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Appendix

A. Summary of Main Notation

A table summarizing our notation is provided in Table EC.1.

Table EC.1 Summary of Main Notation

Symbol Meaning
Q(t) Queue length vector at time ¢
A(t) Arrival vector at time ¢

A(t) =E[A(t)]  Arrival rate vector at time ¢

Dy Scheduling set at time ¢
d(t) € D, Schedule selected at time ¢
Sa(t) Random departure vector associated with schedule d at time ¢

D(t) = Squ)(t)  Realized departure vector at time ¢
Fi History available before choosing d(t)
O = {¢ }ren, Scheduling policy

p Traffic intensity parameter
B Capacity of the scheduling set
Ca, Cq Arrival and departure variance parameters

MP(B,C,,Cq)  Model class

I'*(B,C,,Cq,T) Minimax expected total queue length at time 7'




B. Quadratic Objective for Queue Lengths

We now show that all the results established for the total queue length objective can be extended to

the quadratic objective

igf sup Elss)
(D,A,5)eMP(B,Ca,Cq)

ZQz‘(T)Q

For the lower bound, applying the Cauchy—Schwarz and Jensen’s inequalities yields

S > o] =L (e [Sem])

Thus, the corresponding lower bound follows directly from the results for the total queue-length

AS AS

objective. For the upper bound, both the LyapOpt and MaxWeight policies are analyzed using
a uniform Lyapunov method with the quadratic Lyapunov function V(z) = ||z||3. Hence, the
corresponding results are directly obtained for y ;" Q;(T)%.

Consequently, even under the quadratic objective, the LyapOpt policy achieves the finite-time
lower bound up to a constant factor, provided that the conditions of Theorem 2 are satisfied, thereby

confirming that the optimality of LyapOpt extends beyond the total queue-length objective.

C. On the Extension of the Pointwise Condition to Window-Based Conditions

The present results in Sections 3 and 4 are proved under the pointwise constraint A(t) € pII(D;)
for every t. Extending the analysis to the weaker window-based condition used in prior work (e.g.,
Yang et al. (2023)) is not straightforward. For a window-length parameter 7 > 1, the window-based

condition requires that for each ¢ there exists an integer w(¢) with 1 <w(t) < 7 such that

Under this alternative assumption the lower bounds remain valid, but the analysis to obtain an upper
bound becomes problematic.

The proof of the upper bound relies on the Lyapunov drift argument in (11), whose first-order
term explicitly depends on the current queue length ()(¢). Summing this drift over a window

{t,t+1,...,t+w(t) — 1} gives rise to terms of the form

t+w(t

Z Z@ —di(s)). (EC.1)



Unlike several existing papers (Yang et al. 2023, Liang and Modiano 2018), we do not assume
bounded arrivals or departures, and hence, we do not have a uniform bound on Q)(s). Moreover,
even if such boundedness assumptions were imposed, the resulting bound would likely be too coarse
to recover the sharp finite-time guarantees established in (14) and (16). As a result, because each
summand depends on ((s), the term in (EC.1) cannot be directly controlled under the window-
based condition. Hence, our current proof technique does not readily generalize to this weaker
setting. Existing works under such window-based conditions typically establish stability results or
derive comparatively coarse finite-time guarantees, rather than the sharper finite-time upper bounds

obtained here.

D. Lower Bound Inequalities

This section presents several auxiliary results supporting the analysis in Section 3. Among them,
Lemma EC.3 is used directly in the main proof, while the first two lemmas are utilized in its
derivation.

We begin with a lower bound for the expected maximum of a drifted Brownian motion.

LEMMA EC.1 (Lower Bound for the Maximum of a Drifted Brownian Motion). Let Y, =
oW, — 60t with § >0, 0 > 0, and W a standard Brownian motion. For t > 0, define M; :=

SUDg<s<; Vs Then
E[M,] > cmin {0 7, 02/9} L e=fa(1)+2Fy(1) — 2~ 0425, (EC.2)
where fy and F) denote the standard normal density and cumulative distribution functions,

respectively.

Proof The distribution of the maximum of a Brownian motion with drift (see, e.g., Section 1.9

of Harrison (2013)) is given by

P(M, < z) = FN<“”’::/?) - e?ﬁ”FN(_j;;t), 2> 0.

Integrating the tail probability yields, for r = 0/t /0,

E[M;] = U\/EA(T) + %B(r), where A(r) := fy(r) —r(1— Fy(r)), B(r):=Fy(r)—1/2.
Define the functions

_E[M] _ E[M|]
g(r):= y =A(r)+ p_ h(r) = =y

=r A(r)+ B(r), r>0.



We will show that g(r) is decreasing on the interval (0, 1] and h(r) is increasing on the interval
[1,00).

Since fy decreases on [0, c0),

B(r) = /07" v (u)du > 7 far(r), r> 0. (EC.3)

Differentiating g(r) gives

B'(r)r — B(r)

r2

fn(r)r—B(r)

r2

g'(r)=A(r)+ =—(1—Fy(r))+

Y

where the last equality follows from the identity f} (1) = —r far(r). By (EC.3), far(r)r — B(r) <0.
Thus g(r) is decreasing on (0, 1], and info.,<; g(r) = g(1).
Let the Mills ratio be m(r) := ﬁF—N(’ﬂ) for r > 0. Then
A (7)
h'(r)y=A(r)+rA(r)+ B'(r) =2fx(r)(1 —rm(r)).
By the Mills inequality rm(r) < 1, we have h/(r) > 0 for all » > 0. Hence h(r) is increasing on
[1,00), and inf,>; A(r) = h(1). A direct computation gives
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A(D) + B(1) = far(1) +2Fx (1) - 5.
Set
c:=g(1)=h(1) = fa(1) +2Fx(1) — £ ~ 0.425.

Forr <1,ie.,t<(c/0)?
E[M,] > oV/tg(r) > cov/t.

Forr >1,ie.,t > (0/0)?
E[M] > (0% /0)h(r) = ca” /6.

