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Appendix
A Proofs of Theorems and Lemmas in section 1

Proof of Lemma 1.2 (Properties of TCPV 6|k, v, w)):
Part 1 can be proved by computing the second derivative and using the inequality e’ > 1 + @ for all

0 > 0. Part 2 is an immediate result of Part 1 and the definition of Lambert’s W Function:

1460 +q = ¢,
1 = e (" +1+9q),
e = (gt 1),
—0*—1—q = LambertW (—1, —e_l_q) ;

0* = —1—q— LambertW (—1, —6_1_q> :

Part 3 is easy to verify. L]

Proof of Lemma 1.3

We know that

TCPV(0 kv, w) — %(k(aQ/Z)fl(H*)—l—vfg(H*)—w) > 0,

TCPY (10" |k, v, w) — % (K(02/2) fi(r0") + 0Lo(r6%) — w) > 0,
and TCPV(r6*|k, v,w) > TCPV(6* |k, v, w) means

k(a?/2) f1(r0) + v fa(rf®) > k(a®/2) f1(07) 4 v fo(67). (A1)
It is easy to see that

a—w a—v
Ifa>0b62>wv,w > v, then

b—w — b—v
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Based on inequalities (A.1) and (1.3b), we have the inequality in the following derivation.

TCPV(ro*|k,v,w)  k(a?/2)f1(r0*) + v fo(ro*) —w

TOPV(0*|k,v,w) — k(a2/2)f1(0%) + vfo(0) —w
k(a?/2) 4 vrg* .
k(a?/2) f1(r0*) + v fo(rf*) — v _ 1—e
k(a2/2) f1(6%) + vfa(67) — v IGPE )
1—e?
(k/v)(@®/2) + 16"
o l-e (ko) (022) + 10 — 1+ Y1 — e )
(R0 + 6 ((k/0)(0?/2)+6 =1+ )1 =)
1—e?”

From equation (1.7), we may replace (k/v)(a?/2) by ¢/" — 1 — 6* and have

TCPV (ro*|k,v, w) < (& —1—0"+r0" —1+e ™)1 -e ")
TCPV(0*|k,v,w) — (¥ =1 —-0"+0"—1+e " )1 —e)
(e —2—0"+r0*+e )1 —e )
(e =2+ e 0)(1—e)
(e —2—0" 470" +e)(1 —e ")
e (1—e)2(1—e )
1+ (ro* —0* =24+ e
A= Md—c)

As

L+ (rf* —0 -2+ e
(I—e )1 —e"0)

E(r,0%)

By using symbolic mathematical tools (such as Maple), we can easily get the following estimate.

E(r,0%)

1< +1>
_/r‘ —
2 T

where € = 0.000570126 and the left hand side of (A.3) reaches its maximum value 1.000570126 when

< (I+e€), V0" >0andre [\/ﬁ, \/5], (A.3)

r = /2 and * = 0.28768268, o

B Proofs of Theorems and Lemmas in section 3

Proof of Lemma 3.2 (Minimax Theorem for the continuous relaxation (RP) of (P)):

Let

§ £ min{K(N) — K(N\{a}):a € N}.



Production and Inventory Model Using Net Present Value

Figure 3: the graph of E(r,0)/[(r + 1/r)/2] for r € [/0.5,/2], 0 > 0

Figure 4: The graph of E(r,0)/[(r 4+ 1/r)/2] for r = /2
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Since K(-) is strictly mono-tone, we have 6 > 0. Note that for all k € K and a € N, k, =
K(N) = Yiaki > K(N) — K(N\{a}) > 6. Let T;, = T}, if T}, is fixed, and T, be an arbitrary
allowable value for T}, if Ty, is variable. Defining t* € T by t&' = T}, for all t € N. we have 77 = T

for all » € R. Thus for all k¥ € K we have

K(N)+ H(N)T,

1 —eolL

(1>

&,

ft" k) = KN)fi(aTL)+ H(N)f2(Ty) =

where H(N) =Y ,cr (uiT + h—;) L Ast\,0, fi(t) — oo, we may find ¢~ satisfy

P
filat™) > 5
and t* satisfy
0
A c
fg(&t+) = .
. . [ hi
min d, min (— + u7;>
reR i€ Np (0%

