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E-Companion to “Sum of Squares Submodularity”

Appendix A: Additional Material Related to Section 3
A.1. Background Material and Notation
The first two results we make use of are linked to multilinear polynomials and are straightforward

to show.

LEMMA EC.4. Let F : R" — R be a multilinear polynomial. We have:

OF(x)
(9)6,'

=F(xt,...,xi-1, Lxist, oo, x0) = F(x1, .. 0,21, 0, x40, ..., X)), Vi=1,...,n.

LEMMmA EC.2. Let F : R" — R be a multilinear polynomial. We have:

F(xi,....xiy...,xp)=x;F(x1,...,1,...,x,) + (1 =x;))F(x1,...,0,...,x,), Vi=1,...,n.

Some additional background material in algebraic geometry is required for some proofs, which
readers familiar with the material may skip. We assume that some concepts, e.g., monomial order-
ings, radical ideals, and Grobner bases, are known; see (Laurent 2009, Section 2) or (Blekherman

et al. 2012, Appendix A.2) for definitions. Recall the definitions of the ideals given in (1) and (3).

PropPosITION EC.1. Assuming s, > ... > s1 >y, > ... >y > X, > ... > X|, the polynomials
generating the ideals in (1) and (3) constitute reduced Grobner bases of the corresponding ideals

with respect to the graded lexicographic order.

This is straightforward to show using, e.g., the definition of a reduced Grobner basis. Given a
polynomial p € R[x] and an ideal with a reduced Grobner basis, the normal form of p with respect
to the Grobner basis, denoted by p, is the remainder of p when performing multivariate division

on p by the Grobner basis. This remainder is unique. Normal forms have the following properties.

LemmA EC.3 (see, e.g., Permenter and Parrilo (2012)). Let p,q € R[x] and let I be an ideal with
associated reduced Grobner basis G. Further, let p and q be the normal forms of p and q with
respect to G. We have:

1. Ideal membership: p el & p=0

2. Arithmetic identities: p(x)-q(x) =p(x)-q(x) and p(x)+qg(x) = p(x) +q(x).
3. Congruence modulo I:p =q mod I if and only if p=4.
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RemARk EC.1. To obtain the normal forms of a given polynomial p modulo any one of the three
ideals under consideration, we simply use the equations that describe these ideals to sub out
the higher degree variables/monomials (e.g., xl.2 for I,[x]) that appear in p by the lower degree

variables/monomials (e.g., x; for I;[x]).

RemMARK EC.2. In the definition of #-sos modulo 7 (see Definition 5), if G is a reduced Grobner
basis of /, one can assume without loss of generality that g, is in normal form with respect to G;
see (Blekherman et al. 2012, Section 3.3.5). In particular, for all three of our ideals, we can assume

that g, is a multilinear polynomial in the appropriate variables.

DeriniTioN EC.1. Given x = (xq,...,x,) and y = (y1,...,yn), and for i € {0,...,n+ 1}, we let

[xy] to be the vector of variables of size n whose k’" entry is given by:

; xp ifk=1,...,i
[xy] k=
ve iftk=i+1,...,n.
Furthermore, for a vector of variables x and « € R or a variable, we let [x]*=% be the vector x with

k'" entry set to z. We further let [x]*=*/= be the vector x with k’* entry set to a and j'" entry set

to B, where a, 8 are real numbers or variables.

A.2. Proofs of Results in Section 3.1.
Readers familiar with the sum of squares literature may find these arguments standard and may
wish to skip this section as a consequence.

Proof of Proposition 3. Let t € N and let f be t-sos-submodular with MLE F. Further, let
i,je{l,...,n},i# j. We have:

_62F(x)
0x;0x

= Z q%(x_i’j) mod I, [x_i,j] (ECl)

for some g, € R[x_; ;] such that deg(g,) < t. Recall from Section 2.4 that Vr (I2[x_; ;]) = {0, 1}72
and that (EC.1) implies

_PF(x)

ax,ﬂxj - Z q%(x'i’f)’ Vx_i; € V(2 [X—i,j]).

As q%(x_,-,j) > 0, Vx_,-,j € Rn—Z, we have qu%(x_i,j) > 0, Vx_,-,j S {0,1}11—2, and
—82F(x_l-,j)/c?xi6xj >0, Vx_;; € {0, 1}"=2. The result follows from Proposition 1, (iii’). O

We use the notation S” to denote the set of symmetric matrices in R"*".
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Proof of Proposition 4. Let f : 2% — R be a set function and let F be its MLE. Following
(Blekherman et al. 2012, Section 3.3.5), checking whether f is #-sos-submodular amounts to solving

the following feasibility semidefinite program:

min 0
Qij€SN i j=1,...n,i%]
0%F (x
-5 &) =tr (Qijz(x—i,j)z(x—i,j)T) NVij=1,.. .m0 %], (EC.2)
X,'Xj

Qij=0,Vi,j=1,...,n,i #].

Here, the overline refers to the normal form with respect to I>[x_; ;] (see Appendix A.1), N =
! o ("%), and z(x_; ;) is the set of all multilinear monomials in x_; ; of degree less than or equal
tor. ASx_;; € R"=2, this means that the size of z(x, j) is N, which justifies the size of Q. O

To give the reader a clearer view of the SDP formulations of checking #-sos-submodularity for a
given t, we derive the SDPs for testing 2 and 3-sos-submodularity on the function in Example 1.

Code to solve these SDPs is provided here which uses the open source solver SCS.

ExampLE EC.1. Recall the degree-5 set function f defined on a ground set of size n =15 given in

Example 1. Its multilinear extension F is given by
F()C1 ,)CQ,X3,X4,X5) = 3)C1)C2)C3)C4XS — 4)C3)C1)C2 — 9)C4)C1)C2 — 12)61)62)64)65 — 4)C1)C2)C3)C5 — 4)C1)C2)C3X4 +2.

To determine whether f is 2-sos-submodular, we need to solve (EC.2) with n=5,N =7, and
2(x_ij)= [1, Xk, X0, Xy Xk X0, Xk Xoms Xem || for {k, €, m}y € {1,...,5}\{i,j}andi,je{l,...,5},i#J.
This optimization problem can be reformulated as an explicit SDP as we see now. We seti =1 and
j =2 toillustrate. Other values of i and j are dealt with identically. Let Q» € S” and denote by Q’l‘g
the (k,{)-entry of Q1,. The constraint

_62F(x)
(9X1X2

=tr (lez(x_l,z)z(x—ll)T)

requires us to derive the partial derivative of F' with respect to x; and x; :

0’F
(9)61 (9)62

= —3)63)64)65 + 4)C3)C4 + 4)63)65 + 4)C3 + 12)64)65 + 9)C4.

With z(x_12) = [1,x3, x4, X5, X3X4, X3X5, X4X5] T, the constraint then becomes:

— 3x3x4%5 +4x3x4 +4x3x5 + 4x3 + 12x4%5 + x4

= tr(lez(x_l,z)Z(x—l,z)T)
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1 X3 X4 X5 X3X4 X3X5 X4X5

X3 X3 X3X4 X3X5 X3X4 X3X5 X3X4X5

X4 X3X4 X4 X4X5 X3X4 X3X4X5 X4X5

=1 Q12 ] X5 X3X5  X4X5 X5  X3X4X5 X3X5  X4X5
X3X4 X3X4 X3X4 X3X4X5 X3X4 X3X4X5 X3X4X5

X3X5 X3X5 X3X4X5 X3X5 X3X4X5 X3X5 X3X4X5

X4X5 X3X4X5 X4X5 X4X5 X3X4X5 X3X4X5 X4X5

=01+ (2013 +01)x3 + (2013 + 013)xa + (2015 + 013)xs5 + (2015 +2073 + 207 + 20735 + 073)x3x4

+(2015 +2075 +2075 + 2075 + 0%)x3x5 + (2017 + 20735 + 207 +207) + Q1)) xaxs
+(207) +2035 + 207 + 2075 +207] +20%7) x3x4x5.

