 and Tn, n≥ 1, be the nth jump time of {Φ(t) :
t≥ 0}. Also let Jn = Tn−Tn−1, n≥ 1, be the duration between the nth and (n−1)st jump.

We know by Lemma EC.10 that Jn
d
= Ī whenever Φ(0)

d
= ᾱ. It follows that (to simplify

notation, all probabilities and expectations that follow are conditional on Φ(0)
d
= ᾱ)

P(NΦ(v− ra + s)−NΦ(s) = 0) = P(JNΦ(s)+1 > v− ra + s−TNΦ(s))

=
∞∑

n=0

P(Jn+1 > v− ra + s−Tn,NΦ(s) = n).

Since {NΦ(s) = n}= {Tn < s,Jn+1 > s−Tn}, the right-hand side equals
∞∑

n=0

P(Jn+1 > v− ra + s−Tn, Tn < s)≤
∞∑

n=0

P(Jn+1 > v− ra, Tn < s)

= P(Ī > v− ra)
∞∑

n=0

P(Tn < s)

= P(Ī > v− ra)

∞∑
n=0

P(NΦ(s)≥ n)

= P(Ī > v− ra)ENΦ(s),

where the first equality is true because Jn+1
d
= Ī and Jn+1 is independent of Tn. □

Remark EC.2. Another family of hazard rates for which the coupling probability can

be controlled consists of those uniformly bounded away from zero: η(x) ≥ η > 0. In this

case, ηm(γ̃, γ)≥ η, so coupling occurs after an exponentially distributed time with rate η,

leading to the bound

P
(
τC > v− ra + s

∣∣Φ(0) = Φ̃(s), Φ(0)
d
= ᾱ

)
≤ η e−η(v−ra).
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EC.5.2.2. Proof of Lemma 15.

Lemma EC.11. Suppose that U has a bounded density. Then for any h ∈ M2 and any

x≥ 0,

∂2
xE

(
Fh(x+ δS,U)−Fh(x,U)

)
=ES

(
∂2
xEUFh(x+ δS,U)− ∂2

xEUFh(x,U)
)
.

Proof of Lemma 15 Observe that

δF̄ ′′′
h (x) = λ∂2

xE
(
Fh(x+ δS,U)−Fh(x,U)

)
= λES

(
∂2
xEUFh(x+ δS,U)− ∂2

xEUFh(x,U)
)
,

where the first equality is due to (49) and the second is due to Lemma EC.11. Applying

the expression for ∂2
xEUFh(·,U) from Lemma 14 to the right-hand side yields the result. □

Proof of Lemma EC.11 Though we do not assume Fh(z) to be well defined, note that

∂xE
(
Fh(x+ δS,U)−Fh(x,U)

)
= lim

ϵ→0

(
1

ϵ
E
(
Fh(x+ ϵ+ δS,U)−Fh(x+ δS,U)

)
− 1

ϵ
E
(
Fh(x+ ϵ,U)−Fh(x,U)

))
= ∂xEFh(x+ δS,U)− ∂xEFh(x,U),

so that by differentiating both sides with respect to x, we arrive at

∂2
xE

(
Fh(x+ δS,U)−Fh(x,U)

)
= ∂2

xEFh(x+ δS,U)− ∂2
xEFh(x,U).

By repeating the arguments used to prove Lemma 6, one can check that

∂2
xEFh(x+ δS,U) = ∂xES∂xEUFh(x+ δS,U).

Similarly,

∂xES∂xEUFh(x+ δS,U) =ES∂2
xEUFh(x+ δS,U)

follows from repeating the proof of Lemma 14. □
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EC.5.2.3. Proof of Lemma EC.10.

Define ℓn, n≥ 0, to be the end of the nth busy period. Namely, ℓ0 =B0 and

ℓn = ℓn−1 + In−1 +Bn, n≥ 1.

Letting T0 = 0 and Tn+1 = Tn+ In, n≥ 0, so that the nth idle period occurs on the interval

[ℓn, ℓn +Tn+1 −Tn), we define

Γ(t) = α(ℓn + t−Tn), t∈ [Tn, Tn+1), n≥ 0, (EC.27)

to be the age of the interarrival process at the instant when the server has idled for exactly

t time units.

Recalling our synchronous coupling {Z(x)(t) : t ≥ 0} introduced in (25) and the corre-

sponding initial busy period B
(x)
0 , it follows that

α(B
(x)
0 ) = Γ(v), x≥ 0,

because B
(x)
0 is precisely the instant when {Z(t) : t≥ 0} idles for v time units. Therefore,

for any (x, ra)∈ S with ra < v and any s≥ 0,

Ex+δs,raη(α(B0))−Ex,raη(α(B0)) = E0,raη(α(B
(x+δs)
0 ))−E0,raη(α(B

(x)
0 ))

= E0,ra

(
η(Γ(v+ s))− η(Γ(v))

)
, (EC.28)

where we recall that Ex,ra(·) is the expectation conditioned on Z(0) = (x, ra). To proceed,

we now show that although {Γ(t) : t≥ 0} is defined via (EC.27), it is also a Markov process

with generator (EC.21).

We know from (EC.27) that {Γ(t) : t ≥ 0} increases at a unit rate. It jumps at times

Tn+1, n≥ 0, and its distribution at jump times satisfies Γ(Tn+1) = α(ℓn+1)
d
= ᾱ for all n≥ 0,

because ℓn+1 marks the end of a busy period initiated by an arrival to an empty system.

Lastly, conditioned on Γ(t), the probability that a jump occurs on the interval (t, t+ dt)

equals

P(Γ(t)<U < Γ(t)+ dt)

P(U > Γ(t))
= η(Γ(t))dt+ o(dt),
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where o(dt)→ 0 as dt→ 0; the Markov property is simple to verify. Thus {Γ(t) : t≥ 0} is a

Markov process described by the generator (EC.21) and, given the same initial condition,

both {Φ(t) : t≥ 0} and {Γ(t) : t≥ 0} are equal in distribution. We now argue that given

Φ(0)∼ ᾱ, the inter-jump times of {Φ(t) : t≥ 0} are i.i.d. Ī.