Define 6 = {t : t71 <t < t*1, satisfy (2.4b)} with 1 € RNl a vector of ones. Since 6 is compact

and convex and f has the properties required in Lemma 1 we have for some (t*,k*) € 0 x K:

maxmin TC PV (t, k) = I{lelgn rgle%cTC’PV(t, k) =TCPV(t*, k"),

keK tel

since

S0 S KO S (KON + HNT) =2 - ) =

C

filat™)
filat™) > fi(aTy).

IN

As fi(t) is a decreasing function of ¢, we have t~ < T'j,. Since

t+

h; T H(NT ) . [ hi
(mind,.) min | — + u; L < (V) L <@ = mind, min [ — + u; —.
reR i€No \ « 1 —eTL 1 — e 7L r€ER  iE€No \ 1—e ot

Therefore,
T, . t*
1—e°Te = 1—e™’

or fo(Tr) < fa(at™). As fo(t) is an increasing function of ¢, we have T, < t*.
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Therefore, vector T 1 € # and we have
TCPV (k") < . (B.1)
In view of (B.1), it suffices to show that
TCPV(t,k) > Cforallt € T\f and k € K. (B.2)

Thus, fix t € T\# and k € K. There are two cases to consider:
(1) t, = mingen t; <t~ for some a € N.

Clearly,
TCPV(t,k) > kufi(aty) > 6fi(aty) > 6fi(at™) = . (B.3)

(2) max,ep 7 >t

Note, in view of (2.7), that max 7, is achieved for some route ¢ whose initial node a € Ny. Hence,

TCPV(t,k) > Y <u + h) dr folar,) > Hyfo(th) (B.4)
TER a a
: (i
> (%1}21 d,) min <E + ui> affo(tT) = . (B.5)
Thus (B.2) follows from (B.3) and (B.5). O]

Proof of Lemma 3.3 (Another expression of the continuous relaxation (RP)):
For any r € R and i € R. let x,; be a Lagrange multiplier associated with constraint (2.8). Fix
k° € K, let (RPw) denote the convex (inner) minimization problem to the right of (3.2) with

ki = k(i € N) and let TCPV*(k") denote its optimal value. That is, the problem (RP;0) is
TCPV*(K®) = min f(t, k%),
subject to
folar) = falat;), VreR/ier,

7,t > 0.
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Let f(t,k°) = a?/2 x TCPV(t,k°), where TCPV (t,k°) is defined in (2.6). The associated
Lagrangian of (RPy) is given by

0,2
L(x,t) = ZkiZ fi(at; +ZHfg (at,) ——Zh7rd +ZZ£M [fo(ati) — folaT,)].

1EN reR TER reR i€r

By definition, see Geoffrion [9] (1971), the Lagrangian dual of (RPy) can be written as

D = SuplnfL(x t). (B.6)

x>0 >0

Regrouping the terms of L(z,t), we have

L(z,t) = >

k02 fi(at;) <Z xM) falat; ] + Z lH Zx,ﬂ] folar,) — = Z hi d,..

1EN riaer reRr PET rER
If, for a given x > 0, <Hr—2xm-> < 0, then }I;(f)L([L‘,t) = lim L(z,t) = —oo; likewise, if
icr ’ e
<H,, — mev,) > 0, 1nf [H me fo(ar.) = 0. To achieve the supremum in (B.6), we may
ier iEr

thus restrict ourselves to vectors x for which
Hr 2 ZZEM, r € R. (B8)

1
Note that the last summation = > h; d, in (B.7)is a constant. We will allocate it to individual item
reR

i by w; as defined in (3.3f). Note also that in an optimal solution (z*,v*), (B.8) must be satisfied as
equalities, we have