By matching coefficients of the polynomial on the first line and the polynomial on the last three

lines, we obtain the following linear equalities:

0;;=0. 2013+0(3=4. 2013+071,=9, 201;+01;=0,
203+201;+2073+20713+ 073 =4, 2015+207;+2013+201;+ 015 =4,
2017+20% +203+204+071 =12, 20%1+20%+20% +2035+20%7 +20¢ = -3,

to be combined with the constraint Q1 > 0. We can then proceed in an identical fashion for all
(i,j) €{l,...,n},i # j. We thus obtain the following SDP reformulation of (EC.2):

le,lest,le,Q23fgi2£1,Q25,Q34,Q35,Q45€S70

st.Qp=0, 203+073=4, 203+01,=9, 20;;+0p=
2013+207 42011 +205 +0i =4, 201542011 #2075 +2015+ 0 -
2017 +203+2037+2017+ Q70 =12, 203 +2035+207% +2035 +2077 +20%7 = -
Qg:O, 2Q +Q13—’ 2Q Qn—’ 2Q}g+Q‘1“3‘:O
2013 +205 4201 +203+ 073 =4,  20]5+2073 +2035+2075 + 0%
20 +201 5207 +207+01 =0, 20142014205 420804200 420 =—3
0:5=0, 202+03:=0, 203+03=0, 20}i+04i=
203 +2053 42022 +2023+ 032 =12, 2018 +2038+2038+2075+ 0%
20,1 +203+2031+2037+011=0, 2037 +2038+203: +2035+203] +20%] = -3,
012,013,014, 015,023, 024, 025, 034, 035, 045 = 0.

The SDP (EC.3) can be solved numerically; see here for an implementation. In an echo of Example 1,

we find that the problem is infeasible, implying that f is not 2-sos-submodular.
To test whether f is 3-sos-submodular, we change z(x_; ;) to allow for multilinear monomials
of degree up to 3, that is, we let z(x_; ;) = [1, Xk, X0y Xoms XkX0s XkXms Xems Xkem) ! for {k,€,m} €


https://mybinder.org/v2/gh/SOSSubmodularity/SOSSubmodularity_Revision/5c878bf0f0c92b63d781a20d07aabe9e26fcf9d1?filepath=ExampleEC1/ExampleEC1.ipynb
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{1,...,5}\{i,j}andi,j e {1,...,5},i # j. We then solve (EC.2) once again with decision variables
{Qi;}i,; that are of size 8 X 8. Proceeding in a similar way as above for its derivation, we obtain the
slightly larger SDP:

012,013,014,015, sznglizﬂl 035,034,055, Q456580
st.Q1h=0, 2013+093=4, 2013+033=9, 2013+07];=
2015 +205 +205 +203+ 075 =4,  2015+2075+2035+2015 + 0% =4,
2017 +20% +20377 +207] + Q1) = 12,
2018 +20% +208 +2035 + 2038 + 201 +201 +2078 +2037 + 2038 + 209 +20% + 2078 + 0¥ = -3
(EC.4)
0i=0, 20)2+032=0, 203+03=0, 20}i+03i=0,
2013 +203 +2022 +205 + 031 =12, 20.8+203+2035 +2038 + 0% =0,
2041 +203+2031 +2037 + Q11 =
20,3 +2051+2038 +2028 +2038 +203: +2033 +2038 + 2031 + 2038 + 2087 +20%8 + 2078 + 02 = -3
012,013,014, 015, 023, @24, 25, O34, 035, Q45 = 0.

The SDP (EC.4) is feasible, and a feasible solution can be obtained numerically; see here. This

establishes that f is 3-sos-submodular, and hence submodular.

We now move onto the proof of Proposition 5, which makes use of the following result which is

an immediate corollary of (Sakaue et al. 2016, Theorem 3.2).
LemmA EC.4 (Sakaue et al. (2016)). Consider the binary polynomial optimization problem:
min £ (2)

s.t.ze{-1,1}",

(EC.5)

where f is a polynomial of degree d and in n variables. The semidefinite programming-based

relaxation of order [MT_I] in Lasserre’s hierarchy is an exact reformulation of (EC.5).

We can then combine Lemma EC.4, where we operate the affine change of variables x; = (z;+1)/2
fori=1,...,n to work on {0, 1}" instead of {—1, 1}", with known results in the sum of squares
literature regarding the Lasserre hierarchy (see (Laurent 2009, Section 6.2)) to obtain the following

corollary.

CoRroLLARY EC.1. Let f be a degree-d, n-variate polynomial, nonnegative on {0, 1}". For any

r> [%], f is t-sos modulo I|x].
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Proof of Proposition 5. Let f :2% — R be a set function of degree d and let F be its MLE.

Note that — a)fa(x) is of degree at most d —2 forany 7, j € {1, ...,n}. To obtain monomials of degree

d — 2 when expanding a sum of squares polynomial, it must be the case that this sum of squares
polynomial has degree at least [%].
Now suppose that f is of degree d and is submodular. Thus, from Proposition 1, it follows that
gxfa(;) >0,Vxe{0,1}"andi, je{l,...,n}. Fixi,j € {1,...,n} and note that — gxf:am is of degree
d -2 and in n — 2 variables. The fact that — o g(x)

Corollary EC.1. O

is #-sos mod I [x_; ;] for t at most ["+d 21 follows

A.3. Proofs of Results in Section 3.2.

Recall the notation given in Definition EC.1 in Section A.1.

LEMMA EC.5. Let f be a set function and let F be its MLE. We have:

oF oF d’F .
a_JCi(X)_a_xi(y)_]le:#(yJ xj)- ( ([xy]l)),forizl,...,n (EC.6)
F) - F(y) =~ Z( 89 (L) EC7)
y Yi i ox; y .
F@ - F0) ==Y 01— 2 (1) (EC3)
P (9x,-

Proof.  We first show (EC.6). Leti € {1,...,n}. Using telescopic sums, we have:

aF OF . OF a OF o o (OF j\ OF i

7 = 500 = Z (Lol = 5= (L] )_j;#( 7 (Lo1) = 5= (Lol D).
We observe that [xy]/ and [xy]/~! only differ in entry j, that is, [xy]/7=! = [xy]/~!/=! and
[xy]//=9 = [xy]/~1/=9. Thus, from Lemmas EC.1 and EC.2,

0 0
e DR 1)—xjaF([ny ) (=) S (Lol =y 2 (a7

! Ox;

—(l—yj)a([xy]ﬂ”:o)

=05 (%([W]”’z% - Sl ,,:1))
0?2 )

= (3= %)) (-ax.;; . <[xy]f>) .

i0Xj

We now show (EC.7). Similarly to above, using telescopic sums, we have:

F@) = F(y) = F([xy") = F(1xy1%) = ) (F(Leyl) = F(Leyl ™).
j=1
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As above, note that:

