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Appendix for “The Censored Newsvendor and the Optimal Ac-
quisition of Information” by Xiaomei Ding, Martin L. Puterman

and Arnab Bisi

Proof of Proposition 1. The proof consists of three steps. First, we show that the posteri-
or 41 (0|2y,) is stochastically increasing in x,,. Second, we show 7 1 (0|2,) > Tpi1(0]2n), n =
1,2,...,N. Then we show that this implies the stochastic ordering of the marginals.

Step 1 For any z, and 2!, such that =, < z!, we have
n n

Tnt1(0]2n) = %Z:L)w), Tnt1(0]zy,) = %

Since f(z|6) is likelihood ratio increasing in @, for all 6 < ¢’

f(z]0)
f(n]0)

S (]0)
f(znl07)

<

Therefore, for all § < ¢',

Tni1(Bl7) _ f(@5]0)m, (2n)

_ n(@n) _ f(@pl0)mp(zn) _ mosr(0]27,)
Tnt1(0]7n) f(@n|0)my, (27,)

!
f(@nl0)miy(a7,) T (0']2n)”

IA

(1)

Thus 0|[X,, = )] >Lr 0|[X, = z,] for any z, > x,. Since the likelihood ratio ordering is

stronger than the stochastic ordering, m,41(0|z,) increases stochastically in .

[Step 2]
(Ol — Tl 0) L (o) R
Tpt1(0|Zn) = Jo fq?: f(z|0)n! (0)dzdd f:;: m! (z)dz
That is,
c Joo my, (x) 41 (0|2)d
T (O] = Joo mi, (z)dx (2)



By (1), for all < ¢,

7y Own) L @) (O]0)ds /

7Tn+1(9|xn)

I\
8
s

Trrcz-l—l(g |
7rn+1(0,|

Thus 0|[X,, > z,] >rr 0|[X,, = x,]. Therefore, 7§, (0|2n) >5 7ny1(0|zy,) for arbitrary z,.

[Step 3]  We write the marginals as
My(alon) = [ [ F0)m (Ol -1)doit )
By changing the order of integral, (3) becomes,
Malahin-1) = [ Pal0)ma(@)n-1)0 = FglF (+10)] @)

where 0 has density 7, (0|z,—1).

Similarly,
My (z|zn—1) = /(9F($|9)7T%(9Iwn—1)d9 = Egi[F(x]6")] (5)

where 6’ is a random variable with density < (0|x,_1).

The condition that f(x|@) is increasing in likelihood ratio as € increases implies that f(z|0)
is also stochastically increasing in 6 since the likelihood ratio ordering is stronger than the
stochastic ordering. Therefore, 1 — F'(z|f) is non-decreasing in #. By Proposition 8.1.2 in Ross

(1983, p. 252), we have

Egll — F(z|0)] < Egr[1 — F(x]6")] (6)



if @’ is stochastically greater than 6. Hence by step 2 it follows from (6) that

M (z|xn—1) < Mp(z|xn-1).

|
Proof of Proposition 2. Since uny1(mly, ;) = 0 by the assumption of the boundary
condition,
un () = min{Rs(xy, yx) + 0}. (7
As we have pointed out earlier, Rp(7y,yn) is convex in yy. So uy(mly) is minimized at
Ui = vy = My(lax—)] " i w(lonor) = m(Clan-a),
i.e., when Xy 1 = oy 1 < yn_1, (8)
yN = y& = M (Elyn-1)]™" it wy(lev-1) = 7% (lyn-1),
i.e., when XN_1 Z IN—-1=YN-1- (9)
That is,
yN = YN
Since both My (z|zny—1) and M§ (z|xn—_1) are monotonically increasing in z, and Mg (z|zn_1) =
M§;(z|lyn—1), using Proposition 1 for n = N, it is obvious that
yiv = [Mn(kley 1)) <yl = [ME(Klyn 1)) (10)
|
Proof of Theorem A. We divide the proof into three steps. In step 1, we introduce some

notation and develop a few relations for use in the subsequent steps. In steps 2 and 3, we use

backward induction to complete the proof.