S = S ) = X (San) = X (o) = T

reR reR reR \ier ieN \rier ieEN

Also we note that this allocation will not affect the optimal solution. However, w; has to satisfy the

inequality (3.3f) in order to use the estimation of the inventory cost for power-of-two policies. Let

Yi 2 max y,., Vi€ N.

raer

Obviously, y. < 1, y; < 1, and we can see that w; satisfying the inequality (3.3f) due to the following

inequality:

w; <Y Ty = vy < ;e

riiEer
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Imposing these additional constraints and substituting (3.3¢), we may rewrite (B.6) as:

D = sup inf Y {k?(ag/Z)fl(ati) + v faat;) — wz}

{z>0,0>0:(3.3¢),(5.8)} >0 JoN

k)a?/2 4 viat; ]

= sup Z min l [ —o—ats

{220,0>0:(3.3¢),(B.8)} jen 0

2
= sup 4 > TCPV (atf|ky,vi, wi), (B.9)

{2200>0:(330),(B8)) 2 jen
where TCPV (at?|kY, v;,w;) is defined in (1.6). Strong duality, i.e., TCPV*(k%) = D, and the exis-
tence of a pair (z*,v*) achieving the supremum in (B.9) all follow from (RFy) being a stable convex
program, see Theorem 3 in Geoffrion [9] (1971). Stability may be verified by Slater’s condition, i.e.,
there exists a vector ¢t > 0, with 7, > T; for all r € Rand ¢ € r. (Let 7, =2, all r € R and T; = 1,
all i € N.) Finally note that in an optimal solution (z*,v*), (B.8) must be satisfied as equalities and
may thus be replaced by (3.3b). The lemma thus follows from (B.9) and the subsequent observa-

tions. ]

C Proofs of Theorems and Lemmas in section 4

Proof of Theorem 4.1 (The Lower Bound Theorem):
Assume first that K(-) is strictly monotone so that Lemmas 3.2 and 3.3 apply. Let ¢* achieve the
minimum in (RP), see Lemma 3.2. It follows from Lemma 3.3 that a vector k* € K, and vectors z*,
v* exist which satisfy (3.3b), (3.3c), (3.3d) and with TCPV* = 3=,y TCPV (at}|k*, v*, w;).

For a feasible policy 7, let ¢ be the NPV of the total cost incurred by the policy. We show that
c > TCPV*. We evaluate the total setup costs, production cost and holding costs separately.

Let n (m = 0,1,2,...) be all the instants at which items are replenished, and S,, be the set
of items replenished at instant n™. Let nf (or 0 = n?,njl-, 7]]2-, -++) be the instant at which item j is

replenished at its ¢th time and the order quantity for item j is Q4. Let 7} (or 0 = 70,7}, 772, +) be

Ty'ry'ro

the instant at which echelon inventory on route r is replenished at its fth time.
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Note that 77§ is simply the renumbering of the replenish instant of 1"
to make the summation over product j easier to express.

The NPV of the total setup cost is

Ktot —

> K = 3 (X k) e = 3 (She )
m=0 JESm JEN

- Yi(xe)

JEN  \£=0

Note that the first node of route r is 7,. The holding cost on route r is:

t) e_“tdt> o

41 ¢

Z(%ﬁﬁm U -

=0
o hide &, 1 oot —nf) ot
- a gz:;) (W =N, o €
7 d > o hirdr e —a o
Bt 5 (e oot B S et et
£=0 £=0
o hide S o adr
- «a ZE) (nr nr> e 02 .
The NPV of the total holding cost is
o hirdr = . hirdr
= 3PS () k| - 3 g
reR =0 reR

The NPV of the total production cost is

0 = 3wy > (1 ) sl

reR

And the NPV of the total holding cost and production cost is

hv’,»,- d > —o -
et o grtet — Z K - +uz,,.> . Z(nfﬂ Uf) ae nf] _ Z .

reR /=0

If t3 >ty > t; > 0, then it is obvious that

(tz —t1)e™ ™ > (ty —t1)e”™ ™ + (t3 — ta)e .