By construction, the value of Γ(·) at jump times Tn+1 satisfies Γ(Tn+1)
d
= ᾱ, and the

inter-jump durations Tn+2−Tn+1
d
= Ī for n≥ 0. Since {Γ(t) : t≥ 0} is a Markov process, it

follows that conditioned on Γ(0)
d
= ᾱ, the time until the first jump has the same distribution

as Ī.

Coming back to right-hand side of (EC.28), suppose that Z(0) = (0, ra). Then Γ(ra) =

α(ℓ1)
d
= ᾱ, because B0 = 0 and I0 = ra, which in turn yields ra ∈ [T1, T2) (since T1 = ra).

Furthermore, conditioned on both Z(0) = (0, ra) and Γ(ra), the value of Γ(ra+ t), t≥ 0, is

independent of Z(0). It follows that for any v and ra < v,

E0,ra

(
η(Γ(v+ s))− η(Γ(v))

)
= E

(
η(Γ(v+ s))− η(Γ(v))|Γ(ra)

d
= ᾱ

)
= E

(
η(Φ(v+ s))− η(Φ(v))|Φ(ra)

d
= ᾱ

)
= E

(
η(Φ(v− ra + s))− η(Φ(v− ra))|Φ(0)

d
= ᾱ

)
,

where the third equality comes from the Markov property. Finally, if {Φ̃(t) : t ≥ 0} is a

copy of the Markov process defined by (EC.21), then

E
(
η(Φ(v− ra + s))− η(Φ(v− ra))|Φ(0)

d
= ᾱ

)
= E

(
η(Φ(v− ra + s))− η(Φ̃(v− ra))|Φ(0) = Φ̃(0),Φ(0)

d
= ᾱ

)
= E

(
η(Φ(v− ra + s))− η(Φ̃(v− ra + s))|Φ(0) = Φ̃(s),Φ(0)

d
= ᾱ

)
.

□

EC.5.3. Proof of Lemma 12

Proof of Lemma 12 We first prove (40). Let ĥ(x) = x, recall that F̄ĥ(0) = 0 due to (28),

and consider the Poisson equation (33) with h(x) = ĥ(x) evaluated at x= 0, which results

in

λE
(
Fĥ(δS,U)−Fĥ(0,U)

)
= δEV,
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Using the synchronous coupling {Z(ϵ)(t)} introduced in Section 3.3, it follows that

δEV = λE
(∫ B(δS)

0

E0,U

(
X(δS)(t)−X(t)

)
dt
)
. (EC.29)

From (25) we know that the difference X(δS)(t)−X(t) decays at rate δ only during the

idle periods of {X(t) : t≥ 0}. Recall that the idle and busy period durations are I0, I1, . . .,

and B0,B1,B2, . . ., respectively, and that B0 = 0 because X(0) = 0. It follows that for all

times t corresponding to the busy period Bk, k≥ 1,

X(δS)(t)−X(t) = δ
(
S−

k−1∑
i=0

Ii

)+

.

Letting I = {t∈ [0,B(δS)] :X(t) = 0}, it follows that∫ B(δS)

0

(
X(δS)(t)−X(t)

)
dt=

∫
I

(
X(δS)(t)−X(t)

)
dt+

∫
[0,B(δS)]\I

(
X(δS)(t)−X(t)

)
dt

= δS2/2+

∞∑
k=1

Bkδ
(
S−

k−1∑
i=0

Ii

)+

.

We conclude (40) by combining this equation with (EC.29), noting that Bk is independent

of (S− I0 − I1 . . .− Ik−1)
+ and Bk

d
= B̄, and that I0

d
=U since Z(0) = (0,U). The equality

in (41) is true because EV = λES2/2+ ρEW due to Corollary X.3.5 of Asmussen (2003).

The inequality follows from the well-known bound in (7’) of Kingman (1962), which says

that

EW ≤ Var(S−U)

2E(S−U)
=

ρVar(S−U)

2(1− ρ)ES
.

□

EC.5.4. Proof of Lemma 13

For convenience, let ν = 1/EY2. We use the following inequalities throughout the proof,

which follow from the fact that Y2 has density νe−νy and is independent of Ra.

P(δRa ≥ Y2) =E(1− e−νδRa)≤ νδERa, (EC.30)

EY21(δRa ≥ Y2) =
1

ν
E
(
(1− e−νδRa)− νδRae

−νδRa
)
≤ 2νδ2ER2

a, (EC.31)

EY 2
2 1(δRa ≥ Y2) =

1

ν2
E
(
2(1− e−νδRa)− 2νδRae

−νδRa − (νδRa)
2e−νδRa

)
≤ 3νδ3ER3

a.

(EC.32)
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We also use the facts that U,S,S′,Ra, Ī, and Y2 are independent, and that S and S′ have

the same distribution. We first prove (42)–(44) and then (45)–(46).

Proof of (42)–(44). Inequality (42) follows from J(x, ra) =−(x∧ δra)+ δS′. Next, we

prove (43). We first note that the definition of ϵ(x, ra, s) in Lemma 8 and the fact that

h(x) = x both imply that∫ ra

0

∣∣h((x+ δs− δt)+
)
−h

(
(x− δt)+

)∣∣dt≤ raδs.

Furthermore,

1(δra >x)ES′
(∫ −(x+δs)

−x

∂xEUFh(x+ δs+ v+ δS′,U)dv
)

≤ 1(δra >x)δsES′
(

sup
0≤w≤δs

∂xEUFh(w+ δS′,U)
)

≤ 1(δra >x)s(δs+ δES′)(1+2ηEB̄),

where in the second inequality we used (36) of Lemma 10. Combining the bounds and

using (EC.30) yields

E |ϵ(Y2,Ra, S)| ≤ δERaES+P(δRa ≥ Y2)δ(ES2 +(ES)2)(1+2ηEB̄)

≤ δERaES+ δ2νERa(ES2 +(ES)2)(1+2ηEB̄).

Next we prove (44). Recall from Lemma 10 that

∣∣δF̄ ′
h(x)

∣∣≤ x(1+ (λ+ η)EB̄),∣∣δF̄ ′′
h (x)

∣∣≤ (1+x)
(
1+ (λ+ η)EB̄

)
, x≥ 0.

