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Appendix

To enhance clarity, we begin by summarizing the notations used throughout the main text and
the appendix. For every integer k£ > 1, let R* denote the k-dimensional Euclidean space, and write
[k]:={1,...,k}. For any vector u € R* and integer ¢ > 1, we denote its {,-norm by ||u/|, and its
support by supp(u). The (pseudo) {yp-norm of u = (u1,...,ux)" is defined as ||ul|o = Zle 1(u; #
0), where 1(-) denotes the indicator function. We define the unit sphere and the closed ¢5-ball of

radius r in R* as
SFl.={ueR":|lull;=1}, and B*(r):={uecRF:||ul,<r}.

For a subset S C [k] with cardinality |S| and a k-dimensional vector u € R, let ug € R!¥! denote
the subvector of u consisting of the coordinates indexed by S, and let ujs € R* denote the vector
obtained from u by setting all coordinates outside S to zero. The inner product of any two vectors
u=(uy,...,u;)" and v = (vy,...,v)" is given by (u,v) =S¥ wu;.

For a symmetric matrix A € R*** we denote its smallest and largest eigenvalues by Apin(A)
and A\yax(A), respectively, and its spectral norm by ||A||. The vector norm induced by a posi-

tive semi-definite matrix A is defined as ||[u|[s := ||A'/?ul|2, u € R*. For two sequences of non-

negative numbers {a, },>; and {b, },>1, we write a,, < b,, or equivalently b, 2> a,, if there exists
a constant C' > 0, independent of n, such that a,, < Cb,. We write a,, < b, if both a,, < b, and
b, < a, hold. For = € R, we use the notations [z| =inf{y € Z:y >z}, |x| =sup{y€Z :y <z}
and 7, = max{x,0}. For any given smoothing parameter > 0, we define K (-) := K(-/w).
Finally, for any algorithm M mapping a dataset Z to R?, the {,-sensitivity (for ¢ > 1) of M is

defined as
sens, (M) := sZuZBHM(Z) - M(Z)||,, (S.1)

where the supremum is taken over all pairs of neighboring datasets Z and Z'.

EC.1. Basic Mechanisms and Properties of (¢,4)-DP

(€¢,0)-DP, as characterized in Definition 1, is particularly appealing due to its simplicity and flexi-
bility in the design of private algorithms. In practice, such algorithms are typically constructed by
adding random noise to the output of a non-private procedure. Among the various noise distribu-

tions, Gaussian and Laplace noise are the most commonly used. In addition, the post-processing
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and composition properties provide a foundation for designing multi-step DP algorithms. We re-
view these basic mechanisms and properties of (¢, d)-DP below. Recall that the /,-sensitivity of an

algorithm M is defined in (S.1).

LEMMA L1 (Gaussian mechanism). Assume senss(M) < B for some B > 0. Then the mecha-
nism M(Z) + g, with g ~ N(0,0°L,) and o = Be '1/21og(1.25/9), is (¢,8)-DP.

Unlike the Gaussian mechanism, whose noise calibration is governed by the /,-sensitivity
of the underlying algorithm, the Laplace mechanism is based on /¢;-sensitivity and provides a

guarantee of pure DP.

LEMMA L2 (Laplace mechanism). Assume sens;(M) < B for some B > 0. Let w =
(wi,...,wy)" € RP have i.i.d. entries drawn from Laplace(B/¢). Then M(Z)+ w is (¢,0)-DP.

LEMMA L3 (Post-processing property). Let M, be an (¢,0)-DP algorithm, and let My be an
arbitrary deterministic mapping that takes the output of M as input. Then Ms(M,(Z)) is (¢, 6)-
DP.

Intuitively, the post-processing property implies that no external procedure can reverse the
effects of privatization. The following composition properties describe how the privacy parameters

evolve under repeated composition.

LEMMA L4 (Composition property). Let My and My be (e1,01)-DP and (e, 02)-DP algo-
rithms, respectively. The composition My o My is (€1 + €2,01 + 0o)-DP.

LEMMA L5 (Advanced composition property). If T algorithms are run sequentially, each satis-
fying (€,9)-DP, then for any &' > 0, the combined procedure is (/2T log(1/6") +Te(e* —1),T6 +
d')-DP.

EC.2. Beyond Centralized Privacy

EC.2.1. Local Differentially Private Sparsity-Constrained ERM

Our proposed Algorithm 3 is developed under a centralized differential privacy (CDP) setting,
which assumes a trusted central server with access to users’ unperturbed data and enforces privacy
only at the point of release. When this trust assumption is untenable, for instance, due to concerns
about data storage, misuse, or security breaches, one may instead adopt local differential privacy
(LDP) (Kasiviswanathan et al. 2011, Duchi et al. 2013), under which each user privatizes their

information before communication. We begin by formally defining LDP.
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DEFINITION EC.1. A randomized algorithm M : X — R satisfies (¢, §)-LDP if, for every pair of
individual inputs x, 2’ € X and every measurable subset S C R, P{M(x) € S} <e°-P{M(a’) €
S}+0.

Under LDP, privacy is enforced at the individual level: for any two possible values x,z’ € X
that a single user may hold, the output distributions M (x) and M (z") must remain close for every
measurable set S. In contrast, CDP (Definition 1) is defined with respect to neighboring datasets
that differ in a single individual’s record. LDP also satisfies the following parallel and sequential

composition properties.

LEMMA L6. Suppose n mechanisms M, ..., M, each satisfy (€;,6;)-LDP and are applied to
disjoint subsets of the data. Then the joint mechanism (M, ..., M,) is (max;c,) €;, MaX;cpy) ;)-

LDP.

LEMMA L7. Suppose n mechanisms My, ..., M,, each satisfy (¢;,0;)-LDP and are applied se-
quentially to the same data. Then the combined mechanism (M, ..., M,,) is (37 €, > o 0;)-
LDP.

As in the CDP setting, the noise magnitude required under LDP is determined by the sensitiv-
ity of the underlying local mapping. For a mapping M : X — R?, we define its /,-sensitivity under
LDP as

saits, (M) = sup [M(x) — M(2')]|,.

rx'eX

We next state the standard Gaussian mechanism under LDP.

LEMMA L8. Assume sensq(M) < B for some B > 0. Then the mechanism M(x) + g, with g ~
N(0,0%1,) and 0 = Be */21og(1.25/0), is (¢,6)-LDP.
In what follows, we present a locally differentially private, sparsity-constrained ERM pro-

cedure that integrates the above LDP notions with an explicit sparsity constraint. Let Z = {z; =

(d;,x;)}", and define
9(zi, B) = {K((Xfﬁ—di)/w) —T}w,y(xi). (S.2)

Starting from a common initialization 3(°), our CDP-based procedure (Algorithm 3) performs two
steps at each iteration. First, we form an intermediate update using the gradients {g(z;, 3®)}7_:

Bl — ,Bég)p —non Y0, 9(zi,8") ). We then apply NoisyHT (Algorithm 2) to 8% to

cdp cdp cdp
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(t+1)

obtain a sparse, differentially private update Bcdp

This design is justified by the bound
SUD,crxre, gere |9(2,8)|lc < 77, which controls the sensitivity of the intermediate update and
enables NoisyHT to enforce sparsity while preserving differential privacy.

Relative to the CDP update, the LDP counterpart differs primarily in that privatization is per-
formed at the user level prior to aggregation. Since the /..-sensitivity of ¢ in (S.2) is bounded
by 2~7, under the LDP framework we construct ﬁl(é;rl) via gradient perturbation, whereby each
user locally perturbs g(Zi,ﬁgl). However, because g(Zi,ﬁl(Si)) € RP, naively adding noise to all
coordinates typically leads to a noise magnitude that scales polynomially with p, which in turn
yields estimation error bounds with polynomial dependence on p; see, e.g., Wang and Xu (2021).
To mitigate this issue, we restrict the perturbation to a prescribed subset of coordinates. In par-
ticular, let Sy = supp(B?) and s = |Sy|. The /y-sensitivity of {g(z;, 51(;;)}50 is then bounded by
Biap = 297+/s. Accordingly, for each i € [n], we release §(z;, 61(2)) € RP? such that

{9(2, B Y50 = {9(20, B Yo + ¢! and {G(zi, B bvse =0, (S:3)

where ¢! ~ N (0,07, I,) with o1g, = BiapTe '/21log(1.257/6). By Lemma L8, the local re-
lease §(z;, ﬁl(éz)) is (1", 8T 1)-LDP for each fixed iteration. Since the n users perturb their gra-
dients independently and in parallel within iteration ¢, the joint release { §(ziﬁl(ct1;) » ., is also
(eT~1,6T1)-LDP by Lemma L6. Based on this construction, the (¢ + 1)-th update under LDP is

given by

t+1 ¢ Mo
ﬁl(d;r )= Bl(d])p . Z 9\Z, Bldp (S.4)

Lemma L7 then implies that the resulting estimator after 7' iterations, Bl(;), is (¢,0)-LDP. The
complete LDP sparsity-constrained ERM procedure is summarized in Algorithm Al.

While Algorithm Al provides a feasible locally private alternative to the CDP-based proce-
dure, its design introduces several structural constraints that have important implications for both

variable selection and statistical efficiency. We highlight two key limitations below.

* The first limitation concerns the support-set updating mechanism, which makes the LDP im-
plementation more sensitive to initialization. Under the CDP procedure (Algorithm 3), each
iteration first forms an intermediate update and then applies NoisyHT to adaptively screen
and update the support, allowing the support set to evolve across iterations and gradually cor-

rect variable-selection errors. In contrast, the LDP construction (Algorithm A1) restricts the
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Algorithm A1 Local Differentially Private Sparsity-Constrained ERM

Input: Dataset {z; = (d;,x;)} ,, learning rate 7, number of iterations 7', truncation parameter

7, quantile level 7 =b/(b+ h), smoothing parameter w, privacy levels (¢, ), and initial value 61(31))

with sparsity level s.

1: Let Sp = supp(,@l(gl))).
2: fort=0,....,T—1do

3. Compute {g(z,, ,31(3)) ', via (S.2), and draw {¢!}?_, independently, where
¢l ~ N(0, 0%, 1,) with o1qp, = 297Te ' /2sl0g(1.25T/5).
4. Compute {g(z;, 61(3)) ", via (S.3) and update
(t+1) ty Mo
Bl o /61(di> y Z Zszldp
s: end for

Output: ,ng).

release and aggregation of individual gradients to Sy = supp(3(?)) in order to keep the mag-
nitude of local perturbations under control, while all remaining coordinates are set to zero. As
a result, every update is confined to the fixed index set Sy, and the support remains contained
within Sy throughout. This dependence imposes a stronger requirement on the initial support
coverage: to avoid missing true signals and to ensure valid estimation, it is necessary that
supp(8*) C So.

The second limitation stems from the fact that the stronger, user-level privacy guarantee of
LDP requires a different noise-injection scheme than that used under CDP, and this stronger
protection leads to a slower convergence rate, reflecting an inherent statistical cost of local
privacy (Duchi et al. 2018). To illustrate this, note that each CDP iteration can be decomposed

into a non-private update plus an additive privacy-noise term:
(t+1) _ (t) 770 -t
’BCdP ( cdp Z g s chdp ) + W‘St+1 ,

where S*+! denotes the index set selected by Algorithm 2 for v = 5&1}21), and V~Vf5t+1 denotes

the restriction of W' to S, whose entries are drawn independently from Laplace(Acqp),
with Acap < 1m0y (ne)~'y/slog(T/5). Using standard moment properties of the Laplace

distribution, we have E(|[Wig.11[|3) < {sm077T'(n€)~*}* up to logarithmic factors, showing
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that the mean-squared ¢, magnitude of CDP noise is governed by a denominator of order

(ne)2. In contrast, each LDP iteration can be rewritten as

51t+1 { t) Zg zwaldp} 5|tso>

where ¢ = non 'S, ¢E, ¢~ NY(O, opplp), and oy, < y7Te'\/slog(T/d). Conse-
quently, IEC(||C~fS0 |3) is governed by a denominator of order ne?, rather than (ne)? as in CDP.
The slower decay of LDP noise with respect to n therefore leads to a larger cumulative noise

level and, in turn, a slower convergence rate.

EC.2.2. Hierarchical Differentially Private Sparsity-Constrained ERM

The CDP and LDP procedures represent two extremes in terms of trust assumptions: CDP pre-
sumes a fully trusted central curator, whereas LDP assumes that no entity beyond individual users
is trusted. In many practical settings, however, this dichotomy is overly restrictive (Lowy and Raza-
viyayn 2023). Users may be unwilling to disclose their raw information to a central server, yet still
be comfortable sharing updates within a trusted local or organization domain, such as a hospital,
branch office, or edge server. Motivated by this intermediate trust structure, we introduce a hierar-
chical differential privacy (HDP) framework, in which users within each trusted group contribute
updates through secure aggregation (Bonawitz et al. 2017), and privacy protection is enforced at
the group level when generating the group-level messages used for model updating.

We consider a hierarchical distributed setting with K disjoint groups {G}X | such that
UK Gy, = [n], where each G, denotes the set of users in group k € [K]. For simplicity, we assume
|Gr| < n/ K. Within each iteration, the parameter is updated sequentially across the groups. Specif-
ically, we initialize the within-iteration update by setting ,3&11)) = ,Bl(ﬁp. For each group k € [K], we
form a group-wise intermediate update

k k) k
/Bhiierl) }(1tdp |g | Z {K X, /Bhtdp) di)/@) —T}w,y(Xi),
1€k

whose £,-sensitivity is bounded by 27,y7 |G| ~*. According to Lemma 1, setting the privacy pa-

rameters to (€71, §7~1) and choosing A = 21077 |Gx|~! ensures that each group-wise update
Bhtaf)“ NmsyHT(,BhL:iI;Jrl )

is (e7'~1,8T~')-DP with respect to the data in Gy.. Because the groups {G; }-, are disjoint, the

within-iteration sweep over k € [K| does not incur additional privacy loss beyond this per-iteration
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) = ﬁff(;f“) and proceed to the next

budget. After cycling through all K groups, we set B+
iteration. Applying standard composition across the 7" outer iterations yields an overall (¢,d)-
DP guarantee for the final estimator. The complete HDP sparsity-constrained ERM procedure is

presented in Algorithm A2.

Algorithm A2 Hierarchical Differentially Private Sparsity-Constrained ERM

Input: Dataset {(d;,x;)}?,, disjoint partition {Gy} X of [n], learning rate 7, number of
iterations 7', truncation parameter -y, quantile level 7 = b/(b + h), smoothing parameter w,
privacy levels (e, ), sparsity level s, and initial value Bﬁ?j)

1: fort=0,...,T—1do

22 Set /Bt(ii; IBhdp

32 fork=1,..., Kdo

4: Compute the group-wise update

,Bhtd]];Jrl l(liil; |g | Zg {K hdp — di)/w) — T}w’y<Xi)7
1€

,Bhtdf)ﬂ NmsyHT(ﬁhtd};+1 {(di,xi)}iegk,s,eT’l,éT’I,Qnoyﬂgk]’l).

5:  end for
(t+1) (t,K+1)
7: end for

Output: ﬁ}ﬂ)}.

Compared with the CDP procedure (Algorithm 3), the HDP design performs updates on a
group-by-group basis. With |G| < n/K, each group-wise step effectively uses a batch of size
n/K, while a full sweep across all K groups still leverages the entire sample. This grouped imple-
mentation changes the scale at which privacy noise is introduced: the mean-squared ¢, magnitude
of the injected noise is governed by a denominator of order (ne/K)?. Consequently, in terms of
the noise-induced error component, HDP exhibits convergence behavior that lies between those of
CDP and LDP; see Figure EC.14!. This comparison highlights a clear privacy-efficiency trade-off:

LDP provides the strongest user-level protection but requires the largest perturbation and therefore

Al In this implementation, we generate the training data {(d;,x;)}7—; as described in Section 5.1 and evaluate the excess risk on an
independent test set of size 30,000. For Algorithm A2, we consider two choices of the number of groups, K € {2,4}, to examine
the impact of group partitioning on performance.
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converges the slowest; CDP is the most statistically efficient when a trusted curator is available;
and HDP offers an intermediate compromise, improving upon LDP whenever K = o(n'/?). More-
over, as in the CDP setting, HDP retains a practically important advantage over LDP in terms of
variable selection. Because privatization occurs at the group-aggregate level, the active set can be

updated adaptively via NoisyHT throughout the iterations, rather than being restricted to the initial
support Sy = supp(B8?).

Method
CDP
—e— HDP(K=2)
—e— HDP(K=4)
LDP

Logarithmic average excess risk
|
iy

40 120 200 280 360 440 520 600
Sample size (n/100)

Figure EC.1 Logarithmic average excess risk versus sample size n, averaged over 500 replications, for three privacy-preserving
procedures (CDP, HDP, and LDP). Results are shown for (p,s*) = (100,5), (b,h) = (2,1), and (¢,0) =
(0.5,107).

EC.3. Additional Numerical Studies
EC.3.1. Computational Scalability across Sample Sizes and Dimensions

In this section, we compare the running times of /,-ERM (Algorithm 1), DP-/,-ERM (Algorithm
3), and ERM*? under varying sample sizes and ambient dimensions. For each (n, p), all algorithmic
parameters are prespecified and kept fixed. The mean running time (in seconds) is reported over
100 replications. As shown in Table EC.1, the running time of all methods increases with both
the sample size and the ambient dimension. When p is small, vanilla ERM has running times
comparable to, and in some cases even slightly faster than, /,-ERM and DP-/,-ERM. However, its
computational cost increases rapidly with p, because it is computed over the full feature space. In
contrast, /o-ERM and DP-/,-ERM exploit sparsity and remain computationally efficient in higher-
dimensional settings. Moreover, although DP-/)-ERM is consistently slower than ¢,-ERM, the

additional computational cost induced by privacy protection remains moderate.