33

in terms of item j in order

. . . . PRy
This means whenever we add extra replenishment instants, the summation 2,2, (nf“ — nf) e Y is

getting smaller. Therefore, for any node i € r the replenishment set (n°,n! n?, - -

-) of route r is the
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subset of the replenishment set (n{,n},n?,---) of node 7. And we have
oo ot oo ot '
> (nf“ nf) e~ Z ( e+l _ ) L Yier.

=0

Therefore, we can get the lower bound of the NPV of the total holding cost and production cost

H Ut = % [(hir +Uzr> C(i Z (,77{+1 ﬁf) ae‘a”ﬂ S hz.;;lr

reR =

— [(Z xT’L) f+1 ) ae—anﬁ _ Z hzoz;lr
e e reR

, o h‘irdr

- R {nE e e} g
7€NT‘ iEr =

> { [ ﬁ+1 / ae amﬂ}_zhzglr
zENr iEr =,

- 2{(z ) [z (1 =ty -]} - - Bt
iEN rier /=0 =, o

= > { Y <77:+1 77:) e~ — qu} ‘
ieEN /=0

The NPV c of the total cost is therefore,

¢ = K" 4 gt 4t > Z{ <Z eaﬂf) Z <nf+1 77:) ae ¥ _ wi} (C.1)
=0

iEN =0

> N TCPV(at:|ki, v}, w;) = TCPV*.

iEN

The last inequality is based on that TCPV (ot |k, vf,w;) is the optimal solution for each term in
(C.1) satisfying (3.3f), which is concluded from the result on the single product expressed in (1.2)
and satisfies (1.3b). Therefore, the optimal value TC' PV* of (RP) is a lower bound on the total cost

(NPV) for any feasible policy. L]

Proof of Lemma 4.2:

Let

then we have

[ roas = 1
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35
Based on equation (4.1), we have
BT, V2 '
Zi b7T02p1\/ﬁ - bi ) lf \/ﬁ S 6 < bl7
t; BT, V05
b Ty2"0.5 b i <0< V2
And therefore,
/2 _ dﬁ B /2 _
| TCO s = [ TOG)f(B)ds
— / TC(ﬁ\/_ ) d5+/ TO( 5t ) £(8)dg (C.2)
V2 : ; b
— /L TC(rt;) f (%) 7%dr+ /\/(;T)TC(NZ-) £ (rbiv/2) b;v/2dr (C.3)
% V2 bk
- /% rogr )rb 1n2\/_ r 05T0<ﬁ)rb\/_1n bi/2dr
d
/ ret )T1£2

Note that from (C.2) to (C.3) we make a replacement r = Bb—ﬁ for the first integration while we make

a replacement r = % for the second integration. As we have

TC(t) < 1j€(r+1)Tc@m
T

therefore,
/s
/ TC0) -2 dr < 1+e< ) dr
rin?2 rln2
1+e (V2 1 dr
= e [ -)
(i) 2 V05 + rln?2
1+e¢
= —TC,;).
V21In2 (t:)

This completes the proof.

Proof of Theorem 4.3 (Worst case analysis of power-of-two policies):

We assume that K(-) is strictly monotone so that Lemma 3.3 applies. If it is not, the proof can

be amended by considering a sequence of perturbed setup cost functions. In view of Lemma 3.3,

let ¢t* = {t;,t5,...,t*} denote an optimal solution to (RP) and " = (|, %,,...,1,) the power-of-two
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vector obtained by the rounding procedure. Let v = (y1,79,...,7,) be a permutation of the node
indices such that ti;;l > ti;;l > .. > ti;;l. Note that the components of £ may be ranked in the
same way.