Therefore,

E
∣∣1(δRa ≥ Y2)

(
δF̄ ′

h(δS)− δF̄ ′
h(Y2)− δ(S−Ra)δF̄

′′
h (Y2)

)∣∣
≤

(
E
(
1(δRa ≥ Y2)(δS+Y2)

)
+E

(
1(δRa ≥ Y2)δ(S−Ra)(1+Y2)

))(
1+ (λ+ η)EB̄

)
≤ δ2

(
ν
(
2ESERa +5ER2

a

)
+ER2

a

)(
1+ (λ+ η)EB̄

)
.
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The last inequality follows from using (EC.30) and (EC.31) to show that

E
(
1(δRa ≥ Y2)(δS+Y2)

)
≤ δ2νESERa +2νδ2ER2

a,

δESE
(
1(δRa ≥ Y2)(1+Y2)

)
≤ δES

(
νδERa +2νδ2ER2

a

)
,

δE
(
1(δRa ≥ Y2)Ra(1+Y2)

)
≤ δ

(
νδER2

a + δER2
a

)
,

where in the final inequality we used the fact that E
(
1(δRa ≥ Y2)RaY2

)
≤ δER2

a instead of

(EC.31). Using the latter would have resulted in a term involving ER3
a.

Proof of (45)–(46). Recall that

C = (3+ (EU +EĪ)λ(1+ ρ+λ2EU 2))νηδEB̄.

We claim that

E
∣∣δ2F̄ ′′′

h (Y2 +u)
∣∣≤C, u> 0, (EC.33)

EY2

(
1(δRa ≤ Y2)

∣∣δ2F̄ ′′′
h (Y2 +u)

∣∣)≤C, u∈ [−δRa,0]. (EC.34)

Then (45) follows by applying the bound in (EC.33) to

λE
(∫ δS

0

(δS− v)

∫ v

0

∣∣F̄ ′′′
h (Y2 +u)

∣∣dudv)= λES
(∫ δS

0

(δS− v)

∫ v

0

EY2
∣∣F̄ ′′′

h (Y2 +u)
∣∣dudv).

To prove (46), observe that both (EC.33) and (EC.34) imply that

δ
1

δ2
E
(∫ δ(S−Ra)

0

∫ v

0

∣∣1(δRa <Y2)δ
2F̄ ′′′

h (Y2 +u)
∣∣dudv)

= δ
1

δ2
ES,Ra

(∫ δ(S−Ra)

0

∫ v

0

EY2
∣∣1(δRa <Y2)δ

2F̄ ′′′
h (Y2 +u)

∣∣dudv)
≤ δE(S−Ra)

2C.

It remains to prove (EC.33) and (EC.34). Recall from Lemma 11 that for any x,u such

that x+u≥ 0,

∣∣δ2F̄ ′′′
h (x+u)

∣∣≤ (
P(δU > x+u)3λ+P(δU < x+u< δĪ + δU)λ(1+ ρ+λ2EU 2)

)
ηEB̄.
(EC.35)
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Then (EC.33) follows once we observe that for any u> 0,

P(δU > Y2 +u)≤ P(δU > Y2) =E(1− e−νδU)≤ νδEU,

P(δU < Y2 +u< δĪ + δU)≤ νδ(EU +EĪ), (EC.36)

where the last inequality is true because

P(δU < Y2 +u< δĪ + δU)

= P(Y2 ≤ δU < Y2 +u< δĪ + δU)+P(δU < Y2, Y2 +u< δĪ + δU)

≤ P(δU ≥ Y2)+P(δU < Y2 < δU + δĪ)

= E(1− e−νδU)+Ee−νδU(1− e−νδĪ)≤ νδ(EU +EĪ).

Similarly, (EC.34) follows from the fact that for any u∈ [−δRa,0],

EY2,U
(
1(δRa <Y2)1(δU > Y2 +u)

)
≤ νδEU,

EY2,U,Ī
(
1(δU < Y2 +u< δĪ + δU)

)
≤ νδ(EU +EĪ)EB̄. (EC.37)

The first inequality in (EC.37) follows from

EY2,U
(
1(δRa <Y2)1(δU > Y2 +u)

)
≤ EY2,U

(
1(δRa <Y2 < δU + δRa)

)
= e−νδRaE(1− e−νδU)≤ νδEU

and the second from

EY2,U,Ī
(
1(δU < Y2 +u< δĪ + δU)

)
≤ EY2,U,Ī

(
1(δU −u< Y2 < δĪ + δU −u)

)
= E

(
e−ν(δU−u)(1− e−νδĪ)

)
≤ νδEĪ .

□

EC.6. The G/M/∞ system: supporting proofs

To prove Proposition EC.1 we require the following inversion formula, which is proved

exactly like Lemma 3.
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Lemma EC.12. Initialize Z(0)∼Z and fix f :R→R with

E |f(X)|<∞ and E

∣∣∣∣∣
∫ Ra(0)

0

f(X(t))dt

∣∣∣∣∣<∞,

which holds, in particular, when f(x) is bounded. Then

Ef(X) = E
∫ 1

0

∫ U(t)

0

f(X(t+u))dudA(t) (EC.38)

We now have what we need to prove Proposition EC.1.