A2 Here, ERM refers to the vanilla empirical risk minimizer based on the original cost function, computed using the rq function in
the quantreg package, and used as a baseline for computational comparison.
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Table EC.1 Mean running time (in seconds), averaged over 100 replications, for £o-ERM, DP-¢o-ERM, and ERM under
varying sample sizes and ambient dimensions. All computations were performed on a Windows platform with an Intel(R)

Core(TM) i7-14700F CPU at 2.10 GHz.

n = 1000 n = 2000
Method p=25 p=50 p=100 p=200 p=400 p=25 p=50 p=100 p=200 p=400

{-ERM  0.004 0.006 0.009 0.019 0.035 0.009 0013 0.025 0.036 0.076
DP-/,-ERM 0.006 0.011 0.016 0.032 0.064 0.013 0.021 0.040 0.063  0.137
ERM 0.004 0.009 0.038 0.119 0419 0.008 0.028 0.088  0.340 1.116

In what follows, we present additional numerical studies to investigate the framework’s per-
formance under non-linearity through a two-pronged approach. The first study (Section EC.3.2)
evaluates the proposed (o-ERM algorithm (Algorithm 1) under a structured nonlinear data-
generating model and compares it with two nonparametric methods to illustrate how the proposed
linear framework performs when the underlying decision rule is nonlinear. The second study (Sec-
tion EC.3.3) develops a nonlinear extension via a two-layer feed-forward neural network to ac-
commodate unstructured non-linearity. By comparing this extension with several classical non-
linear benchmarks, we demonstrate the flexibility of our privacy-preserving mechanisms beyond
linear models, while also clarifying that such extensions are currently most feasible in moderate-

dimensional settings.

EC.3.2. Sparse Linear Methods under Nonlinear Demand Models

In this section, we depart from the linear data-generating models considered in Section 5 and in-
stead consider a nonlinear alternative. Specifically, we generate i.i.d. observations {(d;,x;)}"
according to d; = fo(x;) + &, where x; = (1,x/ ;)" with x; 1 ~ N(0,I, ;), and &; ~
N(—=®~1(b/(b+ h)),1). Here, ®(-) denotes the cumulative distribution function of the standard

normal distribution, and
fO(Xi) =0.5 + 1'7;72 — ZEZ‘73 + 0.8 exp(xm) + $i,4(I)i75 + 0.81’i’2Zi73Ii74 s

where z; ; denotes the j-th component of x; for j € {2,3,4,5}. Under this construction, the 7-
quantile of ¢; is zero for 7 =b/(b+ h), and hence Fd_”lxl_ (1) = fo(x;). Therefore, in this experiment,
the true conditional T-quantile function fy(x) coincides with the population-optimal order-up-to
function.

We consider two grid-based nonparametric benchmark methods, namely, Binning and the

K -nearest neighbors (KNN) method. Since developing privacy-preserving versions of these two
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benchmarks is nontrivial, we focus on a non-private comparison with our ¢,-ERM approach for
fairness. All methods are trained on a sample of size n = 1000, and their out-of-sample newsvendor
costs are evaluated on an independent test set of size 5000. For both benchmarks, the action space
is discretized over a common grid constructed from the training-sample demand values, consisting
of 100 equally spaced candidate decisions ranging from the 1st to the 99th empirical percentiles
of the training demand. For Binning, each covariate is partitioned into three bins using empirical
training-sample quantiles, and the conditional demand distribution at a test point is approximated
by the empirical distribution of training observations falling into the same multivariate bin. When
the corresponding bin is empty, a prespecified fallback rule based on the global training distribu-
tion is used. For KNN, the number of neighbors is fixed at A = 30. Prior to applying KNN, all
covariates are standardized using the sample means and standard deviations computed from the
training data, and Euclidean distance in the standardized feature space is used to identify the near-
est neighbors. In addition, the sparse framework can accommodate a richer class of decision rules
through a predetermined expansion of the raw covariates. As a simple illustration, we also include
an expanded-feature version, Expanded-/,-ERM, which applies Algorithm 1 after augmenting the
feature space with all two-way interaction terms.

We fix per-unit costs (b, h) = (2,1) and vary p from 5 to 30. The comparison results are re-
ported in Figure EC.2. Among the two nonparametric benchmarks, KNN is competitive only in
low dimensions but deteriorates as p increases, whereas Binning remains less competitive through-
out. By contrast, both /p-ERM and Expanded-¢,-ERM remain comparatively stable as p increases.
Moreover, Expanded-/,-ERM improves upon ¢,-ERM, indicating that modest feature expansion
can enhance performance by providing a better approximation to the underlying order-up-to func-
tion when nonlinear structure is present. Overall, these findings suggest that even when the true
decision rule is nonlinear, the sparse linear framework remains effective when combined with ap-

propriate feature expansion.

EC.3.3. A Nonlinear Extension via a Two-Layer Neural Network

In this section, we extend our privacy-preserving smoothed loss to a canonical feed-forward neural
network architecture. This extension demonstrates that our gradient-based perturbation mechanism
can be effectively integrated with complex, unstructured nonlinear models with moderate dimen-

sions beyond the sparse linear setting.
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Figure EC.2 Average out-of-sample cost of £o-ERM, Expanded-£o-ERM, Binning, and KNN, based on 500 replications, under

varying dimension p.

EC.3.3.1 Restricted ERM over a Two-Layer Neural Network Class

We assume that the true decision rule fj satisfies certain regularity properties, such as continuity
or smoothness, so that it can be well approximated by a feed-forward neural network with suf-
ficiently many hidden units (Cybenko 1989, Hornik et al. 1989, Mhaskar 1996). Motivated by
this approximation perspective, we consider a standard one-hidden-layer (two-layer) feed-forward

neural network class Fyy to approximate fj. Specifically, define
fo(x)=a+ Y b.-v(&]x), (S.5)
r=1

where 8 = (a,b",vec(E)T)" € R™P+D+1 1y denotes the network width (i.e., the number of hid-
den units), 1(-) is a bounded and Lipschitz activation function, b = (by,...,b,,)" € R™, and
E=(&,...,&) € RPY g the first-layer weight matrix. Note that, under the specification &, =
(&r1,&7 1) and x = (1,x7,)", the term £ x in (S.5) can be written as ;| ;X1 +¢&;.1, so the bias
term is already incorporated. In addition, we impose a coordinatewise boundedness constraint on

0 to control the capacity of the network. Specifically, for a fixed B > 0, define
O(B):= {0 e R™"*™*1 |0, < B}.

We then set Fyn = {fg: 0 € ©(B)}. Based on Fyy, we estimate the decision rule by solving the
constrained ERM

iy {8001 =5 Y et = 100 = iy {8000) = 23l = o .

fEFNN 0cO(B)
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where p, (-) is the convolution-smoothed check function defined in Section 2.3.

EC.3.3.2 Noise-Perturbed Gradient Updates

Analogously to the clipping-based gradient update in Equation (5) of the main text, we define the

intermediate iterate as

6 =0 -3 {K (—f”(” L di) - T} Vi fan(x), te{OyUT 1],  (S.6)

n w
where
Vo fo(x) = (L, 0(&7x), ... . 0(&,x), i (§7x) KT, ... bt/ (&7,%)X7) .

Here, X = x - min{v/||x||2, 1} is introduced to ensure bounded /5-sensitivity of the intermediate

iterate in (S.6). Define

Go:=sup|v(u)] and Gy:=supl|y’(u)|. (S.7)
u€R u€eR
Since
_ —d
sup K (M> — 7| <7:=max{r,1 -7},
(d,x)ERxRP,0€O(B) w
we have

SAt:f\/l—l—mG%—irmB?G%v?,

2

sup
(d,x)ERXRP,0€O(B)

()

w

which implies that the /o-sensitivity of each intermediate iterate is bounded by 27,An~"'. By the

Gaussian mechanism (Lemma L1), each noisy update

oD — gD 4 g

with g ~ N(0,0%L,,p+1)41), is (€771, 6T7~1)-DP, where o = 2nyAT (ne)~'y/2log(1.257/6). As
a post-processing step, we enforce the coordinatewise boundedness constraint by setting 8(+1) =
wp(6+D), where the truncation function wp(-) is defined in Section 3.2. After T iterations, the
standard composition property (Lemma L4) implies that the 7-th iterate 87 is (¢, §)-DP. The com-
plete procedure is summarized in Algorithm A3. Unlike the standard literature on DP stochastic
gradient descent (DP-SGD) for neural network training (Abadi et al. 2016, Bu et al. 2020, Park

et al. 2023), Algorithm A3 is developed for decision learning and constructs a DP estimator via a
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sensitivity control argument combined with gradient clipping and noise injection. To seamlessly
align the neural network optimization architecture with our analysis, we adopt a full-sample update
to keep the sensitivity analysis and privacy calibration transparent. As discussed in Section EC.2.1,
this framework can also be adapted to local DP, for which an SGD-type implementation is more

natural.

Algorithm A3 Privatized Gradient Descent for One-Hidden-Layer Networks

Input: Dataset Z = {(d;,x;)},, stepsize 1, number of iterations 7', smoothing parameter w,
quantile level 7, clipping level -, activation function (), width m, bound B, privacy parameters
(¢,0), initialization () € O(B).

1: fort=0,...,T—1do

2:  Compute the clipped intermediate iterate 6+ according to (S.6);

32 Generate g ~ N(0,0%L,,p+1)+1) With o = 2nyAT (ne)~*y/2log(1.25T'/4), and compute

O+ — U+l 4 o

where A = 71/1 + mG2 + mB2G3y2 with Gy, G, defined in (S.7);
4 Set @) = p(9tHD),
5. end for

Output: 6.

EC.3.3.3 Numerical Performance

Simulation Studies. To evaluate the finite-sample performance of the proposed feed-forward neural
network (FNN), we consider two nonlinear data-generating models with p = 5. Specifically, we

generate i.i.d. observations {(d;,x;)}"; according to
di = fo(xi) +€i,

where x; = (1,x; _;)" withx; _; ~ N(0,14), and &, ~ N (—=®~"(b/(b+ h)),1). The true decision
function fy(+) is specified according to one of the following two models:

* Model 1: Define g(u) = u®(u) and s(u) = ®(u) — 0.5. Let

fo(xi) =0.54+0.5{g(zi1) + 9(zi2)} +5(2i1)s(zi2),
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where x; = (1, L4,2,%4,3,T;4, 902‘,5)T, 21 = (%2 + $¢,3)/\/§, and Zi2 = (%‘,4 - %5)/\/5
* Model 2: Define h(u) = (u® — 12u)/8. Let

In our implementation, we use the activation function ¢)(u) = tanh(u) = (e* —e™™)/(e" +
e, for which Gy = G, = 1. We set (b, h) = (2,1), m =200, T = 100, o = 0.1, B = 0.11/logn,
w=0.1{(p+1logn)/n}?", and v = 0.1y/p + log n. The initial value 8®) is randomized via () =
wp(0©), where 0 ~ N(0,0.11,,,(,11)11). Moreover, the privacy parameter § is fixed at § = 10~*.

We evaluate the excess risk on an independent test set of size N5 = 30,000 as

1 Ntest, . . 1 Neest
. Z {b(di = @)y + MG — di)+ } — Now Z {o(di —q;)+ + Mg —di)y },
est .1 est =1

where ¢; = f(x;) and ¢¢ = fy(x;). Here, f(-) denotes the estimated decision rule.

We first compare the proposed method with several nonlinear quantile estimation benchmarks
in the non-private setting. Specifically, we consider a non-private version of the FNN estimator ob-
tained without gradient clipping and noise injection. As benchmarks, we include two feature-based
competitors and one feature-free method. The first feature-based benchmark is quantile regres-
sion forests (QRF), a tree-based ensemble method for conditional quantile estimation proposed
by Meinshausen (2006) and implemented via the R function quantregForest. The second
is the quantile regression neural network (QRNN), a neural-network-based method implemented
via the R function grnn following Cannon (2011, 2018). Relative to the standard grnn imple-
mentation, the proposed method admits a DP extension through sensitivity-controlled gradient
clipping and noise injection. To assess the role of feature information, we also include Sample
Average Approximation (SAA) as a feature-free benchmark; see Ban and Rudin (2019). Figure
EC.3 presents boxplots of excess risk for the four methods across different sample sizes under
the two decision models. Overall, the feature-based methods consistently outperform the feature-
free SAA benchmark, highlighting the importance of incorporating covariate information. Among
the feature-based competitors, the proposed FNN exhibits strong and stable finite-sample perfor-
mance, with boxplots that are generally lower and tighter than those of QRF and often comparable
to or better than those of QRNN. QRNN becomes more competitive as the sample size increases,
whereas QRF is generally less effective. Overall, the results indicate that the proposed FNN pro-

vides a competitive and stable approach for nonlinear decision learning.
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Figure EC.3 Boxplots of excess risk for FNN, QRF, QRNN, and SAA, over 500 replications, across four sample sizes under

two decision models.

Next, we examine the finite-sample performance of the proposed (¢, §)-DP FNN estimator rel-
ative to its non-private counterpart, with training sample sizes n ranging from 10, 000 to 100, 000.
As shown in Figure EC.4, the excess risk of the proposed (¢,0)-DP FNN estimator gradually ap-
proaches that of the corresponding non-private FNN estimator as the sample size increases. More-

over, weaker privacy protection, corresponding to a larger value of €, leads to improved excess risk

performance.
Model 1 Model 2
0.75
0.75

X X
i) i)
g ﬁ - Non.private
2 0.50 € 0.50 --- epSron =05
) [ -e- epsilon =0.7
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0.001— . . . . . . . . . 0.001_ . . . . . . i . .
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Figure EC.4  Plots of the average excess risk, averaged over 500 replications, as a function of the sample size under two decision

models.

Real Data Analysis. Using the Grocery Sales Forecasting dataset described in Section 6, we com-
pare the performance of the proposed FNN with that of QRF, QRNN, and SAA. In this analysis, we

consider four continuous features: recent demand trends, the proportion of promotional sales, the
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total number of transactions, and the average weekly oil price. The design matrix is standardized
using Z-scores prior to analysis. We randomly partition the dataset into a training set D;,.;, contain-
ing 70% of the observations and a test set D;.s; containing the remaining 30%. We fix the holding
cost at h =1 and vary the underage cost over b € {2,4,6,8,10, 12,14, 16, 18}. This procedure is
repeated 500 times. Performance is evaluated by the average out-of-sample cost across replica-
tions, where the cost in each replication is computed as |Dyese| ™ > ;cp,  {b(di — Gi)+ + h(Gi —
d;)+}, where ¢; = f(x;) and f(-) denotes the estimated decision rule. The comparison results are
presented in Figure EC.5, which indicate that the proposed method achieves competitive out-of-

sample performance relative to the alternative approaches across different values of the underage

cost b.

1601
@
o
(8]
() J
EL 120 Method
lg FNN
* sol - ORF
L - QRNN
3 = SAA
(0]
g 401
g /./*_‘—_'—‘
g

4 6 8 10 12 14 16 18
b (Underage cost)

N 4

Figure EC.5  Average out-of-sample cost under varying underage cost b, averaged over 500 replications.

These numerical results demonstrate that the proposed framework can be extended to nonlin-
ear model classes while maintaining competitive performance relative to standard nonparametric
methods. At the same time, as shown in Algorithm A3, the noisy updates are performed over
the full dimension m(p + 1) + 1. This suggests that the current extension is limited to moderate-
dimensional settings. Developing a privacy-preserving neural-network framework that can effec-

tively accommodate sparsity remains an important direction for future research.
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Proofs of Statements

EC.4. Proof of Lemma 1

We first present the ‘Private Max’ algorithm (Algorithm A4), which identifies and returns the index

of the value with the largest noisy magnitude.

Algorithm A4 Private Max

Input: Dataset Z, vector-valued function v = v(Z) = (vy,...,v,)" € RP with each sens;(v;)
bounded by A, and privacy parameter e.

1: for j € [p] do

2. Set 0; = |v;(Z)| + w;, where w; is independently sampled from Laplace(3A /¢);

3. end for
Output: Return j* = argmax;c, ¥; and v}.(Z) := v;-(Z) + w, where w is a fresh draw from

J
Laplace(3A/e).

Based on Algorithm A4, Algorithm 2 is equivalent to the ‘Peeling’ algorithm (Algorithm
A5) with Laplace noise scale A = 2¢'\/5slog(1/d), where the parameter \ satisfies ||v(Z) —
v(Z')|| < A for all neighboring datasets Z and Z'.

Algorithm AS Peeling

Input: Dataset Z, vector-valued function v =v(Z) = (vy,...,v,)" € RP, number of invocations s,
and the Laplace noise scale A.
1: Initialize v = v{(Z) = v(Z);

2. for j € [s] do

b

Let (ij,v;,(Z)) be returned by ‘Private Max’ applied to (Z, v;) with Laplace noise scale A;
4: Setvjp = remove(vi]. , Vj) € RP7, i.e., remove the element v;; from v;;
s: end for

Output: The s-tuple {(i1,v; (Z)), ..., (is,v; (Z))}.

ls

We first establish that

Algorithm A4 (Private Max) is (¢,0)-DP. (S.8)
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The proof of (S.8) will be given later. Let A = 2¢7*\y/5slog(1/6). By (S.8), each invocation of
Private max within the Peeling algorithm is (3¢/{2+/5slog(1/d)},0)-DP. Applying Lemma L5,

the complete Peeling algorithm with noise scale A achieves (€, 4)-DP with

= e V) + 386(1/5)[‘%@{2 y }_1}

24/5slog(1/6) 24/5slog 5slog(1/6)
3v2 3se 3e
B 2\/5€+2 5slog(1/0) {exp{Q 5310g(1/5)}_11 .

z—1/2

Note that the function f(z) = az'/?(e® — 1) is monotonically decreasing in x > 0 for any

a > 0. Under the parameter conditions ¢ < 0.5, § <0.01 and s > 3, we have
3s [ { 3e }
exp -1
24/5slog(1/6) 24/bslog(1/6)

Since 3v/2/(2v/5) +0.0512 < 1, it follows that € < e.