F([xy)’) = F([xy)’ ™) =2 F([xy] /=) + (1 = x)) F ([xy]70)
=y F([eyl ™= = (1= y ) F([xy) ™70
RPN ) pTonY
_(yj _xj)aTj([x)’]_j)»
which gives the conclusion. Finally, we show (EC.8). We use telescopic sums to obtain:
F(x) = F(3) = F([yx1) = F([yx]") = )" (F(lyal ™) = F(lyx)))

J=1

Similarly to before, we have:

F(Iyal ™) = F(Iyxl) =P (L) 4 (1= ) F ([ 770)
=y F ([ = (1= 3 ) F([yx)770)

(1) (Ll

Xj
which leads to the conclusion. O
Proof of Theorem 1. Suppose that f is t-sos-submodular. For i, j € {1,...,n},i # j, we have:

_02F(x)
8x,~(9xj

EZ rz](x—ll) mOd[Z[x—lj]

where g, ;; € R[x_; ;] and deg(q,;;) <tforr=1,...,m. From Lemma EC.5, for fixedi=1,...,n,

we then have:

OF _ OF N 0%F ([xy]Y)
D5 =, (-1 (——)

j= 1].# 6x,-8xj
Z Dy —x)aki (), ;) mod h[[xyl, 1.
j=lj# T

Now, for any j € {1,...,n}, j #1i, note that 12[[xy] ] Iy [x-;,y—i] and

(yj —Xj)2 Eyj —X; mod ]1 [x_,-,y_,-].

Thus,

m n . 2
5§if>_3gif)= 20 (i =xars(bol, ) mod Ik, -],

r=1 j=1,j#i

As deg(q,,;j) <tfor q,;; € R[x_; ], deg ((y] Xj)qr, ,J([xy] )) <t+1, which gives the result.
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Now leti € {1,...,n}. Suppose that we have:

O0F (x) BF(y)
ax,‘

qu(x iny-)? mod I [x_;.yi] (EC.9)

where ¢! € R[x_;, y_;] is multilinear (see Remark EC.2) and deg(q') < ¢+ 1. Note that

OF (x) B OF (x) _
6)@' axi -

0= Zqi(x—i’x—i)z mod 11 [X_i].

Thus, ¢'.(x_;,x_;) =0 mod I, [x_;] for any r. Now, let j € {1,...,n} such that j #i. We have:

O*F(x) _dF([x)=") aF([x]’7")
Cowox; o ox

(EC.10)
As ¢ in (EC.9) is multilinear, we can write using Lemma EC.2,

gh (i (X)) =y ()T 1)+, (1= y g ([ [2077°)
+ (=) (5 DD + (=) (1= y g (10 [ )

= (v =2); (I L) mod i, 16177

where we have used the fact that ¢ (x_;,x_;) =0 mod I1[x_;] (and I1[x_;] C I [x_;, [x]j:.yf])

-1
J y/]

and the fact that x;y; =x; mod I [x_;, [x] As deg(ql) <t +1 for ¢ € R[x_;,y_], it fol-

lows that deg(q') <t+ 1 when ¢’ € R[x_;, [x ]]_ *7]. As the normal forms of ¢’ (x_;, [x 4 /) and

g ( [x]{ l:.o, [x]]; lz.l) mod I [x_;, [x] i Y71 are themselves, we can use Lemma EC.3 to conclude that

deg(qi([x]j =0 [x]{ lz.l)) < t. Combining (EC.10) and (EC.9), we then have that:

—1 b

_62F(x)
ax,-axj

= > a1 175? mod N[[x177, (x5

As L [[x)20 2175 = B [x-i ;] and deg(q.([x]73°, [x]75")) <1, f is t-sos-submodular. O
Proof of Theorem 2. Suppose that f is t-sos-submodular. Using (EC.7) and (EC.8) and the

notation in Definition (EC.1), we have:
G(x,y,s)=F(x)+F(y)-F(x+y—s)—F(s)

:_Z(y,_S, ([x(x+y-9)1) - Z(sl y,)—<[ 1)

=Z(yz'—si) (g([sy]")—%([x(x+y—s)]i)). (EC.11)
i=1 i i
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Letie{l,...,n}. From Theorem 1, as f is t-sos-submodular, we have

oF oF

8_x,~(x) - (9_x,-(y) = Z qZ(x_i,y—) mod Iy [x_i, y],
where g, (x_;, y—;) € R[x_;, y—;] and deg(q,;(x—;, y—;)) <t + 1. This implies that
——([sy]) = ——([x(x+y - 9)]) = Z a7 ([sy) s Ix(e+y=5)1)  mod Ii[[sy]",, [x(x+y—9)]"].
(9)6,' ax,- P
Note that deg(q,;( [sy]i_l., [x(x+y- s)]i_i)) < t+ 1. Substituting this in (EC.11), we get:

G(x,y,9)= ) > Gi=s)ar([sylo, [x(x+y=5)1")  mod Ii[[sy]',, [x(x+y - 9)]',].
i=1 r

It is straightforward to show that I, [[sy]"_l., [x(x+y - s)]i_l.] C Ip[x,y,s]. Furthermore, y; —s; =

(yi—s:)* mod Iy[x,y, s]. Renaming g,;([sy]", [x(x+y—s)]",) to be Gri(x_;, y_i, 5_;), we get that

n
G(x,y,8)= ) ((vi=5) - Grix-i,y-ir5-))>  mod Io[x,, s].
i=1

As deg(g,i(x—i, y—i,s—i)) < t+1, the result follows.

For the converse, we have that:
_ 2
G(x,y,s)= E qr(x,y,5)° mod Iy[x,y,s] (EC.12)

where ¢, € R[x,y,s] and deg(q,) <t+2. As mentioned in Remark EC.2, we can take ¢, to be in
normal form with respect to Iy[x, y, s]; in particular, we can assume that it is multilinear.
It is not hard to see that G (x, y,x) =0 for any x, y and so ¢, (x,y,x) =0 mod Iy[x, y,x] for any

r.Letie{l,...,n}. Using this and the fact that ¢, is multilinear, we write, for fixed r:

4,y (17 = (1 =) yisigr (L0, D1 1) oy (1 =g ([ 17, [)0)
+(1=x) (1= y)sig, (L0 10 ™) (1 =3 (1= s, (1) [0, [x170)

= (xi - Si)qr([x]i:19 [y]izo’ [x]i:()) mod IO[X’ s S]-

We have that deg (g, (x, y, [x]'=*)) < t+2as apolynomial inR[x, y, s]. Following a similar argument
as the previous proof regarding normal forms, it follows that deg(q, ([x]"=!, [y]*=Y, [x]=0)) <t +1.
Now, from Lemma EC.1, note that

OF(x) OF(y)
8x,- ax,-

= F([x]™) + F([y]°) = F(Iy1=") = F([x1=°) = G([x]=, [y]=0, [x]'0).
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Plugging (EC.12) into this, we get:

IF(x) OF(y)

i=0 i=0
G g =G DI )

= 3 g2l I [0 mod Io[1x], [y1, [x]°7)

It can easily be shown that /o[ [x]*=1, [y]=, [x]"=° € I1 [x_;, y—]. Thus,

AF (x) aF(y)
8x,-

qu[x]” [0, [x]=0)  mod I [x s,y ]

As deg(q,([x]=1, [y]70, [x]=°)) <t +1, the result follows. O
Proof of Theorem 3. Suppose that f is t-sos-submodular. Using Lemma EC.5, we get that

$ dF
F) = FO)+ Y i) 5o (0 = Z(yl ) (GE 00~ G (o).
i=1
From Theorem 1, as f is t-sos-submodular, we have, for any i € {1,...,n},

—<>——< )= Zq,,<x_,,[xy] ) mod Iy [x, [xy]',],

where deg(q,:(x_;, [xy]" ;)) < t+ 1. Renaming g,;(x_;, [xy]i_i) to ¢,i(x—;,y—;) and noting that
deg(g,;) <t+1and I{[x;, [xy]" S Ii[x_;,y-i], we get that, for any i € {1,...,n},

—( )——( e Zq,,(x »y-) mod Ii[x_i,y-i].
As I [x_i,y—i] € I [x,y] and y; —x; = (y; — x;)> mod I [x, y] for any i, it follows that
F(x)—F()’)"‘i()"—x')a—F(x)EiZ(()"—x')'q (x_1,y-))> mod I [x,y]
= l 1 axz - - l 1 rt —1s ) —1 1)

and we obtain the result.