Combining the two regimes yields (EC.2).
The following lemma follows from the Koml6s—Major-Tusnddy (KMT) coupling theorem, which
couples partial sums of i.i.d. random variables with a Brownian motion. For a random variable Z,

define
§:=sup {6 >0:0E[|Z]*¢’¥] < Var(Z)}. (EC.4)

If § > 0, we say that Z admits a Sakhanenko parameter 0.
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LEMMA EC.2 (KMT Coupling). Let {Z(k)}ren be a sequence of i.i.d. random variables with a

non-normal distribution satisfying
E[Z(1)]=0, E[Z(1)*|=0">0,

and suppose that Z(1) admits a Sakhanenko parameter § > 0. Then there exist i.i.d. random
variables {Z (k) }ren each with the same distribution as Z(1), and a standard Brownian motion
W = {W;}i>0 such that the corresponding partial sum S(k) = Zle Z(i) satisfy,

E | max [S(k) — oW,| | <clog(1+1), (EC.5)

0<k<t
where € is a positive constant depending only on o and 6.
Moreover, if for each o € A, the sequence Z® = {Z“(k) }ren satisfies the above conditions with
uniformly bounded variance and a uniformly positive lower bound on the Sakhanenko parameter

across «, then the same constant ¢ can be chosen uniformly over a.

REMARK EC.1. Scaling of the KMT constant The constant ¢ can be taken to scale on the order

c:O(%ﬁ—J).

Proof of Lemma EC.2 By Theorem 2.4 in Waudby-Smith et al. (2025), there exist random
variables {Z(k)}ren and i.i.d. standard normal random variables {V (k)}ren such that, for any

z2>0and 0 < § <0,

~ k
P [ sup 15(k) = 2 iy VR >4z | <2 Z(l +002%" ") exp{—cdz2"log 2}, (EC.6)
k>4 log k n>1

where ¢ > ( is an absolute constant. Define

o k
A sup IS8 =X oV
k>4 logk

Let zg = %. Then

E[A]:4/ P(A24z)dz§4zo+4/ P(A>4z)dz.
0

20

By (EC.6) and an application of Tonelli’s theorem,

4/ P(A24z)dz§82/ (1+ 5022 ~1)eme=2" 052

0 n>1" %0

8 1 n n
— —(1+6 22 —1\ —cdz02 10g2‘
c§log222”( oo Je

n>1



—2:2"log2 _ 2—2n+1

With 2y = 2, we have e~ ©0%02"1og2 — ¢ . Hence,

> 8 272" 5 92t
4 [ P(A>42)dz 90 27277
/ (A=42) c510g22< o T3 on

20
8 272" 4o 272"
= ) EC.7
célogQ; 2n +clog2; 2n ( )

Both series converge due to the super-exponential decay of 272", Therefore, there exists a constant

6’

¢ > 0 (depending only on ¢ and ¢) such that
E[A] <.

Since logk <logt forall4 < k <t,

sup
4<k<t

k
S(k)— ZaV(k)‘ < Alogt.
i=1
Taking expectations, we obtain

E | sup

4<k<t

We now control the first three terms. Note that
S(k) — Z oV (k ‘ Z oV (i

The partial sums {Sk}keN and {Zl 1 V(%) }ren form square-integrable martingales. Applying

E

max
0<k<3

max
0<k<3

<E[max 15 (k )}

0<k<3

Jensen’s inequality and Doob’s maximal inequality yields
E | max |S(k )@ < \/IE [max S(k)? ] < \/4E[S(3)?] = 2V/30,
[0<k<3 0<k<3
k
> vo| =\ 2 s (X v0) | =

Summing the two parts gives

E | max
0<k<3

Sk—ZO'V §4\/§U.

Thus, there exists a constant ¢ depending only on o and 4 such that (EC.5) holds, using the fact that

max
0<k<3

the sequence {V (k) }ren can be embedded into a standard Brownian motion W = {W;};>¢. The

second part follows directly from the choice of c.

6



Finally, combining Lemmas EC.1 and EC.2, we derive the following lower bound for the

maximum of a drifted random walk. This is the key result used in the main proof of Section 3.

LEMMA EC.3 (Lower Bound for the Maximum of a Drifted Random Walk). Ler {Z(k)}ren
satisfy the same conditions as in Lemma EC.2. Define the partial sum S(t) = (> ;_, Z(k)) — 0t
with 0 > 0. Then, for all t > 1)* and for all 0 satisfying 0 < o /1, the expected maximum satisfies

c o?
> - 1mi -
E erglgéctS(k)] 23 min {aﬂ, 7 }, (EC.8)
where 1) is the unique positive solution to @ log(1+z) + % = x; c and ¢ are the constants

defined in Lemmas EC.1 and EC.2 respectively.

4(z/o+1

REMARK EC.2. The equation == og(1+4z) + 8 = 2 admits a unique positive root.

Proof of Lemma EC.3 Let X, := oW ,—6sand M, := SUDg<y<s X fOr s > 0, where W denotes
a standard Brownian motion. In the following, the index & ranges over integers, while s and u vary
over real numbers. For an integer £ > 1, note that

k

> Z(i) - oWy,

=1

max S(k) > max X, — max |S(k) — Xj| = max X; — max
0<k<t 0<k<t 0<k<t 0<k<t 0<k<t

Taking expectations and using Lemma EC.2 yields

E {max S(k:)} >E {max Xk} —zlog(1+1).

0<k<t 0<k<t

Moreover, for all ¢t > 1,

E {max Xk} >E {max X, (EC.9)

1
0<k<t 0<s<t ] 7 < 2log(4t) + \/210g(4t)> ’

whose proof will be completed later. Since /2y <y + 1 for all y > 0, we obtain

E [max S(k)] >E[M;] — ((¢+0)log(l+t)+40).

0<k<t

We first consider 6 > 0. Let u:=t A (0/0)?. Then

> > —((e = 2,

E Lr%?i(tS(k)] >E [Orgﬁ(uS(k)] >E[M,] - ((c+o0)log(l+u)+40), u=tA(c/0)
(EC.10)

By Lemma EC.1, for every u > 0,

o? o?
E[Mu]zgmin{a\/ﬂ,?}:gmin{aﬂ,?}. (EC.11)
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Combining (EC.10) and (EC.11) gives the additive-error inequality
Vi o? o\?2
> cmi —t—((e — .
E l&l%%(tS(k)} > c¢min {a t, 7 } <(C—|—U) log <1 +tA (0> ) —i—4a>
To obtain (EC.8), it suffices to ensure
(¢/o +1)log (1 FEA (%)2) a< gmm{\/i, %} .
By the definition of 1, for t > 1)%, we have

Aejo+1) log(1+\/7_f)+§§ Vi (EC.12)

Hence,
(¢/o+1)log <1+t/\ (%)2> +4<(¢lo+1)log(14+t)+4<2(¢/o+1)log(1+ V1) +4< %\/E

where the second inequality follows from (1 + /)2 > 1 +t.