To complete the proof of Lemma 1, it remains to verify the claim (S.8). Now we begin to

< 0.0512.

prove (S.8). For any index j € [p| and any measurable set S C R, it suffices to show that

P(v; is the largest and v;(Z) +w € S) _ .
€
P(¥] is the largest and v;(Z/) +we S) = '

where 17; corresponds to ¥, but is evaluated on an neighboring database Z'. This inequality is

equivalent to

P(v; is largest)P(v;(Z) +w € S| v, is largest)

<e. S.9
P(5/, is largest)P(v;(Z) + w € 5 | 0] is largest) (8.9)

First, observe that by assumption |v;(Z) — v;(Z")| < A. Then, Lemma 2.3 of Dwork et al. (2021)

shows that

P(vj(Z) 4+ w € S| v, is largest) < /3
e’”.

S.10
P(v;(Z') +w € S| 7] is largest) — (5.10)

Second, let {w;}/_, be the Laplace random variables generated in Algorithm A4 and w_; =

remove(w;, w), where w = (wy, ..., w,)". Then, proving

P(9; is largest) < 2/3
e

)

= <
(% is largest)
is equivalent to showing

P(v; is largest| Z, w_;)

<e*/3. S.11
(2 is largest | Z/, w_;) — ‘ .10
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Recall 0; = [v;(Z)[ +w; and ¥ = |v;(Z)| 4 w;. Define
w, =min [w € R: |v;(Z)| +w > |vx(Z)| 4wy, for any k € [p]\{j}] .

Then, 9; is the largest value in the database Z if and only if w; > w,. Due to max;cp, [v;(Z) —
v;(Z')] <A, we have |v;(Z")]| + A+ w, > |v;(Z)]| + w. > |vk(Z)| + wy > |vk(Z')| — A + wy, for
any k € [p]\{;j}, which implies [v;(Z')| + 2A + w, > |vx(Z")| + wy, for any k € [p]\{j}. Thus,
is the largest value in the database Z’ if w; > 2A + w,. Since w; ~ Laplace(3A /¢), it holds that

IP’(@; is largest | Z',w_;) > P(w; > 2A + w,)

> e 2P (w; > w,) = e *PP(v; is largest | Z, w_;)

which yields (S.11). Combining this with (S.10) establishes (S.9), as desired. Hence, we complete
the proof of Lemma 1. O

EC.5. Proofs of Theoretical Results in Section 4

To derive the desired results, we first establish the convergence properties of the private decision
estimator 3(7) obtained from Algorithm 3, along with those of its non-private counterpart ﬁI(I?T
obtained from Algorithm 1. The detailed proofs of the corresponding results can be found in Sec-
tion EC.6.

Theorem T1 provides the estimation ¢5-error of the decision parameter 3(”) obtained from

Algorithm 3. Its proof is given in Section EC.6.2.

THEOREM T1. Let Assumptions 1-3 hold, and the parameter quadruple (v, s,w,T) in Algorithm
3 satisfy

1 1/2 1 1/4
vx\/log@n),szfu/fl,wps*,{M} 5w5{M} andelog(”e).

n n logp
(S.12)

Moreover, let the learning rate and sample size satisfy, respectively, that ng < fi)\,/(40f2\}) and
ne > sT1og'?(T/8)1og®?(pn). Then, the differentially private decision estimator BT obtained
from Algorithm 3 initialized at any 3°) € H(s) N O(cy) satisfies

1 1 T T
18T — B*||y < =1/ slog(pn) + log [ = | log®(pn) with probability at least 1 — ¢ ,
fi n ne 0 n?

(S.13)
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and

E(|8T) — 8%2) < {E(|BT — B*H)}/* < \/81"”” STJlog 1og (pn). (S.14)

COROLLARY C1. Let Assumptions 1-3 hold, and the triplet of parameters (T, w, s) in Algorithm
1 satisfy

1 1/2 | 1/4
Squ/fz,M//\p s*, {M} §w§{&w} and T =< log (1 i )
ogp

n n

Moreover, let the learning rate and sample size satisfy, respectively, that ng < fi)\,/(40f2\}) and
n 2 slog(pn). Then, the non-private sparse decision estimator ,BI(I?T obtained from Algorithm 1

initialized at any 3 € H(s) N O(cy) satisfies

5 log(pn)

C
H,BIHT B2 < f with probability at least 1 — 3 (S.15)

and

1
E(185) - 81) < (E(I8% - B I2)}/2 < = : slostpn). (5.16)

EC.5.1. Proof of Theorem 2

Recall that ¢(x,,11,87) — ¢* (X11) = x4 (BT — 8%). According to (S.13) in Theorem T1, the

£ = [H,@(T) =B 2 <rpix {%\/ sl%(pn) + %\/log (%) log?’(pn)}]

occurs with probability at least 1 — C'n~2. Based on such defined £, and Assumption 1, we have

event

P{|q(%nt1, 8) = ¢ (Xns1)| > 1012} S P(| (%1, B — B > 112, E1) + P(E)
BT — B >
<P Xnt+l 1A Al
- { < B = B,
<2e 2 —l— C
- *P 2’01/\1

for all 37) =£ 3%, which implies that, for all 3T # 3%,

C C
— < ]P’ il > —
p o € s Pl =)+

041, BD) — ¢ (Xp11)| ST/ logn
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holds with probability at least 1 — Cn~2. For 81) = 3*, we also have |q(x,41, 837) — ¢*(xp11)| =
0 S 7p1v/1ogn. Then, we can conclude that

slog(pn)logn ST T
4061, BT) = 4" (1) S MM ! 1og( 5)1og3<pn>1ogn

n

holds with probability at least 1 — C'n~2. Plugging in T < log(ne/ log p) yields (6) in Theorem 2.
Notice that x,,; is independent of ") — 3*. By (S.14) and Assumption 1, it holds that

E{|q<xn+1,ﬁ<T>> ") [} = By (8 — B7)]} < [B{ . (87— 87) )"
B{(BT -5 28" - )} <N {B(I8T - 51}

1 T
< 7 \/ slog(pn) S \/log log (pn). (S.17)
I

Since T" =< log(ne/log p), we complete the proof of (7) in Theorem 2. O

EC.5.2. Proof of Corollary 1
Recall that ¢(X,,+1, BI(I?T) — ¢ (Xpt1) =% 44 ( I(g)T — 3*). Based on (S.15) in Corollary C1 and by

applying similar arguments as those used in the proof of (6) in Section EC.5.1, we also obtain

< 1 \/s log(pn)logn

T
|41 Bitr) — 0" (Xns1)

holds with probability at least 1 — C'n~2
Notice that x,,;1 is independent of B\). — 3*. Analogous to (S.17), by (S.16), it holds that

slog(pn)
.

E{|q(xns1, Bifr) — ¢* (X))} < N2 {E(|BGr — B33 <

We complete the proof of Corollary 1. U

EC.5.3. Proof of Theorem 3

Recall that 3* satisfies the first-order condition VR(3*) = 0. Define 8 = mB3* + (1—m)3") ¢ R?
for some m € [0, 1]. Then,

R(BM) — R(B") = R(B") — R(B") — (VR(B"),B" — B")
1

= (87 = ) V2 RB)}HBT - )

(T) _ 3*]|2
< Msuﬁ IV*R(B)II- (S.18)
cRP
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Under Assumption 3, we know that VZR(3) = E{f. x((x, 3 — 3*))xx" }. Then, by Assumptions

1 and 3, we have

sup |[V2R(B)[| = sup sup [E{f|x({x,8~8%))(x"w)*}| < ful:.

BeRP BERP uesP—1

This, together with (S.18), yields

R(B™) = R(B*) £ £l BT — 8713 (S.19)

Combining (S.19) with (S.13), we obtain (8) in Theorem 3. Moreover, (9) in Theorem 3 holds by
appling (S.14) and (S.19). 0

EC.5.4. Proof of Corollary 2

By the proof of (S.19) in Section EC.5.3, we also have
T * T *
R(Bir) — R(B") < Bl — 87113 (S.20)
Combining (S.20) with (S.15) and (S.16), we obtain Corollary 2. ]

EC.6. Proofs of Theorem T1 and Corollary C1

Our analysis proceeds in two parts. First, we derive the convergence rates of 3(7) and ﬁI(I?T by
conditioning on a collection of ‘good’ events associated with the empirical smoothed check loss.

We then demonstrate that these events occur with high probability under Assumptions 1-3.

EC.6.1. Intermediate Results for Theorem T1 and Corollary C1

To begin with, we define some ‘good’ events that are essential for establishing the convergence of

B™ and B Let
S={5cpl:1<|5[<2s}, H(s) ={B€R":[Bllo<s} and O(r)={BeR":[[B-F"[]2<r}
for any r > 0. Moreover, for any 3 € H(s), let § = 3 — 3%, and write

Do (8) = Ro,(B) — Ro(B"), Do(8)=E{D,(9)},
AW((S) = Rw(ﬁ) - RW(B*) - <VRW(5*>>ﬁ - IB*>7 BW((S) = RW(IB*) - Rw(ﬁ) - <VRW(ﬁ)7ﬁ* - /6> 5
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where R (8) = ]E{Ew(ﬁ)} With the above preparations in place, we now define the ‘good’

events:

' min{A(6), B(d)}
g == i || oo S ) g = f Z b ’
0 { r}é%ff 1]l 7} ! { 5eH(2lsl)lmIB%P(co) 16113 1

De(8) — Do (6
g, — sup | D=(9) ()‘Sbg |
6€H(2s)N{BP(co)\BP(n—1)} H(SHQ

£ = {sup (VR8s < b}
SeS

E1= { sup (1 -E){VR(8)}s]||, < b4} , (S:21)
BeH(s)NO(cp), SES
£, = { sp VPR (B)}ssl < b5},
BeH(25)NO(cp), SES
= = . 3bsc
&= { sup [{VR=(8) — VR.(8")}s], < i 0 } :

BeH(s)NO(cp), SES

fa o % 3b5

BeH(s)NO(n—1),SeS n

where v > 0 is a truncation parameter, ¢y is the constant specified in Assumption 3, and
by, by, bs, by, bs > 0 are parameters associated with statistical error bounds.

The event &, ensures that the /. -sensitivity of each clipped gradient descent step is bounded.
For unbounded covariates following a sub-Gaussian distribution, it suffices to set the truncation
parameter as y < \/W to ensure that & holds with high probability. The events &, &, &4
and & pertain to the restricted strong convexity (RSC) and restricted strong smoothness (RSM) of
the smoothed empirical check loss over a sparse parameter set (see Proposition P1 for details). In
addition, the events &3, &, and &£; ensure that the empirical gradients Vﬁw(ﬁ) are well-controlled
within a sparse neighborhood centered at 3*. With appropriate choices of (by, by, bs, by, bs), The-
orem T3 guarantees that the event £ : =& NE NENENELNEs N E N E holds with high

probability.
Theorem T2 establishes a high-probability bound on || 3™) — 3*||, conditioned on &, where
the probability is taken over the Laplace noise variables {w, ..., w’, W'}/ ' injected into the

gradient descent updates. The proof of Theorem T2 is provided in Section EC.7. Write

by =sup |[{VRL(8")}s]2. (8.22)
Ses
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THEOREM T2. Assume that 3°) € H(s)NO(cy) and the learning rate g satisfies no < 2b; /(9b2),
where the constants by and bs are specified in (S.21) and satisfy by < bs/2. For any z > 0, suppose
that \ = 2ngyT /n satisfies

sTA\? T
(T) {log(psT) + z}*log <5) <nebicy. (5.23)

Then, conditioned on &£, the DP (y-ERM estimator B(T) obtained from Algorithm 3, with T >
2log(cone/logp)/log{(1 — p)~1}, satisfies
C,

2 1 2 T\ 2 T
(bz + b3 + 54) n bs ( ng) + (u) {10g(psT) + 2}2 log (g) max{ ; 0 7 1} :
€ 1P

(T) _g*|2< X278 77 | 7o
||/6 /6 ||2N b% bl ne

with probability at least 1 —e™* (over {w?, ..., w', W'}_'), provided that s > 38(nob;)~2s*, by <
by and (by + bs + by) < bico/24, where p = 4nobss* /s + ngbibs /12, Cyy = 4{b5(5 — nobs)(2 —
2n0bs) ™+ 3(1 — nobs)ng *} and by is specified in (S.22).

Let BI(?T denote the non-private {,-ERM estimator obtained from Algorithm 1. The following
result, Corollary C2, which is of independent interest, establishes the convergence rate of ﬁg)T
under conditions analogous to those in Theorem T2. The proof of Corollary C2 follows closely
the argument used in the proof of Theorem T2, with the key distinction that the noise terms
{wh, ..., wi Wt} vanish.

COROLLARY C2. Assume that ) € H(s)NO(cy) and the learning rate satisfies ng < 2b; /(9b2)

with by < bs/2. Then, conditioned on &, the non-private {y-ERM estimator ,BI(I?T obtained from

Algorithm 1, with T 2 log(con/log p), satisfies

by +bs +bg)2  bs (1 2
18— ez < et bs b +—5(°gp) ,

provided that s 2 (noby) ~2s*, by < bg and (by + bz + by) < byc.
Theorem T3 below establishes that the event £ occurs with high probability under Assump-

tions 1, 2 and 3. The proof of Theorem T3 is provided in Section EC.8.

THEOREM T83. Let Assumptions 1-3 hold. Then, for any z > 1/2, the event £ holds with prob-
ability at least 1 — Te™*, under the choice of parameters (7,b1,bs,bs, by, bs) in (S.21) specified

as

Y

firy = ki 1/2 [ slogp+loglog(con) + 2
, bg = U1>\1

7xvl/\i/2\/logp+logn+z, by = 5 -
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/sl 1
ngvl)&/z{cig S ogp+z+s ng+z}—|—)\1/2lfk2w2,
’ n n

mf&%vm{vkkgp+sbgm%ww+z+skgp+skg0ww>+z}%_nxmxo+kmqu

n n n n ’

and bs = 2f,\1, provided that nw > C,(slogp + slogn + z) and 1 2w > Cin/(s+ 2)/n,
where C. o, =7(1 — 7) + (1 + 7)lskew?, and C.,C.. > 0 are two constants depending only on

(lKa lfa fua kmax; Rq, V1, >\1)

EC.6.2. Proof of Theorem T1

Throughout the sequel, constants depending on (I, s, fu, kmax, k4, U1, A1) are implicitly absorbed

into the notation ‘<’, ‘>’ and ‘<’

EC.6.2.1 Proof of (S.13)

Note that 1y < fi\,/(40f20]), by = (fid, — ki \i@)/2 and bs = 2f,\;. Provided that w <
firp/ (10041 A1), it follows that ng < 2b;/(9b2) and by < bs/2. Under this choice of (o, b1, bs),
the quantity p = 4nobss* /s + n2bi1bs/12 € (0,1) is uniformly bounded away from 1. Since cg is a
constant, choosing T < log(ne/ log p) ensures that T' > 2log(cone/log p)/log{(1 — p)~'}. Letting
z = 2logn and noting that vy < \/W , condition (S.23) becomes equivalent to

ne > s{log(pn)}¥*/*T+/log(T/6). (S.24)

Under (S.24), the smoothing parameter w specified in (S.12) satisfies o — 0 as n — oo. For the

event E=ENENENESNELNENEsNE; with &, ..., E; defined in (S.21), by selecting

1 1 1 1 1
by = () Slogptlogn JS%%+%H w? and by =/ 2108 (5.25)
n n

and applying Theorem T3, it holds that P(£) > 1 — Tn~2. With (b, b3, by) selected as in (S.25),
the restriction (bs + b3 + by) < b1c¢o/24 in Theorem T2 holds automatically. Moreover, by (S.88) in
Lemma L14, we know that b3 < b; holds. Then, it follows from Theorem T2 and (S.25) that

2 2 3/2 2

bl bl ne ne 0
3/272
< %slog(pn) N {s{log(pn)} } T?log (Z) (S.26)
fl n ne 6

conditioned on £. We thus complete the proof of (S.13) in Theorem T1. U
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EC.6.2.2 Proof of (S.14)

To prove (S.14) in Theorem T1, we require Lemma L9 below, which extends Lemma 1 from Jain
et al. (2014) and Lemma A.3 from Cai et al. (2021) by accounting for the noise introduced during

private support set selection. The proof of Lemma L9 is provided in Section EC.9.1.

LEMMA L9. Let ]55() be defined as in Algorithm 2. For any £ € RP, let S be the index set obtained
by Algorithm 2 with the sparsity level s and taking & as the input vector. Moreover, let é e RP
satisfy ||€|jo = § < s. Then, for any ¢ > 0 and any index set S C [p| such that S C S, the following
inequality holds:

1€ - ehali < 1L+ NS - eggli a0+ 0 Y Iwille, 27

| ‘ o 1€[s]
where {w, ..., W} are specified in Algorithm 2.

Let wi,...,wl, w! € RP for t € {0} U [T — 1], with some T > 1, be independent random
vectors generated in the noisy update step of Algorithm 3, where each entry independently follows
the Laplace distribution Laplace(2¢ 1T\ /5slog(T/§)) with A = 2nyy7 /n. Define

Wei=> [willZ + I Wsenll3, te{0}uT—1], (S.28)

i=1
where S'™! C [p] is the associated index set S determined by Algorithm 2 when v is chosen as
B1+Y specified in Algorithm 3.