[Step 1] Recall that #/,(-|z,-1),n = 2,..., N, are calculated differently depending on

whether X, 1 is fully observed or censored. Hence,

Un(WZ(Ixn—l))

{un(wn(-|xn_1)) if ) (‘|zn—1) = mp(-|zn=1), i.€., when Xp,_1 = 21 < yp—1

(11)

un (5 (Y1) if m, (Jzn—1) = 15 (-|yn—1), i-e., when Xy > @1 = yn-1.
Since 7y, (+|#n—1) can be considered as a function of 7, _; and x,,_1, and 7&(+|y,_1) as a function
of w!._, and y,_1, we redefine u, (7, (-|z,—1)) as
Un, (777,171’ wn—l) if z,,—1 < Yn—1

C

! . _
’u’n(ﬂ—nflayn—l) if Tn—-1 = Yn—1-

tn (17, (-0 -1)) = {
For notational convenience, we denote
Un(ﬂ';L_laJ%fl) = Un($n71)a u%(ﬂé—laynfl) = u%(ynfl)-

Then the optimality equations can be written as

Yn
wntr) = min { Rl + [ wnes@yml 0o + s ) - Ml (12
for n. = 1,..., N, with the boundary condition ux (7} ;) = 0 for all 7%y ;. The second term

on the right hand side of (12) is the expected cost at n+1 if X, is fully observed (i.e. X, < yp)
and the third term is the expected cost if X, is censored at y, (i.e. X, > yy).

Let
Twpum) = {Ralwmn) + [t @)l @) sy ()L M)}
= Rp(mp,yn) + In(yn)- (13)
Then the optimal policy is obtained from
Y, € arg nylinJ(W;L,yn),for n=12,...,N.
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Now, for continuous demand, the differentiability of uf, ,(y,) in y, can be verified by using
backward induction on equations (12). This will become clear later from (22)-(23) in step 2
and (39) in step 3 where we explicitly calculate the derivatives. Therefore, J(7/,,yy) is also

differentiable in g, (refer to (13)). Thus, to show vy} > yZY for any n = 1,2,..., N — 1, it

suffices to show that %bn:ygN < 0 where
dJ (7, Yn)
dyn
_ dRB(ﬂ-:zayn) + dIn(yn) (14)
dyn dyn
! d,u’?H»l(yn) ! c !
= (c=p)+(p—h)M,(ya) + T[l = My, (yn)] = (U1 (Yn) = tns1(yn))ma ().
n
Since %ﬁ:’yn)bn:ygN =0, to show y* > yBV we only need to show that at y, = yZV,
dI,(y du® . (yn)
i) S04 ) )] = (1 () = 1 ) ) <0 (15)
n n
[Step 2] From Proposition 2 we know y% = y&". We will now prove the theorem for

n = N — 1. That is, by (15), we will show that at yx 1 = y&,,

dIn_1(yn—1)
dyn—1
du?\f (nyl) [
dyn-—1

1= My_1(yn—1)] = (ui(yn-1) —un(ynv—1))my_1(yn-1) < 0. (16)

As a matter of fact, we will show that (16) is true at any value of yy_1.

We first write out un(yn—1) and u$ (yn—1) below.

un(yn-1) = Rp(mN,yy) = Eny[r(X,yy)]

00 ylev
= p/ me(x|yN_1)dx+h/0 xmy(z|lyn—1)dx
y

e
N

00 YN
= p/ me(x|yN_1)dx+/ zmy(z|lyn—1)dz
yS Yy

C

Y Yn
| amatalyy-do = [ ema(aluy-dz| . (7)
ye

N

+h




Similarly,

un(yn-1) = Rp(ri,yy) = Erg [r(X,yy)]

o c Yy c
= p/ me($|yN,1)d:1:+h/0 zmiy(z|lyn—_1)dz. (18)
Y

Subtracting (17) from (18) gives

uy(yn—1) —un(yn-1)
= p/ z[mfy (zlyn—1) — mn (z[yn- 1)]d$+h/ zlmfy (zlyn-1) — mn (z|yn—1)]dz
y

yy
~p=) [ amy(alyy-)do
Yy

Y
= Dk —(p-n) [ omx(elyy-1)dz, (19)
Y

N

[oe] yC
Dy = p/ zmiy(zlyn—1) — mn(z|lyn—1)]dz + h/o " alm (lyn—1) — mu(@lyn—1)]dz,
Yy

with my(z|lyn—1) and m$ (z|yn_1) given by

my (zlyn-1) = / F(2(8)mn Ol _r)do — oL @O w110y, (6)d9
© miy_1 (Yn-1)

¢ _ miy1(2) = Jo f(@|0)F(yn—1]0)my_(6)d6
miy(z|lyn—1) = L= MYy (yn 1) . (21)