Let r := ¢ /6. Under the assumption on 6, we have r > 1), and thus

oo

4(c 1
Mlog(l—irr)—l——ﬁr.
C

Then

(¢/o+1)log (1 +tA (%)2> +4<(e/o+1)log(1+7r*)+4<2(¢/o+1)log(1+7)+4<

NNl

Combining the two cases completes the proof for case ¢ > 0. When 6 = 0,
E[M,] = o\/2t/7 > ocV/t,

and, by applying (EC.12), the proof proceeds in the same manner.
Now we prove (EC.9). Let )N(S = X}, and WS =W, for k < s < k+ 1. Note that

max X = max X, > max X, — max ‘XS — Xs|.
0<k<t 0<s<t 0<s<t 0<s<t

It therefore suffices to show that

max |W, — WS| < /2log(4t) +

1
0<s<t V/2log(4t)



On each interval [k, k + 1), write s = k +u with uw € [0, 1). Let ¢ > 1 be an integer. By the stationary

and independent increments of Brownian motion,

sup |W W= max sup Wiy, — Wk|—maij,
0<s<t 0<k<t— 10<u<1 1<5<t

where Y1,...,Y} are i.i.d. copies of Y := sup,<; |W.|. By the reflection principle and the standard

Gaussian tail bound 1 — Fj/(z) < e~**/2 which holds for all x > 0, we have

]P’(Y>x):IP’< sup |W,| >x) §21P’< sup Wu>x) —4(1— Fy(x)) <4e ™7, z>0.

0<u<1 0<u<l1
Let SN/t = max;<;<¢ Y;. For any a > 0, we decompose
E[Y)] = / P(Y; > z)dz < a+/ P(Y, > z)dz.
0 a

Since

~+

we have

_ o0 At
E[Y, <a+ 4t/ e Pdr <a4 —e T/,
a a

where the last inequality follows from integration by parts. Choosing a := \/2log(4t) yields

E[Y;] < \/2log(4t) + o]

Therefore, we complete the proof.

E. Proofs of Theorems and Supporting Results for Section 3
E.1. Auxiliary Lemma

LEMMA EC.4 (Lower Bound on Total Queue Length). Given the arrival process {A(t)}ien

and the departure process { D(t) }icn,, the total queue length at time T > 1 satisfies

iQi(T) Zmax{z_: (zn:A ZD (t )), <Zn:Ai(t)—ZDi(t)>,...,

ZA ZDi(T—l),O}JrZAi(T). (EC.13)



Proof Let A(t)=A(t)— D(t) forallt > 1. By (1), for 1 <i<nand T > 1, we have

Qi(T) — Ay(T)

— max{Qs(T —1) = DT — 1),0}

— max{max{Q:(T — 2) = Di(T —2),0} + A(T — 1) = DT —1),0}
— max{Qi(T —2) = Di(T —2) + AT — 1), AT — 1),0}

:maX{Qi(l) —Di(1)+ > Ai(t),Y A(t),. . AT - 1),0}

T-1 T-1
:maX{ Ai(t), Yy A(t) —1), O}
t—

1 t=2

where the last equation follows that (;(0) =0 and then @;(1) = A;(1). Therefore, we have
n - 1 n
> Q1) Zmax{ZA 0> A1) —1),0}+2Ai(T)
i=1 =2 i=1
T-1 n T-1 n n n
>maX{ZZA ,ZZAi(t),...,ZAZ-(T—l),O}+ZAZ»(T)
i=1 i=1

t=1 =1 t=2 i=1

T—

which completes the proof.

E.2. Proof of Theorem 1

Proof of Theorem 1. Fix a time-invariant scheduling sequence D with D, =D, for all ¢t € Ny,

and assume that D, satisfies the condition in the model class M”(B, C,,Cy). Let

M:max{idi:dep*}

i=1
denote the maximum total service capacity in a single time slot. In the following, we derive a lower
bound for the right-hand-side of inequality (EC.13) by constructing a family of hard instances
(A, S). Here the arrival process A and the random departure field S are constructed independently.
We focus on the case C2 + C? > 0; as the case C? + C3 = 0 is straightforward.

Arrival Process: We construct an i.i.d. sequence { A(t) }+cn over time. At time ¢,

P(A () = Koy, As(t) = Koo, ..., An(t) = Ku\y) = 1/ K,
P(A () =0, Ay(t) = 0,..., A, () = 0) = (K, — 1)/ K.,

10



where

A € argmin anvz and K —nC§ +1 (EC.14)
— a i a— n : :
P yen(my) |4 D A
Z:L:1 Yi=M
Note that
K, — 12X+ )} (K,—1
E[A(t)] =), and Var(4;(t))= ( JAL+ A ) _ (K, —1))2. (EC.15)

K,
The choice of K, ensures that = """ | Var(4;(t)) = CZ.
Random Departure Field: We construct an independent sequence {S; }1cn, over time. At time ¢,

for each d € D,
]P)(Sd(t) = Kdd) = 1/Kd, and P(Sd(t) = O) = (Kd — 1)/Kd,

where

nC?
1. EC.16
maxdep* Z?:l d? + ( )

Ky=
If the scheduling policy selects d(t) € Dy, the actual departure D(t) is distributed as

P(D(t) = Kqdy (t), Do(t) = Kuda(t), ..., Do(t) = Kady(t)) = 1/ K4,
P(Dy(t) =0, Dy(t) =0,..., Dy(t) = 0) = (Kq — 1)/ Kq.

Similarly, the choice of K4 ensures S satisfies the conditions of the model class M?(B, C,, Cy).
The departures satisfy E[D(t)] = d(t), and {> ", D;(t) }+en, forms a sequence of binary random

variables:

i=1
Let {G(¢) }+en be an i.i.d. sequence of random variables defined by

M n
s a2 2

(2

G(t) =

Since " | d;(t) < M for any scheduling policy, then G(t) > > " | D;(t). Let X (¢t) =, Ai(t).
By (EC.13), the queue length satisfies

i@i(:r) > max{ - (X(t) . G(t)),i (X(t) . G(t)),...,X(T— 1)~ G(T — 1),0} +X(T).

11



Observe that
X ()~ G(t) = (X (t) — pM) + (M — G(t)) — (1 - p)M.