For the converse, suppose that
Hi(x.y)= ) ¢;(x.y) mod Ii[x.y] (EC.13)

for g, € R[x,y] and deg(q,) <t+2. As in Remark EC.2, we can assume that g, is in normal form
with respect to /1 [x, y]. In particular, g, is multilinear. It is straightforward to see that H(x,x) =

0, thus ¢,(x,x) =0 mod I [x,y] for any r. Likewise, H([x]"=°, [x]*=!) = 0, which implies that
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g-([x]7°, [x]=") =0 mod I;[x,y]. Now, fix i, j € {1,...,n} with i # j. Recalling the notation in
Definition EC.1 and multilinearity of g, and using the equivalences above, we have:
qr(x, )= 20) = (1= x) (1= x)yiyqr (] =70, (x5 mod 1y [, [x]=/2]
= (yi —x0) (v = x) - ([x]=770, [x]==h) - mod Iy [x, [x]™=7/=V].

From this, we obtain, as done in previous proofs, that deg(g, ([x]=%/=, [x]*=1/=1)) <. Now, note

that:

_82F(x) :Hl([x]izo,jzﬂ X z 1,j= 1) Zq —0] 0 x]izl,jzl) mod Il[[x]izo,jz() [X]i=l,j=l]
ax,ﬁxj 4 ’ ’

where we have used Lemma EC.1 and the equivalence from (EC.13). As I [ [x]=%/=0, [x]*=1/=1]
I [x_; ;], and we have deg(q, ([x]=%/=0, [x]"=1/=1)) <1, it follows that f is ¢-sos-submodular. O

Proof of Theorem 4.  Suppose that f is z-sos-submodular. Similarly to the proof of Theorem 3,
we can show that:

F= )~ 5030250 < 5y - (202D 200
i=1 [ i

The proof of the implication is then identical to that of Theorem 3.
For the converse, note that, once again,

_PFW)

_H i=0,j=0 ,1i=1.j=1y
Ty = (1

The proof of the converse is then also identical to that of Theorem 3. O
Proof of Theorem 5.  Suppose that f is ¢-sos-submodular and let i € {1,...,n}. From Theo-
rem 1, we have that:

OF (x) aF(y)
6x,-

Zq,(x_,, D% mod I [x_i, yi] (EC.14)

where ¢! € R[x_;,y_;] and deg(g’) <t + 1. Using Lemma EC.5, we have that:

Flrty—s)- F) = 3 (-5 220G L D) (EC.15)
i=1 !
We also have:
F(x+y-s)—-F(y)= Z(Xi ) 8F([(2;_S)y]i. (EC.16)
i=1 !
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Now, using (EC.14), we get:

R 2 00 - D lery =2l mod Dl ey =)<l

where deg(q' (x_;, [(x+y — s)x]i_l.)) <t+ 1. Likewise,

IF([(x+y=s)y]) _dF(x+y-
6)6,' - 0x,-

S LGy =Ty =)0
mod It [[(x +y —5)y]";, (x+y —5)-],

where deg (g’ ([(x+y— s)y]i_l., (x+y—1s5)-;)) <t+1.Plugging these equivalences back into (EC.15)
and (EC.16) and noting that:

I [x_;, [(x+y—s)x]i_l-] C Ip[x,y,s] and 11[[(x+y—s)y]i_i, (x+y—-s5)—] S Illx,y,s],

we get the following equivalences, modulo /y[x, y, s],

Flx+y—s)=Fx) =) (yi—s) gg) - > b [+ y - S)X]’_l-)z)
i=1 ! r
. 9 - . .
Flx+y=-s)=F(y)= ) (xi—s) % + ) @ ([Ce+y =)yl (x+y _S)—i)z)
i=1 ! r

Subtracting the first one from the second one, we obtain:

Gi(x,y,8)= ) (vi=s) ) a) (v, [(x+y = )x])
i=1 r

n

> (=50 > g ([(x+y =)y (r+y=95))7 mod Iolx, y, s].

i=1

Noting that (y; — s;) = (y; — s;)> mod Iy[x, v, s] and (x; — ;) = (x; — 5;)> mod Iy[x, v, s], we get
that, modulo Iy|[x, y, s],

Gi(x,39)= 3 3 (=00 (oot [+ 3 = 9)x1)) + (= 50} ([ y = 9)y1E (e 4y = 9)-9) ).
=1 r

The result follows as the degree of each term in the square is less than or equal to  + 2.

For the converse, we have

Gi(x,3,5) =) 4;(x,y,5) mod Io[x,y,s]
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for some polynomials g, € R[x, y, s] with deg(g,) <t+2. We remark that G| (x,y,x) = H|(x,y).
Furthermore, Iy[x,y,x] = I;[x,y]. Thus, setting s =x and renaming g, (x,y,x) to g,(x,y) in the

above equation gives us:
Hi(x,)=G1(x,y,x)= Y 4;(x,y) mod I [x,y],
r

where deg(g,) < t+2. This gives us the result from Theorem 3. O

Proof of Theorem 6.  For the implication, using Lemma EC.5,

([ ]) 0F([yS]").

F(x) = F(s) = Z(x, —sp Pl o

and F(y) - F(s) = Z(y, =)

Then as f is t-sos-submodular, from Theorem 1, (EC.14) holds, which enables us to write

OF ([xs]") _ dF(s) Z 4ri(s, [xs])?  mod I [s_s, [xs]i_i]

8)6,'
OF ([ys]") _ 0F(y) i\2 i
o= g, T 2 D)) mod s [yl
for any i € {1,...,n}. The conclusion follows in an identical way to the proof of Theorem 5.

For the converse, set, once again s =x and note that G,(x,y,x) = H>(x,y). The conclusion
follows in an identical way to the proof of Theorem 5. O

Proof of Proposition 6. It is easy to see that Theorem 1 involves n sos constraints as opposed
to Theorems 2—6 which involve just one. To establish the size of the semidefinite programs under
consideration, we consider the number of monomials in (x,y,s) (resp. (x,y)) of degree at most ¢
corresponding to the Grobner basis for Iy[x, y, s] (resp. I [x, y]).

For the case of I [x, y], consider any monomial of degree k < ¢. It contains at most one of either
x; or y; for fixed i € {1,...,n}. Indeed, x;y; =x; mod I [x,y] and thus any appearance of x; and
yi simultaneously will reduce to x;. As a consequence, one needs to pick k indexes out of the n
possible and choose either x; or y; for each index. This corresponds to 2 choices. Thus, there are
(2)2" possible monomials of degree k. As we are interested in the number of monomials of degree
less than or equal to ¢, we get 2220 (Z)Zk. This explains the size of the semidefinite programs
involved in Theorems 1, 3, and 4.