We now calculate # From (18), we have the following by Leibniz’s rule.
duf (yn—-1) /°° dmjy (zlyn 1) dyfy
_— = —d$ — ¢ mC ¢ _
dun P - pynmy (ynlyn-1) o
Yy dmS (x|yn— dy$
p [ TNy s, Gl ) 2N
0 YN—-1 dyn-—1
2 c c c dy]CV
= Dy—(p-— h)meN(yNhJNfl)d ) (22)
YN-—



where

D —p [ AElab) ),
v dyn—1 dyn—1
with
dmf (zlyn—1) _ miy_(yv-)lmiy_i(2) = Jo f(]0)F(yn1]0)my_; (0)d0]
dyn—1 [1—My_;(yn-1)]?
Jo (a16)F (yx 116)7ly 1 (6)d6 )
1—My_i(yn-—1)
Now, using (19) and (22), from (16) we write %@’1) as
dIn-1(yn-1)
dyn-—1
Y
= [[1_MN 1(yv—1)IDY = miy_y (yn— { 1(yn—1)(p — h) / zmy (zlyn—1)dz
In
dyy
= 1= My (o-0)lp = oS (o ov-1) 72 | 24
From (23),

dmS(z|yn—
1~ My () 2R 1)
YN-1

miy 1 (ynv—1)my_(z) B Jo [(@|0)F(yn—1|0)7)y 1 (0)dO
- My _(yn-1) 1—Mpy_y(yn-1)

1
- /@ F@l0)f (uy 110) 7wy (8)db. (25)

m'Nq (yn—-1)

And from (21),

my_1 (yn—1)m (z|lyn—1)

my_ (yn—1)miy_; (2) _ Jo [ (@]0) F(yn—1|0)my_, (0)d6

1 - My (yn-1) 1— My_ (yn—1) miy 1 (yn—1)- (26)

Using (25) and (26), we have

)]dm?\f(ﬂnyl)

J — miy_1(yn—1)[mf (zlyn—1) — mn(z|yn—1)]
YN -1

[1—My_(yn—1
- /@ F(@10)F(yn—1]0)7_1(0)d0 +mly_ (yn—1)m(lyn 1) = 0. (27)

7



Since the integrand is zero,

[1 = My (yn-1)]DF — my_1(yn-1)Dy = 0. (28)

Therefore (24) reduces to

dIn_ _ N
Atval e - h) [ el )
YN-—1 Yy
dy$
—[1 = My_(yn—1)](p — h)yfvm?v(y]cﬂy]v_l)d N (29)
YN-1

Note that M§ (zn|zy-1) is a function of both zx and zx_;. It is a function of znx_;
through 7§;. Since M (y%|yn—1) = k implicitly defines the function y§ (yn—_1), it follows from

the properties of the partial derivatives that

OMG (Y lynv—1)

dyfy _ Oyn 1
dyn_1 m& (Y& lyv—1)
This gives
dyc 6MC yc YN-1
1= My_y (v 0Olgms luw )~ = 1= My (g 1)l BRI 5
dyn—1 Jyn—1
Since from (21),
YN My (y%) — Jo Fyn_110)F (y5|0) 7 (0)d6
M]C\T(yjcv|yN—1) — mgv(wa_l)dx: N 1( N) f@) ( . | ) ( N| ) N 1( ) :
0 1_]MN_1(?/N—1)
(30) becomes
OMy (YN lyn—1
—[1 =My (yv—1)lyy NB( | )
YN-1
= yimi_1(ynv—1)[Mn (YN lynv—1) — ME (yilyn—1)]- (31)
By Proposition 2, we have y§, < y%; so that
! YN
mel(yN—l)/ rmy (zlyn—1)dz
Yy



Yy

< iy lov- vk [ m(alyyo)ds

In

= miy_1(yv=1)yN [Mn (i lyn—1) — Mn(yxlyn—1)]-

(32)

From (8)-(9), we know M§ (y$|lyn—1) = Mn(y%|lyn—1) = k. Replacing (31) and (32) in (29),

we get

dIn_1(yn—1)
dyn—1

< (p—=h)yy [my 1 (yn—1) (MN (y§lynv—1) — k) = miy_ 1 (yn—1)(Mn (yilyn—1) — k)] =0

dJ(ly | yn-— .
%| sy < 0. Hence the theorem is true for n = N — 1.

which gives yy_1=yBY,

Step 3 We assume that the theorem holds for n = k, ie., y* > yPN for k < N — 1.
[ P ) ’ yk; yk; ’