For each t € {0}U[T — 1], notice that 3(+1) = ( 30D 4wyt Wigers = ={P,(B) + Wi,

where I' = St U St with S° = supp(B(?). Recall K(-) = K(-/w). Since supp(B8®) C S, by
(5), foreach t € {0} U [T" — 1], we have

||B(t+1) t)H2 _ H{P t+1)) (t+1)}m +Bl(;t+1) — 3% +v~vrst+1 H2

~ o~ ~ Ui i — ~
= BB By B B S 8) ) = T (5 + e

< {PABUHY) = B |, + 10T V27 + [ Wgeal2 (S.29)

where the last inequality follows from the facts that | K, ((x;, 8%)) —d;) — 7| < 7 := max{7,1 -7}
and ||w,(x;)1t||2 < v/2s7v. By Lemma L9 with ¢ = 1, it holds that

|I*| — s

P(BY) - B i <2
IR G =80l < 21 g,

{81 = B ][5+ 8 W%
i=1

2
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(i) s
<Ay’ +8) w2 (S.30)
=1

where (i) follows from the facts that | I*| < 2s, [|3®||o < s and ||[{B® — BV} 1|12 < (no7v/257)2.
Combining (S.29) and (S.30) yields

1B — BOly < 2m07 /57 +2v2, | D W2, + V2107 V57 + [ W]gena |2
=1

< dnoTy/57 + 4/ W, (S.31)

for each t € {0} U [T — 1], where W, is specified in (S.28). Therefore, by (S.31), we have

T—1 2
180 — g2 < <Z|lﬂ“+” _ B9, 4189 —ﬁ*Hz)
t=0

T-1 2
< 2¢2 4 64T 272572 + 64 ( : (S.32)

)

t=0

where the last inequality follows from the initialization condition 3(*) € H(s) N ©(cy).

Notice that 1’ ~ Laplace(B) and w} ; ~ Laplace(B) for any i € [s], j € S"*! and t € {0} U

[T — 1], where
AnoyT ., | T
B="1"Trp 5slog (—) .
ne )

Then, for any j € S and t € {0} U [T — 1], we have

E(|w;.|4):/ \z|4ﬁez|/3dz:ﬁ/o e #/Bdy = BT'(5) = 24B*. (S.33)

Moreover, for any i € [s] and ¢t € {0} U [T — 1], it holds that

Btlog*p o
siwii= [P (msiotst= 2 Yos s [P (et > o
0

]E[;D] B4 ]0g4p jE[p]
§B4log4p+4p/ z3maX]P’(|wfj|>z)dz
Blogp J€Elp] ’
< B! log4p—|—4p/ e #/Bdz =B log4p+4pB4/ e *dz
Blogp logp

< B*log*p+64B*1og® p < 65B*log*p. (S.34)
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Therefore, by the Minkowski inequality, along with (S.33) and (S.34), it holds that

{E(§m4)}l/4s§{ﬁ<wt2>}1“ > {e(|S s = ml)}

> [Z{E (Wil 2+ > {B(a)’ ”2]1/2

jeSt+1

< 4T+/sBlogp. (S.35)

From (S.26), we deduce that there exists an event £ such that P(€) > 1 — Cyn 2, where Cy > 0

1s an absolute constant, such that on this event, we have

1 slog(pn sT T
187 - 573 grnxﬁ%+ (ne) log <5) log® (pn) .
l

Therefore, by the Cauchy—Schwarz inequality, along with (S.32) and (S.35), it holds that
E(|B8M - B*|3) = E{|IBT - B*(31()} + E{||B") — B*Hiﬂ(fc)}
2
<r,+E Hch + 64T 372 sy + 64( \/Wt }1 }

1/2 C,é/z
)

1/2

t=

_ Co
<r,+ (205 + 64T277(2)7'2372) gy + 64{ (

<+ (26 + 64T 572 577) - % +64-16T°sB*log” p- % . (S.36)
Since v < /log(pn) and T < log(ne/ log p), we can conclude that
(2 +T*n37%s7%) - % +T%sB%log’p- % <7, (S.37)
Combining (S.36) and (S.37), we have
E(|8™") = B°II3) < 7 (8.38)

This completes the proof of (S.14) in Theorem T1, by applying the Cauchy—Schwarz inequality. []

EC.6.3. Proof of Corollary C1
EC.6.3.1 Proof of (S.15)

Following from the proof of Theorem T1, and noting that 7y < f;)\,/(40f2)\?), we conclude that
with if @ < fy\, /(101 k1 A1), it holds that o < 2b1/(9b2) and by < bs/2. Since ¢y is a constant, by
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choosing 7' < log(n/logp) appropriately, we have T' 2 log(con/logp). Given that n 2 slog(pn),
with (bg, b3, bs) selected as in (S.25), the restriction (by + b3 + by) < by in Corollary C2 holds
automatically. Selecting z = 2logn. Then, for such selection of (bs, b3, bs), by Theorem T3, the
event E=ENENENENENENENE with &, ..., E; defined in (S.21) satisfies P(E) >
1 — 7n~2. Finally, according to Corollary C2 and (S.25),

b +b +b bs lo slog(pn)
18 — B2 S T + bf gpf,fl\/ 8lp (S.39)

conditioned on £. We complete the proof of (S.15) in Corollary C1. U

EC.6.3.2 Proof of (5.16)

To prove (S.16) in Corollary C1, we need Lemma L10 below, which extends Lemma 1 of Jain et al.

(2014). Its proof is given in Section EC.9.2.

LEMMA L10. Let P, denote a nonlinear operator on RP that preserves the s largest entries (in
magnitude) of a vector £ € RP and zeros out the rest. For any & € RP, let S be the index set
obtained by P, with the sparsity level s and taking & as the input vector. Moreover, let é € R?
satisfy ||€|lo = 8 < s. Then, for any index set S C [p| such that S C S, the following inequality
holds:

IS] s

2
i ||(£ §)sllz- (S.40)

I{P:(&) — €}5ll2 <

According to Algorithm 1, we know that B*+Y) = P,(3®") — ng®), where g =
VERL(BD) =n"t " {K((x;,80) —d;) — 7}x;. For each t € {0} U [T — 1], write It = St U
St where St = supp(8®) C R?. Since P;(BY —nog®) = { Py(BY —nog®)} 1: and ﬁl(lli =B,
we have

1B — By, = ||[{Ls(BY — nog™) — BY +1og 1 + ,3\(2 —- B — noguz I,

< [[{P.(BY = nog®) = B +nog} 12|, + mollg{7 2 (S.41)

By Lemma L10, it holds that

{289 — nog®) — BO +10g D} 1t |

< {BY = BY +1og ||, <millg 3. (S42)
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Combining (S.41) and (S.42) yields

18 — BY|, < 2087 2 (S.43)

for each t € {0} U [T — 1]. Therefore, by (S.43), we have

2

T-1 2 T-1
18— 81 < (ZHB“*”—ﬂ(”||z+||ﬂ(“)—ﬁ*llz> s2c3+8n3(2||g,<2||2) (5.4
t=0 t=0

where the last inequality follows from the initialization condition 3(*) € H(s) N ©(cy).
Let u = X%, /||X2'/%e;||, € SP~1, where e; is the unit vector with 1 in the j-th position and

0 elsewhere. By Assumption 1, due to || X%/2e; ||, < A%, forany i € [n], j € [p]\{1} and z >0,
P(|z; ;] > A %2) <P(|z ] > [|[2Y2%€;]v12) = P(|(u, £72x)| > v12) < 2e2°/2. (S.45)
Then, by (S.45), for any i € [n], j € [p]\{1}, it holds that
Bllrisl") = [ Bl 220 ds =6 [ By 2 2) ez
0 0
<12 /Oo 2PN 4 = 48(v101%)5T(3) = 96(vy A/2)S . (S.46)
0
Since z; ; = 1 for all i € [n], by (S.46), we have
E(|z;;|%) < max{1,96(uvA}/*)°} (S.47)
for all i € [n] and j € [p]. Then, by (S.47), for each t € {0} U [T — 1], it holds that
6
)
ZE HE=((xi, 8Y) = di) =7 }xi 11 9]
(11) 7 (iii) 76 3
ZE{ (Ser) €S [ wtm ]

Jeli =1 -jel}

< 79(25)* max{1,96(v; A"*)%} , (S.48)

E(g2I8) = [ Z{K (0, 89) — ) — 7}

where (i) follows from the Jensen inequality, (ii) follows from the fact that | K ((x;, 8% — d;) —
7| <7 :=max{r, 1 — 7}, (iii) follows from the Minkowski inequality, and the last inequality fol-

lows from the fact that |I%| < 2s. Therefore, by the Minkowski inequality, along with (S.48), it
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holds that
{=(| et

From (S.39), we deduce that there exists an event &, such that P(&,) > 1 — C,n~2, where

T—
)} Z (lg 19} < T7v2s max{1,96 v \/*} . (S.49)

t=0

C'. > 0 s an absolute constant, such that on this event, we have

() geze, o L slogln)
H/BIHT /3 ||2 n*’\fl n

Therefore, by the Holder inequality, along with (S.44) and (S.49), it holds that
T * T * & T * &c
E(|1Bixr — B°13) = E{I|Biir — 6731 (E)} + E{|1Bier — B°31(€9)}
T-1 2
<rotE[{2d s T Ml fueeo)
t=0
T-1 : 6\ Y13 (23
Sl )} S
t=0

C,
< rn,*+203 T +877(2){E<

2 Co a2 2y y. G
< rn,*+200~ﬁ+167]0T T Smax{1,5le\1}~w. (S5.50)
Since T' < log(n/logp), we can conclude that
— + e T?7*s max{1, 50\, } - 4/3 ST - (S.51)
Combining (S.50) and (S.51), we have
E(|Bisr — B13) S - (8.52)

This completes the proof of (S.16) in Corollary C1, by applying the Cauchy—Schwarz inequality.
O

EC.7. Proof of Theorem T2

To prove Theorem T2, we first introduce Lemma L11, which provides a high probability bound on
the maximum scale of noise injected per iteration due to the ‘peeling’ process of Algorithm 3. The

proof of Lemma L.11 is given in Section EC.9.3.

LEMMA L11. Forany z > 0, the sequence {W,}|_;" defined in (S.28) satisfies

2
max }Wt < <%) {log(psT) + z}*log (%) = A,(2) (S.53)

te{0IU[T—1
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with probability at least 1 —e™* (over {w?, ..., w!, W'} '), where Cy > 0 is an absolute constant,

and \ = 2nyyT /n.

Proposition P1 establishes the RSC and RSM properties of the empirical smoothed quantile

loss, whose proof is provided in Section EC.7.3.

PROPOSITION P1 (Restricted Strong Convexity and Smoothness). For bs defined in (S.22), it
holds that

Ro(B) — R (B°) > b1]|B — B2 — (b2 +b3) (18 — B

conditioned on &, N E, for all B € H(s) N{O(c)\O(n 1)}, (S.54)
Ro(B") = Ra(B) = (VR(B), 8" = B) 2 b1 |8 — Bl — (b +b1) 18— 5]l>

conditioned on £, N Ey N E, for all B € H(s) N{O(c)\O(n )}, (S.55)
Re(B) ~ Re(8) — (VR(82).8, — o) < 21161~ Bol

conditioned on & for all By, B € H(s) NO(co) . (S.56)

Based on Proposition P1, Proposition P2 asserts that, for any 75 € (™!, ¢o), if 3% € H(s) N
{O(r9)\©(n™1)} for some t € {0} U [T — 1], then the (¢ + 1)-th DP iterate 3¢*+") obtained by
Algorithm 3 will remain within (). The proof of Proposition P2 is given in Section EC.7.4.

PROPOSITION P2. Assume that B € H(s) N {O(ro)\O(n1)} for some t € {0} U [T — 1] and
n~t < ry < ¢, and the learning rate satisfies ny < 2b,/(9b%) with by < bs/2. Then, conditioned
on ENE NENENELNE, the (t + 1)-th DP iterate BV obtained by Algorithm 3 satisfies
|8 — B* ||y < 7o, provided that

biro

22,2
(b +b3+by) < o108 > 385" (noby) 2, and  max )

57
te{0}U[T—1] Wi < 4000 (5:57)

where the quantities (b1, bs,bs, by, bs) and W, are specified in (S.21) and (S.28), respectively.

While Proposition P2 imposes the condition ||3®) — 3*||; > n~' as a technical assumption,
Proposition P3 shows that even when this condition is violated, the (¢ + 1)-th DP iterate 3+ ob-
tained by Algorithm 3 still remains within a suitable neighborhood of 3*. The proof of Proposition

P3 is given in Section EC.7.5.

PROPOSITION P3. Assume that 3) € H(s) N O(n~') for some t € {0} U[T — 1], and the learn-
ing rate satisfies 1o < 2by/(9b2) with by < bs/2. Then, for any z > 0, conditioned on £y N E3 N &,
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the (t + 1)-th DP iterate 3"+") obtained by Algorithm 3 satisfies

b3
1B — 8|, _—+ﬁ+4A1/2( z),

provided that s > 38s*(1ob1) ™% and maxeoyur—1) Wi < A, (2), where the quantities (by, bs, bs),
Wy and A, (z) are specified in (S.21), (S.28) and (S.53), respectively.

For any z > 0, let

24(by +bs+b 2
r(z)= ( 2—2 35 b1) +ﬁ+4A}/2(z).
1

Assume 7(z) < ¢o. Based on Propositions P2 and P3, given any 3 ¢ H(s) N ©(cy), we know
that all subsequent iterates obtained by Algorithm 3 will remain within the region ©(c). Let T >
21og(cone/logp)/log{ (1 — p)~'} with p = 4nobss* /s + n2b1bs/12. In the sequel, for any 2z > 0, if
maxe(oyur—1 Wi < Ap(2), we will show in Sections EC.7.1 and EC.7.2 that

by +bs +b1)° by (]
||ﬁ<T>_5*||§5w+b?(ogp) +An(z)max{im 1} (S.58)
1

holds in both cases: (i) | 3") — B*||» < r(z) for some t € {0} U [T — 1], and (ii) | 3 — B*||» > r(2)
for all t € {0} U [T — 1], where C,,, = 4{b5(5 — nobs)(2 — 2m0bs) ™! + 3(1 — mobs)ny ' }. Then,
together with Lemma L11, we have Theorem T?2. OJ

EC.7.1. Case (i): |3 — B3*||]s <r(z) for some t € {0} U[T — 1]
If B® € H(s) satisfies R := ||3%) — 3*|| < r(z) for some ¢ € {0} U [T — 1], we derive the upper
bound of |31 — 3*||, under two scenarios: (a) R <n~! and (b) n~! < R < r(z). For Scenario
(a), Proposition P3 guarantees that || 3% — 3*||;, < 7(2). For Scenario (b), since n™! < R < r(2),
Proposition P2 with ry = r(z) ensures that ||3¢+Y) — 3*||, < r(z). Hence, if ||3") — B*|| < r(2),
then it always holds that ||3¢+Y) — 3*||y < r(2). Moreover, since b; < bs/2, then

AR TEERCEL S ST ORI 1Y

b? by \ ne 1P

which indicates that (S.58) holds if there exists some ¢ € {0} U [T’ — 1] such that |[|3®) — B*||; <
r(2). O
EC.7.2. Case (ii): |3 — 8|, > r(z) forall t € {0} U [T — 1]

Since [|3) — B3| < cq, if || B) — B*||2 < r(2), then (S.58) holds automatically. In the following,
we only need to show (S.58) under the scenario 7(z) < ||3") — B8*||2 < co. Conditioned on £ N &s,
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it follows from (S.54) in Proposition P1 that

Reo(BD) = Reo(87) 2 = (b2 +53) | BT = 87|z + bi]| BT — 573
Due to |ab| < ca® + (4¢)~'b? for all a,b € R and ¢ > 0, it holds that

b||BT) — B2 < (by+03)[|1BT — B*||2 + Re(BT) — Re(B%)

(by+b3)? |

b * D *
< 5187 = B3+ =5, ==+ R=(8T) — R (87).

Provided that b3 < b3, we have

2 ~ ~
o™ - gl < L+ (R (50) - R, (5.59)
1

To complete the proof, it remains to establish an upper bound for 2, (BM) — R (3*). To this end,
we need Proposition P4 below, which provides an iterative bound on the excess risk, Ew(ﬁ(t)) —

R, (3*). The proof of Proposition P4 is given in Section EC.7.6.

PROPOSITION P4. Assume that 3% € H(s) N {O(co)\O(n1)} for some t € {0} U[T — 1], and
the learning rate satisfies g < 2by/(9b2) with by < bs/2. Moreover; let the conditions (S.57) in
Proposition P2 hold with ro = cq. Then, conditioned on £y N E; N E; N E4 N Es and the restriction
1B® — 3|y > 24(by + by) /by, the (t + 1)-th iterate B+Y) obtained in Algorithm 3 satisfies

EW(ﬁ(t—H)) - /Rw(,@*) < (1 - p){ﬁw(,@(t)) - ]/%w(,@*)} + Cnth )

where p = 41bss™ /s +115b1b5 /12 and Cyy = 4{b5(5 — 10b5)(2 — 210bs) ™" +3(1 —10b5)m ' }-

Based on Propositions P2 and P3, given any 3(©) € H(s)N©(cy), we know that all subsequent
iterates obtained by Algorithm 3 will remain within the region ©(cy). Due to ||3® — 3|y > r(z) >
n~! forall t € {0} U [T — 1], we know that 3¢) € H(s) N {O(co)\O(n™)} forall t € {0} U[T —1].
Then, by Proposition P4, summing over ¢ € {0} U [T’ — 1] yields

T-1
Re(B") = Re(B7) < (1= p) " {Re(BY) = Ra(B7)} + Cy Y (1= p)" W
=0
Since B € H(s) N O(cy), conditioned on & N E with by < bycy/24, we have

Ra(B0) ~ Ra(B) < (VRL(8), 87— 3) + 21180 — 33

D * * b *
< sup[[{VE=(8")}sllo- 18 - ||2+55Hﬁ(0) - 813
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2
§b3c0+b5ﬁg (b5+bl>

2 24

which implies

éw(,@(T))_Ew(ﬁ*) S (%—l—;—;)( CO+ Z T 17tWt'

For any T > 2log(cone/logp)/log{(1 — p)~'}, we have (1 — p)T'c2 < {(ne)~tlogp}?. Due to
(1= p) Tt < p~and by < bs/2, it follows from (S.59) that

2
||:3(T)—5*||35w+b5 (Ing) +An(z)max{cn°,1},
b? by bip

provided that max;coyuir—1 Wi < A, (2). Hence, (S.58) holds if |3 — 3%, > r(z) for all t €
{oyulr—1]. O

EC.7.3. Proof of Proposition P1
We will show (S.54), (S.55) and (S.56) in Sections EC.7.3.1, EC.7.3.2 and EC.7.3.3, respectively.