For the case of Iy[x,y,s], consider once again any monomial of degree k <. As before, it
contains at most one of either x;, y; or s; for fixedi € {1, ..., n}. Indeed, modulo Iy[x, y, s], x;y; = s;,

x;is; = 5;, and y;s; = s5;. As a consequence, one needs to pick k indexes out of n and choose either
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x;, y; or s; for each index. This corresponds to 3 choices. Thus, there are (2)3" possible monomials
of degree k and a total of ZZ:O (2)3" monomials of degree at most ¢. This explains the size of the

semidefinite programs involved in Theorems 2, 5, and 6. O
A.4. Proofs of Results in Section 3.3.

Proof of Proposition 7. Nonnegative weighted sums is immediate from the fact that the set of
t-sos polynomials are a cone and that differentiation is a linear operation. In the remainder, we let
F be the MLE of f and G be the MLE of g.

For complementation, we have G (x) = F(1 —x) for all x € {0, 1}", where 1 is the vector of size
n of all ones. Leti, j € {1,...,n}, we have:

_0Gx) _ dF(1-x)
0x;0x; dx;iox;

As a t-sos polynomial remains z-sos when composed with an affine mapping, the result holds.

For restriction, setting a = 14, we have G(x) = F(a o x). Thus, for i, j € {1,...,n}, we have:
G (x) dF (aox)
— =—q;a;————=.
ébcl-axj / 8x,-8xj

Note that a;a; > 0 as a;,a; € {0, 1}. The result holds for the same reason as complementation.

For contraction, setting a = 14, we have G(x) = F(a+x—aox)—F(a). Thus, fori,j € {1,...,n},
we have: )
oG x 0F(aox)
- =—(1-a)(l-a;))————.
0x;0x; (I-a)(l=a)) O0x;0x;

Note that (1 —a;)(1—a;) > 0 and the result follows similarly to restriction. O

The following lemmas are needed to show Proposition 8.

LEmMMA EC.6. Let wi =wy =...=w, =2 and let B=2n — 1. Consider the set function f(S) =

min{B, };cg w;}. Its multilinear extension F is given by F(x) = 3", wix; — [T}, x;.

We use the notation from Section 2.2 in the proof. Namely, we write

F(x)= Z a(T) ﬂxi, where a(T) = Z(—Uf—Sf(S),VT cQ.
TCQ ieT scr

Proof. Let B =2n and let f(S) =min{B, Y,;csw;} = Y;cswi. Let F be the MLE of f with
coefficients dr for T C Q. It is quite straightforward to see that F(x) = 2.y wix;. Now, note that f
and f coincide on all sets S with |S| < n— 1 as min{B, Y,;cg w;} = X;cs W; for any |S| < n. However,
f(Q)=2n—-1and f(Q) =2n. It follows that

a(T)= Y (1) F($)= D (- F($) =a(T),¥|T| <n.

ScT ScT
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For T = Q, we then have

a@=> (M= > )+ (D F(Q)

TcQ TCQ,|T|<n-1

=D, )T+ f@ - FQ)+f(Q)

Tc{l,...,n}H|T|<n—-1

=a(Q)-2n+2n-1=-1,

which gives us the result. O

LemmA EC.7. Forn > 1, let f: 2% — R be the set function with MLE:

Z XiXj.

I<i<j<n

-1 <
F(x):1+n—Zx,-—
n
i=1

We have that F(0)=1,F(1) =0, and F(x) > 1 forall x #0, 1.

Proof. 1t is straightforward to see that F(0) =1 and F(1) =1+ ”%1 n- . @ =0.

n—1

Now, let x # 0,1 and suppose that x has k ones and n — k zeros. We have that 3"  x; = k and

k
Di<icjen XiXj = (2), thus:

n n-—1

~1 2 k(k—1 1 k-1
Fo)=1+2"" k- ( ):1+k(” )
n 1 2

n-—
Asn—lzk,itcanbeshownthat”n;1 ﬁ >0,and so F(x)>1forallx#0,1. O

LEMMA EC.8. Forn> 1, let f: 22 — R be the set function with MLE:

F(x):ZZn:x,- I’l4(’:l—2) Z XiXj.
i=1

1<i<j<n
We have that F(0)=0,F (1) =1, and F(x) > 1 forall x #0, 1.

Proof. 1t is straightforward to see that F(0) =0 and F(1) =2n — ‘E:‘l %) . @ = 1. Now let

x #0, 1 and suppose that x has k ones as above. As before, we obtain

dn-2 k(k—=1)

Flx)=2k - nin-1) 2

We define h(k) =2k - 12 YD for 1 < k <n—1 and show that (k) > 1 for all k. This implies

that F(x) > 1 for all x # 0, 1. Note first that & is concave in k by, e.g., considering its second

derivative. It follows that its minimumisatk=1ork=n—1. As h(1) =2 > 1 and

4n-2 (n—-1)(n-2) 3 2 1

h(n—l):2(n—1)—n(n_1) > -

we obtain our result. O
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LemmA EC.9. Let F(x) =x1x2...x, for all x € {0,1}"*. We have that F is n-sos modulo I[x] but

not (n—1)-sos modulo I,[x].

Proof. To see that F is n-sos modulo I»[x], simply note that F(x) = (x1x>...x,)> modulo
I>[x]. To show that F is not (n — 1)-sos mod I;[x], we proceed by contradiction. Suppose that
F(x) =Y, g-(x)> mod I,[x] for some polynomials ¢, with degree strictly less than n. As F(x) =0
for any x # 1, it follows that g, (x) =0 for any x # 1 and all coefficients of g, involving monomials
containing less than or equal to n — 1 variables are equal to zero; see, e.g., (Grabisch et al. 2000). As
qr(x) does not contain the monomial xx;...x, (otherwise it would be of degree n), this implies
that g, (x) =0 for all x. But this contradicts the fact that F(x) =1 whenx=1. O

Proof of Proposition 8. We start first with partial minimization. For n € N, B = 2n — 1, and

wi=...=wy=2,let f: 21+l _; R be the set function with MLE:

n

F:(x,2) €{O,1}"><{O,1}|—>Bz+(ZW,-x,-)-(1—z)

i=1
and let g : 2" — R be the set function with MLE: G : x € {0, 1}" = min_¢o,1} G (x, z). It is straight-
forward to check that f is 0-sos-submodular by noting that -9 F (x, z) /0x;0x; =0, for any i # j, and
—-0F(x,z)/0x;0z=w; = \52 for any i. Now, note that g(x) = min{B, }}; w;x; }. Indeed if B < }}; w;x;
then z =1 and G(x) = B and conversely, if B > )., w;x; then z =0 and G (x) = }}; w;x;. Thus fol-

392G (x)

lowing Lemma EC.6, we have that G (x) = 2", wix; — [/, x; and — dr, = [Tk, xk- The result

follows from Lemma EC.9.

We now consider convolution. Let f be as defined in Lemma EC.7 and take u = 0. It is easy to
see from Lemma EC.7 that g(S) = mingycg f(T) is such that g(S§) =1 for any S # Q and g(Q) =0.
Thus, its MLE is equal to

6= 3 ([T J=n = X[ =) -[Tu=1-[
S£Q \ieS ¢S S \ieS igS i=1 i=1
Taking second-order derivatives, we obtain:

_GZG(x) 3 L
ﬁx,-(ixj B

Xk
k=1,k+i,j

The result follows from Lemma EC.9.