We will prove that it holds for n = k — 1. Thus, in view of (15) for n = k, we are given that at

ye = yp,

dIy (yr) _ dug 1 (Y)
dyy, dy

[1 — My (yr)] — (ufy1(yr) — vrr1(yr))my(yr) <0,

(33)

Moreover, following backward induction it can be checked that J(7},,yx) is convex in yi (e.g.,

modify the proof of Theorem 1 in Treharne and Sox (1999) for 0O-convexity). Therefore, at

Yr = YL, we have

dJ(my,, yr)
dyx

_(UZH(yk) - 'U'k+1(yk))m;c(yk) = 0.

We want to show y;_, > yPN, that is, by (15), at yx—1 = y2N,

dly_1(yp—1) _ duf(yg—1)

= [1— My 1 (yr—1)] = (uf(yk—1) — wr(Yk—1))mp 1 (yk—1) < 0.

dyg—1 dyg—1

We will actually show that (35) holds at any y;_1.



Recall the notation
{ ¢ i Xp =1 <yrp—1
o—
Yr =

Yt i Xp_1 > w1 = Y.

We divide the rest of the proof into two cases: case y;.° < y;¢, and case y;° > y;“.

First we consider the case y;¢ < y;°. From (12) we can write uy(yr—1) and uf(yx—1) as

below.
ug(ye-1) = [(c—p)+ (p — h) Mk (v |lye-1)] vi©
00 y;;e
+p /* zmy(x|yp—1)dz + h/o xmp(z|yg—1)dz
YL
Yt
+/0 g1 (2)mp (2lyk—1)dz + ug g (y°) [1 — Me (v lyk—-1)]s (36)
and
ui(yk—1) = [(e—p) + (p — h) Mg (yi“lyk—1)] yi°

00 y*c
+p/ xmi(m|yk,1)d:ﬁ+h/ © om (elye1)dx
Yi° 0
yl:c *C (64 *C
+ [ s @mi el de + v GO - MEGiTm)l (37)
Subtracting (36) from (37) gives

ui(Yk—1) — uk(Yr—1)

= Dy +1[(c—p)+ (p — W) MEWE lyr—1)] vi" — [(c — ) + (p — h) My (Y& lyr—1)] yit
Yt

Yi Yi
—(p—h) /*e zmy(x|yp—1)dz +/0 g1 (z)mi(zlyg—1)dx —/0 U1 (z)mg(z|yg—1)dz
Yi

Fug (W) = M Ty 0] — i () = Mi (g5 |yr-—1)]; (38)

oo Yi°
Dp=p [ almi(ely1) = mialye0lds+h [ almi(olye 1) = milaly))da.

10



We now calculate d—“{%%. Using Leibniz’s rule we get from (37),

duj, (Y1) 2 dy*
—8r . = Di+[(c—p)+ (p—h)ME(yily_
Ay i+ [( p)+(p ) Mg (Y5 [yk—1)] dyr_1
+(p — h)yke k\Jk h cm KCly k
(p )Y, dyp_1 — (p = Py mi (Y yx l)dyk_1
Ui dm (zlyk—1) dyj’
+/ U Ay \T1Yk—1) dr +u VM (yrCyp—
k1 ( dyp_1 k+1 (Y )m (Vi lyk l)dyk_1
dug, (y ) * * dM;; y*c Yk—
DUy ey, )] g ) W) (g
dyk,l dykfl
where
00 Y
D,%:p/ xdmk( zlye-1) dx +h/ g 7dmk Ty 1)dac.
ye dyk—1 dyk—1
By the properties of the partial derivatives we can write
M (yilyk—1) _ OME(yptlye—1) P dy;©
= +m _ 40
dyr 1 k1 k(yk|yk 1)0@#1 (40)
Now, using (38)-(40), from (35) we write dl’“#(%’i*l) as
dly 1 (yr—1)
dyr—1
= U= My (g 1))DF — mi_1 (k1) D}
!/ Cc(, *C dyli;c
H[1 = My _1(ye—1)] |[(c = p) + (p — h) Mg (5 |yr—1)] Qv 1
¢ OM (yi“lyk—1) vi* dmf,(z|yx—1)
(o —h 4 / ) ETE 1)
P = h)yi OYk—1 dyg-—1
dy.° n duk+1(yk ) dy©