Proof of Proposition EC.1 Repeating the arguments used in the proof of Proposition 1

yields

E
∫ 1

0

∆f(X̃(t−))dA(t) =
1

2
δ2λc2UEf ′′(X)+ ϵA(f) =

1

2
µc2UEf ′′(X)+ ϵA(f),

where

ϵA(f) =
1

6
δ3E

∫ 1

0

(1−λU(t))3f ′′′(ξ(t))dA(t)

− 1

2
δ2λc2UE

∫ 1

0

∫ U(t)

0

(
X(t+u)−X(t−)

)
f ′′′(ξ(t+u))dudA(t). (EC.39)

To bound the first term on the right-hand side, we use the fact that EA(1) = λ and δ2λ= µ

to get

1

6
δ3E

∫ 1

0

∣∣(1−λU(t))3f ′′′(ξ(t))
∣∣dA(t)≤ 1

6
δµ∥f ′′′∥E |1−λU |3

To bound the second term in (EC.39), let D[t, t + u] be the number of departures on

[t, t+u] and recall that X(t) = δ(Q(t)−R). It follows that

E
∫ 1

0

∫ U(t)

0

∣∣(X(t+u)−X(t−)
)
f ′′′(ξ(t+u))

∣∣dudA(t)
≤ ∥f ′′′∥δE

∫ 1

0

∫ U(t)

0

|Q(t+u)−Q(t−)|dudA(t)

≤ ∥f ′′′∥δE
∫ 1

0

∫ U(t)

0

(1+D[t, t+u])dudA(t)

≤ ∥f ′′′∥δE
∫ 1

0

∫ U(t)

0

(1+µQ(t)u)dudA(t)
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= ∥f ′′′∥δE
∫ 1

0

(U(t)+µQ(t)U 2(t)/2)dA(t)

= ∥f ′′′∥δ
(
1+

1

2
EU 2µE

∫ 1

0

Q(t)dA(t)
)

= ∥f ′′′∥δ
(
1+

1

2
EU 2µE

∫ 1

0

(1+Q(t−))dA(t)
)
.

The third inequality is true because the number of departures on [t, t + u] is bounded

by a Poisson process with rate µQ(t). Using EA(1) = λ and (EC.8) of Lemma EC.2, the

right-hand side equals

∥f ′′′∥δ
(
1+

1

2
EU 2µ(λ+µE(Q−R)2 +λR−λ)

)
= ∥f ′′′∥δ

(
1+

1

2
λ2EU 2(E(Q−R)2/R2 +1)

)
.

We arrive at the stated bound on |ϵA(f)|.

We now prove (EC.4). Taylor expansion yields

µQ
(
f(X̃ − δ)− f(X̃)

)
= −µδQf ′(X̃)+

1

2
µδ2Qf ′′(X̃)+

1

6
µδ3Qf ′′′(ξ).

Since µR= λ, X = δ(Q−R), and X̃ −X =−δλRa, the first two terms on the right-hand

side satisfy

−µδQf ′(X̃) = −µδRf ′(X̃)−µδ(Q−R)f ′(X̃)

= −µδRf ′(X̃)−µδ(Q−R)f ′(X)−µδ(Q−R)(f ′(X̃)− f ′(X))

= − δλf ′(X̃)−µXf ′(X)+µXδλRaf
′′(ξ),

and

1

2
µδ2Qf ′′(X̃) =

1

2
µδ2Rf ′′(X)+

1

2
µδ2(Q−R)f ′′(X)+

1

2
µδ2Q(f ′′(X̃)− f ′′(X))

=
1

2
µf ′′(X̃)+

1

2
µδXf ′′(X)− 1

2
µδ3QλRaf

′′′(ξ),

implying that (EC.40) holds with

ϵD(f) = µδE
(
XλRaf

′′(ξ)
)
− 1

2
µδ3E

(
QλRaf

′′′(ξ)
)
+

1

6
µδ3E

(
Qf ′′′(ξ)

)
. (EC.40)
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To conclude, we recall that EQ=R and bound each of the three terms on the right-hand

side as follows:

µδE |XλRaf
′′(ξ)| ≤ µδ∥f ′′∥

√
EX2

√
λ2ER2

a = µδ∥f ′′∥
√
EX2

√
λ3EU 3/3,

1

2
µδ3E

(
QλRaf

′′′(ξ)
)
≤ 1

2
µ∥f ′′′∥δ3E

(
QλRa

)
1

6
µδ3E

(
Qf ′′′(ξ)

)
≤ 1

6
µ∥f ′′′∥δ3EQ=

1

6
µ∥f ′′′∥δ.

□

EC.6.1. Proof of Lemma EC.2

The first two equalities in (EC.6) are argued as in Lemma 2 and the third is obtained

from the BAR (EC.1) with f(z) = q ∧M . For the relationship in (EC.7), we invoke the

BAR with f(z) = ((q ∧M)−λra)
2 to get

0 = 2λE
(
Q∧M −λRa

)
+µE

(
Q1(Q≤M)

(
(Q− 1−λRa)

2 − (Q−λRa)
2
))

+E
∫ 1

0

1(Q(t−)≤M − 1)
(
(Q(t−)+ 1−λU(t))2 − (Q(t−))2

)
dA(t)

= 2λE
(
Q∧M −λRa

)
+µE

(
Q1(Q≤M)

(
− 2(Q−λRa)+ 1

))
+E

∫ 1

0

1(Q(t−)≤M − 1)
(
2Q(t−)(1−λU(t))+ (1−λU(t))2

)
dA(t)

Taking M →∞ yields

0 = 2λEQ− 2λ2ERa − 2µEQ2 +2µλEQRa +µEQ+E(1−λU)2EA(1).

Divide by 2µ, move EQ2 to the left-hand side, and use EQ=R to get

EQ2 = E(Q−R)2 +R2

= R2 −Rλ2EU 2/2+λEQRa +R/2+RE(1−λU)2/2,

implying that

E(Q−R)2 = −Rλ2EU 2/2+λEQRa +R/2+R(1− 2+λ2EU 2)/2

= λEQRa

= λE(Q−R)Ra +Rλ2EU 2/2

≤ λ
√
E(Q−R)2

√
ER2

a +Rλ2EU 2/2.
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Since x2 ≤ bx+ c implies that x2 ≤ (b2 + x2)/2 + c and, therefore, x2 ≤ b2 + 2c, and since

ER2
a = λEU 3/3, we obtain (EC.7).

To prove (EC.8) we use f(z) = (q ∧m)2 in the BAR to get

0 = µE
(
Q1(Q≤M)(−2Q+1)

)
+E

∫ 1

0

1(Q(t−)≤M − 1)(2Q(t−)+ 1)dA(t)

= − 2µE(Q21(Q≤M))+µE(Q1(Q≤M))

+ 2E
∫ 1

0

1(Q(t−)≤M − 1)Q(t−)dA(t)+E
∫ 1

0

1(Q(t−)≤M − 1)dA(t).