We finish with monotonization. Let f be a set function as defined in Lemma EC.8. It is easy to

see that f is 0-sos-submodular as its second-order derivatives are negative numbers. Now define
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g(S) = minp5g f(T) for any S € Q. It is easy to see from Lemma EC.8 that g(0) = 0 but that
g(S)=F(1) =1 for any set S # (. Thus, its MLE is equal to:

=3 (nx,ﬂu >) -y (nxinu >) a-s=1-]Ta-x.

S#0 \ieS i¢S S \ieS§ i¢S i=1 i=1

Taking second-order derivatives, we obtain:

_82G(x) _ =

1 —xp).
(9)6,'8)6]' ( Xk)

k=1,k#i,]

Note that for any polynomial p over {0, 1}", p(x) is -sos modulo /;[x] if and only if p(1 —x) is

982G (1-x)
6xi8xj

t-sos modulo />[x]. As — = [ ki, j i, the result follows from Lemma EC.9. O

A.5. Proofs of Results in Section 3.4.

Proof of Proposition 9. Let f :2% — R be a set function of degree d and let F be its MLE.
When d =0, F is a constant, and it is straightforward to check that, e.g., (i) in Proposition 1 holds.
Thus, f is always submodular. Likewise, when d = 1, F is an affine function, that is F(x) = alx+b
where a € R"”,b € R. It is once again straightforward to check that (i") in Proposition 1 holds.

Indeed, we have
F(x)+F(y)—F(x+y-xoy)—F(xoy)=alx+b+a’ y+b—-al (x+y-xoy)—b—-a’ (xoy)-b=0.

Thus, f is also submodular (in fact, it is modular).
Now, let d =2 and suppose that f is submodular. It follows from Proposition 1 (iii") that

Féj (x_ij) = —gifa(jj >0foralli,je{l,...,n}. Asdeg(f) =2, Féj is in fact equal to a nonnegative

constant C/, Hence, we can write
ij _ (ver)
Fy(x_i;)=(VCY mod > [x_; ],

which shows that f is 0-sos-submodular.
Finally, let d = 3. Billionnet and Minoux (1985) propose the following characterization of cubic
submodular functions in Lemma 1: a cubic submodular set function f is submodular if and only if

its MLE F can be written:

F(x)= Z cixj— Z CiXj— Z CijXiXj— Z CijkXiX j X4 Z cijexixjxi + K,

jel- jer+ ijell (i.j,k)elJK+ (i,j.k)elJK~
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where ¢c; >0,VjeJ ,c; >0,VjeJ", ¢;;>0,V(,j)ell, cijx 20,¥(i,j, k) e IJKTUIJK~, and

Cij = 2k | (ijjelk- Cijks Y (i, J) € {1,...,n}%,i<j.Fixi,je{l,...,n}, we have that:

82F(x) + Z
——— =C(jj CiikXk — Z CiikXk
ax,ﬁxj Y A Y A - Y
k| (i,j,k)elJK* k| (i,j,k)elJK
=Cij — Z Cijk + Z Cijk + Z CijkXk — Z CijkXk
k| (i,j.k)elJK- k| (i,j.k)elJK- k| (i,j.k)elJK+ k| (i,j.k)elJK-
2
2 2
= Jes— DL e+ D (Wemm)'+ ). (We(1-x)%,
k| (i,jk)elJK- k| (i,j.k)elJK* k| (i,j.k)elJK-

where the last equivalence is mod /> [x_; ;] and uses the assumptions on the coefficients of F given
by (Billionnet and Minoux 1985). This shows that f is 1-sos-submodular. O
The next lemma is implied by the the results in (Laurent 2003, Fawzi et al. 2015, Sakaue et al.

2016). We restate it for clarity. It is needed for the proof of Proposition 10.

LEmmA EC.10 (Laurent (2003), Fawzi et al. (2015), Sakaue et al. (2016)). Let

2,
2 VsicjenXixj— (n=1) T xi+ 7L if n odd

p(x)= , forxe{0,1}".
2 ¥ cicjenXiXj—(n=2) XL, x; + n("4_2) , if n even

We have that p is nonnegative (in fact |—%-|—sos when n is odd and [%]—sos when n is even) over

I [x] but not ([%] —1)-sos over I[x].

Proof. Suppose first that n is odd. Let I[y] = (y% —1,...,y2—1) and for y € {~1, 1}", define

Qoaa(Y)= ) ym*{gJ-

1<i<j<n

Note that L%J < 7 and thus — L%J > —7. From (Laurent 2003, Section 3), it follows that g(y) is not
f%] — 1-sos over I[y]. Further note that:

1

Goad(y) = 5

" 2
Zyi) —g+ {gJ mod I[y].

i=1

Asnisodd, goas(y) =5 (T, v}) - 5. As (T, ¥?) = L wheny € {-1, 1}", it follows that g4 (y) >
0 for all y € {—1,1}". Thus, from (Fawzi et al. 2015), as g,4q is a nonnegative form over {1, 1}"

and quadratic, g,qq(y) is [’%]—sos.
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Suppose now that 7 is even and define

Geven(y) = Z Yiyj +Z)’l +=

l<1<j<n

This polynomial is obtained from ¢, by considering the contraction of the complete graph over
n + 1 nodes to the complete graph over n nodes. Following (Laurent 2003, Proposition 3 (i)), we

obtain that ¢g(y) is not [%] — 1-sos over I[y]. Further note that:

2
Qeven(y) 1(1+Zy1) _1/2 mOd[[ ]

i=1

For neven, as (Y., 1+y?) > 1 when y € {~1,1}", it follows that geyen(y) > 0 forall y € {—1, 1}".
Thus, from Sakaue et al. (2016), as geyey, is @ quadratic function, g,ye,(y) is [”51] -S0S.

To get the result, note thatif x € {0, 1}", then 2x — 1 € {—1, 1}". Thus, as affine mappings maintain
t-sos, the result holds. O

Proof of Proposition 10. 'We show the case when n is odd. The case where 7 is even is identical.

We compute the second-order partial derivatives of F. For any i, j € {1,...,n—2},i # j, we have
O%F (x
— ax,ﬂ(xj =2Xp_1Xy = fol_]x,% mod I [x_; ;].
For any i € {1,...,n}, we have:
d°F
& -(n-3)+2 Z Xj|x,+(n=3)=(n-3)(1 —xn)2+2 Z X; x mod 15 [x_; ,—1]
0x;0x,_1 ’
J=1j#i j=1,j#i
CPF() S L,
T ~(n-3) +2] Zji,x] Xp1 +(n=3)= (n=3)(1=x,_1)* +2]=1 j#xjxn_l mod I [x_i].

Finally, we have:

82F (x) n—4n+3 =
-—=2 Z xixj+T—(n—3);xi.