Based on Lemma 1.3, at is the optimal solution to TCPV (at;|k;, v, w;). And T; = r;it} the

power-of-two rounding of ¢} with r; € (v/0.5,1/2] for all i € N. Based on Lemma 1.3, we have

TC’PV(ﬁatﬂki,w w,,) 1+4+¢ < 1> .
i ) < i+ =), Vr 0.5,v2), N,
Ot b o) S T2 \itr)s Welisva), e

where € = 0.000570126 > 0.
It is easy to verify that

1 3
r+ - < —==2121320344, VYr e [v0.5,V2).
T \/§

And we have the following estimate for fixed base period T7.:

ZTC’PV(&E:”C“U,;,UJ»,;) = ZTC’PV(T};&tﬂk“thi)

iEN iEN
1 1
S Z te <T7;+—> TC’PV(atf|k¢,vi,w¢)
ien 2 i
2.121320344
< (14— Z TCPV (at; ki, vi, w;)

2

1EN

< 1.061264882 x TCPV™.
Based on Lemma 4.2, we have the following estimate for variable base period T} :

%;%gvTCPV(ati |ki, vi,w;)) = min Z TCPV (rat} |k, vi, w;)

1r7,>0
. dr;
< Z/ TCOPV (atf| ki, vi, wi) ———=
€N 7rin2
1
S Z +6 TOPV(O&t:ll{Z,UZ,wZ)
’LEN
1+4+¢
< TCPV (at; ki, vi, w;
< ﬂmz% (s v )
< 1.020721055 x TCPV™.

This completes our proof. ]
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D Proofs of Theorems and Lemmas in section 5

Proof of Lemma 5.1

Let T be the reorder interval. The total average cost T'C' for EOQ model is:

(h+ au)dT = i + vdT,

T =
¢ T

DO | —

+

N

where v is defined in (1.3a). We can easily find the optimal reorder interval T79% below.

500 — \[k/v. (D.1)

If the reorder interval is 7', the NPV of the total cost TCPV (aT'|k,v,w) is defined in (1.5).

2
TCPV(aT|k,v,w) = —<

o?

k(a?/2) +val w) |

1 —eof

where w is defined in (1.3b). Then

aTPoQ = \/2—,

where ¢ is defined in (1.4d). We have

TCPV(aT %k 0,w) = TCPV(y/2qlk,v,w) = 2v <(’f/’0)(042/2) +v2q g)

a? 1 —e V2 v
20 < q+V2q w)

a2 \1—e V2 g

The optimal solution 0* to TC' PV (0|k,v,w) and the optimal value of TC' PV (|k,v,w) can be found
in Lemma 1.2. And the optimal reorder interval is TVPV = 6* /a.

2
TCPV (0 |k,v,w) = TCPV(aT " |k,v,w) — a—Z(—LambmW (~1,—e1) —%)

Therefore, the ratio of TC'PV's based on EOQ model and NPV model:

5 (1% )

TCPV(aT"k,v,w) a?\1l—e V2 v
NPV -2
TCPV(aT [y v, w) —Z <—LambertW (—1, —e_l_q) — E)
a v
a+v2
< l—e v < 1.09603.

— LambertW (—1, —e’l’q) -1
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where ¢* = 28.75 gives us the largest value of the ratio above and is the base for the last inequality

of ¢ > 0. ]

Proof of Lemma 5.4

1. We have

TIHET

Note that 7,, > ¢; for all 7 € . We have

Y Her = Y Y anm o= Y Y (apm) 2 D) ant = Y vt

reR reRier ieN raer ieEN TiET ieN

Therefore,

cFOQ — mmmax{Z/{/t -i-ZHTr} > ??Z{k;/ti"_vﬁi}'
€ ien

tel keK reR

Let

1>

R e e

A
P — meaxtE “ VreR,
er

which minimize the equation above and ¢; is defined in (5.1). Combining the equation (D.2),

we have

EO . « " ] * 19 1O

iEN



Production and Inventory Model Using Net Present Value 39

This means we can replace the equality for all the inequalities above. Then we have