Note that { (X (t) — pM) — (M — G(t)) }en forms an i.i.d. sequence of random variables, satisfying
E[(
Var((X (t) — pM) + (M = G(t))) = M*(p* (Ko — 1) + (Ka — 1)),

/ES
~
~—
|
s
=
|
<
|
2
=
=
I
=

where the variance follows from the independence between A and S. Thus, by Lemma EC.3, we

obtain the following lower bound: for all 7' > 9% + 1 and (1 — p)M < o /9,

max{% (X(t) - G(t)),TZl (X(t) - G(t)),...,X(T— 1)~ G(T - 1),0}]

E

—E |max {o,xm —a1),y (X(t) - G(t)),...,i (X(t) . G(t)) H

€ i i MUK~ 1)+ (Ka 1)
> {M\/ — 1)+ (Kq—1))(T—1), = } (EC.17)
where 1, is the unique positive solution to C/ “Dlog(l + z) + & = 2 0 =

<

M\/p*(K, — 1)+ (Kq—1), c and ¢ are the constants deﬁned in Lemmas EC.1 and EC.2 respec-
tively.

We now construct a specific scheduling set:
D, ={(x1,29,...,2,):0<2; < Bfor1<i<n}. (EC.18)

Note that this construction of D, ensures that scheduling sequence D satisfies the condition in the

model class M? (B, C,, Cq). In this case, we choose A = (pB, pB, ..., pB) so that

C? 3
M=nB, K,~1=—%. and Kq—1= . (EC.19)
p

Substitute (EC.19) into (EC.17). Observe that for p € [1/2, 1], the random variables (X (t) — pM) +
(M — G(t)) have uniformly bounded support across all p. Indeed,

6X(0) = M)+ (01 = GlOI < (= )V 1) + (g = v ar <08 (2 vi4 S

and the variance of (X (t) — pM) + (M — G(t)) is 0* =n?*(C? + C3). Consequently, their Sakha-
nenko parameters are uniformly bounded away from zero by a positive constant depending only on
n, C,, Cq and B. By Lemma EC.2, the constant ¢ can therefor be chosen to depend only on n, C,,
Cqand B.

Let ¢; = ¢/2 and define ¢ (n, B, C,, Cy) as the unique positive solution to 4(c/a+1 log(1+x)+

= x, we recover the result in (4).

10 oo
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E.3. Proof of Remark 1

Proof of Remark 1. Recall that Remark 1 claims that the quantity i (n, B,C,,Cq) can be

chosen independent of n. In fact, we show that it satisfies

B

U1(n, B.Co.Ca) = O (1 + B*) log(1+ R*))  where R= (evi+Giva)
1\, Dy a, d C§—|—C§ B2 B2 .

Moreover, in the regimes in which \/C2 + C? <« B and 1/C? + C2 > B, the above scaling simpli-
fies to

bi(n, B,Ca,Ca) = O <R3 log R3> ,

where

A \/%cg VC2+C?< B,
o 2 2
Vet 0T+ C2> B.

Now we prove the above claims. Let

202 2
X:nB(B2 \/1—|—§\/1).

In fact, the Sakhanenko parameters of random variables (X (¢) — pM) + (M — G(t)) are lower
bounded by ¢y, where dy, by definition of the Sakhanenko parameter given in (EC.4), is the unique

solution to

5X366X =2

Solving this equation yields 0y = %W <;—§>, where W (-) denotes the Lambert 1V function defined

by W (u)e"” ™ = u. By Lemma EC.2, the constant ¢ can therefor be chosen as

.
— T Wo
9o

c

for some absolute constant w > 0. Consequently, v/; is the unique solution of
8
Q/J:Hlog(1+¢)+z,

where

H—

10| W~

(1 Ot G (02/X2)> |

13



In fact, we can upper bound v as
8
Yy <2Hlog H + —. (EC.20)
&

Let
8
xo:=2Hlog H + —.
&

We claim that for all H > e'/2,

xo > Hlog(l+4 x¢) + —. (EC.21)

I | o

Since 9/ is the unique solution to ¢ = H log(1 + ) + %, it is the unique zero of

F():=¢ — Hlog(1+v) — %

Moreover, F' is increasing on [¢1,00). Hence, (EC.21) implies F'(x) > 0 and therefore 1), < z,
which establishes (EC.20). We now verify (EC.21). Using the inequality 1 + 2slogs < s2 for s > 1,
we obtain

1+2H log H < H?.

Therefore,

Hlog(1+2HlogH) <2H log H.

Next, we use the bound log(a + t) = loga + log(1 + t/a) <loga + t/a for a,t > 0. Take a =
1+2HlogH and t = 8, we have

§7

8H

Hloe(1 < Hlog(1+2Hlog H
0g(1 +w0) < Hlog(1 +2H log )+g(1+2HlogH)

<2Hlog H +

< .
clogH — o

where the last inequality uses log H > 1/2 (e.g., H > e'/?). This proves (EC.21) and completes the
proof of (EC.20).
It suffices to characterize the order of H. Let u = %. We first consider the case u € (0,1] Gi.e.,

o < x). Since W (u) <1 for u <1, we have u = W (u)e" ™) < eW (u), which implies W (u) > *.

=

Therefore,
1 3
(oW (w) ~° 5)"

14



Next, consider u > 1 (i.e., 0 > x). The Lambert W function is increasing and satisfies W (1) ~

0.567 > 5. Hence W (u) > 5. Consequently,

1

W) =

8 [%

<2.

Combining the two cases yields

H=0(1+(x/0)*).

Consequently,

v1=0 ((1+(x/0)*) log (1+ (x/0)*)).
Substituting the definitions of x and o then yields the claim stated in Remark 1.

F. Proofs of Theorems and Supporting Results for Section 4
F.1. Formal Proof of the Upper Bound in (13)

For any scheduling sets, arrival processes and random departure fields in M*?(B,C,,Cy), and
any scheduling policy ®, consider the one-step Lyapunov drift. Here for notational simplicity and

without risk of ambiguity, we write E‘(I’A g) as E. First, observe that

n

E | (max{Qi(t) - Di(t),0})°

i=1

n

> (max{Qi(t) — di(t), 0})”

=1

Fi| <E S

+> " Var(D;(t)).
=1
(EC.22)

To see this, define ¢(d;) = (max{x; — d;,0}). Since |¢'(d;) — ¢'(s;)] < 2|d; — s;], the descent

lemma yields for any D;,
9(Dy) < g(d;) + ¢'(di)(Di — di) + (Di — d;)*.
Taking conditional expectations given JF; gives
Elg(D:)| 7] <Elg(d;)|Fi] + Var(D;).

Taking the summation over 2 completes the proof of (EC.22).