010y 1<i<j<n-2
2
Note that —0;,,(2 is 2-sos for any 7,j € {1,...,n— 2}, as is _aigx(ﬁ, nd —ZXL;XX) for any i €
2
{1,...,n}. However, following Lemma EC.10, _62:%»)6" is [”—52]—503 over Ip[x_,_1,] but not

([ﬂ-|— 1)—sos over Ir[x_n,_1,]. As n >4 (given that d > 4), it follows that F is [”2;2]—sos—

submodular but not ([T] - 1) sos-submodular. O
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Proof of Proposition 11. Note that the function

F(x)= Y w [(1 - ﬂx) - a —xv)]

ecE vEe vEe

is the multilinear extension of the weighted cut function on H and that if max,cg |e| = ¢, then

deg(F)=t. LetE;j={e€ E:i,j€e}. Wehave

9?F (x)
_GXiajj:Zwe[ l_[ X, + 1—[ (l—xv)].

eckE;; VEe, V£l ] VEe,VEL ]

Let Fe{j (x) = [Tveevsij Xv + [Tvee vz, (1 — xy). We show that Féj (x) is 2|#/2 = 1]-sos. If 1 is
even, then it is easy to see that deg(Féj ) <t —2 and when ¢ is odd, degree cancellations lead
to deg(Féj ) <t — 3. Furthermore, as Féj takes on values 0 or 1 for all x € {0, 1}", we have that
Féj (x) = (Fé] (x))2 for all x € {0, 1}". As w, > 0, Ve, this shows that F' is (¢ — 2)-sos-submodular
when ¢ is even and (¢ — 3)-sos-submodular when ¢ is odd, i.e., 2| /2 — 1]-sos-submodular. O

Proof of Proposition 12. The multilinear extension of f can be written as

F(x)= Z (1 - ﬂ (1 —xk)) .
=1 kiteAy
Note that the degree of F is equal to the maximum number of sets any element of { can belong to.
Suppose t =maxy—i,_n |{k : € € Ar}|. Then we have
_82F (x) -
0x;0x;

(1 —x),
=1 k:fGAiﬂAjﬁAk

which is a multilinear function of degree  —2. Since the above is equal to either O or 1 forx € {0, 1}",
using arguments identical to above, the coverage function is ¢ — 2-sos-submodular. O
Proof of Proposition 13. Let F be the MLE of f. We have that:
9%F (x)
- =p( ) m+D)+o( ) x+1)=¢( D xe+2) = ¢( > xi) mod hrx].

0x;0x;
e k#i,j k#i,j k#i,j k#i,j

As ¢ is concave of degree 2d and univariate, this implies that —¢” > 0, of degree 2d — 2, and
univariate. It then follows from e.g. Blekherman et al. (2012) that —¢” is sos, and so g(s,?) =
¢(%s + %t) - %z/)(s) - %(ﬁ(t) =3 .(q-(t,5))? where g, is a polynomial in s, f € R? of degree less than
or equal to d (Ahmadi and Parrilo 2013). Taking s = >}, ;. jXk+2and 1= D j#i,j Xk In the previous

expression, we obtain that

0*F (x) _ 2
- aXiaxj = Z q; Z X+ 2, Z Xk mod I [X_,',j]

r k#i,j k#i,j

and thus f is d-sos-submodular. O
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Appendix B: Proof of Results in Section 4
B.1. Proof of Results in Section 4.2

We start with the proof of Proposition 15. To show this proof, we use the equivalent definition of
the submodularity ratio y*(f) as given in (Bian et al. 2017, Definition 1). As defined there, y*(f)

is the largest scalar vy such that:

D (FSU{wh) = F(9)) 2 y(F(LUS) = f(S)), VL, S C{1,...,n}. (EC.17)

welL\S

Proof of Proposition 15. 'We show that y*(f) is also the largest y such that:
< OF
D00 Ty (R - F() 20,90,y € {01 <. (EC.18)
Xi
i=1

Let x,y € {0, 1}" such that x < y and suppose that (EC.17) holds. We set S be the set such that
x = 1g. We further set L to be the set such that y —x = 1 (note that x < y and so y —x € {0, 1}""). We
have that L NS =0 and that y = 1,s. Recalling that F(1g) = f(S) forany S € {1,...,n}, (EC.17)

gives us:

> (F(lsugy) = F(x) 2 y(F(y) = F(x)).

weL
Now, as w € L if and only if there exists i € {1,...,n} such that y; —x; =1, i.e., y; =1 and x; =0,
we get:

D i=x)(F(x+e) = F(x)) 2y (F(y) - F(x)),
i=1

which is equivalent from Lemma EC.1 to (EC.18).

Conversely, suppose now that (EC.18) holds for any x,y € {0,1}" and x < y. We show that
(EC.18) holds. Let S,L € {1,...,n}. We let y = 1,5 and x = 1g5. Note that (y; —x;) =1 for
i€e{l,...,n}if and only if i € L\S. Thus (EC.18) gives us:

D (Flx+e) = F(x)+y(f(S) = f(SUL) 20
ieL\S
which is equivalent to Y;c/\s(f(SU{i}) — f(S)) 2 y(f(SUL) - f(S)), which is none other than
(EC.17). Our conclusion follows. 0O
Proof of Proposition 16. Note that we have: F = Fy + T, thus, by definition of m,

OF (x) 0F(x) N 0T (x) S 0F(x)
6x,~ a é‘x,- 0)6[ - Bxi

+m,Vx € [0, 1]".



ec22 e-companion to Deza and Hall: Sum of Squares Submodularity

Furthermore, by the triangle inequality,

|F(x) = F(y)| = [Fi(x) + Tic (x) = Fie(y) = Tie ()| < |Fie(x) = Fe (0) [+ |Tie (x) = Tie (y)].

Using the mean-value theorem and Holder’s theorem, it can be shown that |Ti(x) — Tk (y)| <

Mllx = yll1,Vx, y € [0, 1]". Thus
|F(x) = F(y)| < [Fi(x) = Fe(0)| + M]|x = yll1, Vx, y € [0, 1]".

As F(x) — F(y) <0forx <y and y >0, combining the bounds above, we have:

Z(yl—xl oy (F @) - FO)

>Z<y,—xl( Tty () = Fe o) = Ml =

l

—Z<, )T - yM)w(Fk(x) Fu(»).¥x.y e [0,1]".x <.

Thus, by solving (7), we obtain a lower bound on y*(f). O
B.2. Proof of Results in Section 4.3

Proof of Proposition 17. We show the first claim of the proof, that is, for any irreducible
submodular decomposition (g, ) of f, any other decomposition (g’,4’) that reduces to (g, h)

results in a greater submodular approximation of f when using the same permutation 7 of €:
(g—h)(S) < (g -h)(S),VScQ.

Since (g’, h’) can be reduced to (g, i), there exists a non-modular submodular p such that g’ =g+p

and &/’ =h+ p. For any S C Q and any x such that STTS| =S:

(8-h)($)=(¢ - p' = (M -p)r)($) = (&' ~h)(S) +(p, — P)(S) < (¢ —07)(S)

The second equality comes from linearity of the subgradient of any submodular function. The
inequality stems from the fact that p_ is a subgradient of x, and therefore p_ < p.

We now show the second claim, which states that the above no longer holds when using two
different permutations r; and 7, to produce sub-gradients of 4 and 4’, via an example. Let f =g —h,
where g(S) =2 ;esa; and h(S) = \/m, for all § C Q. Notice that it must be that (g, /) is irreducible,

since g is modular. Now consider a reducible decomposition: g’ = g+ ah and h' = (1 + a)h. It
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is easy to see that h_(S) = X; w” with w’ = Va~1(i) —=y/7=1(i) = 1 and 7~' (i) being equal to the
position of element i in permutation . Then:
(8= )(X) = (ai=w"), and (¢~ 1 )(X) = )" (a; = (1+@)w[") + ah(X).
i€eS i€eS
Consider any permutation rr; with element 1 in the last position, that is nl_l(l) =n and m with

element 1 in its first position, 7r;' (1) = 1. We have that
(g-h, ) ({1 =a1 = (Vai-Vu=1), and ('~ ) (1) =ar - (14 @) +a=a; -1,

and so (g ~h, )({1}) 2 ('~ )({1}) VneN. O

Proof of Proposition 18. Suppose (G*, H*) is not an irreducible decomposition. Then there
exists a non-modular submodular P € R[x] suchthat G :=G*—Pand H :=H*-P,with F=G —H,
and G and H submodular. By linearity of the second derivative, we have that:

d*H (x) B ?H* (x) _ d?P(x)
6x,~6xj B axiaxj (9)6,'(9)61' '