Z (xm TEOQ> Z x”tf}OQ, ViéeN.
TIET ricr

As 7F09 > tf 99 for all i € r and xr, > 0, we conclude that

If 7509 > ¢FO%  then ¥, =0, (D.3a)

If 2%, >0, then 770%= (0% (D.3b)

As

ZHTTTEOQ = szm :EOQ = szm :EOQ = Z me :EOQ

reR reR ier i€EN riEer iEN rier
zy,>0
- E‘OQ o E‘OQ o %, FOQ
- ZZ mz ZZ mz Zviti :
i€EN rier i€eN rier ieEN
mri>0
Therefore,

PO = SR PO+ 3 H PO = 3 (kP00 4 uptfO0) = 3 2(kiur) 2.

ieEN reR ieEN ieN

That is, tZ-E 99 and 7FOQ are the optimal solution to the average cost model. Now we would like
to calculate the NPV of total cost in the NPV model using ¢.” 9@ and TEOQ Based on equation

(2.6), the lower bound on the NPV of the total cost is as follows.

TCPV(ik) = = {z k2 (0%/2)f1(at™09) + Y H, fo(ar0?) - T h“d’“} |

iEN reR reR

Because

> Hofolar %) = 3% alifolar, %) = 37 3 alifalar, %)

reR reR i€r iEN Tii€r
O
= Z Z xiz'f?(anoQ) = Z Z :L':ifg(atf Q)
1EN rier 1EN rier
;>0 zy,; >0
- Z[Zxﬂ] falatfO%) = ¥ v} folat[O9),
ieN Lraer iEN
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and let It is easy to verify that

hi d, .
Z O sz"

reR i€EN

Therefore, we have

TOPV(E09 ) = =5 3 {K(0?/2)(atf%) +{ 1(t7°%) — i)}

ieN
B Z?vz‘ (ki o) (a?/2) + atFO?  w;
— P 062 1—6_atiEOQ ,U;k

2 _ * *
(0 1 —e qu /UZ

B ALes:

ieN
2. Now we will find a feasible solution to NPV model based on z}; and v;.

Based on Lemma 1.2, we have

1 *

NPV = -1 — ¢f — LambertW(—1, —e~17%)],
a
v " w*

TCPV(O{tNPVUC, ’U;-k’ ’w*) = L | — LambertW (_17 _6_1_q11> _ ,
7 2 2 a? /U;k
NPV = meaxtﬁvpv.
Because both thQ and tMFV are strictly increasing functions of g7, the relationships in (D.3)

will hold for t¥PV also. That is,

If 7VPV S tNPV D then ¥, =0, (D.4a)

If 27, >0, then 7PV =tNPV, (D.4b)

T

We know that kF, tNV NPV are a feasible solution to continuous relaxation (RP). Therefore,

17 7

based on the first equality in Lemma 3.2, we have

TCPV(ANY k) > TCPV* (D.5)
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However, we also have

> HofolarM) = 303 alfolar ) = 30 3 alifalar )

reR reR ier 1EN THET
= > > wfelarV) = 370 37 anifo(at?)
1EN riier 1EN rier
7, >0 zy,>0
S DORAVATEES I oA !
1EN Lrier 1EN
Therefore,

TCPV NPV k) = 2 {Z kX (02/2) f1(atNPYV) + Z H, folar7V) — Z M}

o ieN reR reR 2
2 . . .
= > S K@/ L(at}) + v folat} V) — wi
iEN
_ ¥ 2v; lq;‘ +atMv w_]
ot 11— e
2vF . *
= Z U; l—LambertW <—17 —6*1*%) _ w_ﬂ _
: vl
iEN i

That is, kf, xf, v} are also a feasible solution to the continuous relaxation (RP) in Lemma 3.3.

That is,

TCPV(NPY k) < TCPV*. (D.6)

From (D.5) and (D.6), we conclude that

TCPV({NPV k) = TCPV*.

This completes our proof. ]