Taking M →∞ and using EQ=R we arrive at

2EQ2 = EQ+
2

µ
E
∫ 1

0

Q(t−)dA(t)+
1

µ
EA(1)

= R+
2

µ
E
∫ 1

0

Q(t−)dA(t)+R.

Using EA(1) = λ and rearranging terms, we get

1

µ
E
∫ 1

0

Q(t−)dA(t) =EQ2 −R=E(Q−R)2 +R2 −R.

□

EC.6.2. Stein factor bounds for the Normal distribution

Proof of Lemma EC.3 Given h∈ Lip(1), define h̄(x) = h(σx)/σ and f̄(x) = fh̄,1(x). Let

us verify that fh,σ(x) = σf̄(x/σ) solves the Poisson equation. Since

f ′
h,σ(x) = f̄ ′(x/σ) and f ′′

h,σ(x) = f̄ ′′(x/σ)/σ,

it follows that

−xf ′
h,σ(x)+

1

2
σ2f ′′

h,σ(x) = σ
(
− x

σ
f̄ ′(x/σ)+

1

2
f̄ ′′(x/σ)

)
=

σ

µ
(Eh̄(Y/σ)− h̄(x/σ)) =

1

µ
(Eh(Y )−h(x)),

and our Stein factor bounds follow from the standard result (Chen et al. 2011, Lemma

2.4) that:

∥f̄ ′∥ ≤ 2

µ
, ∥f̄ ′′∥ ≤

√
2/π

µ
, and ∥f̄ ′′′∥ ≤ 2

µ
.

□
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EC.7. The JSQ system: supporting proofs

Let A(t) and U(t) be defined as in Section 2.1. Similarly, let Di(t) denote the number of

departures from server i on [0, t] and if a departure occurs from server i at time t, we let

Si(t) be the service time of the next customer to be served by that server. We also let

Λi(t) denote the (random) remaining time until a customer gets routed to server i. The

following BAR is proved just like Lemma 1.

Lemma EC.13. Initialize Z(0)∼ Z. If f(Z(s)) satisfies the FTC conditions with proba-

bility one under Z(0)∼Z and if the integrability condition

E |f(Z)| , E |∂raf(Z)| , E
∣∣∂rs,if(Z)

∣∣ , E
∫ t

0

|∆f(Z(s−))|dDi(s), E
∫ t

0

|∆f(Z(s−))|dA(s)<∞

holds, then

−E(∂raf(Z))−
n∑

i=1

E(1(Qi > 0)∂rs,if(Z))

+E
∫ 1

0

∆f(Z(t−))dA(t)+

n∑
i=1

E
∫ 1

0

∆f(Z(t−))dDi(t) = 0. (EC.41)

Define the compensated total customer count

X̃(t) =X(t)− δλRa(t)+

n∑
i=1

δµRs,i(t) and X̃ =X − δλRa +

n∑
i=1

δµRs,i.

Specialized to X̃, the BAR (EC.41) becomes

δE
((

λ−
n∑

i=1

1(Qi > 0)µ
)
f ′(X̃)

)
+E

∫ 1

0

∆f(X̃(t−))dA(t)

+

n∑
i=1

E
∫ 1

0

∆f(X̃(t−))dDi(t) = 0. (EC.42)

The following is an analog of Proposition 1, and is proved in Appendix EC.7.1.

Proposition EC.2. If f ∈C2(R) with f ′′(x) absolutely continuous and ∥f ′′∥,∥f ′′′∥<∞,

then, provided that all expectations are well defined,

δE
((

λ−
n∑

i=1

1(Qi > 0)µ
)
f ′(X̃)

)
= −nµδ2Ef ′(X)+nµδ2f ′(0)+ ϵ0(f), (EC.43)
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E
∫ 1

0

∆f(X̃(t−))dA(t) =
1

2
δ2λc2UEf ′′(X)+ ϵA(f), (EC.44)

E
∫ 1

0

∆f(X̃(t−))dDi(t) =
1

2
δ2µc2SEf ′′(X)+ ϵD,i(f), (EC.45)

where

|ϵ0(f)| ≤
1

2
nµδ3∥f ′′∥

(
λ2EU 2/2+ (λµES2/2+µδES)

)
+ δ2µ∥f ′′∥

n∑
i=1

E
(
1(Qi = 0)

( n∑
j=1

Qj +λRa +
n∑

j=1

µRs,j

))
,

|ϵA(f)| ≤
1

2
δ3∥f ′′′∥

(1
3
λE |1−λU |3 + c2Unµλ(ρ(λ/n)ES2/2+ δES+λEU 2/2)

+λc2U(1+n+λµEU 2 +µ2ES2)
)
,

|ϵD,i(f)| ≤
1

2
δ3∥f ′′′∥

(
1

3

λ

n
E |1−µS|3

+ c2S
(
(λ2µρ+2(n− 1)µ2ρλ)ES2/2n+ δ(λµ+2(n− 1)µ2)ES+

1

2
λ2µEU 2

)
+µc2Snρ+µc2S(λ/n)

(
ES+λES2 +λ2EU 2ES

)
+ c2Sλ

(
1+ (λµEU 2/2+1/ρ)+ 2µ2ES2

))
+

1

2
δ3∥f ′′∥c2Sµλ/n.

The expansions in (EC.43)–(EC.45) suggest the diffusion generator

GY f(x) =−nµδ2f ′(x)+
1

2
δ2(λc2U +nµc2S)f

′′(x)+nµδ2f ′(0), x≥ 0,

which, like in Section 2, corresponds to the exponential distribution with mean (ρc2U +

c2S)/2. We now combine everything to prove Theorem 3.

Proof of Theorem 3 Fix h∈ Lip(1). Since EX2 <∞, we can verify that fh(X̃) satisfies

the conditions of the BAR (EC.41) in the same way as we did in the proof of Theorem 1.

For the Stein factor bounds, we use Lemma 4 with θ = nµδ2 and σ2 = δ2(λc2U + nµc2S)/2

there to get

∥f ′′
h∥ ≤

1

nµδ2
and ∥f ′′′

h ∥ ≤ 4

δ2(λc2U +nµc2S)
.

