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APPENDIX A: PROOFS OF OBSERVATIONS FOR THE GENERAL CASE

Observation 1. For all D=1,2..., Max N(D)£ D.
Furthermore, for all n3D, U(n+1,D) - U(n,D) = C(n+1) - C(n) = bpn+1.
Proof: Forall n3D, V(D-n) =V(D-n-1) =0, and both parts of the observation follow

immediately from equation (2).

Observation 2: Forall D =1,2..., V(D) > V(D-1).

+ By

Proof: If 11 N(D) then from equation (1), V(D) - V(D-1) = a > 0.

1
If n+17 N(D) for some n3 1, use V(D) = W(n+1,D) and V(D-1)£ W(n,D-1) to get
V(D) - V(D-1)® W(n+1,D) - W(n,D-1)

= {C(n+1) + &L P[Gn+1=K] V(D-K)} /q,
-{C(n) + &}, P[Gn =K] V(D-1-K)} /0,
Bn+1

= Py qi (&7 [QK-Qk+1][V(D-K) - V(D-1-K)]

+ [Qn-Qn+1]V(D-n) +Qn+1V(D-1-n) - QnV(D-1-n)}

_ Bq_ +qi &1, [Qk-Qk+1][V(D-k) - V(D-1-K)] 3 Bq_ .

Observation 3:

(a) Suppose marginal costs are bounded away from zero, i.e., bj 3 b>0foralli=1,2,...,
and suppose further that Qi ® 0 asi® ¥. Then

forallD=1,2,.., we havethat max N(D) £ M
where M =max{i =1,2,... : bj £ QjV(1)}.
(b) If, in addition, the hazard rates are bounded away from zero, i.e.,gi£q<1foralli=
1,2,..., then

forallD=1,2,.., we havethat max N(D) £ q
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where Q= M, ie, V(@) =h.

log(1l/q)

Proof:

(a) First we note that for all D;and D, D131, D3 1, we have that V(D1+D2)£
V(D1)+V(D2), since it is always possible to satisfy a rigid demand for D1+D2 units
by delivery of D1 units and then D2 units. In particular, we have, for all n and D,
V(D-n) - V(D-n-1)£ V(1), and hence from equation (2)

U(n+1,D) - U(n,D)* bn+1 - Qn+1V(1)

For all n3 M, bp+1 - Qn+1V(1) >0, hence U(n+1,D) > U(n,D), and the result follows.

(b) For n 3 g, Qn+1V(1) £g"*1 V(1) < bEbp+1, hence U(n+1,D) > U(n,D), as above.

Observation 4: Suppose that marginal costs are non-decreasing, i.e., bi£ bj+1 for all i.
Then for D = 2,3,..., max N(D)£ min N(D-1) + 1.
Proof: Suppose m = min N(D-1) and m+1 <n+1 £ D. Then from equation (2)
U(n,D-1) - U(m,D-1) =& "} [U(k+1,D-1) - U(k,D-1)]
= &2 {bk+1 - Qk+1 [V(D-k-1)-V(D-k-2)]}* 0

where the non-negativity derives from mi N(D-1). Similarly,

U(n+1,D) - U(m+1,D) = & {_,.,, {bk+1 - Qk+1 [V(D-k)-V(D-k-11}
= &2, {bk+2 - Qk+2 [V(D-k-1)-V(D-k-2)]}-
Now bk+2 3 bk+1, Qk+2 < Qk+1, and V(D-k-1)-V(D-k-2) > 0 for all k £n-1 £ D-2,
together with n > m, imply U(n+1,D) - U(m+1,D) > 0, hence n+1I N(D), and the

observation follows. e

Observation 5: Suppose that marginal costs are non-decreasing, i.e., bj £bj+1 for all i.
Then (i) DI N(D) implies N(d) = {d} for d=1,...,D-1; and
(ii) DI N(D) implies di N(d) for d=D+1, D+2,....

Proof In view of Observation 1 and Observation 4, we have

(i) DI N(D) b max N(D)=D b min N(D-1)® max N(D)-1=D-1 b N(D-1)={D-1}
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etc.

(i) DI N(D) b min N(D)ED -1 P max N(D+1)£D b D+11 N(D+1) etc.
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APPENDIX B: PROOF OF LEMMA 3.2

Lemma 3.2: Suppose that hazard rates are constant, i.e., gj = g for all i, and that

costs are such that j exists. Then,

(@) forD=12,.., and n=1,...,D,
IS(n,D)| £ [V(1)-j 1 QP
(b)  v(D+1)-V(D)® ] asD ® ¥ .