The one-step Lyapunov drift satisfies
E[V(Q(t+1)—A(t+1)) - V(Q(t)— A®)) | F)
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n

- Z(Qz(t) — Ai(t))?

n

—FE Z(maX{Qi(t) — D;(t),0})%| F

;§§2E[@wxﬂ%@)—@@%0ﬂﬂ]§ }:vm §j@a@w—Awa
SE:UEKQAﬂ—dAwVUﬂ—— ()% 42Q:(t) A; +§:Vm
_E:E £)2 +2Q;(t) (Ai(t) — di(t)) | F] +§:Vmuzu»

:=ﬂQ@%ﬂﬂ%+NQ@%A@»+§:VHU1@D

where
FQE),d):=E |23 Qt)(N(t) —di) | Fu | +3_ (df = M(®)’)
and |
7«ﬂmA@»=§:PQ&M&@%<M®%+&@2—&@V]
Note that
E[Q @A(ﬂ
= [(Q )Az<t>] +E[Ai(t)2}
éE[ }EMUH+M&@ﬂ
QR [Qit } £) + Var(4,(t)),

where (a) follows from the independence between Q;(t) — A;(t) and A;(t), and (b) follows from
the relation E [ A; ()] = \;(t)? + Var(A;(t)).

Then we have .
Hﬂ@mAwﬂzzﬁ%MﬁD

By taking expectation and summing over for 1 <¢ <7 — 1, we have



~

-1

<> E[f(Q(1),d(t)] + (T — 1)n(CF + C3), (EC.23)

t=1

where the last inequality follows from the relation (1) = A(1). Note that

(=[> @in - am)] ) €5[( (e m)ﬂ
ShC

i=1

()
S

=nE[V

!
=
|
=
=

Here (c) follows from Jensen’s inequality and (d) follows from the Cauchy—Schwartz inequality.

Substituting this expression into (EC.23), we have

E i@i(T)

F.2. Formal Proof of Theorem 4

T-1

%E t))]+(T—1)(C§+C§)+§:E[Ai(T)]-

t=1

Proof of Theorem 4 Step 1. Fix an instance (D, A, S) in the model class M (B, C,,Cy). For
p € (0,1], let {Q(t)}1en, and {d(t)}sen, denote the queue length process and the
corresponding MaxWeight decisions when the arrival process { A() } ;e is replaced by the
scaled process {pA(t) }+en. For brevity, when p = 1, we write {Q(t) }+en, and {d(t) }en,
in place of {Q™(#)},en, and {d™ (¢)},en, . respectively. Suppose that each scheduling set
D, is a polytope and that the MaxWeight policy yields a unique maximizer of (Q(t), d) at
every time (with the exception of ¢ = (), where we fix an arbitrary schedule). Under this

assumption, we establish that

E(a,s)

>_Q)

is continuous in p on an interval (1 — ¢, 1] for some ¢ > 0.

By definition, the MaxWeight policy always selects an extreme point of the scheduling
set. Since the extreme points of the polytope is finite, there exists o > 0 such that for
p € (1—§,1], the maximizer of (Q")(¢), d) remains unchanged, that is, d'*) (t) = d(t) for all
t <T when p € (1—90,1]. Consequently, for every sample path, >, Ql(»p )(t) is continuous

in p on the interval (1 — §, 1]. Moreover, because

Sy YA

=1 t=1 =1
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Step 2.

Step 3.

Step 4.

the family {d ", QE'D ) (T)} pe(1-s,1) is uniformly integrable. By the dominated convergence
theorem, the expectation B4 ¢)[> 1", Qgﬂ )(T)] is continuous in p on the interval (1 — 4, 1].
We begin by considering a family of instances Z;, ;, which is given in (21) and illustrated in
Figure 3 for the case ¢ = 1. For the instance Z; ; with b > 6, we can show (as done in the

proof following Step 5) that for all time horizons 7" satisfying {%-‘ <7< ((g — 1)3W +1,

\/_T
ZQZ 2\/_

We now consider the family of instances Z; ,, which is given in (21) and illustrated in

E(as) (EC.24)

Figure 3. To ensure that the instance lies within the model class M*(B, C,, Cy), we require

2
& g2 ang (9O )
2 2

Recalling that b > 1, both conditions are satisfied by setting ¢ = @. It then follows
that 7, vz € MY(B,C,,Cy) for all b > 1. Consequently, the queue lengths under the
MaxWeight policy for the instance Z, 2z are exactly the queue lengths for the instance
7,,, multiplied by the scaling factor ¢ = ‘[B

Q(t) = qQ(t). Since MaxWeight selects d( ) € argmaxgep, (Q(t),d), it follows that

, which can be shown by induction. Suppose

qd(t) € argmax(Q(t), d) = arg max(Q(t), d).

deqDy deqDy

Therefore, recalling D(t) = d(t), the queue dynamics satisfy

Qt+1) =max{Q(t) — ¢D(1),0} + gA(t) = g(max{Q(t) — D(t),0} + A(t)) = ¢Q(t + 1).

By induction, this holds for all £ € N. As a result, applying inequality (EC.24), for any
instance Z, am with b > 6, and for all time horizons satisfying { W <T<[(3-1)%]+1,

we have

E(a.5) >V (EC.25)

For any T' > 9, we can choose the instance Z, 55 with b > 6 such that 7' = [(G-1)®]+1
’b
For this instance, the total queue length at time 7" satisfies inequality (EC.25). Moreover,

since 1" = ((g — 1)3W + 1, it follows that b < 3T%, and hence

E(a,s)




Therefore, for all 7' > 9,

2

> Qi(T)

i=1

>BT%

sup Ea,s)
{Z, /ap 26}
> b

By the continuity of E(4 g) [Z?Zl Q§P ) (T)] in p on the interval (1 — 9, 1] for each instance

7, a5, we further obtain
7 b

2 2 1

BTs

liminf sup Ewug QE'O) T)|> sup limE@g Ql(-p) (T)] > ——=.

P Ly 26} (4.5) ; ) {Z, yap b6} P11 (4.5) ; 2V/3

b b
Since Z, 55 € MY(B,C,,Cy) for all b > 1, we conclude that for all 7' > 9,
>

2 2 BT
liminf sup [Eg Q:(T)| >liminf sup Eugs fo” )| > ,
P MP(B,CaCa) s Zl & PTL - MY(B,Ca,Ca) s Zl @ 2V/3
(EC.26)

where the first inequality uses that scaling the arrival process of any instance (D, A, S) €
MY(B,C,,Cq) by p yields an instance in M*(B, C,, Cy).