0P (x)

Further, due to submodularity, 7 5 < 0Vi,jel,...,n. Infact, there exists some ¥ € {0, 1}",i, ]
such that gﬁéﬁ < 0, since it is assumed that P is non-modular. Therefore
L)

Z Z OH (x) _ Z Z (HH*(x) _0P() ) . Z Z 0H*(x)’
o 0x;0x; e Ox;0x;  0Ox;0x; o 0x;0x;
which is a violation of our assumption that G*, H* is an optimal solution to (10). O

Proof of Proposition 19. We provide a reduction from SUBM O D, as defined in Proposition 2.
Let g be a set function of degree 4 with MLE Q. We let f = g, or equivalently, F' = Q and take
k =0. We show that Q is submodular if and only if ¥ =G — H for submodular G and H and
Sty Sie) T > k=0,

If O 1s submodular, then let G = Q and H =0 and the implication follows. Now suppose that there
exist submodular G and H such that O = G — H with X101} Zi<; PH) > 0. As H is submodular,

c’)x,ﬁxj

we have that %1%(;? <0,¥x €{0,1}",Vi # j, following Proposition 1 (iii’). Combining this with the
assumption, we get that )
0°H
) 0. vxe (013", Vi £ /.
ax,ﬁx Jj

This implies that H is modular. Thus,

9’0 (x) _ 9°G(x)
ﬁx,-(?xj B (9)6,'8)6]'

ZO,VxE{O,l}n,VZ.?&j,
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where the equality follows from the fact that Q = G — H and the inequality follows from the fact
that G is submodular. We obtain in consequence of Proposition 1 (iii’) that Q is submodular and

the converse follows. O

Appendix C: Details for Numerical Results

In this section, we provide additional details on the experimental set-up and numerical results for the
experiments presented in Section 4. All experiments were executed on the ISyE High-Performance
Computing cluster at Georgia Tech. We use Mosek (MOSEK ApS 2024) as our solver, JuMP
(Dunning et al. 2017), and the SumOfSquares.jl library (Legat 2020). All code can be found here.

C.1. Details for Section 4.1

C.1.1. Details on regression methods. Given training data {x;, y;}?",, we solve the following
problems to obtain a polynomial regressor, a z-sos-submodular regressor, and a polynomial regressor

as in (Stobbe and Krause 2012), respectively:

m
FE=  argmin Y (y-F(x)?+a > a(T)?, (EC.19)
FeR[x].deg(F)<k =] TCOT|<k
m
Ftk—sos—submod = arg min Z(yi - F(xi))2 +4 Z a(T)z (EC.20)
FeRlx].deg(F)<k =] TCQ,|T|<k

s.t. F' is t-sos submodular

m

Fk arg min Z(yi—F(xi))2+/l Z a(T)%, (EC.21)

necessary—submod =
FeR[x].deg(F)<k 21 TCQ,|T|<k

st.a({i, j}) +]a(T)| <0, V{i, j} cT,VT € Q,|T| < k,

The second term in the objective functions is equivalent to a ridge regression penalty on the coeffi-
cients of the polynomial fit to the data. We solve the training problem for A € {0.0, 1074,1073, 10_2},
and select the best performing A using the validation set. This regularization is needed to avoid
computational errors for both (EC.19) and (EC.21). We add it to (EC.20) too to ensure an apples-to-
apples comparison. As explained in Section 4.1, the constraints appearing in (EC.21) are sufficient
for submodularity when £ € {2, 3} but are no longer sufficient when £ > 4, in line with Proposition 2.

FlexSubNet fits a monotone submodular function Frjersupne: = F (S;6) with the following
recursive form: F"(S;6) = ¢g(@F" 1 (S;0) + (1 —a)m}(S)),n=1,...,N, and F°(S;6) = my(S),
where mj and ¢ are modular and concave functions that are expressed by neural networks parame-

terized by 6. It learns 6 via stochastic gradient descent on the problem ming Y7, (y; — FY (x;; 6))>.


https://github.com/SOSSubmodularity/SOSSubmodularity_Revision
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Figure EC.1 Comparison of root mean squared test error for various methods, fitted to noisy samples of facility location (right)

and submodular log-determinant (left) functions.

We set the hyperparameters for this model as follows: batch size to three, number of hidden layers
of the neural networks to four, learning rate to 0.005, and we train for 100 epochs. All remaining
hyperparameters are set to their default as stated in the original paper and code (De and Chakrabarti
2022). Since the resulting model is sensitive to random initialization, we retrain with five different

random initializations and select the best one using the validation set.

C.1.2. Additional experiments. We show submodular regression results for two additional syn-

thetic set functions following (De and Chakrabarti 2022). We generate a log-determinantal function

Frp(S) =logdet(I + Y 5252, ), and a facility location function Frp(S) = Z?:l maxges —Ilszl ﬁ;s“,

with z; ~unif[0, 1]'°, i € 1,...,n. We set n = 15, and vary additive Gaussian noise as outlined in

Section 4.1. The test performance of each method, averaged over five random problem instances,

is presented in Figure EC.1 for the log-determinantal and the facility location functions.

. . k k
C.1.3. Runtime. We report the average time to solve for Fpoly, F oo submod> FFlexSubNet and
k

necessary—submod

for n =15 while varying k, t in Table EC.1.

Regression method | Polynomial (k) t-sos-submodular (k, 1) FlexSubNet | Nec.-submod. (k)
Parameters 2 3 4 1,00 3,1) 41 4,2 - 3 4
Average runtimes (s) | 5.56 5.90 7.30|18.26 20.07 32.68 5120.74 59.76 6.27 17.47

Table EC.1 Average training times for Fpoly, F os-submod’ T FlexSubNet and Fnecesmry_submod on synthetic data.
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C.2. Details for Section 4.2

We report the average time to solve for ymmc s0s Via (7) for n = 10 while varying k, ¢ in Table EC.2.

(k,1) (L) |(2,2)| 3,2) | (4,3)
Average runtime (s) | 1.22 | 12.5 [ 13.72 | 7996

Table EC.2 Average time to solve (7) for n = 10.

C.3. Details for Section 4.3
For ds decomposition, we seek to max Y’ o, 1} 2i<k e a(x) , which we show how to write as a linear

function in terms of the MLE coefficients a(T) :

S NGRS S an [] w=) Y am 3 [] «

xe{0,1}" i<j xe{0,1}" i<j T2{i,j} keT\{i,j} i<j T2{i,j} x€{0,1}" keT\{i,j}
=> > amrim= a(T)(|T|)2"—<|T|—2>.
i<j T2{i,j} TCQ:|T|22 2

Table 3 shows the average optimality gap achieved over ten runs of the submodular-supermodular
procedure for ten randomly generated set functions for each n € {10, 15,20}. Here we provide the
disaggregated results, showing the average optimality gap attained for each individual randomly
generated set function in Figure EC.2. These results show that not only does the 7-sos-submodular-
irreducible decomposition dominate on average, but also dominates each instance individually,
showcasing the potential for drastic improvements. In Table EC.3 we report the average time it

takes to solve (11) in order to obtain a 7-sos-submodular irreducible decomposition.

n=10|\n=15|n=20

Average runtime (s) | 49.2 | 1,493 | 28,476

Table EC.3 Average time to solve (11) with d =4, t =2 for randomly generated set functions.
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