Proof of Lemma 3.2

Part (a):

First recall equation (5):

U(n,D) = V(D) + [(n) - ¢] &}.,ak - S(n,D) Q)

This equation implies the following relationships:
() For all n, U(n,D)® V(D) implying S(n,D)E [f(n) -] ] éE:1qk.
For rl N(D), U(r,D) = V(D) implying S(r,D) = [ f(r) -j ] éL:1qk.

(i) For all n, [fn)-]j]30; (by definition of j )
For mi No, [f(m)-]j]=0; (by definition of No)
Hence:
For rl N(D), S(r,D) 30
For mi No, S(m,D) £0.

The statement in part (a) of the lemma holds for n = D = 1. We assume
inductively that it holds ford = 1,...,D-1, and n = 1,...,d, and prove that it holds
forDandn=1,..D.

For convenience, define also S(n,D) =0 ifn=0 or D = 0. From the definition of
S, we have fori=1,...,j:

S(j,D) = S(i,D) + qi S(j-i,D-i)



In what follows, let ri N(D), mi Ng and ni {1,...,D}. To avoid messier notation,

we consider separately each of the following four cases.

() n £min{m,r}:
S(r,D) = S(n,D) + " S(r-n,D-n) 3 0
S(n,D)® - g S(r-n,D-n) 2- g [V(1) - ] gP-N=-[V(1) - j ]gP
S(m,D) = S(n,D) + g" S(m-n,D-n) £0
S(n,D) £ - q" S(m-n,D-n) £9" [V(1) -} 1 PN = [V(1) -} 1 ¢P
Thus, [S(n,.D) £ [V(1)-j1aqP
(i) n3 max {m,r}:
S(r,D) = S(n,D) - ' S(n-r,D-r) 20
S(n,D)® q" S(n-r,D-1)3-q" [V(1) -j 1P =-[V(1) -j 1 qP
S(m,D) = S(n,D) - gM S(n-m,D-m) £0
S(n,D) £ ™M S(n-m,D-m) £4M [V(1) -j ]aP-M = [V(1) -} ] ¢P
Similarly for,
(iii) meEn£r:
S(r,D) = S(n,D) + q" S(r-n,D-n) 3 0 exactly as in (i)
S(m,D) = S(n,D) - gM S(n-m,D-m) £0 as in (ii)
(iv) rEngm:
S(r,D) =S(n,D) - g" S(n-r,D-r)3 0 as in (ii)
S(m,D) = S(n,D) + g" S(m-n,D-n) £0 asin (i)

In all four cases, |S(n,D)| £ [V(1) - j 19D, proving the lemma by induction.

Part (b):

Follows immediately from part (a), as V(D+1) - V(D) -j =S(1,D+1)/q ® O.



APPENDIX C: PROOFS OF SOME RESULTS FOR THE STANDARD CASE

We start with atechnical observation and alemma.

. i k-i
Observation C-1 él;:i jod=——+qg*1 - 7" <
1-¢ (1-q) 1-¢

k+1

Toverify this, define s = &', jg =ig+(i+1)g*l+ ..+ koK
and thus, gs = &Y, jg+l= i g*tl+ ..+ (k-1) gk + k gk*1
(1-g)s = ig+[g*l+g*2+.. +0k] - kgktl

Dividing by (1-g), and summing the geometric-series, gives the stated observation.

The following lemmais used in the proof of Theorem 2.

1_qoc+1, and le_Tq_

DefineA =

LemmaC.1
If n-11 N(d-1) and nl N(d),
then V(d)-V(d-1) =A +Bn.

Proof
According to equation (1), under the postulated conditions

V(d-1) =U(n-1,0d-1) =V(d-1) +a +n- 1- & gk[V(d-k) - V(d-1-K)]
hence a +n- 1=&;% gk [V(d-K) - V(d-1-K)] (C.2)
Similarly,

V(d) = Und)=V()+a+n- a;., g<[V(d+1-K) - V(d-K)]

a+n =aj.,; gk[V(d+1-k) - V(d-K)] (C.2)

Subtracting (C.1) from (C.2), we get
1= qV(d)- V(d-1)] + &, o<[V(d+1-k) - V(d-K)]- &} gk [V(d-K) - V(d-1-K)]

= q[V(d)- V(d-1)] + &2 g [V(dK) - V(d-1-K)] - & gk [V(dK) - V(d-1-K)]

implying



1' o
29 gk vk - V(1K)

V(d)- V(d-1) = -

o|r

and using (C.1) once more, we finaly get

1 1-
V- V) = S+ Tq(a #n-1) =A+Bn.