Step 5. Combining the bound in (EC.26) with the lower bound in (4) from Theorem 1, we obtain
the following: for all T' > 91 (n, B, C,, Cq)* + 9, we have

- - BT
S QuT)| = max{2cl\/(C§+Cd)(T— 0.5 }

i=1

liminf  sup K
PTL - MP(B,CaCa)

1
> e/ (C2 4+ C(T 1)+ f—jg,
which completes the proof of the theorem.
We now prove inequality (EC.24). Before presenting the formal argument, we first outline the
main idea.
Proof Idea for Inequality (EC.24). The choices of b and ¢ ensure that no two schedules tie under

MaxWeight at finite time, so the policy always selects either (0, 1) or (b,0). Under MaxWeight,

one can show: At each time ¢, MaxWeight selects (b,0) unless gfgg > b. As a result, Q2(t) must
accumulate to b before it forces the policy to use (0, 1); however, doing so causes (1 (¢) to increase to
2, requiring Q2 (%) to build up to 2b before (0, 1) can be used again more frequently. More precisely,

let tg =0 and

ti, = min{t : Qo (t) > kb} for 1 < k < EJ .
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Under the MaxWeight policy, we observe the following behavior: when to <t < t;, d(t) = (b,0), so
the average growth rate of ()5 is I’_Tl; when t; <t <ty, Q2(t) > b— 1, and d(t) alternates between
(b,0) and (0,1) until Q>(t) = 2b, the average growth rate of Qs is 7+ — 1; when ¢, < ¢ < 3,
Q2(t) > 2b— 1, and each use of (b, 0) is followed by two uses of (0, 1) until Q)5(t) = 3b, the average

growth rate of ()5 is b’Tl — %

More generally, for all £ < |b/2], during the interval ¢, <t <ty, Q2(t) > (k—1)b—1, and
each use of (b,0) is followed by & uses of (0,1) until Q2(t) = kb, the average growth rate of
Q)7 is ”’Tl — % Moreover, since the interval length satisfies ¢, — t,_1 = O(kb), it follows that

tr, = O(k*b). Note that for t;, <t < tj,1, Q2(t) > kb — 1. Combining these observations yields
Qa(t) = @<\/E)

Formal Proof for Inequality (EC.24). Now we present the formal proof. Consider the MaxWeight
policy under the instance (21) with ¢ = 1, where b > 6 is rational and we choose 0 < ¢ < b_Tl to be a
small irrational constant.

By the queue dynamics, Q(1) = (1,1 — ). MaxWeight repeatedly selects (b, 0) until Q2(t) > b
Thus Q(t) = (1, %52 — &) for 1 <t < [XFE)]. When t = [""2)] we have Q(t) > b= bQ, (t) so
MaxWeight choose (0, 1). There is no tie in this decision, since (Q5(t) is irrational while @, (?) is
rational. Note that once (2(t) falls below b, MaxWeight will always choose (b, 0). Consequently,
for all ¢t > [ (bte) 1 ()2(t) can never drop below b — 1. This ensures that the —¢ term is always
preserved in Qg( ), making it irrational for all ¢. In the following, we consider only time horizons
where ()1 (t) < b holds throughout, ensuring that (), (¢) always remains an integer. Consequently,
there is never a tie in MaxWeight decisions, and it either selects (b,0) or (0,1). Therefore, we

henceforth restrict our analysis to the MaxWeight policy under

D, ={(0,0),(0,1)};
b—

Ay = (1,2=—= )forallt>2 and A(1) = (1,’7—_1_{5);

b b
Syu(t)=d,  VdeD,, (EC.27)

where b > 6 is rational and 0 < € < b’—l is an irrational constant. In addition, we choose ¢ small

enough so that [ (bb”Lf )W = [ e J This is possible because bb 7 is not an integer for any b > 6.

At each time ¢, the MaxWeight policy will choose (0, 1) only when Q2(t) > Q1 (t) and (b,0)
when bQ; () > Q2(t). Let to = 0 and

b
tr =min{t: Qa(t) > kb} for 1 <k < EJ :
We will show, by induction, that
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(1) t, is well defined;
(i) Qi(t)=1:
(iii) For ty_y <t <tp, 1<Qy(t) <k; (k—1)b— (k—1)/b<Qy(t) < kb.
For k = 1, by the above discussion, t; = [b(bbjf )1 is well defined, @1(¢;) = 1, and (iii) naturally
holds.
Now suppose that (i)-(iii) hold for some k — 1 with £ > 2. We show (i)-(iii) also hold for k. Note

the fact that at any time ¢, choosing (0,1) gives

Qit+1)=Q1(t) +1,Q2(t +1) = Qa(t) — %7

whereas choosing (b, 0) yields

Thus () increases strictly only when (0, 1) is used, and () increases strictly only when (b, 0) is used.
Starting from ¢ > ¢;,_1, and noting (), (tx—1) = 1, consider the next k time slots. There must be at least
one use of (b, 0), because if the first k£ — 1 departures were all (0, 1), then Q1 (tx_1 +k—1) = k, while
Q2(tp1+k—1)<(k—1)b+1—(k—1)/b< kb, forcing the kth departure to be (b,0). Moreover,
if only consider k£ — 1 time slots after ¢;_;, at most one (b,0) can be used, because for s < k,
Q2(tr—1+8) > (k—1)b—s/b> (k—2)b. Note that Qo (tx_1 + k) > (k—1)b+1—k/b> (k—1)b.
By the same reasoning and the fact that Qa(tx_1 +k+s) > (k—1)b+1— (k+s)/b> (k—1)bfor
s < k, in each subsequent block of k slots, (), increases by exactly 1 — k/b > 0. Hence t;, is well
defined, and since (), only increases when (b, 0) is applied, we conclude ()1 () = 1. Finally, (iii)
follows directly from the analysis above. And we complete the induction. In addition, we also have
the following properties:

1. For all 1 <t <t,
Q1(t) +Qa(t) > (k—1)b. (EC.28)

2. Each interval length satisfies

=

] sl e )
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By inequality (EC.28), for all t5_1 <t <y,

Q1)+ Qa(t) > (k= 1)b=

Note that

g :Zk:(ti —h) S [b(bbjf)w +§; [1 —Z’b@'/bw = zk: [1 —ibz'/b—‘ 1

The remainder of the proof relies on two technical claims.