'+Uk+1(y?37ni(yZﬂyk—1)dyk ) dyie (1 — Mg (i lyk—1)]
- k

* aMC(y*C|yk*1) * * dy*c
“Ui+4(ykc)———ﬁégiiz———— —'Ui+¢(yﬁﬁ7ni(yquk—1)dy;61}

dyg—1

—mj_ (Y1) {[(C —p) + (p = W) M (yilye—1)] yi° — [(c — p) + (p — h) M (y°[ye—1)] vi©

*e

Ui

Y5 Y5
—(p—h) /*e zmy(x|yp—1)dz -{—/0 g1 (z)mi(zlyk—1)dx —/0 U1 (z)my (z|yk—1)dz
Yi

g () = Mi (Wi lyr—1)] — wje ()1 = Mk(yZelykl)]} - (41)

11



k—l(yk—l)

T . dI . .
To simplify the above expression of Qe We write several equations below.

Similar to (27) we can show

dmi,(|yk—1)

[1— My (yk-1)] Qe i1 (Y1) [mf (xyk—1) — mp(zlye—1)]- (42)
Also, similar to (31) we have
OME (yi“lyk— s c(, ke
- 0 (e N ZMET) i) - MEGE ) (49

OYk—1

Using (42) we get

% dme (2|
[1— M,Q_l(yk—l)]/ u,cﬂ(x)wdx
0 Yk—1

*e

Y

U
1 () [ [ w@mielnde = [ v @mi(elye)do
Yt

= (e [ uen(@)meolye ) do. (44)

yi°

Using (43) we get

OM (i lyk—1)
OYr—1

= —mpy (Ye-1) 1 (i) = Me(yitlye—1)]- (45)

—[1 - Mllc—l(yk—l)]UZJrl(yzc) - m;cfl(ykfl)uerl(ylﬁc)[l - Mﬁ(yzc|yk—1)]

Rewriting (34) at y, = y;© we get

\ dug ¢ (y°) \
(c=p) + (p = h) M (yrlye—1) + kd%zck[l — M (yi“lyk—1)]
— (g1 (W) — wrra (")) (Y lyr—1) = 0. (46)
Also, similar to (28) we can show
[1 — Mgy (ye—1)]Df; — mj_1 (yr—1) Dy = 0. (47)

12



Using (43)-(47) in (41) we get

Al 1 (Yr—1)
dyg-—1

= —mj_1(yk-1) {[(C —p) + (p = W) Mi (Y lye-1)] v — [(c — p) + (p — ) M (y° [y —1)] yi©
- (ol + [ s (&) (s

Uy G~ Ml )] = s ()L = Mol 1)) (48)

Since uy(yp—1) = J(mk, y;) < J(mk, yi©), we have

00 yi°
[(c = p) + (p — B) My (43" lyr—1)] wi° +p/* wmp(zlyp—1)dz + h/o G
U
Y
+/0 wh1 (2) g (2] Yr—1)dz + ujp g (1) 1 = My (i yr—1)]

Yt
< [le=p) + (p — ) My (yi“lyr—1)] y° +p/* wmp(z|ye—1)dz + h/o wmy(elyr—1)dz
Ui

YRt
+/0 w1 () mg (z]yk—1)dz + uf 4 (Y [ — M (Y lye—1)], (49)

which implies that the bracketed part on the right hand side of (48) is non-negative. Therefore,

from (48) we get

dly_1(yx—1)

<0, when y;° < y;°. 50
dye 1 = Yk, Yk ( }

For the case y;° > y;¢, we can mimic the above arguments to get

dlp—1(Yr—1)
dyr—1
= —my_(yr-1) {[(0 —p)+ (= B)Mi(yilye—1)] ye" — [(c = p) + (p — h) My (" lyr—1)] v
i yr©
+(p — h)/ g (Tlyk—1)dr — / w1 (z)my (z|yg—1)dz
Yr° i
Fug 1 (W) — Me(yrSlye—10)] — w1 (e [1 — Me(yiSlye—1)]] - (51)

13



By (49) we again see that the bracketed term on the right hand side of (51) is non-negative.

Thus by (51) we have

dlj 1 (yg—
Ui1lys1) o yhen yie > e, (52)
dyk—1
Finally, (50) and (52) together implies the theorem for n =k — 1. "
Proof of Theorem B. Because of the convexity of the cost function J(7),,yn) (defined in

(13)), we can obtain the optimal order quantity by solving for y, from % = 0 (refer to

n

(14)). Setting %W = 0 and rearranging terms we get the result. m
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