To state and prove Theorem 2, recall the following definitions from Sections 2 and 4.

1+a

In
q ) 1+a
q = T e, qd
In—
q

=1

- o +yJa? +4a /In(L/ q)
2 1

X = i.e, x(@+x)In(l/g)=a

&i=Max{n=012,... :n£x}

&0 (a+&0+1)

k =é&a if £ — -
(&0+D) (+&Q
=&0+1 otherwise (k isasgtrictly positive integer)
L1=q if k=1
Ioga +K
Sk —K if 1<k £ ——a
Iogl 1-q
q
= a+1 if k> ——o andk > 1
1-q 1-q



Theorem 2
ForD=12,.. DI N(D)ifandonlyifD£L.

Proof of Theorem 2

Notethat q > 1. Wefirst analyze the case q < 2: By Observation 3, max N(D) £ q for all D,
implying N(D) ={1} for al D, and thus DI N(D) if and only if D = 1. Therefore, for this case it
remainsto show that L=1 or equivalently, that 1 £ L1 < 2. Rewriting the expression for g, we get

that of"*(1+a)=1. Combining this equality with 1 < g < 2 we obtain that q(a+1)<1, i.e,
a < % -1ie, ﬁa <1. Hence, by definition of L1, L, can either be equal to q or
L, = ﬁa +1,andinboth casesweget 1 < L1 <2whichimpliesL = 1.

For g3 2, thetheorem is proved by induction. 11 D (1) and 1 < L1 hold trivially. Assuming

inductively that dT N(d) for d =1, ..., D, we now show that D+11 N(D+1) if and only if
D+1£L. (To complete the proof, we will show later that for all D> L, DT N(D).)

Clearly,
D+11 N(D+1) U U (D+1, D+1) £ U (m,D+1) for m=1, ..., D.

Thus, we will show that U (D+1, D+1) £ U (m,D+1) for m=1, ..., D if and only if D+1£L.We
partition the proof of this statement into three steps: In the first step of the proof we will show
that the condition U(D+1, D+1)EU(m,D+1) for m=1, ..., D isequivalent to the following

X

Xq

condition: gP+1° max y=1
o+ X

. As aresult we prove in the next two

..... D Y(X) where y(x)=

steps that qP*1® maxy=1 _p y(x) if and only if D+1£L. In the second step we will show

that the function y(x) is unimodal on X3 0 and it is maximized at x=x. In addition, we will show
that k, which is equal to either &d or to éxd+1, maximizes y(x) on x=1,2,...Therefore,

maX x=1,...D Y(X) =y(D) if DEK

=y(k) ifD>k



In the third step we will prove the desired result, i.e., gP+1° maxy=1 _ p y(x) if and only if

D+1£L.

We start with the first step of the proof and note that

U(D+1, D+1) - U (m,D+1) = &7 [ U(j+1, D+1) - U (j, D+1)]

& o {1-g*V(D+1) - V(D)) }.

Forj=1,..,D-1, 2£ D+1-j £ D, hence by the induction assumption both D-ji N(D-j) and
D+1-j T N(D+1+) hold, and we use LemmaC.1 to get

. . ] +1
U(D+1, D+1) - U(m,D+1) =D-m+1- &% g*1[A+B(D+1+j)] - gP+1 O‘q

1- 1-
where A :Tqa +land B :Tq . Thus,

U(D+1, D+1) - U(m, D+1) = D-m+1- [ A+B(D+1)] & g*1 +B& ) jg*l-gP(a+l)

D-m

1-¢
1-q

Observe that, &> gi*+1=gm+1

and from Observation C-1

1_ qD—m—l (D' 1)qD+1

30t igtl = m+2 -

ajzquj 1_ q +q (1_ q)2 1_ q
Thus,

1- 1- 1- D-m
U(D+1, D+1) - U(m, D+1) = D-m+1- { qqoc+1+ qq(D+1)}qm+1 1?q
1- m m+l 1- D-m-1 D-1 D+1
+_q{ 9 + m+2 229 _. (D- 1)q 1. D(a +1)
q 1-q (1- q) 1- q
1_ qD-m

U (D+1,D+1)- U(m,D+1l)=D-m+1-agM[1-gP-M] - gm+l -



D-m-1

1-
- qu [1_qD'm] - qm [1_ qD'm] + mqm + qm+11C1—q - (D_l) qD - qD (a+1)
qm+l qD+l qm+l
=D-m+1-agM+ agP 19" 1Tg -DgM+ DgP - qm+qD+mqm+1_ .