Claim 1. Forb> 4 and k > 2,

5
Bl

\}
DO
S

Claim 2. Forb> 4,

b

2

With the help of Claim 1, for¢t; <t < tL%J’

S

bt
22
1 gbb— +1, and when b > 6, wehave——i—1<[( 1)3W+1.Thus,f0r526,
gts(g— +1,

Q1(t) + Qaft) >

b

Since t; =

for all { bb_21

S

Q1(t) + Qa(t) >

S

Substituting b = /2B completes the proof.
We now proceed to prove these two claims.

Proof of Claim 1. For 2 <k < |b/2] and each 1 <i <k, we have 1 —i/b>1/2. Hence

b b
< 1<2ib+1.

[1—¢/bw STz ST
Summing over ¢ = .,k yields

k
te <Y (2i0+1) +1=bk(k+1)+k+1< 2Dk,

=1

The last inequality holds under the assumptions b > 4 and k£ > 2. Hence

k—1 > kE—1 11—+ 1
N \/_ 2v/2b’
where the final inequality uses k > 2, which implies 1 — 1 > 1.
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Proof of Claim 2. Note that

3] 12

toy=> (ti—ti) =) ([21(6—_@/11))} - 1) +1.

i=1 =1

N

And

é(“ﬁ/ﬂ —1)+12§;<%—1>+12w_k+1.
Then

HZJ(("fi;;g} 1)z ORIORIED g (0 gpin

F.3. Formal Proof of Corollary 1

Proof of Corollary 1 'We continue to use the same construction as in (21) with ¢ = 1 and
B = b/+/2, under which the lower bound for MaxWeight is given by (EC.24). For LyapOpt, since

the arrival rate lies in the scheduling set D, and C, = Cy = 0, Theorem 2 and (16) yield

2

2
1 1
LyapOptT: AzT:2——— <2— —

which completes the proof.

G. Proofs of Theorems and Supporting Results for Section 5

G.1. Proof of Theorem 5

We invoke the following Foster—Lyapunov lemma (see, e.g., Meyn and Tweedie (2012)).

LEMMA EC.5 (Foster—Lyapunov Criterion). Let {X;}:cn, be a Markov chain on a countable
state space X. Suppose there exists a function V : X — [0, 00), a finite subset W C X, and constants

e > 0 and b < oo such that

Then the Markov chain { X, }1en, is stochastically stable in the sense that it reaches the recurrent

states with probability 1, and every recurrent state is positive recurrent.
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Proof of Theorem 5 Under the LyapOpt policy, the one-step Lyapunov drift

ECTRP [V(Q(E+1) = V(Q()) | Q(t) =]

n

> (max{w;(t) — DOPH(t), 0} + At + 1))

i=1

< Z( [ max{z;(t) — D*POP' (1), 0})?

=Eu,s)

t)= x] — Z:xi(t)2

Q1) == + 2w (DEIA(t+ 1] + BA(t +1)) — 2:(1)?)

where the inequality uses the independence between A(t + 1) and Q(t). Use the same argument as

in (EC.22) of Appendix F.1, we have

i]E [(max{xi(t) — D@Lyapopt(t)?O})g‘Q(t) _ x}

< DB | (max{r(t) - d"O (1).0))|Q() =] + D Var(DFO (1)

— mi () — A 2 LyapOpt
= min ) (max{z;(t) — d;,0}) —|—ZVar(DZ ()

=1
n

< : ) P AY LyapOpt
< min 2 (@i(t) — di) +ZVar(DZ (1))

< 9 2 DLyapOpt
min x;(t)d; +Héa)*(2d Z:r; —|—ZVar (1)),

~ deD
* =1 i=1 i=1 i=1

where the equality uses the definition of LyapOpt, and the last inequality is by the fact that
min(f + ¢) < min f 4+ max g. Therefore,

ECFH VQE+1) - V(QH) | Q(t) =]

< min 221’1(15)()\ (t4+1) —d;) +2nB* +nC? +nC3

<-2(1-p t)d; +2nB> :
<=2 %%%sz +2nB? + nC? 4+ nC3,

where the last inequality follows from A\(¢ + 1) € pII(D,), which implies

ZIZ (t+1) <maxp2x

Then we choose

e+n(2B*+ C?+C3)
< .
W= {er {}é%}fled 21— )

=1
Since IV is finite, it satisfies the condition in Lemma EC.5, which completes the proof.
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G.2. Proof of Proposition 1 and Related Lemma

The next lemma follows directly from Assumption 1.

LEMMA EC.6. Under Assumption 1, for all t € Ny and all x € R",

max(z,d) > le (EC.29)

deDy

Proof of Lemma EC.6  Fix t € Ny and x € R’,. By Assumption 1, for each j there exists a
schedule vector d¥)(t) € D, such that its j-th component d§j ) (t) > «. Hence

> G) () > U) () >
e @ 2 o o 70D 2 g a0 2 0 o

Since max; z; > + 3" | x;, inequality (EC.29) follows.
Proof of Proposition 1 By inequality (10) and the definition of LyapOpt, the one-step Lya-
punov drift under the LyapOpt policy satisfies

ECFRP VQ(E+1) = A(t+1)) = V(Q(t) — At)) | F]

< min f(Q(t), d) +r(Q(t), A(t)) + Z Var(D;**O%(t))

2 (22@@-@)(& +Z (¢ - )+r<@<t> AWD)-+ 3 Var(DE™ " (1)
SgégzZQ — i)+ nB* 4 QD) A®) + Y Var(DIO (1)

=1

—2(1 - p)max Y Qi(t)d; +nB> +r(Q(t), A(t)) + Y _ Var(D;**OP (1)),

=1 i=1

ZQ <gé%>t<p21:@¢(t)di-

Taking expectations and summing over ¢ yields

LyapOpt LyapO t
ELOM [V (Q(T) — A(T))] < —2(1— ZgéaXZE(Z 207 [Qu(B)d; + (T —1)(B* +C2 + C3).
By Lemma EC.6,
n . o n .
max D B Q0> 1) BG R0)

i=1 =1

Then we have the uniform stability bound (22).

25



H. Supplementary Experiments in Section 6.1

The following two figures confirm that, in the setting of the Corollary 1, the total queue length under

MaxWeight eventually becomes bounded (i.e., O(1) in T') as T  increases.