EC.7.3.1 Proof of (S.54)
Recall that D (6) = R(8) — Ru(8*), D(8) = E{D_ ()} and R (8) = E{R.(B)}. Due to
d =B — B* with 3,3 € H(s), then € H(2s). Recall S = {S C [p] : 1 < |S| < 2s}. Conditioned

on & N E&,, we have

=(8) = {D(8) — D(8)}

D
= D=(9) ~ (VE<(8),6) +{VR=(8"),8) ~ {D=(9) — D=(6)}
A (6)

Z Az(0) =sup[[{V E=(8")} 520l = {D=(0) — D (8)}

> b1]|6]|5 — (b2 +b3)||6])2

holds for all § € H(2s) N {BP(co)\BP(n~')}, which establishes (S.54). O

EC.7.3.2 Proof of (5.55)

Similarly, conditioned on & N & N &y, it holds that

R.(B8") — Ru(B) — (VRL(B), 8" — B)
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= —Dy(8) + (VRL(B).8) + (VR (8) — VRL(B),d)
= =Dy (8) + (VR(B),8) ~{Dx(8) — D(8)} + (VR (8) — VR(B),6)
B (6)

> B (0) - sup 11 = E){VR=(8)}slll2]18]l — { D (6) — D (8)}

BEH(s)NO(co), SES

> by[|8]13 = (b2 + ba) |02
for all § € H(2s) N {BP(cq)\B?(n~!)}. Then (S.55) holds. O

EC.7.3.3 Proof of (S.56)

Let u = (8 — 3)/||81 — B:]2 and define B = mB; + (1 — m)B; for some m € [0,1]. Due to
B1, B2 € H(s) N O(cy), we have u € H(2s) and 3 € H(2s) N O(cp). Then, conditioned on &s, it
holds that

Ro(B1) — Re(Ba) — (VR (B2), B1 — Bo)

1 S
=18, B (R 8 - 8) = 1Pl (B
”'61 Bolle H{V?ﬁzw(m}ssus—5||51—52u§,
2 BEH(25)NO(co), SES 2
which establishes (S.56). ]

EC.7.4. Proof of Proposition P2

For ease of notation, we write g*) =VR, (B®) and I = S*1 U S*, where S* = supp(3*) and
S+l is the index set S determined by Algorithm 2 when v is selected as B+ Notice that
B+ = p B0+ 4 Wig:41. Due to B+ = 31 — e conditioned on & and P,(B0H1) =
{P(B*")} 11, we have

/3(t+1) - IB* _ { S(/@ t+1)) ﬁ(tJrl } +ﬁ|(;:r1) . ,8* +V~V|tst+1
= {pS(ﬁ(H—l)) IB(t+ )}IIt _|'VV|S’f-H 770g| +IB| -5

-

AN

Since /8|*[t = 3, it follows that

||ﬂ(t+1) _ Bk = H{,@(t) _ 5*}|1t||§ — 27]0<B|(2 —ﬁfzt,gf2>



e-companion to Chang, Yang, Zhang, and Zhou: Feature-Rich, Data-Private Newsvendor ec37

+11A1 ¢ — nog {113+ 2(817 — B, Avy) - (S.60)

Aoy

Notice that [[{B®) — B*}r|l2 < ||BY — B*||a < ro. Letting r. = 79/+/2, we will show in Sec-
tions EC.7.4.1 and EC.7.4.2 that ||[3®+Y) — 3*||2 < r2 holds in both of the following cases: (i)
1{BY — B*}1¢|la < 7., and (i) 7. < [|[{BY — B} 1¢||2 < ro. Then, we complete the proof of Propo-
sition P2. U

EC.7.4.1 Case (i): [{8Y — B*}jre]2 <.

By Lemma L9 and conditioned on &,

H{ IétJrl) ﬁ(t+1 }|ItH _H{P t+1) IB(tJrl H2
It — ~
< {ﬁ*—ﬁ(t“)}th;Jr%ZHWEHio
)
<= H{@ —BY + g }pH2+32ZHth2

2||g§?||%+2non||g§?||2}+3zz w2,

i=1

where (i) follows from |I*| < |S**1| 4 |S*| < s + s*. Due to ||3®) — B*||2 < 7o, conditioned on
83 N 56’ we have Hgg) H2 < 3b57"0/4 + b3. Define

8s* 3bsr 2
Qy(ry) == 7 {7’*—|—770< 20—1-53)} .

Then, we have [|{P,(8D) — BHD} 1|3 < Qy(r.) +3232°, ||wi[|2 and

A3 < [[{PBED) = B |, + [Wlge [,)°

< Q(r) + 32W, 4+ 2/ ()W, + 322 =: (1),

where W, is defined in (S.28). Since r, < ro and €25(r) is increasing in r > 0, by (S.60), we obtain

A2 < (A1l + 7ol l12)” + 2148 = B e | Avsl

2
S {\/ Qg(?”o) —+ To <3bi7‘0 + b3> } -+ 27"0 QQ(’T’()) (S61)
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conditioned on & N &3 N E. Moreover, conditioned on &5 N &, it holds that

% . 3bsr
(61~ B 2] < 2046 ~ Y gl < . (57 4201
Then, according to (S.60) and (S.61), we can conclude that
(t+1) |2 < 22 3bsro ’
18 = B*[l2 <7+ 4 vV Q2a(r0) + 10 1 + b3
3bs7
+2T0\/QQ(T0)+770T*( ; 0 +2b3) . (862)

Due to b3 < byr/24, by < bs/2 and 1o < 2b; /(9b2), we have

2
n0(365r0 +b3) < byrd N bird N bird _ bird

S.63
4 8 259202 T2bs 6 ’ (5.63)

which implies 19(3b570/4 + b3) < ro/6. Combining with s > 38s*(nyb;) 2, it holds that

8s* 3bsr 24202 (o \ 2 2p2y2
KMm%—h{m+m( i”wg}<:g§(zg <Tor

Since maxe oyupr—1] We < ngbirg /4000, it follows that

nobirs | mibirs | \/ nabirg
24 125

dpd, 4 2522
i M00170 Mo01To

0
2(r0) < 96000 " 500000 = 16

Together with (S.63), we can conclude that

(Ve (B o) | o

2 9 1/2,1/2
Mob17o 12 b1 Nob17q o Mob1 | 1my" by 2
< 210 L0 b - . S.64
( T+ \/ c + O + 26 +3 (S.64)

Since 7, = r¢/v/2 and 1y < 20, /(9b%) with by < b5/2, by (S.62), it holds that

180 —B|I5 <

3 mobi | g by 2) 377055Tg+770b1r(2) 2

+ nobyr? + - <Tg-
g 0 1()( 16 ' 26 @ 3 22 | 12v2

This completes the proof. l

EC.7.42 Case (ii): r, < [{BY — B }ell2 < 7o

Conditioned on & N & N &y, by (S.55) in Proposition P1, it holds that

<[3(t) _ 13*7g(t)> > ﬁw(ﬁ(t)) — R\w(ﬁ*) + 0172 — (by + by)7g .



e-companion to Chang, Yang, Zhang, and Zhou: Feature-Rich, Data-Private Newsvendor ec39

On the other hand, the convexity of R, (B) implies that, given &3 holds,
Re(BY) = R (B87) > (BY — B, VR(8")) > —bsro,
which implies (3® — 3*,g®) > b2 — (by 4 bs + by)ro. Then, conditioned on &5 N &, we have

e ﬂm,gw = (B -Bg") =B -BY.g") + (B - 8,8

3bs5r
- H/Bs\[tHQ( L —I—bg) — (by + b3 + by +b17“za

where S = supp(B8®). Due to r, =1/ V2 and by + b3 + by < byro /24, we can conclude that

. 3bs7
~2n0(By7. — B, gj1)) < 2ﬁ0\\5g\)1t\!2( Z =+ bs) +2n0(bz + b3 + ba)ro — 2moba 7]
3bsr 2 1lnebyr?
< 1183313+ ( . +b3) - (5.65)

Analogously, we know that (S.61) also holds in Case (ii). Since 77y < 2b1/(902), by (S.61), (S.63)
and (5.64), we have

3bsr 2 bir2  3ngbyr:  1lngbir?
2 570 Nob1Tg To01Tg Nob1Tq
770( 4 3> ’ 2’t‘< 6 4 12

Notice that |3® — 8|3 = [[{BY — B} |13+ ||,3g\)p||§ By (S.60) and (S.65), we have

18U = B°15 = 1{BY = B e 15— 2m0(B. — B 10 + Doy

3bs5r 2 11ngbyr?
570 001 .
< [|B" — B H2+770< A +bs> —TO+|A2¢’<H5(O—5 13 <75

This completes the proof. ]

EC.7.5. Proof of Proposition P3

Write g = VR,(8") and I' = S'* U S*, where $* = supp(83*) and S'*! is the index set S
determined by Algorithm 2 when v is selected as 3(*+1. Notice that 3(+1) = P,(30+1) + Wiges-
Due to B+ = B0 — 1yg® conditioned on &, P,(B81) = {P,(8*V)};r and By = B*, we

have

18 = B[l = {P(B" ) = B} + Bl = B + Wigraalla
= H{lf)s(ﬁ(prl ) _/B(t+ )}Ilt +V~V|Sf+1 Uogut +:8| — Bl



ecd0 e-companion to Chang, Yang, Zhang, and Zhou: Feature-Rich, Data-Private Newsvendor

< [{P(BYD) = BE D e la + [[Wigenll2 +m0llgS? [l + {8 — B}l
(S5.66)

conditioned on &,. By Lemma L9 with ¢ = 1, conditioned on &, it holds that

el 83 I

—BY 4+ nog®} 5 +82 Iwill2e

=s

H{P (30D — IB(t-i-l)}]tHiS |]t|

o

2s* .
<% {H{ﬁm—ﬂ }puﬁnoug}?uz} 83w
=1

where (i) follows from |I*| < |S**!| +|S*| < s+ s*. This, together with (S.66), yields
* 25" * - ~

184+ — 37|, < <1+ Vo ){H{B“) =B} rllaHmollgr? N2} + | 8D w2, + [1Wseanll:

i=1

(i) 2s*
< (1) g + 4 (567

conditioned on &, where (ii) follows from ||[{B® — B*} |2 < |8 — B*||» < n~' and W, =
i WA + [W/get ||3. Moreover, conditioned on £ N &7, we have Hg??HZ < 3bs/(4n) + bs.
Since 1y < 2b; /(9b2) with by < bs/2, we have s* /s <n2b?/38 < 1/8, noby < 1/18 and nobs < 1/9.
Then, by (S.67), it holds that

b3

3/(1 37]0b5 1/2 13 1/2
(t+1) _gep < 2 L by | +AW}? < 22 aw,
Ifé; 61\2_2(n+ i +nob3 | + & +12b1+

conditioned on & N &3 N &7. Since maxye joyur—1) Wr < Ay (2), we complete the proof of Proposi-
tion P3. 0]
EC.7.6. Proof of Proposition P4

For ease of notation, we write S* = supp(3*), and denote by S* and St respectively, the index
set S determined by Algorithm 2 when v is selected as 3 and 31, Moreover, let J = St U
SH1U S* and g = VR, (B8®). By Proposition P2, we know B+ € H(s) N {O(co)\O(n1)}.
Then, conditioned on &, it follows from (S.56) in Proposition P1 that

RL(B“V) — Ry(BY) < (BUH) — g0 g0 1 I\Bt“ BY|2

b 2D
:E5||{B(t+l)—5(t)+770g(t)}JtH2 o 5H H2
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+ (1= nobs ) (B — B0 glt)y. (S.68)

Recall 30+) = B8 — poa® conditioned on &. Then, conditioned on &, it holds that B+ =
Dy(BUHY) + Wigen = (B —nog™ + ") gi+1. This, together with B () =0and S™ N (St

St\St+1
St = (), leads to

<5(t+1) _ 5( ) (t)> <[3(t+1) 5( ),g(t)>st+1 + <B(t+1) _ [5'(15)7g(t)>5t\5prl
= (BY —nog™ + W' — BY gy i1 — (B g1 g\ g1
= —no(g®, gM) g1 + (W', gD) g1 — (BY, g1 g\ ge1
< —{no— (4er) " HEW, g8D) s + 1 (W W) g — (B g1 gry g
(5.69)

for any constant ¢; > 0. Here, we write (a,b)s =albg for any a,b € R” and S C [p].
Since (S*1\ S*) C S+ (S\ St) C St and | S\ St = | ST\ S*!|, Lemma 3.4 in Cai et al.
(2021) yields that, for any c, > 0,

(BUTD BT iy o1 < (1+ ) (BT, B gein g0 +4(1 4 ¢3! leth?

= (14 c2) (mog", nog)sesnse +4(1+¢5) Z Wil (8.70)
=1
conditioned on &, where the last step is based on the facts that 3¢+ = 3®) — 1og® conditioned

on & and ﬁgtt)ﬂ\ gt = 0. In the meanwhile, conditioned on &,

<B(t+1)75(t+1)>st\st+1 = (5(t) - nog(t)ﬁ(t) - Uog(t)>st\st+1
=(BY, B g0\ g1 + (108", mog ) sty 541 — 210(BY, g g1\ 5141

> (g™, mog )>st\st+1 - 2770<ﬁ(t)7g(t)>st\st+l : (S.71)

Combining (S.70) and (S.71) yields
2 S
—(BY,g") g0 g1 < (1+02) Hgst+1\5tH2 Hgst\st+1 I+ (1+e! % > Iwil
i=1
Plugging this to (S.69) yields

(B = B,8") < (1+c2) Dlglnsell; — T &S s 3

— {0 — (de) 8D |15+ {er + 201 + e g W,
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where W, = >0, [[Wi |2, + [[Wiges ||3 is defined in (S.28). Taking ¢, = 21y *, co = 1/4, and using

the equality “gfgtt)ﬂ 3= ||g5t+1\5t 13+ \|g§205t+1 13, it follows that

777 12

<ﬁ(t+1) - ﬁ(t)yg(t)> HgStJrl\St Hz - Hgstmstﬂ ”2 HgSt\SHI H2 * %Wt
12

H SiUSt+1H2+ Wt

24+ |8 g |12, yields

)

conditioned on &. This, together with (S.68) and Hg(j) 13=1lg Jtt)\( StUS*)

R (B" )~ R (BY) SES[HWM Dm0t oe 5 = 8185 vy

'

I

n355’ ®)
B 8stus*

2 Mo 2 12

,— (1= n0b5)ZHggt)ust+l 5+ (1= mobs) =W,
7o

conditioned on & N &5. As we will show in Section EC.7.6.1, conditioned on &, for any c3 > 0,

I = ||2+C3770Hgﬁ\(stus ";+4(5+C§1)Wt (5.72)

fort € {0} U[T — 1]. Hence, by (S.72), it follows that

N ~ 2b 2b
R (8 — Ra(89) < 227 2|8 — B +mog® b3 + 2|85 suus 2
77 2p
: 5” Bstus 2_(1_770b5 _”gstustHHg
+ {2b5(5 ez + (1= nobs) 7173 }Wt. (S.73)

Under the assumption that 3% € H(s) N {O(cy) \ ©(n~!)} and conditioned on & N E N E,, we
obtain from (S.55) in Proposition P1 that

* 2 * * 2
148" — BY +nog®} 1 ||2 = 200(8" — BV, gV + 18" — BO|2 +12||"||2
< 20{ Rer (8) — R (B} + (1 — 2n9b1) (| 8" — B2

+ 20 (by +b0)||B* — BO o+ 121891

Combining this with (S.73) yields

47701)55 H/B* . ,B(t) ||2

770 bS

— " {RL(B") — Ru(BY)} +
" 4770195(52 +by)s*

R.(B“V) — R,(BY) <

2b5(1 — 2770b1)8*
S

2770 b58

18— BY|, + === ||gD|]; - 52 ||gts- 115
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I 03770 b5

n
H Jf\(stus \\2—(1—”055 _0}|gf§tust+1|‘2

+ {2b5(5+651)+(1—nob5)717 }W (S.74)
0

2. By taking

t
NOte that Hg H2 = ngt\ StUS*) + ||gstus* and HgStUSH'lHQ Z ||g5t)\(stus*)

C3 = (1 — ?70b5)/(4770b5), and notlng that ﬁobg, <1 and b2 + b4 < blH/B* — ﬂ(t)||2/24, inequality
(S.74) becomes

bb 2n9b 1 —mnob

| b WO |g* — B3+ ( e ’7”)!\ g5 stose
bs (4

+%(§—1)||gs2US*H§+cth,

where C,, = 4{b5(5 — nobs)(2 — 2nobs) ™ + 3(1 — nobs)ny ' }. Under the assumption that s >
385*(7”]061)_2 and Mo < 2[)1/(91)?)) with bl < b5/2, it holds that

Ro(B"V) — Ro(BY) <

2b5<1 — 27]0b1)8*
S

210bs 5™ < 1—770557 ﬁ_1<_1’ and {12(1 = 2n9b1) + 1oby }bs5* < 7735%5'
S - 8 S -6 6s - 18

‘We further have

4770()58

{R+(8") — R(B")}

" b 202
- 5% (el - 5

2 - pUR) o 679)
As we will show in Section EC.7.6.2, conditioned on & N & N &, and ||BY — B*(|y > 24(by +
ba) /b1,

Ro(B)) = Ra(BY) <

-~

II>

Iy > b { R (B"Y) — R (8)} . (S.76)

Plugging this into (S.75) yields

~

Ro(B"Y) = Ry (8*) = Ro(B™Y) — R (BY) + R (BY) — R (B%)

< (1 _ 4nobss* Uoblb5){R (IB(t)) (5*)} +C W

S

We complete the proof of Proposition P4. 0
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EC.7.6.1 Proof of (S.72)

Recall S* is the index set S determined by Algorithm 2 when v is selected as B®. Based on
the definition of 3%, we know supp(3®) C S, which implies ﬁf,tt)\(stus*) = 0. Since B+ =

B —nyg® conditioned on &, we have

(t+1) 2

1o 1850 syl = B = mog® b rcsuse [l = 185 (grosey

(8.77)
conditioned on &y. Recall J! = S*U S U S* and |St| = s = |S'!|. Since
[SNSTH = [SINS =[S\ (STUS)| = [J\(S' U S,

there exists a set R C S\ S™™! with |R| = | J*\ (S' U S*)|. Applying Lemma 3.4 in Cai et al. (2021)
yields that, for any c3 > 0,

2 2 _ ®
185 I, < (14 o) |85 dus I, + 4L +e5) Y lIwillZ - (S.78)
=1
As R C S'\ 5", we have 8" = 0. By (S.77) and (S.78), it holds that

(1 4cy) IH{B (t+1) ,B(t)—f-nog(t)}RHz—f—‘nglZ||Wf||zo (5.79)

i=1

- 770||th \(StUS*)

conditioned on &y. By (S.79) and the facts that (J*\ R) U R = J" and (J*\ R) N R = (), we have

2

I, = ||{5(t+1) IO Uog(t)}ﬁ H; _ ng“ggt)\ (st

2
<H{/6 (t+1) +770€ )}]t\RH2+C3 1+ c3) 1”{5 (t+1) ﬁ(t)—l-??og(t)}RHQ

4! Z w2 (S.80)

conditioned on &. In the sequel, we will bound the three terms on the right-hand side of the above

inequality, respectively.