D

q
1-q

] DD + gD -a ¢P - g
=D-m+1-agM-qP-DgM-gM+ gbP+mgMm
Thisreduces to:

U(D+1, D+1) - U(m,D+1) =D-m+1-a gM - (D-m+1) gMm
Therefore, U(D+1, D+1) £U (m, D+1) for m=1,...D
isequivaent to

D-m+1£ agM+ (D-m+1) gM for m=1,..,D.

By setting k=D-m+1 (sothat m=D-k+1) we can rewritethe above condition as
k£ (a +k) gP+1-K for k=1, .., D, or equivalently, that :
k X

kg - Xq
D+13 =
q p——” for k=1,..,D. Bydefining y(x) as "

, We get that the

condition U(D+1,D+1)E£U(m,+1) for m=1, ..., D isequivalent to qP+1° max =1 p
y(x), which completes the first step of the proof. As a result we conclude that it is

sufficient to show that qP+1° maxy=1 .. p y(x) if and only if D+1£L.

For the second step of the proof we consider the derivative of y(x):

X

1
y() = {[ox +xIn(q) o] (a +x) - x} = {[1+xInd] (@ +x) - x}

(o +x)* (o +x)*

= 0 fa-x@) ()
(00 +x)° q

y isunimodal on x3 O since:



1
y'(x) >0 if  x(a+x) In(a) <a
. 1
=0 if x(a+x)|n(a) =0
. 1
<0 if x@+x) In(a) >a.
Hencex , as defined above, maximizes y(x) on x 3 0, and k , as defined above, maximizes

y(X) on x = 1,2, ... This completes the second step in the proof.

In the third step of the proof we show that qP*1° maxy=1 __p y(x) if and only if

D+1£L.

We note that since D isinteger, D £ L if and only if DEL,. Consider the three casesin the

definition of L1:

(i) Supposek = 1.

qP+1s % , or equivalently P (a +1) 3 1. In view of thefact that q9-1(a+1)=1 (see

definition of q) we get that qP (a +1) 3 1if and only if D£ q-1 and thus

(if) Suppose 1<k £ ﬁ a.
Ioga +K
1 1
If D¥LEL; =k +—5— then (5)P+1£ (2)" 225 Hence
log— a g
q
. KQ°© B »
gPb+1 = y(k) =max x=12.... Y(X) 3 max x=1.... p Y(x), and the condition

o +K

oP+1% maxy=1 _p Y(x) issatisfied, so that D+11 N(D+1).



On the other hand, if D+1 > L1, then by an identical argument gP*1 < y(k). Note that,

Iog(x+1<

. . 1 atk .

KE— a0 k- gkqa U k £qa+tk) 0 £ % ¢ K 51
-q q K |oga

Hence, if D+1> L1 thenD >k (see definition of L1), sothat y(k) = max x=1,... b Y(X). Thus,

P+l <max x=1 ... p Y(X), and therefore D+11 N(D+1).

.....

(iii) Supposek > a,andk >1.

1-q
If D+1£Lq = ﬁ a+1thenD <k, and by theunimodality of y(x), thevauex =D

maximizesy(x) onx = 1,..., D, so that the condition gP+1° maxy=1
D

D
2 5 , whichisequivaently tog(a+D) 3 D, or dternatively, DE% a . Thus,

pY(X) becomes

qD+13

D+1£L1 impliesthat gP+1° maxy=1 ... p y(x) and therefore D+11 N(D+1). On the other

D

' A - i pr< P9 _
hand, if D+1>1_ ] a +1thenD- gD >qa, |.e.,q<a ) , hencegP+1 < p——s =y(D),
and clearly y(D) £max x=1 ... p Y(x), o that the condition P *+1° maxy=1 . p y(x) isnot

satisfied and D+1 1 N(D+1).