Combining these with the bounds on |ϵ0(fh)|, |ϵA(fh)|, and |ϵD,i(fh)| in Proposition EC.2

concludes the proof. □
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EC.7.1. Expanding the BAR

To prove Proposition EC.2 we require two auxiliary lemmas. The first lemma contains

some useful relationships derived using the BAR.

Lemma EC.14. For any 1≤ i ̸= j ≤ n and m> 1,

EA(1) = nEDi(1) = λ, P(Qi > 0) = ρ, (EC.46)

ERm−1
a = λEUm/m, E(Rm−1

s,i 1(Qi > 0)) = (λ/n)ESm/m, E(Rm
s,i|Qi = 0) =ESm,

(EC.47)

E
∫ 1

0

Ra(t)dDi(t)≤ µ(ERs,i +ERa), E
∫ 1

0

Rs,i(t)dA(t)≤ λ(ERs,i +ERa), (EC.48)

E
∫ 1

0

Rs,i(t)dDj(t)≤ µ(ERs,i +ERs,j). (EC.49)

Proof of Lemma EC.14 We prove each of (EC.46)–(EC.49) by plugging in truncated

test functions into the BAR (EC.42). Using f(z) = ra ∧ M , f(z) = (q1 + · · · + qn) ∧ M

(together with the symmetry of the servers), and f(z) = rs,i ∧ M yields EA(1) = λ,

nEDi(1) = EA(1), and ESEDi(1) = P(Qi > 0), respectively, which proves (EC.46). Using

f(z) = rma ∧ M yields the first equality in (EC.47) and using f(z) = rms,i ∧ M yields

mE(Rm−1
s,i 1(Qi > 0)) =ESmED(1) = (λ/n)ESm. The third equality in (EC.47) follows once

we note that E(Rm
s,i1(Qi = 0)) =ESmP(Qi = 0) because when Qi(t) = 0, then Rs,i(t) equals

the service time of the next customer to arrive. Using f(z) = (ra ∧M)(rs,i ∧M) yields

E
∫ 1

0

Ra(t)
(
1(Qi(t) = 0)Λi(t)+Si(t)

)
dDi(t)+E

∫ 1

0

Rs,i(t)U(t)dA(t)

= ERs,i +E1(Qi > 0)Ra,

from which (EC.48) follows. The inequality (EC.49) is proved similarly using f(z) = (rs,i∧

M)(rs,j ∧M). □

The second lemma is the Palm inversion formula, analogous to Lemma 3. For simplicity,

we only prove it for bounded functions f(x), though this assumption can be relaxed as in

Lemma 3.
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Lemma EC.15. For any bounded f :R→R,

Ef(X) = E
(∫ 1

0

∫ U(t)

0

f(X(t+u))dudA(t)
)

and (EC.50)

Ef(X) = E
(∫ 1

0

∫ 1(Qi(t)=0)Λi(t)+Si(t)

0

f(X(t+u))dudDi(t)
)
. (EC.51)

Proof of Lemma EC.15 Since ERa <∞ (Lemma EC.14), the proof of (EC.50) is identi-

cal to that of (10) in Lemma 3. Similarly, to prove (EC.51), let Rd,i(t) = 1(Qi(t) = 0)Λi(t)+

Rs,i(t) be the remaining time until the next departure from server i and let Rd,i denote

the steady-state version. We only need to argue that ERd,i <∞. This is implied by the

facts that 1) the expected time until the next customer arrives to server i is finite because

ERa <∞ and because of our uniform tie-breaking rule (meaning that an arrival will be

allocated an idling server with probability at least 1/n) and 2) ERs,i <∞ (Lemma EC.14).

□

Proof of Proposition EC.2 The proof has two parts. In part one we assume that

(EC.43)–(EC.45) hold with

ϵ0(f) = −nµδ3E
((

−λRa +

n∑
i=1

µRs,i

)
f ′′(ξ)

)
+ δ2µ

n∑
i=1

E
(
1(Qi = 0)

( n∑
j=1

Qj −λRa +

n∑
j=1

µRs,j

)
f ′′(ξ)

)
, (EC.52)

ϵA(f) =
1

6
δ3E

∫ 1

0

(1−λU(t))3f ′′′(ξ(t))dA(t)

+
1

2
δ3c2UE

∫ 1

0

( n∑
i=1

µRs,i(t)
)
f ′′′(ξ(t−))dA(t)

− 1

2
δ2λc2UE

∫ 1

0

∫ U(t)

0

(
X(t+u)−X(t−)

)
f ′′′(ξ(t+u))dudA(t), (EC.53)

and

ϵD,i(f) =
1

6
δ3E

∫ 1

0

(1−µSi(t))
3f ′′′(ξ(t))dDi(t)

+
1

2
δ3c2SE

∫ 1

0

(
−λRa(t)+

∑
j ̸=i

µRs,j(t)
)
f ′′′(ξ(t−))dDi(t)

− 1

2
δ2µc2SE

∫ 1

0

∫ 1(Qi(t)=0)Λi(t)

0

f ′′(X(t+u))dudDi(t)
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− 1

2
δ2µc2SE

∫ 1

0

∫ 1(Qi(t)=0)Λi(t)+Si(t)

1(Qi(t)=0)Λi(t)

(
X(t+u)−X(t−)

)
f ′′′(ξ(t+u))dudDi(t),

(EC.54)

and we bound the terms on the right-hand side, with the exception of the boundary term in

ϵ0(f). In part two, we expand all terms in the BAR (EC.42) to verify that (EC.43)–(EC.45)

does indeed hold with ϵ0(f), ϵA(f), and ϵD,i(f) as in (EC.52)–(EC.54).

Part one. To prove the bound on ϵ0(f), we bound the non-boundary term by noting

that

nµδ3E
((

λRa +
n∑

i=1

µRs,i

)
∥f ′′∥

)
≤ nµδ3∥f ′′∥

(
λ2EU 2/2+ (λµES2/2+µδES)

)
,

where the inequality follows from Lemma EC.14. Next we bound the three terms composing

ϵA(f). For the first term, noting that EA(1) = λ, by Lemma EC.14, yields

1

6
δ3E

∫ 1

0

(1−λU(t))3f ′′′(ξ(t))dA(t)≤ 1

6
δ3∥f ′′′∥λE |1−λU |3 .