Conditioned on &, it follows from (S.79) that

9 . S
s (T4e3)> lIwil%,. (S81)

H{B(tﬂ) O Uog(t)}RHz <(1+ C3)U§||g92\(5tus*)

For any ¢, > 0, due to B(+1) = P,(B0+1) 4 W|St+1 and B+ = B — pog® conditioned on &,
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it holds that

B =B +mg}all,
_H{P t—i—l)) ﬁ(t+1+w|5t+l}|J’f\RH (30D — /6<t+1)}\Jt\R+€VrSt+1H2
< [{P.(B) - ﬂ<f+1>}ﬁ\RH2+||v~v|sz+1||2+2H{P (B) = B} ][

< (14 eg) [{B(BUHY) — B g ls + (14 ) [Whgen |3, (S.82)

2@

where (i) follows from the fact that S*** C J*\ R. By Lemma L9, for any c; > 0,

[{P(BY) = B} g

1y [J\R 5 2 -
<(l+c 51)W F— B} gl AL+ es) ) W
|J\R| —
1\ S" . 5 2 =
< (1—|—c51)gH{ﬁ — Byl + 41+ e5) > W% (S.83)
i=1

where the last step is based on the facts that
[JA\R|=|T'| = |Rl =|J"| = [J\(S"US")| = |S"US| < s+ 57
and |J*\ R| > s > s*. Plugging (S.83) into (S.82) yields

18 = B9+ g bl < (1+ )1+ )8 = B b

FA(L 4 ) (L) ST IWEE + (1 e[ 2.

i=1

As 3D = 3 — poe® conditioned on &, by taking ¢4 = ¢5 = 1, we have

4s* °
{8 — B + Wog(t)}Ji\RHz < %H{ﬁ* — B+ ﬁog(t)}Jt\RHz +16 Z [willZ + 2/ Wiges I3 -

i=1

(S.84)

Combining (S.80), (S.81) and (S.84), due to W, =37, [[W{|[%, + [[W(g.:1[|3, we conclude that

H1<—II{B =B+ 108} s rll; + st &5 5o

+ 202 IWillZe + 201 Wigen [ + deg ! Z Iwille

=1

||{5 —BY +nog®} s[5 + cand||elh s ls + 46+ W
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S+ A5+ )W,

45" . 2
< ? ||{/6 - IB(t) + nOg(t)}Jt H2 + 0377(2) ||ggt?\(5tus*)
for any c3 > 0. Hence, we obtain (S.72). ]

EC.7.6.2 Proof of (5.76)

Under the assumption 3% € H(s) N {0(c)\O(n~1)}, and conditioned on & N E, N &, it follows
from (S.55) in Proposition P1 and ||3® — 3*||y > 24(by + bs) /b; that

Ra(BY) = Ro(B) < (8, 8Y — B7) = b1]|BY) — 8713 + (bs + )18V — B>

2 b ) a2, b )
o+ 1B =875 =89 = Bl + 518 - B°lI3

1
< b_nggf)uS*

1 2b? IT
() 2 1 * 2\ L2
< E(HgSzuS*HQ_ 3 Hﬁ _/B(t)||2> = by )
which, in turn, implies IT, > by { R (8®) — R.(8*)}. O

EC.8. Proof of Theorem T3

To show that £ = N7_,&, holds with high probability, we rely on the technical lemmas presented
in Section EC.8.1, with their proofs provided in Section EC.9.

EC.8.1. Technical Lemmas

Recall that 6 = 3 — 3%, ﬁw(é) =R.(B8) - ﬁw(/ﬁ*)a D5 (6) = E{ﬁw(é)}’ and

AW((S) = RW(ﬁ> - RW(B*) - <VRw(/6*)7ﬁ - ﬁ*> >BW(5) = RW(ﬁ*) - RW(ﬂ> - <VRW(:6)7:6* - :6> )

where R..(8) =E{R.(B)}.
Lemma L12 establishes lower bounds on the first-order Taylor remainder of the population
(smoothed) loss in a neighborhood of 3*, which is key to establishing the restricted strong convex-

ity property of the smoothed empirical check loss. Its proof is provided in Section EC.9.4.
LEMMA L12. Let Assumptions 1-3 hold. We have

fl>\p — lf/ﬁ/\lw
2

min{A_(8), B (8)} > 1913

forall § € H(2s) NBP(cy).

Lemma L13 establishes a high-probability upper bound on |1A7w(5) — D, (d)|. The proof is
given in EC.9.5.
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LEMMA L183. Let Assumption 1 hold and r > a > 0. For any z > 0, we have
(i) With probability at least 1 — e~ ?, for all § € H(2s) NBP(r),

~ |
D (8) — Da(d) S 1}y | 2B (S.85)

(ii) With probability at least 1 — e~ %, for all § € H(2s) N {B?(r)\B*(a)},

Do(8) = Do(d) mi”\/ losp sl L2 5, (5.86)

~

The same upper bounds in (S.85) and (S.86) also apply to D () — D (9).

Recall § ={S C [p] : 1 <|S| <2s}. Lemmas L14 and L15 establish the uniform convergence
of the gradients of the smoothed empirical check loss to their population counterparts. The proofs

of Lemmas L.14 and L15 are given in Sections EC.9.6 and EC.9.7, respectively.

LEMMA L14. Let Assumptions 1-3 hold. For any z > 0,

~ slogp+z slogp+=z
sup | (1= B){V B (B} Slei/Z{Oiﬁ\/ gf + gf; } (S.87)
S

holds with probability at least 1 — e, where Cr oo =7(1 — 1) + (1 + 7)lskowo®. And

sup |E{VEL (8}, S M ks (S.88)
€
LEMMA L15. Let Assumptions 1-3 hold. For any z > 0,

sup ||(1—E)[{v§w</@)}5]”2
BeH(s)NO(r), SES

< Ul)\}/z{\/slogpjtslog(n/w) +z N slogp+ slog(n/w) —{—z} N fudior N Ferax M T

n n n n
holds with probability at least 1 — e, provided that n 2 vi(slogp + z).
Lemma L16 establishes the uniform bound for the Hessian of the smoothed empirical check

loss, which plays a key role in establishing the restricted strong smoothness property of the

smoothed empirical check loss. The proof of Lemma L.16 is provided in Section EC.9.8.

LEMMA L16. Let Assumptions 1-3 hold. For any z > 0, if nww > Cvi(slogp + slogn + 2) and
n 2 é’)&“rlﬂ{vim(slogp +logn + 2)Y* 4 @} for some r > 0, then, with probability at least
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sup I{V?R4(8)}ssl < 2ful,
BeH(2s)NO(r), SES

where C > 0 is a constant depending only on (kway, fu), and C > 0 is a constant depending only
on (I, 1y, fu, Ka).

Lemma L17 investigates the upper bound of ||[{VR.(8) — VR.(8%)}s|l2. The proof of
Lemma L.17 is given in Section EC.9.9.

LEMMA L17. Let Assumptions 1-3 hold. For any z > 1/2,

~ ~ . 3
sup H{VRW(IB) - VRW(IB )}SHQ < 5fu>\1r
BEH(s)NO(r),SES

holds with probability at least 1 —e™?, provided that w > C5+/ (s + z) /n and nw > Cy(slogp+2),

where C3 > 0 and Cy; > 0 are two constants depending only on ( fy, kmax, U1, A1)

EC.8.2. Proof of Theorem T3

Since x; ; = 1 for any i € [n], we have

m?>]< 1%i]|oo <1+ |z 4] - (5.89)
1en

max
i€[n], jelp\ {1}

By (S.45), and taking the union bound over i € [n] and j € [p]\{1}, we have

P max il >wv )\1/2 2log{2n(p —1 _|_QZ}<€—Z
{iﬂn},je[p}\{u' JlZ v \/ g{2n(p—1)} <

for any z > 0. This, together with (S.89), yields, for any z > 0,

max Ixillse S v1A*V/logp +logn + 2
1€|n

holds with probability at least 1 — e ™. Then, for any z > 0, choosing v =< vl)\}/ 2 Viogp+logn+ z
ensures that the event & holds with probability at least 1 — e7*. By Lemma L12, if w <
firp/(Lk1 A1), the event & holds with by = %(flAp —l¢kyA\yw). By Lemma L13, for any z > 0, by

selecting

)

by =<y L/ 2\/ slogp +loglog(con) + 2
n
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the event & holds with probability at least 1 — e~*. By Lemma L 14, for any z > 0, by selecting

/sl 1
53XU1)\}/2{CT14§ sogp+z+sogp—irz}_i_)\l/glszwQ’
’ n n

the event & holds with probability at least 1 — e~ #, where C, = 7(1 — 7) + (1 + 7)lske2w?. By

Lemma L15, for any z > 0, by selecting

Y

=t |[oEr TR ) T | slogp +sogin/=) + ) S bk

n n n n

the event £, holds with probability at least 1 — e, provided that n > v}(slogp + z). Note that
firp < furi. By Lemmas L16 and L17, for any z > 1/2, by selecting b5 = 2 f,,A; such that b; <
bs /2, the event £5 N E; N E; holds with probability at least 1 —3e~?, provided that nw 2 C,(slog p+
slogn+z)and 1 2 w 2 C., \/m, where C,, C,, > 0 are two constants depending only on
(Iic, g, fus Emax, K4, U1, A1 ). We complete the proof of Theorem T3. O

EC.9. Proofs of the Technical Lemmas
EC.9.1. Proof of Lemma L9

If S\S =0 (ie., | S| = 5), then || { P.(€) — €} 5||3 =0, and thus inequality (S.27) holds trivially. If
15| > s,leté=(&,...,&,)7, and let H denote the index set of the top s coordinates (in magnitude)

of £z. Then we have

HA@©) -&sl= ) &= > &+ > &

jes\S je(S\S)nHe je(S\S)NH
(i)
< D> EH+e) D) 441+ wilk
je(S\S)NH® JESNH® i€ls]
L+c™) > E+4(1+0) Z||wz|| (5.90)
]GSI’WHC

where inequality (i) follows from Lemma 3.4 of Cai et al. (2021). Note that S M H°¢ corresponds
to the indices of the smallest absolute values in £g. Let €= (51, e ,fp) , S = supp(ﬁ) and Sy =
SN S. Since ) :=|Sy| < 4, it follows that

— 16 = &)sll3-

CIJ>

Combining this with (S.90) yields the desired bound in (S.27). [
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EC.9.2. Proof of Lemma L10
If S\ S =0 (ie., |S| = 5), then || { P.(€) — €} 5||3 =0, and thus inequality (S.40) holds trivially. If

|S| > s, we have

P& -&sls= D &= > & (S.91)

jeS\S jesnse

Note that S N S¢ corresponds to the indices of the smallest absolute values in &g. Let é =

(&1,...,6,)7, S =supp(€) and Sy = SN S. Since 8 := | S| < 3, it follows that

1 9 1 ) 1 . )
_ . 2 e '
5 L S L S5 X Gl s @l
jesSnse jESNSS jESNSS
Combining this with (S.91) yields the desired bound in (S.40). [

EC.9.3. Proof of Lemma L11

Write w} = (w},,...,w},)" and W' = (@f,...,w})". Let Agp = 26 'T'A\y/5slog(T'/0). For any
z >0, we have P(|w] ;| > A\gpz) < e7% and P(|0}] > A\gp2) < e forall i € [s], j € [p], and t €
{0} U [T — 1]. Taking a union bound over i € [s], j € [p], and t € {0} U [T — 1], we have that for

z

any z > 0, with probability at least 1 —e™?,

> IwhlZ < shi{= +log(spT)}?,

max
te{0}u[T—1] pr

z

and with probability at least 1 —e™7,

~ 1 2 2 2
e | [Wiser[|3 < sAq{z +log(sT)}" .

Combining the last two displays, there exists an absolute constant Cy > 0 such that, for any z > 0,

z

with probability at least 1 — e,

2
max W, < (ﬁ) {log(psT) + z}*log <§> :
€

te{0}U[T—1]

as claimed. O

EC.9.4. Proof of Lemma L12

Recall that A..(8) = Re(8) — Ru(B) — (VR (8"), 6 — B) and Bo(8) = Re(8") — Re(B) —
(VR,(B),3* — B), where R, (-) = E{fiw()} and § = B — (3*. Based on the definition of }A%w(ﬁ),
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applying a second-order Taylor expansion yields
Ao %ZE{K m(xi,0)) (50,6}
for some m € [0, 1]. By Assumptions 2 and 3, it holds that
E{K,(e; —m(x;,0))|x;} = /OO K@) fe, 1x: (m(x;,6) + @wv) dv
— P 8+ [ KOl 8) +0) = o . 8) do
> feiixi (m(x,0)) — Lk
Under the constraint ||§]|2 < ¢y, it follows from Assumptions 1 and 3 that

24.,(8)

> IS wm g (s (xS ) (s, 200 ISV L k(. 5)?
= 4 1 € | % 2 i ||5||2 i ||21/25||2 2 fh 1)

= <co
> (fidp = Lk \w)||8][3

for all 6 € H(2s) N BP(¢y) with § # 0. For § = 0, we also have 24,(8) > 0 = (fi\, —
Ltk A1) ||8]|3. Following the same arguments, we can also show 2B, (8) > (fi\, — ki A1) 8]]3
for all § € H(2s) NBP(co). We complete the proof of Lemma L12. O

EC.9.5. Proof of Lemma L13

Define L(u) = [7 pr(v)K5(v — u)dv with p-(u) = u{r — L(u < 0)}, and let d(v;z;) =
Lo(g;i — (xi,v)) — Lw(si) with z; = (g;,x;) for any v € RP. Then

D..(8) — Do(8) = (1~ E){R(8) — Ra(87)}
20 l/ KB ) = Kol — ) o

n

:_Z (1—E){Ly(e;i — (x;,6)) — Lw(&')}:%Z(l_E){dw(é;zi)}‘

i=1
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For any fixed r > 0, define the random variable

nl/2 R n
Rr)=""  sup  {Du(v)-Du(v)}= —  sup [11/22(1—]E){dw(v;zi)},

ATT v emH(2s)BP(r) ATT yeH(25)NBP(r) —
(5.92)
where 7 = max{7,1 — 7}. For any z > 0 and some \ > 0 to be determined later,
P{X(r) >z} <e “E[exp{AR(r)}]. (5.93)

Then, it follows from Rademacher symmetrization that

E[exp{AR(r)}] < E{exp {21 n1/2 Ze A (V;2z; H : (S.94)

T VEH(QS Bp (r)

where ey, ..., e, are independent Rademacher random variables.

Note that L (-) is 7-Lipschitz continuous. Therefore, for any z; and v,v’ € RP, it holds
that |d(v;2;) — dw(V';2;)| < T(x4, V) — (x5, V')|. Since d,(v;z;) =0 if (x;,v) =0, by (S5.94),
applying inequality (4.20) in Ledoux and Talagrand (2013) yields

[ A
E[exp{AR()}] < E | exp {2— L )W Zez H
L ve S P
- )\ 1 n
<E exp{ sup €i(X;, v }}
L 27 yem(2s)nBr(r) ni/2 ; < )
<E|exp sup ez (x;,u )
L 2 ucH(2s)NSp—1 n1/2

Note that
H2s)NS" ' = | ) {ueR’:|uyllz=1u,=0}
JC[pl, [J|<2s
= |J {uer:|ula=1u,=0}.
JCIpl, | J]=2s

Since the cardinality of the e-net of {u € R” : ||uy||s = 1,u,c = 0} is equivalent to that of unit
sphere S?*~!, Lemma 5.2 of Vershynin (2012) yields that the cardinality of the 1/2-net of {u €
P) < {ep/(2s)}*, the total cardinality of the

1/2-net of H(2s) N SP~! is at most 5% {ep/(2s)}** < (7p/s)?*. Hence, there exists a 1/2-net

R? : [uy|[> = 1,use = 0} is at most 5*. Due to (
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uy,...,uy,,, } of H(2s) NSP~! with Ny 5 < (7p/s)? such that
1/2 /

n

1 < 1
su e (X, u) <2 max —-= e; (X, W),
uEH(Zs)E]SP 1 n1/2 Zl Z< ' > ZG[Nl/ﬂ nl/Q ZZI Z< ’ £>

which further implies

Nijo

E[exp{AR(r)}] < E{ exp (83}3/2] n?/z iez (x;,uy ) } ZE{ exp ( T i (x;,uy ) } .

i=1 =1

Write S, = n~1/2 >, ei(x;,up), which is a sum of zero-mean random variable. Since

|ug||2 =1, by Assumption 1, we have

P(|(x;, u)| > v A2) <P( [{ =712, BV N e

Note that e; € {—1,1} is symmetric. Then, it holds that E{exp(ce;(x;, us))} < exp(c*vi),/2) for
all ¢ € R. Consequently, for each ¢ € [Ny /Q],

n 2 )\2 2)\
E{exp(A\S;)} = HE{exp( f\/Q XZ,UK)}<H8XP<)\ ):exp( 1}21 1),

=1

which further implies log (E[exp{AR(r)}]) < log Ny + $A*v?\;. Then, by (S.93) and taking

A= z/(v?)\;), we obtain

/\2’0%/\1 2,’2
P{N(T) ZZ} SeXp _)\Z+lOgN1/2—|— =exp — 3 +logN1/2 .