The above proves by induction that D T N(D) whenever D £ L, and that L+11 N(L+1), i.e,,
max N(L+1) < L+1. It remainsto show that max N(D) < D asofor all D > L. Thisfollows

from Observation 4, which impliesthat max N(D) £max N(L+1) + D - (L+1) <D. "~
Next we present Lemma C.2, which is used in the proof of Theorem 3 below.

LemmaC.2

Foral D=1.2,.., V(D+1) - V(D) <A +B(L+1)
Proof

Wefirst show that V(L+1) - V(L) <A + B(L+1).

By Theorem 2, L+1i N(L+1), hence from equation (1)

V(L+1) <U(L+1,L+1) = V(L+1) +a + L +1- &1 gk [V(L+2-K) - V(L-1-K)]

imnh/inn



+L+1

o o L1 o+l
V(L+1) - V(L) < — a1 Of[V(L+1-K) - V(L-K)]- o- T.Notethatwhen

k=1,.,L-1,then 2£ L+1-k £ L, henceby Theorem 2, L+1-ki N(L+1-k), thusby LemmaC.1,

V(L+1-K) - V(L-K) = A + B(L+1-k). Therefore,

+L+1 +1
V(L+1) - V(L)<O‘T - &L KA + B(L+1-K)] - qLOLT

+L+1 o o
V(L+1) - V(L) < O‘T - [A+B(L+1)] &2 ok +BA ik gk~ gt

In order to evaluate the right hand side of the above equation, we value the geometric-series
summation in the second term, use Observation (C-1) to vaue the third term, and use the

definitions of A and B, to get (details omitted)

+L+1 . . +1
z C[A+B(L+D] &l gk +BA Ik - gt O‘T: A+ B(L+1)

and thus,

V(L+1) - V(L) < A +B(L+1).

For D=1,...,L-1, wehavefromLemmaC.1

V(D+1) - V(D) =A +B(D+1) £ A + BL <A +B(L+1).

It remainsto show that V(D+1) - V(D) <A +B(L+1) for D =L+1, L+2,... We provethis
by induction: assuming that [V (d+1) - V(d) <A + B(L+1) for d=1,...,D - 1] holdsfor
someD where D - 13 L (whichweknow holdsfor D = L+1), we show that

V(D+1) - V(D) <A +B(L+1).
Let nl N(D). SinceD 3 L+1, it followsfrom Theorem 2 that n < D. Using equation (1),

V(D+1) £ U(n,D+1) =V(D+1) +a + n- &}, ok [V(D+2-k) - V(D+1-K)]

o

0 £ a+n-qV(D+l - V(D)]- a;., gk[V(D+2-k) - V(D+1-K)]
V(D+1) - V(D)£GTH] - éé?;iqiﬂ [V(D+1+) - V(D-)]

In order to evaluate a +n in the above expression, we use equation (1) again for U(n,D), recalling

ni N(D)



V(D)=U(nhD)=a +n- a,, gk[V(D+1-k) - V(D-K)]
a+n = &, g<[V(D+1-k) - V(D-K)]
hence,

V(D+1) - V(D) £%é;=l gk [V(D+1-k) - V(D-K)] - =& }.; gi*1 [V(D+14) - V(D-j)]

o

V(D+1) - V(D)fl_Tqé?éiqj [V(D+1+) - V(D-))] +q" [V(D+1-n) - V(D-n)].

Since n < D it follows from the induction assumption that [V (D+1-j) - V(D-j)] <A + B(L+1)
forj=1,..,n.Thus,

q-q’
1-q

V(D+1)- V(D)<{ LTqé gt + g { A+B(L+1)} ={ qu

+ N} <A +B(L+1)

which completes the proof.

We conclude this appendix with the proof of Theorem 3.
Theorem 3 max {kl N(D):D=12,...} =L
Proof

From Theorem 2 we have LT N(L), hencemax {ki N(D), D =1,2,...} 3 L. Assume by
contradiction that max{ki N(D): D=1,2,...} > L. Inview of Observation 4 (which states that a
unit increase in the outstanding demand can induce no more than a unit increase in the optimal
lot size) there existsd such that LT N(d) and L+11 N(d+1). Then from LemmaC.1 V(d+1) -
V(d) = A + B(L+1), whilefrom LemmaC.2, V(d+1) - V(d) < A + B(L+1)

which is acontradiction, forcing the conclusion that max {ki N(D): D = 1,2,...} =L, as stated.