Total queue length across different T Total queue length across different T

250

MaxWeight MaxWeight
LyapOpt 800 - LyapOpt

— n
o =]
=} =]

<)
o
Total queue length

Total queue length

50

0 0

0 0.5 1 1.5 2 0 2 4 6 8 10
Time slot T «10% Time slot T «10%
(a) Total queue length when B =10, C, =C4q =0 (b) Total queue length when B =20, C, =Cq =0

Figure EC.1 Performance comparison of MaxWeight and LyapOpt policies versus B

l. Formal Proofs of Results in Section 7
I.1. Proof of Proposition 2

Proof of Proposition 2 We focus on the case C? + C32 > 0; as the case C? + C? =0 is straight-
forward. Fix a time-invariant scheduling sequence D with D, = D, for all ¢ € N, where D, is defined
in (EC.18). Let

M:max{idi:dep*} =nB
i=1
denote the maximum total service capacity in a single time slot. We construct arrival process A
and random departure field S are mutually independent. For each ¢, the components A;(t) are

independent across ¢ and distributed as

P(Ai(t) - Ka)\i> - Ki IP’(Ai(t) - o) — KK_ S

where the choices of A and K, follow those specified in (EC.14). Thus, the mean and variance
conditions for A in (EC.15) still holds. In particular, the total variance across all queues is given by

n

Zn:Var(Ai(t)) =) (K.—1)X =nC;.

i=1
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For each t and d € D,, the components of (S4(t)); are independent across 7 and distributed as

P((Su(t): = Kad) = 1 B((Su(0)i=0) = =2,

where the choice of K4 follows those specified in (EC.16). This confirms that the constructed pair
(A, S) belongs to the model class M%(B, C,, Cq4). Recall that D(t) = Sq()(t). So the components

D;(t) are independent across i and distributed as
Kq—1

P(Di(t):Kddi(t)):Kid, P(Di(1)=0) = =

Let {G(t) }+en be an i.i.d. sequence of random variables defined by G(t) = > Yi(t), where Y;(t)

are independent across ¢ and distributed as

1

Ka-1
Ky N

Kq

IP’(Yi(t) - KdB> -

so that

P(G(t) >y) > P(i D;(t) >y) foreach y, E[G(t)] = M, and Var(G(t)) =nC3.

i=1
The following argument follows the same idea as in the proof of Theorem 1. Let X (¢) = | A;(¢).
By (EC.13), the queue length satisfies

T-1 T-1

>~ Qi(T) > max {Z (X0 -61). 3 (X®-6M),.... X(T=1) = G(T - 1), 0} +X(T).

Observe that — _
X(t)=G@)=(X(t) —pM)+ (M —-G(t)) — (1 —p)M.

Note that { (X () — pM) — (M — G(t)) }1en forms an i.i.d. sequence of random variables, satisfying
E[(X (1) — pM) — (M — G(1))] = 0, Var(X(t) — pM) + (M — G(£))) = nC2 + nC%,

where the variance follows from the independence of all components. Thus, by Lemma EC.3, we

obtain the following lower bound: for all 7' > 2 + 1 and (1 — p) M < o /1s,

max{Ti (X(t) - G(t)),Ti (X(t) . G(t)),...,X(T— 1)~ G(T— 1),0}]

E

wllo

/—"\
Q
%
+
<3
%

12

+

£3

—



where 1), is the unique positive solution to @ log(1+2z)+ 2 =u;0=1/nC2+nC3; cand ¢
are the constants defined in Lemmas EC.1 and EC.2 respectively.
Observe that for p € [1/2,1], the random variables (X (t) — pM) + (M — G(t)) have uniformly

bounded support across p,

06— p0) + (01 = Go) < B (T2 V14 TAv 1)

and variance 0% = n(C? + C?). Consequently, their Sakhanenko parameters are uniformly bounded
away from zero by a positive constant depending only on n, C',, Cq and B. By Lemma EC.2, the

constant ¢ can therefore be chosen to depend only on n, C,, Cy and B.

4(c/a+1)

Let ¢; = ¢/2 and define ¥ (n, B, C,, Cq) as the unique positive solution to log(1+x)+

10 oo

= x, we recover the result in (23).

1.2. Proof of Proposition 5

Proof of Proposition 5 Under the assumption that E[A(¢)] = A € D,, we have
> “max{A;(t) — df¥ (t),0} <> max{A;(t) — \;, 0}. (EC.30)
Let A(t) = A(t) — D®"(t). Then

A(t) = (A(t) = \) + (A= A1) + (A(t) — d"F (1)) + (d°" () — DPP (1))
AW+ AP () + A (1) + AW (1),

Under this policy, for each 1,

4 T—1
< Zmax{ZAgﬂ(t),ZAgﬂ(t), LAY - 1),0}.
j=1

t=1 t=

For the first term, let Sfl)(t) =, A( (s) and Mi(l)(t) = max;<s< SZ-(I)(S) for t € N. Specif-
ically, let Si(l)( 0)=M (1)(0) = 0. since the variables {Agl)(s)}szl are independent across s and
satisfy E[Agl)(s)] 0, {S(l)( )} is a martingale. Thus, we have

T-1 T-1
E max{ S Al alw),..., AT - 1),0}]
t=1 t=2

28



:E{Mfl)(T— 1)} < \/E[(Mi(l)(T_ 1))2}

< \/41@[(5}”@— 1))2} - 2J %Var(/l 1

where the first inequality follows from the Jensen’s inequality and the second inequality follows

from Doob’s maximal inequality. Using the same argument, for the forth term, we also have

E max{z:lA§4)(t),Z:1A§4)(t), L AM(T - 1),0}] < QJ z:lVar(Di(t)).

t=2 t=1

For the second term,

T-1 T-1 T—
max{ SAP 1), AP ),..., AP } ZmaX{A @) Z AB)(
t=1 t=2 t=1

Note that
AP ] < [B[@aP)] =
Then

Z{AQ <\/Var Z—<\/Var /T —dt<2\/ — 1) Var(A;(1)).

For the third term,

n T-1 T—-1
Zmax{ AP SN AP @), AP (T - 1),0}
t=

i=1 1 t=2
n T-1 T-1 n
<3N max{AP(1),04 =D max{A;(s) — (1), 0}
i=1 t=1 t=1 i=1
T—1 n T—1 n

<D0 Tmax{Ai(s) = A 03 <) 0D [ Ai(s) —

t=1 i=1 t=1 i=1

ZZ\A?)@ zw 1) Var(A,(1)).

In sum, we have

E[i@im]—ﬁ[i& } 26\/ — 1) Var(A +2i¢2\/ar
<nVT —1(6C, +2Cy).
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