For the second term, we use Lemma EC.14 to get

1

2
δ3c2UE

∫ 1

0

( n∑
i=1

µRs,i(t)
)
f ′′′(ξ(t−))dA(t)

≤ 1

2
δ3c2U∥f ′′′∥nµλ(ERs,i +ERa)

=
1

2
δ3c2U∥f ′′′∥nµλ(ρ(λ/n)ES2/2+ δES+λEU 2/2).

For the third term, note that

1

2
δ2λc2UE

∫ 1

0

∫ U(t)

0

(
X(t+u)−X(t−)

)
f ′′′(ξ(t+u))dudA(t)

≤ 1

2
δ2λc2U∥f ′′′∥E

∫ 1

0

U(t) sup
0≤u≤U(t)

|X(t+u)−X(t−)|dA(t)

≤ 1

2
δ3λc2U∥f ′′′∥(1+n+λµEU 2 +µ2ES2).

To justify the second inequality, let Di[t, t+ u] be the number of service completions by

server i on [t, t+u] and note that

sup
0≤u≤U(t)

|X(t+u)−X(t−)| ≤ δ+ δ
n∑

i=1

Di[t, t+U(t)].
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By forcing server i to continue working even if it has no customers in its buffer, we can

construct a zero-delayed counting process {D̄i(t), t≥ 0} keeping track of potential service

completions, which would be independent of the arrival process, and satisfy

Di[t, t+u]≤ 1+ D̄i(u).

Since ED̄i(u)≤ µu+µ2ES2 by Lorden’s inequality (Lorden (1970)), it follows that

E
∫ 1

0

U(t) sup
0≤u≤U(t)

|X(t+u)−X(t−)|dA(t)≤δE
(
U
(
1+n+

n∑
i=1

D̄i(U)
))

EA(1)

≤ δE
(
U
(
1+n+µU +µ2ES2

))
EA(1)

= δ(1+n+λµEU 2 +µ2ES2) (EC.55)

where in the last equality we used EUEA(1) = 1. Lastly, we bound the four terms compos-

ing ϵD,i(f). First, since EDi(1) = λ/n by Lemma EC.14, we have

1

6
δ3E

∫ 1

0

(1−µSi(t))
3f ′′′(ξ(t))dDi(t)≤

1

6
δ3∥f ′′′∥λ

n
E |1−µS|3 .

Second, using Lemma EC.14, we have

1

2
δ3c2SE

∫ 1

0

(
λRa(t)+

∑
j ̸=i

µRs,j(t)
)
f ′′′(ξ(t−))dDi(t)

≤ 1

2
δ3c2S∥f ′′′∥

(
λµ(ERs,i +ERa)+

∑
j ̸=i

µ2(ERs,i +ERs,j)
)

≤ 1

2
δ3c2S∥f ′′′∥

(
λµ(ρ(λ/n)ES2/2+ δES+λEU 2/2)+2(n− 1)µ2(ρ(λ/n)ES2/2+ δES)

)
=

1

2
δ3c2S∥f ′′′∥

(λ2µρ+2(n− 1)µ2ρλ

2n
ES2 + δ(λµ+2(n− 1)µ2)ES+

1

2
λ2µEU 2

)
.

Third, the Palm inversion formula (Lemma EC.15) applied to f(z) = 1(qi = 0), together

with Lemma EC.14 yield

E
∫ 1

0

1(Qi(t) = 0)Λi(t)dDi(t) = P(Qi = 0) = δ,

so that

1

2
δ2µc2SE

∫ 1

0

∫ 1(Qi(t)=0)Λi(t)

0

f ′′(X(t+u))dudDi(t)≤
1

2
δ3∥f ′′∥c2Sµλ/n.
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Fourth,

1

2
δ2µc2S∥f ′′′∥E

∫ 1

0

∫ 1(Qi(t)=0)Λi(t)+Si(t)

1(Qi(t)=0)Λi(t)

|X(t+u)−X(t−)|dudDi(t)

≤ 1

2
δ2µc2S∥f ′′′∥E

∫ 1

0

Si(t) sup
0≤u≤Si(t)

|X(t+1(Qi(t) = 0)Λi(t)+u)−X(t−)|dDi(t)

Observe that

sup
0≤u≤Si(t)

|X(t+u)−X(t−)| ≤ δA
[
t, t+1(Qi(t) = 0)Λi(t)

]
+ δA

(
t+1(Qi(t) = 0)Λi(t), t+1(Qi(t) = 0)Λi(t)+Si(t)

]
+ δ

∑
j ̸=i

Dj

[
t, t+1(Qi(t) = 0)Λi(t)+Si(t)

]
,

where A[a, b] and Dj[a, b] are the number of arrivals and server j departures, respectively,

on [a, b]. To complete the bound on the fourth term in ϵD,i(f), we now bound

1

2
δ2µc2S∥f ′′′∥E

∫ 1

0

Si(t)δA
[
t, t+1(Qi(t) = 0)Λi(t)

]
dDi(t) (EC.56)

+
1

2
δ2µc2S∥f ′′′∥E

∫ 1

0

Si(t)δA
(
t+1(Qi(t) = 0)Λi(t), t+1(Qi(t) = 0)Λi(t)+Si(t)

]
dDi(t)

(EC.57)

+
1

2
δ2µc2S∥f ′′′∥

∑
j ̸=i

E
∫ 1

0

Si(t)δDj

[
t, t+1(Qi(t) = 0)Λi(t)+Si(t)

]
dDi(t). (EC.58)

First, we bound A
[
t, t+ 1(Qi(t) = 0)Λi(t)

]
, the number of arrivals before server i gets a

customer. Recall that our tie-breaking routing rule is to select among the least loaded

servers uniformly at random. If server i becomes idle at time t, then an arrival will be

routed to this server with probability at least 1/n, and it is therefore possible to construct

a geometrically distributed random variable Γ≥ 1 with mean n (success probability 1/n)

that a) upper bounds the number arrivals needed to route a customer to server i and b) is

independent of Si(t) and {Dj(t), t≥ 0}nj=1. It follows that A
[
t, t+1(Qi(t) = 0)Λi(t)

]
≤ Γ.