Since Ny/2 < (7p/s)*, we have N(r) < viA?\/slog(p/s) + z with probability at least 1 — e~=.
Combining this with (5.92) yields that, with probability at least 1 — e™?,

sup  {Do(v) = Do(v)} < Corp A2y [ 2108W0/8) £ 2 (S.95)

vEH(2s)NBP (r) n
where Cj > 0 is an absolute constant. We complete the proof of (S.85).
Write Q(r;,7,) = {v € H(2s) : , < ||v||2 < r,}. For some M > 1 to be determined later,
and positive integers k € [N] with N = [log(r,/r;)/log M, define the sets €, = {v € H(2s) :

MF=try < ||[v|la < M¥r}, so that Q(ry,7,,) € Up_, Q. Then, by (S.95), for any z > 0,
A |
P|3veQ(r,r,) st {Dg(v)—Dgy(v)} > COUV\}/QMHVHQ slog(p/s) +z}

n
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FVEQ’@ s.. {Do(v) = Da(v)} > Covi A *M*r, —Slog(p/s)”}

n

IN

=2
Z [ sup  {D=(v) = Do(v)} > Cour\y/* M, _Slog(z?/swz}

veH(2s)NBP (M*kr;) n

<e *[log(ry/r)/log M] .

Taking M = e'/¢ yields

~ slo s) +loglog(r,/r) + =
wp  (Daly) = D)) < Gy L) loslosln ) £

veH(2s)N{BP (r.)\BP(r;)} "

with probability at least 1 — e™*, where C'; > 0 is an absolute constant. This proves (S.86) by
taking (r,7,) = (r,a). Using analogous arguments, the bounds in (S.85) and (S.86) can also be
established for D, (8) — D (6). We complete the proof of Lemma L13. O

EC.9.6. Proof of Lemma L14

Recall {VR,(8*)}s=n"" S {Ko(—¢&) —T}xi5 for S€S={S C[p]:1<|S| < 2s}. Due
to |S| < 2s, by Lemmas 5.2 and 5.3 of Vershynin (2012), there exists a 1/2-net A /5 of SI¥I=1 with
|NV7 2] <52 such that

I(1—E){VRo(8)}slla= sup ((1-E){VERL(8")}s]) u

ues!sI-1

<2 max ((1-E){VR4(8%}s]) u. (S.96)

u€N1/2

Note that K, (—¢;) = K(—¢;/w) = f:;f/w K (v)dv. Denote by F, |, (-) the conditional dis-
tribution function of ¢; given x;. Then 7 = [, |, (0). By Assumptions 2 and 3, it holds that
|K(—&;) — 7| <7:=max{l — 7,7}, and

B(RL(~=)[x} = [ K*(-u/=)dF, (0
2/ P e (—um) dR2 / K (u) K () F, x, (—uew) du
—2/ KK (1) F., 1, (0) du+2/ K ()R (u){F, 1o, (—uw) — F. 1, (0)} du
ZQT/OOK(U) du+2/ K (u {/O_W{fmxi(v)—f&Xi(O)}dv du
~ 21 0) [ uK @R
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(i) o0 _

< T+lfw2 uzK(u)K(u) du < T+lfk2w2, (S.97)
where (i) follows from a change of variable and integration by parts, and (ii) follows from
[ KK (u)du=1/2and [7_uK (u)K(u)du= [;°uK(u){K(u) — K(—u)}du>0.

Due to 7 = [, |,(0), by Assumptions 2 and 3, we have

E{Ro(—e)—7]x}| = ] | ECuman -

:‘/_ZK(U)FEixi(—uw)du_T

= ‘ /_Z K(u){Fe jx, (—uw) = Fr;x,(0) } du

< ‘ | K@ [ 0= £ @) dva

lfl{ing lfk2w2
< I o g=21
-2 * 2

+wf€ixi(0)‘/ uK (u)du

(S.98)

where the last inequality follows from the symmetry of the kernel function K (-). Thus, by (S.97)

and (S.98), we can conclude that

E{|Ko(—e) = 71*Ixi} = 72 + B{KZ (—&:) | x;} — 2rB{ Ko (—&,) | %}
=2+ E{K2(—&) |xi} — 2TE{ K (—&;) — 7| x;} — 272

<7r-7"+(1 —|—T)lfk;2w2 = Cr .

By Assumption 1, we have IP’(|XZSu| > z) < 2¢—2"/(2viA\) for any u € SF¥I=! and 2 > 0. Then, for

any integer ¢ > 2 and given u € S/°/=1| it holds that
B(lxsul?) = [ Bxigul > V1) do
0
<2q /00 pI eV i) gy = (/20 01) 9T (¢/2) < (V2001 %! (S.99)
0
which implies that E[[{ K (—¢;) — 7}x; qul?] <4C; oviA1. Due to | K (—¢;) — 7| < 7, we have

E[{K(—ei) — rhxjsul’] < 777 B{|x/gul E({ K (—ei) — 7} | %)}

!
< L(AC 0D (V2A 7)1

for all integer ¢ > 3. Therefore, for any given u € S5t and 2 > 0, by Theorem 2.10 in Boucheron
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et al. (2013),

1 — _ 20, 27
EZO_E) {Ka(—ei) — mhx/gu] <v ) (2\/ - i fn”) (S.100)

holds with probability at least 1 — . For any fixed u € NV 5, we have

(- BV R=(8))) "n= 2 30 - B)[(Ral—2) - ]

Recall | S| < {ep/(2s)}? and |V} 2| < 5%. By (S.96) and (S.100), and taking union bound over all
S €S and u € NV /», we have for any z > 0,

supl|(1 — E)[{V}A%w(ﬁi'*)}s]||2 < UM}/Z{CTIQ slog(p/s) + 2 Lr slog(p/s) +z}

SeS n n

holds with probability at least 1 — e~*. This completes the proof of (S.87).
For any fixed S € S and any given u € SI°I=!, by (S.98) and Assumption 1, we have

2 1/2 2
< lszw ]E( XZSLID S )\1 lgkgw ’

E[{f(w(—si) — T}XZSU} <

which further implies

o 1o . A1k w?
sup [E[{VR=(87)}s]lls=sup sup — > E[{Ko(-&) - 7hx[su] < F—L=—.
Ses SES ueslsl-1 N = 2
This completes the proof of (S.88). U

EC.9.7. Proof of Lemma L15

Recall {VR,(8)}s=n"' 3" {Ko((xi;,8) —&;) —7}x;5, where d = B— 8" and S € S = {S C
[p] : 1 <|S| < 2s}. Define a centered process

n

Hs(8) = (1-E)[{VR(8)}s] = % Y (-E){Eo((x:,8) — =) =7} xis].

=1 -

Ci,6
Since s* < s, we have
sup |1 =E){VR(B)}s][|, < sup  [|Hs(6)]2 (S.101)
BeH(s)NO(r), SES dcH(2s)NBP (1), SES

By Lemma 3.3 of Plan and Vershynin (2013), there exists a {-net {6, ..., 0y, } of H(2s) NBP(r)
with Ne < {9pr/(2s€)}**, such that for any & € H(2s) NBP(r), there exists a Oys) € {01,...,0x,}
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satisfying |05y — 6|2 < &. Furthermore, based on the proof for Lemma 3.3 of Plan and Vershynin
(2013), we know [supp(d) Usupp(Bes))| < 2s for any 6 € H(2s) NBP(r). By the triangle inequal-

ity,
sup || Hs(0)||2 <sup|[Hg(d) — Hs(Oys)) |2 +sup | Hs(Ous)) |2 -
Ses SeSs SeSs

This, together with (S.101), yields

sup  [[(I=E){VE=(B)}sl,<  sup  sup|Hs(8) = Hs(Ous)lls
BEH(s)NO(r), SES €H(25)NBP (r) SES
+ max sup |Hs(60)]|2 - (S.102)
LE[N¢]

We will show in Section EC.9.7.1 that, for any z > 0,

2kmax)\
sup sup [|[Hg(8) — Hs(0ys)) |2 < furié + —15 (S.103)
d€H(2s)NBP(r) SES w

holds with probability at least 1 — e, provided that n 2> v{(slogp + z). Moreover, we will show
in Section EC.9.7.2 that, for any z > 0,

1/2 [\/slog{pr/(85)} +z , slog{pr/(s§)}+2 (S.104)

n n

max sup || Hg(0,)[[2 S v
L€[Ne] ses

holds with probability at least 1 — e~#, provided that £ < r. Taking £ =< rw/n such that £ <r,
together with (S.102), (S.103) and (S.104), for any z > 0,

sup |1 -E){VEL(8)}s,

BEH(s)NO(r), SES

slogp+slog(n/w)+2z slogp+ slog(n/w)+ 2z wWAMTT Kmax AT
§U1)\}/2{\/ gp ng(/) | slogp ng(/) }+f; N nl

holds with probability at least 1 — e, provided that n > v} (slogp + z). This completes the proof
of Lemma L.15. U

EC.9.7.1 Proof of (5.103)

Recall Hg(8) =n"'>"" (1 —E)(¢ sx;s). By the triangle inequality,

I

2

1
|H(8) — Hs(Bus)l2 < an:mm <<@-,ez(§>xz-,s>||g+H

o Z(Q‘,axz‘,s — Gi,045)Xi,5)

i=1
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which implies that

sup  sup ||Hs(6) — Hs(Oys))ll2
d€H(2s)NBP(r) SES

< sup sup — Z 1E(Cis%i,5) — (Ci,ee(s)xi75>||2
SEH(25)BP (7) S€S

J/

-~

I
T LS (Cais — G s) (5.105)
sup sup || — i,6%Xi,8 — Gi, 0,05 Xi,S .
S€H(2s)NBr (r) SES || TV 57 “ 2
T
In the sequel, we will derive the upper bounds for I; and I, respectively.
Denote by I, |, (+) the conditional distribution function of ¢; given x;. Then
E{R’w«xi,é}—ei)\xi}—/ Ko ((x;,8) —u)dF, |x,( / K(u)F,, x,((x;,0) —uw)du.
Due t0 ||6 — Oys) |2 < &, by Assumptions 1 and 3, for any S € S and any given u € SII~!, we have

E{Kx((xi,8) — ;) — Ko ((xi, 0u6)) — i) }{Xi5,u)] < FE([(xi, 8 — Ous)) (Xi 5, w)]) < fudi& .
Since (5 = { Ko ((x;,8) —¢;) — 7}, forany i € [n] and S € S, we have

IE(Gi.6%i.s) = E(Giys Xis) 2 = IE{ Ko ((xi,8) — i) — Ko ({Xi, 0u(s)) — i) }xXis] 2
= sup E[{K’w(bci, 8) — &) — Ko ({x, 0u(5)) — &) H(X4,5, uﬂ < fuM€.

ues!si-1

Since the above upper bound does not depend on (4, 5,7), we can conclude that
I < fuli€. (S.106)

Denote by 3 =n ! Yo xx; . Since [|6 — Oys)||2 < &, by Assumption 2, for any S € S,

1 n
H o Z(Q,axz‘,s — Gi.045)Xi,5)

=1

2

n

— s - Z{Kw(@(i, d) —ei) — Ka((xi,0u5)) — i) Hxis, 1)

ucs!Isi-1 n- =1

< sup Z!K (x1,0) — ;) = Ko (x4, 0u)) — €3)] - | (.5, 1)

ueslsi-1 1
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ec59

k:max K
< sup Z]Xz,(s Ou(s)) (Xi,s, )| <

ueslsi-1 1

f ~
-sup [ Zgsl,
Ses
which implies that

I, <

f ~
2 L sup || Xss]| -
Ses

In the sequel, we will control supg.g || Ssl|.

Consider the decomposition
sup || Ess|| <sup|[(X = 3)ss| +sup [[Bss| <sup [[(E = 2)ss|[ + A,
ses ses ses ses
where the last inequality follows from Assumption 1. Notice that

I(Z=D)ss= sup [vI(E—)gsv].

veslsi—1

(S.107)

(S.108)

(S.109)

Due to |S| < 2s, by Lemmas 5.2 and 5.4 of Vershynin (2012), there exists a 1/4-net N7 ,4(S5) of

SII=1 with [V /4(S)] < 9% such that

sup ’V E 255V‘<2 sup |VT(§—E)35V‘.

veslsi-1 veNy4(5)

By Assumption 1, we know x; = (1,x; ;)" with E(x; _1) = 0. Then,

ZXz xix; )

1 D DHIFE S 1 0’
_nil X nTt Y X 1%, 0 E(x;—1%{_;)
0 nty X,
_Tb_l Z?:l Xi,—l n_l Z?:l Xi’_lxzil — E(XZ‘7_1X271)

For any v € SI¥I71, write u, = (uy1,u ;)7 € SP~! such that u, ¢ = v and u, g =

implies

VT(E - 2)ssv| = [uy (B~ Z)uy| = |(uy1,u] )(2 ) (uv 1,1y )]

n

_ 2 T T

= |2 UvaXi Ut Uy g xz_lx E(xi 1% 1) puy,-1
=1

(S.110)

0, which
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.
E ulel _1U0y,—1 { E X, 1Xz 1 (Xi,lXi,l)}uv,l-

Define S, = {S. C [p— 1] : 1 <|S,| < 2s}. Therefore, by (S.109) and (S.110), we have

g lexz 1Uv,—1

sup||(§] Y)ssl| < sup  sup

SESV€N1/4(S
+2 sup {— X 1%, 1 — B(x;_1x] } (S.111)
S.€S. n; Bas i = 5.5.

For any 1 € RP~! such that 0 < [[i]|z < 1, define = (0,u")" € RP. By Assumption 1, we
have ||S1/2d[, < A[/* and

P(|(xi-1, )] > 2) = P(|(S7*x;, %0)| > 2)

»1/2q
=P [( =72, >
(< X’||21/2ﬁ||2> =

for any z > 0. Note that |uy ;| <1 and u, _; € RP~! such that ||uy _1]]2 < 1. The tail bound

< —22 /(203
HEI/QﬁIh) < 2e7 /M) (S.112)

in (S.112) also applies for |uy 1%/ _juy | Since E(uy 1%/ _;uy 1) =0, by Proposition 2.5.2 of

Vershynin (2018), for all A € R, we have

2

2 2
Efexp(Auy,1x;_juy,-1)} <exp <M> ’

where Cj, > 0 is an absolute constant. Then, for any given v € SI*I=! and z > 0, by Proposition 2.5

of Wainwright (2019), it holds that
1/2 [
Suih \F (S.113)
n

n
4 T
_E Uy 1X; Uy, —1
n <

=1

with probability at least 1 — e~*. Recall that [N;/4(S)| < 9%%. By (S.113), for any fixed S € S,

applying a union bound over all subsets in A7 /4(S) yields, for any z > 0,

4 n
_Zuv,lxg—luv,—l SU%)\M/ Tz (S.114)
i3 ’ n

holds with probability at least 1 — e~*. Notice that |S| < {ep/(2s)}*. By (S.114), taking a union

1
U%”/S‘)gn—p“ (S.115)

sup
VEN4(9)

bound over S € § yields that, for any z > 0,

§ uv 1X 1uv 1

sup sup
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holds with probability at least 1 —e™>.
Foragiven S, € S,, since E(x; _1) = 0, by (S.112) and Proposition 2.5.2 of Vershynin (2018),

we know that for any u € S!%/~1 and \ € R, we have
E{exp(A(x;_1.5.,u))} <exp (%) .
Therefore, due to |S,| < 2s, by Theorem 6.5 in Wainwright (2019), for any z > 0,
H {% Xn:x,,lxgl —E(xi,lxgl)} < fol( stz S+Z> (S.116)
i=1

n n
holds with probability at least 1 — e~*. Notice that |S,| < {e(p — 1)/(2s)}**. By (S.116) and

S S

applying a union bound over all subsets in S, yields, for any z > 0,

1 < 1 1
{; S x X, —E(xi,lle)} S,v%(\/ e “) (8.117)
=1

holds with probability at least 1 —e~?. Combining (S.111), (S.115) and (S.117) yields that, for any

z >0,
I slogp+2z slogp+=z
supH(E—E)ssHSval(\/ Btz slog )
SeSsS n n

holds with probability at least 1 — e~=. Provided that n 2> v{(slogp + z), the right-hand side of the

sup

Sy S

above inequality is bounded further by \;. Together with (S.108), we obtain that for any z > 0, as
long as n 2> vi(slogp+ 2),
sup | Sss|| < 2\ (S.118)
ses

holds with probability at least 1 —e~*. By (S.107) and (S.118), for any z > 0,
2kmax)\1§

w

I, <

(S.119)

holds with probability at least 1 — e™*, provided that n > v{(slogp + z). Finally, by (S.105),
(S.106) and (S.119), it holds that, for any z > 0,

2k max A
sup  sup || Hs(8) — Hs(Bua))l2 < fudié + 2rmxt1s
d€H(2s)NBP (1) SES w

holds with probability at least 1 — e, provided that n 2> v{(slogp + z). We complete the proof of
(S.103). O
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EC.9.7.2 Proof of (5.104)

Recall Hg(8) =n"1>" (1 —E)(Gsxis) for G5 = {Ku({x;,8) —&;) —7}and S€ S = {S C
[p] : 1 <|S| <2s}. Due to |S| < 2s, by Lemmas 5.2 and 5.3 of Vershynin (2012), there exists a
1/2-net Ny /5 of SI¥I=1 with [N 5| < 5% such that

HHs(eg)HQI sup {%Z(l_E>(Q,0@Xi,S)} u<? max {]‘Z CzHZXZS)} u.