Furthermore, we define the time until the Γth arrival as

Λi(t) =Ra(t)+
Γ∑

m=2

U(τm),
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where τm is the time of the mth arrival after time t, and note that

1(Qi(t) = 0)Λi(t)≤Λi(t).

We now have the tools needed to bound (EC.56)–(EC.58). First, we observe that

1

2
δ2µc2S∥f ′′′∥E

∫ 1

0

Si(t)δA
[
t, t+1(Qi(t) = 0)Λi(t)

]
dDi(t)

≤ 1

2
δ3µc2S∥f ′′′∥E

∫ 1

0

Si(t)ΓdDi(t) =
1

2
δ3µc2S∥f ′′′∥ESEΓEDi(1) =

1

2
δ3µc2S∥f ′′′∥nρ,

where in the last equality we used EΓ= n, ES = 1/µ, and EDi(1) = λ/n. Second, we argue

using Lorden’s inequality, as we did in (EC.55), that

1

2
δ2µc2S∥f ′′′∥E

∫ 1

0

Si(t)δA
(
t+1(Qi(t) = 0)Λi(t), t+1(Qi(t) = 0)Λi(t)+Si(t)

]
dDi(t)

≤ 1

2
δ3µc2S∥f ′′′∥E

∫ 1

0

S(1+λS+λ2EU 2)dDi(t)

=
1

2
δ3µc2S∥f ′′′∥E

(
S(1+λS+λ2EU 2)

)
EDi(1)

=
1

2
δ3µc2S∥f ′′′∥(λ/n)

(
ES+λES2 +λ2EU 2ES

)
.

Third, we bound (EC.58)

1

2
δ2µc2S∥f ′′′∥

∑
j ̸=i

E
∫ 1

0

Si(t)δDj

[
t, t+1(Qi(t) = 0)Λi(t)+Si(t)

]
dDi(t)

≤ 1

2
δ3µc2S∥f ′′′∥

∑
j ̸=i

E
∫ 1

0

SDj

[
t, t+Λi +S

]
dDi(t)

≤ 1

2
δ3µc2S∥f ′′′∥(n− 1)E

(
S
(
1+µ(Λi +S)+µ2ES2

))
EDi(1)

=
1

2
δ3µc2S∥f ′′′∥(n− 1)

(
ES+EΛi +2µES2

)
λ/n

≤ 1

2
δ3µc2S∥f ′′′∥λ

(
ES+(ERa +EUEΓ)+2µES2

)
=

1

2
δ3c2S∥f ′′′∥λ

(
1+ (λµEU 2/2+1/ρ)+ 2µ2ES2

)
.

Part two. We first prove (EC.43):

δE
(
(λ−

n∑
i=1

1(Qi > 0)µ)f ′(X̃)
)
= −nµδ2Ef ′(X̃)+ δµ

n∑
i=1

E
(
1(Qi = 0)f ′(X̃)

)
.
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Recalling that X̃ = δ
∑n

i=1Qi − δλRa + δ
∑n

i=1 µRs,i, we have

−nµδ2Ef ′(X̃) =−nµδ2Ef ′(X)−nµδ3E
((

−λRa +
n∑

i=1

µRs,i

)
f ′′(ξ)

)
,

and

δµ
n∑

i=1

E
(
1(Qi = 0)f ′(X̃)

)
= δµ

n∑
i=1

E
(
1(Qi = 0)

(
f ′(0)+ δ

( n∑
i=1

Qi −λRa +
n∑

i=1

µRs,i

)
f ′′(ξ)

))
,

which proves (EC.52). The proof of (EC.53) is very similar to the proof of (9) in Proposi-

tion 1: if an arrival happens at time t, then ∆X̃(t−) = δ(1−λU(t)) and, since E(1−λU) =

0,

E
∫ 1

0

∆f(X̃(t−))dA(t) =
1

2
δ2E(1−λU)2E

∫ 1

0

f ′′(X̃(t−))dA(t)

+
1

6
δ3E

∫ 1

0

(1−λU(t))3f ′′′(ξ(t))dA(t), (EC.59)

and the first term expands into

1

2
δ2E(1−λU)2E

∫ 1

0

f ′′(X(t−))dA(t)

+
1

2
δ3E(1−λU)2E

∫ 1

0

(
X̃(t−)−X(t−)

)
f ′′′(ξ(t−))dA(t).

Noting that E(1−λU)2 = c2U and X̃(t−)−X(t−) =
∑n

i=1 µRs,i(t), to conclude (EC.53) we

use Lemma EC.15 and repeat the argument following (11) to get

E
∫ 1

0

f ′′(X(t−))dA(t)

= λEf ′′(X)−λE
∫ 1

0

∫ U(t)

0

(
X(t+u)−X(t−)

)
f ′′′(ξ(t+u))dudA(t).

Lastly we prove (EC.54). Similar to (EC.59) and the display that follows, we expand the

departure jump term to get

E
∫ 1

0

∆f(X̃(t−))dDi(t) =
1

2
δ2E(1−µS)2E

∫ 1

0

f ′′(X(t−))dDi(t)
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+
1

2
δ3E(1−µS)2E

∫ 1

0

(
X̃(t−)−X(t−)

)
f ′′′(ξ(t−))dDi(t)

+
1

6
δ3E

∫ 1

0

(1−µSi(t))
3f ′′′(ξ(t))dDi(t),

where X̃(t−) − X(t−) = −δλRa(t) +
∑

j ̸=i δµRs,j(t). We conclude the proof by using

Lemma EC.15 to get

Ef ′′(X) = E
∫ 1

0

∫ 1(Qi(t)=0)Λi(t)

0

f ′′(X(t+u))dudDi(t)+ES
∫ 1

0

f ′′(X(t−))dDi(t)

+E
∫ 1

0

∫ 1(Qi(t)=0)Λi(t)+Si(t)

1(Qi(t)=0)Λi(t)

(
X(t+u)−X(t−)

)
f ′′′(ξ(t+u))dudDi(t).

□
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