_ ueN;
ucslsi=1 i=1 1/2 i=1

(S.120)

Since |(;0,| < 7 =max{7,1— 7}, for any fixed u € SI¥I=1, it follows by (5.99) in Section EC.9.6
that

E(’Q’9Z<Xi’s,u>‘q) %(41)%)\17’ )( 2>\1U17_'>q7

for any integer ¢ > 2. Therefore, for any given u € SI¥I=1 and z > 0, by Theorem 2.10 in Boucheron
et al. (2013),

—Z (1-FE)(Go,(xis,u >)<v1A1/2<\/E+3> (S.121)
n n

holds with probability at least 1 — e~*. For any fixed u € Ny /5, we have

n

X -BGoxs) } u= 0= E)Ga s, ).

i=1 i=1
Recall N < {9pr/(2s€)}%, |S] < {ep/(2s)}** and |N; 2| < 5%. By (S.120) and (S.121), and
taking union bound over all / € N¢, S € Sand u € M /2, we have for any z > 0,

max sup ||Hg (0|2 < vy )\1/2 [\/slog{pr/(sg)} +z i slog{pr/(s€)} + =z

L€[Ne] ses n n

holds with probability at least 1 — e~ *, provided that £ < r. We complete the proof of (S.104). [

EC.9.8. Proof of Lemma L16
Recall V2R,(8) =n~' " Ko (e — (x5, 8 — 8))xix] and Ko (u) = @ 'K (u/w). Then,

ZEH | Fato—tx- [3>)fai|xi(v)dv}vTxi75xZSv}
ZEH | B s 8- 7)) }vTxl-,Sx;Sv}

IE{V?R.(8)}ss]l = sup

veslsi—1

= sup
veslsi=1
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S fu)\la

where the last inequality follows from sup, cgisi-1 E(|v'x; 5|*) < A1 (Assumption 1) and Assump-
tion 3. As a result,
sup  ||E[{V2Ro(8)}ss]ll < fuli. (S.122)
BEeH(25)NO(r), SES
We will show in Section EC.9.8.1 that, for any z > 0,
sup 11 -E){V*R=(8)}ss]
BEH(25)NO(r), SES

1 1 1 1
SC*Uf)q{\/S og(n/w?ﬂb—;s ogp+ 2 LS og(n/wq)ﬂ;;s 0gp+z}
r

+ {lKvl/\i’/Q\/s logp+ 2z +logn + lfw2)\i’/2/£i/4} (S.123)

n2
holds with probability at least 1 — e, provided that n > v{(slog p+ z), where C, > 0 is a constant
depending only on (kpax, fu)- By (S.123), we can conclude that, for any z > 0, it holds with
probability at least 1 — e~* that

sup (1 =E){ V2R (8)}ss]l| < fu,
BeH(25)NO(r), S€S

provided that new > Cvé(slog p+slogn+z) and n > CAY -2 {0l (slog p+logn+ 2)V/4 + w},
where C' > 0 is a constant depending only on (kpax, f.), and C > 0 is a constant depending only
on (Ix,ly, fu, ka). Together with (S.122), for any z > 0, we have

sup I{V?Ro(8)}ss|| < 2fuhi
BEH(25)NO(r), SES

holds with probability at least 1 — e~*, provided that new > Cvf(slogp + slogn + z) and n >
CA4120012 (slog p +logn + 2) /4 + ww}. We complete the proof of Lemma L16. O

EC.9.8.1 Proof of (5.123)

By Lemma 3.3 of Plan and Vershynin (2013), there exists a {-net {0y, ..., 0y, } of H(2s) N O(r)
with Ne < {9pr/(2s€)}**, such that for any 3 € H(2s) N O(r), there exists a @yg) € {01,...,0x,}
satisfying ||0y(g) — B||2 < £. Furthermore, based on the proof for Lemma 3.3 of Plan and Vershynin
(2013), we know |supp(/3) Usupp(Byg))| < 2s for any 3 € H(2s) N O(r). By triangle inequality,
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for any given 3 € H(2s) N O(r), it holds that

sup||(1 — E)[{V*Rw(8)}ss]|

ses
<sup [{V*Re(B) = V* R (613)) }s5]| +5up [|E[{V* Reo (B) — V* Rex (Bu(3)) Y55 |
ses . ses
L(8) 12(8)

+sup||(1 = E)[{V*Rx(0yg))}ss]ll

ges )

13(04(8))
which implies that

sup  sup||(1—E){V2R-(B)}ssll <  sup  L(B)+ sup ILy(B)+ maxI5(6,).
BeH(25)NO(r) SES BeH(25)NO(r) BEH(25)NO(r) £€[Ne]

(S.124)

Recall V2R, (8) =n 'S Ko(ei — (x5, 8 — 8%))x,x] and K (u) = w K (u/w). Due
to |8 — Oya)l|2 < &, under Assumption 2, we have

L(B)= =sup | Z{K — (xi,8—0")) — Kx(&i — (xi,003) — B")) }Xi 5%, 5

S

= sup sup Z{K —(xi,8—B)) = Kw(ei — (xi,08) — B")) }(x] s0)*
SES ueslsl—1 |1 #
e -

< —5 18up) — 5H2'maXHszsupp(ﬂ)USupp(eew))||2'SUPHESSH

i€[n] SeS

lr

<_§ macsup [ f2-sup [ S| (S.125)
w i€[n] g Ses

where & =n~! > x;x; . This further implies that
k&
up 1(8) < 55 maxsup sl sup | Ess] (.126)
BeH(25)NO(r) w* i€l s Ses

By Lemmas 5.2 and 5.3 of Vershynin (2012), [|x; s[l2 < 2maxuep, , [(0,X; 5)|, where Ny, is the
1/2-net of SI¥!~1 satisfying |\V; 2| < 5%. For each u € Ny, define @ € R? such that tig = u and
uge = 0. Let /\71 /2 denote the collection of all such u induced by M /2. By Assumption 1, for any
z >0,

P(||x;.5]2 > 2) < IP’(Z max [(E'%0,272x;)| > z) < 2.5%e /(BN

UEN1/2
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which implies that, for any z > 0, with probability at least 1 — e %, |x;5[2 <
2\/51)1)\}/2\/25 log5 + z +1log 2.

Due to |S| < {ep/(2s)}**, then, with probability at least 1 — €%, max;e[n) Supges [|Xisll2 S
vl)\}ﬂ\/s logp + z + log n. Together with (S.118) in Section EC.9.7.1 and (S.126), for any z > 0,

we have

levl i’

sup  L(B)< V/slogp+ z+logn (S.127)

BeH(2s)NO(r)

holds with probability at least 1 — e™2, provided that n > vi(slogp + 2).
Write § = 3 — 3" and d,(g) = 03y — 3*. By Assumptions 2 and 3, it holds that

} {K El_<X175>)_Kw(5z’_ Xzaéﬂ }|X1H

A ()00

— ‘ /_ K (0){ fe; 1%, (@0 + (%4,8)) = fey 1, (@0 + (x4, 80())) } dv

Iyl 6 =8l - | K(w)dv =1y, 8— b

Due to [|§ — Syl < & and supyego E(| (i w)) < A supyes E((E7 2, w)) <

3/2 3/4
)\1/ 54/ , we have

\}E[{v2§ (8) — V2R (8u(s)) }ss] |

ZE (xi,8)) — K (i — (xi,0¢(g))) }i,5% ] s
1 n
= swp | Y E{Kx(ei— (x:,8)) = Kolei — (xi, 6u3)) 1V xi,5%] 5V]
ve -1 i=1
1 n

- s L
<2 (Bl 8 bV )|

<IE sup E(|(x;,w)P) <1y e/

uesSr—1

holds uniformly over S € &, which further implies that

sup  L(B) <1eXY?Rd (S.128)
BEH(25)NO(r)
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For any given S € §, by Lemmas 5.2 and 5.4 of Vershynin (2012), it holds that

~ 1 —
|1 =B){V*Re(B0) ksl = sup fu” {; > (1= E){Kx(di - x:emxi,sxzs] u
ucSlsl-1 i=1
T ]' - T T
<2 sup |u {—Z(l—E){Kw(di—xi 0e>}xz-,sxis]u, (S.129)
u€N1/4 n i=1 ’

where N4 is the 1/4-net of SI¥I"! satisfying |NVy/4| < 9%, Let ¢y = Koo(d; — %] 0,) (%] gu)?,
where i € [n] and u € NV 4. By (5.99) in Section EC.9.6, for any fixed u € SISI=1 and any integer
q > 2, it holds that

|
B([x sul) < 2(202M)%L(q) = T4(20PA)"

By Assumptions 2 and 3, it holds that | K, (d; — x; 0)| < @ 'kppax, and

E{K2 (di —x] 0,) | x;} = %/m Kz(v— <Xi£é—ﬁ*>)faixl_(v)dv

o0

kmax fu

w

- %/(: K2(0>f5i|xi(WU—|— <Xi79£ —ﬂ*>)dv <

Thus, for any fixed u € SI¥I=!, we have E(¢?,,) < @ kmax fu(4viA1)? and

kmaxfu (47)%)\1)2 ( kaaxU%)\l ) -

q!
E(|g;iul?) < =
(190l < 2

for any integer ¢ > 3. Therefore, for any fixed u € S/°/~! and any z > 0, by Theorem 2.10 of
Boucheron et al. (2013),

n

1
E ' (1 _E)¢i,u

=1

<\/kmaxfu(vf/\1>22+kmaXU%AIZ (S.130)

~ nw nw

holds with probability at least 1 — e~*. Note that, for any fixed u € SI°I=1,

i=1

u’ [% 2":(1 —EN{Kx(d; - XZOz)}xi,sXZs] u

=1

Recall |N1/4| < 9%, By (S.129) and (S.130), and taking a union bound over u € N1/4, we have

nw nw

11— B){V2 R (8)}ss]] < c*val( stz +)

holds with probability at least 1 — e~?, where C,, > 0 is a constant depending only on (kpax, fu)-
Recall |S| < {ep/(2s)}* and N¢ < {9pr/(2s£)}*. Taking a union bound over S € S and /¢ € [N¢],
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it follows that for any z > 0, with probability at least 1 —e ™7,

max [3(6;) = maxsup [|(1 — E){V?R(8¢)}ss]ll
L€[N¢] LeNe ses8

<cutn (BT = | stostpr/ s6) + S50

nw nw ’

provided that £ < 7.
Combining (S.124), (S.127), (S.128) and (S.131), with selecting £ < rww?n~2 such that £ <7,
for any z > 0 and n > v} (slogp + z), it holds with probability at least 1 — e~ that
sup 11 =E){V*R=(8)}ssl
BeH(2s)NO(r), SES
< C*U%)\l{\/slog(n/w) +slogp+ 2 N slog(n/w) + slogp+ 2 }

nw nw

r
+{lKUIA?/Q\/SIng+z+10gn+lfw2/\?/2mi/4}ﬁ

We complete the proof of (S.123). U

EC.9.9. Proof of Lemma L17
Recall VRL(8) = n ' " {K.((xi,8 — 8°) — &;) — 7}x,, where K(u) = K (u/w) with
K(u)= ["_K(v)dv.Forany 8 € H(s)NO(r)and S €S, it holds that
|E{V Ra(B) — VR (8)}s)ll2
1 ¢ _ _
= " ZE[{Kw(<Xi,,3 —B") —&i) - Kw<_5i>}xi,5‘]
=1

(x4,8—B*)—v

) %ZEH/OO fEiXi(v)/JK(u)dudv}Xi,s} 2

0 _ZEH/ K (u /Xlﬁ e fsixi(v)dv-du}xi,s}

i)
Squ/B /6 H2 sup _ZE Xi,a <fu>\1r

uesSr—1

2

2

where (i) is from interchanging the order of integration, and (ii) follows from Assumptions 2 and

3. Hence, we conclude that

sup  |E{VR(8) — VR (8")}s]ll2 < fulir. (S.132)
BeO(r)NH(s),SeS



ec68 e-companion to Chang, Yang, Zhang, and Zhou: Feature-Rich, Data-Private Newsvendor

Based on (S.132), to establish Lemma L.17, it suffices to derive the an upper bound for

sup 11— E){VR(8) — VR(8")}sl2-
BeH(s)NO(r), SeS

Let S'= {5 C[p]:1< S| < s}. We first fix a subset S" € S’. Write S = S’ Usupp(3*). For
any 1 € RISl and S € S, define

735'("7; S) = (1 - E) [% Z{Kw“xi,gm) - €z‘) - Kw<_€i>}xi,5 .

For any 8 € H(s) N O(r) with supp(3) = 5’, write {s/(8) = (8 — B%)s. Then (x;,3 — B*) =
(x; 5,Cs/(8)). Due to [|€s/(B)[]2 <7 and

(1 —E){VRz(8) — VRx(8")}s = P (Cs(8); )
for any B € H(s) N O(r) with supp(8) =5, then
sup (1= E)}{VR,(8) — VRL(8")}s|,< sup [|Ps(m;9)]-. (S.133)

BEO(r):supp(B)=5" mlla<r

Taking the gradient with respect to 77 yields

n

1
VPs(1:8) == > (1= E)(KinXisx[5)

i=1

where K; , = K ((x; g,m) — €;). By Assumptions 2 and 3, it holds that

Bkl = | - K(W)m(v)dv

:‘/_ K(U)fsi‘xi(<xi,§>n>_W’U)dy Sfu,

1 > <Xi,~7n>_v
]E(Ki%n|xi): E/ K2<ST>fE¢IXi(U)dU
1 [ Fomasc
— K2 I '~7 _ d < max u.
=Rl sm) = ) do <

By Assumption 1, we have for any u € SI¥-1, v € SI¥I-1 and 2 > 0,
P(|(xi,5,u)(x, 5, V)| > 2) <P(|(x;,5,0)] > 2'/%) +P(|(x, 5,v)| > 2!/?) < de™/ M),
Let wiuy = (Xi,5,u)(X; g, V). For any integer ¢ > 1, we have

E(|w; uv|?) :/ P(|w;uv| > vl/q) dv < 4q/ pI~lemv/ (viN) qq) — 4(22}%)\1)‘%]! . (S.134)
0 0
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Then, for any fixed u € S¥I=1, v € SIS=1 and )\ € R, it holds that

E[exp{\n'/?(u, VPs (n; S H E {exp { — E)(Kintwiuy) H

(i)

(2

(ii) f 22 8UZA1 ful Al Emax|A|
< max u u E iuv2 max .
—H[ exp( S B s e (2225

321}%)\% maxfu>‘2 8U1)\1fu|>\| kmax|)\|
+ o exp T E< exp —y Wi v ,

where (i) follows from the fact e* < 1+ u + u?e*!/2 for any u € R, and E(|w; v |) < 807\, and
(ii) follows from the facts (a 4 b)* < 2a® + 2b” for any a,b € R, E(K?, |X;) < Eaxfu/w, and
E(|w;uv]?) < 320fA2. For any given ¢ > 0, by (S.134),

— 1 1601}%)\1
1 —8cv?\ — ’

E {exp(cluiun])} = E{HZ%}SHZ(WW

q=1
provided that 16cvi); < 1, where the last inequality follows from the fact (1 — z)~! < e?® for any
x € [0,1/2]. Thus, we can conclude that

E{ exp (k;i)jg |wi’uﬁv|> } <e

for |\| < @wn'/2(16knaxv? A1) L. Analogously, it also holds that

Fema| Al Wema| Al 1z
E |2 max . < >E(lw: .. [*NY2 | R Zrmax 12 s
{!wz,u,v! eXP( ' \wz,u,v\)}_{ (lwiu )} R - | Wi |

< 48eviA?,

provided that |\| < @n'/2(32k a0 A1) ", which further implies

= 80T A2 kmax ful? 8V ful\|
/\ 1/2 , 1 max u 1 u
[exp{ n’*(u,VPs (n;S H{ o exp <—\/ﬁ )}

n

/\2 2)\ 2/\2
H{1+ ClU%)\l } Sexp{—(olvl 1) }
2nw

2w
=1

for some constant C; > 0 depending only on ( f,, kyax ), provided that A\? < @?n(32kmaxviA) 2
Due to |S| = |S" Usupp(8*)| < 2s, for any z > 1/2, by applying Theorem A.3 of Spokoiny (2013)

with the parameters (v, g) chosen as vy = Crv? w2 and ¢? = @*n(32v/ 2kmaxv? A1) 2, We
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obtain

8s+ 2z
nw

sup [|Ps(n:9) |2 < 6C10IA T

[mlla<r

(S.135)

holds with probability at least 1 — e~, provided that nw? > (32v/2kmaxv?A1)?(8s 4 22). Notice
that |S’| < (ep/s)®. By (S.133) and (S.135), and taking union bound over all S’ € S’, we have for
any S €S and z>1/2,

up —E VAR i} VA * slog(p/s) + z
5 ||(1 ){ w(,B) Rw(ﬁ )}SH2<C*U%)\17' %
BeH(s)NO(r) = "

(S.136)

holds with probability at least 1 — e~*, provided that nw? > k2. v\ (s + z), where C, >0 is a
constant depending only on ( f,, kmax)-
Recall S| < {ep/(25)}*. By (S.136), taking a union bound over all S € S yields for any

z2>1/2,

R 2 * slo S)+ 2
sup |1 =E{VR(8) —~ VR (8")}s|, < Crvihir slog(p/s) +2
BeH(s)NO(r), SeS o

#, provided that nww? > k2 __viM3 (s + z), where C,, >0 is a

max

holds with probability at least 1 — e~
constant depending only on ( f,, knax ). Combining with (S.132), for any z > 1/2, we have

~ ~ . 3
sup [{VR=(8) — VR(8")}s], < g fudir
BeO(r)NH(s), SES

holds with probability at least 1 — e, provided that nw > 4C?, f,%v{(slogp + z) and nw? >
CoxViA2(s + 2), where C., > 0 and C.,,, > 0 are two constants depending only on (f,, kmax)-

Hence, we complete the proof of Lemma L17. U
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