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Proof of Lemma 1 Proof We prove the lemma in two steps. First, we show that type-H priority
policies are optimal. Then we show that, among the class of type-H priority policies, type-H work

conserving policies are optimal.

Step 1. For any feasible policy m we construct an alternative, priority policy ' that outperforms
7. The proof relies on the following coupling mechanism for the two systems: 1) arrival times of
type-H calls are the same in the two systems; 2) service times of both types of calls are drawn from
a single i.i.d. sequence {S1,S9,...} in the order in which they are put into service.

Given an arbitrary policy 7, we construct the new policy 7’ as follows: 1) at each event epoch
at which 7 puts calls into service, 7’ puts exactly the same number of calls into service; 2) at the
event epochs of (1), 7’ gives priority to type-H calls, putting type-H calls into service if there are
any waiting in queue.

Because service times are drawn from {57, S2,...} in both systems, without regard to type, the
occupancy of the system is exactly the same under both policies. Furthermore, because 7’ routes
type-H calls ahead of type-L calls, at any given event epoch t, H/(t) > H(t) and Gw(t) = Ag(t)—
Ho(t) < Ag(t)— Hy(t) = Gz (t). (Here ¢r(t) = q(t) under policy =, etc.) Then, d(G, (t)) < d(Gx(t))
due to part i) in Assumption 1. Because this holds for any sample path, we have E,/ [d(g(t))] <
E: [d(g(t))]. Therefore,

_ 1 [t _
Di(s) = hyrln_)solép E [Z d(q ] < 117rln_>solip Ex Lz; d(q ] = Dr(s). (6.1)

In addition, at every event epoch, the total number of calls routed by both policies is exactly
the same, i (t) = Hp(t) + Lo(t) = Hi(t) + Li(t) = nx(t). Then recalling from (3.2)
E )] _ Ev[fit] _ Ay and defining L (—1) =

= limy, 00 =,

that, for admissible 7 and 7', lim,, o ——
Ly (—1) = 0, we have the following set of (equivalent) equalities (note that if lim, .. b, exists,

then liminf,, o (a, + by) = liminf, o a, + limy, o0 by ):

timint OO gy g B (0(0)
~ n—oo _n n—oo _n ~
lim M + liminf —~ [L(n)] = lim Ex [H(n)] 4+ liminf [L(n)}
n—oo n n—oo 7} n—oo n ~ n—oo n
Ay + liminf E [i(n)} = g + liminfw
E,[L L
tming S L e B [E0D)]
n—oo n n—oo n
lim inf %E,r (L(t) — L(t — 1))] = liminf%Ewl [Z (L(t) — L(t — 1))
t=0 t=0
R.(s) = Ru(s). (6.2)



Thus, from (6.1) we know that whenever 7 is feasible, 7’ is feasible as well, and from (6.2) we

see that R;(s) = R (s). That is, 7’ performs at least as well as 7.

Step 2. Given any feasible type-H priority policy n/, we construct an alternative, type-H work
conserving policy 7" as follows: 1) at each event epoch at which there exist type-H calls in the
queue, 7 puts as many type-H calls as possible into service; 2) whenever 7’/ puts one or more
type-L calls into service, 7" puts the same number of type-L calls into service.

To prove that 7" does at least as well as 7/, we couple the two systems as follows: 1) interarrival
times in both systems are the same; 2) type-L calls in both systems are sampled from a common
sequence {SIL, SQL ,...}; and 3) type-H calls in both systems are sampled from a common sequence
{SH sH ..}

The proof follows an inductive argument and considers the two systems in continuous time
t € [0,00). First, suppose at time tyg = 0 two systems, one controlled by 7’ and the other by 7,
are identical, and let t; > ty be the first time at which 7’ puts a type-L job into service. Because
7’ is a type-H priority policy, it must be the case that at #; there are no type-H jobs in queue and
that there is at least one server idle.

Note that from t( to 1, the number of type-H jobs in queue under 7" will be no larger than that
under 7’. The sequence of service times of type-H jobs that the two systems process is identical,
so type-H jobs that 7 puts into service earlier than 7/ will finish earlier than under 7/, and 7" can
always feasibly put at least as many type-H jobs into service as 7.

Therefore Hu(t) > Hp(t) and G (t) = Ag(t) — Hen(t) < Ag(t) — Hon(t) = G (t) for all
t € [to,t1], and L/ (t) = Lo (t) = 0 on [to,t1) as well.

The same reasoning implies that at ¢; the system under 7" will have an occupancy (type-H and
type-L jobs in service plus type-H jobs in queue) that is no larger than that of «’ . Furthermore,
the remaining processing times of those jobs in the system under 7" will be at most that of those
under 7’.

Next, let to > t; be the time at which the next type-H job arrives. Because 7’s original
occupancy (numbers in system and remaining service times) at t; is not more than that under
7', and because the service times of the type-L jobs put into service are exactly the same in the
two systems, 7 can feasibly put type-L jobs into service at any time over [t1,t2) that «' does.
Therefore, Ly (t) = L (t) for all t € [t1,t2), and, trivially, H,/(t) = H,(t) for all t € [t1,t2) as
well.

More broadly, L/ (t) = Ly/(t) and @z (t) < Gu(t) for all t € [tg,t2). Furthermore, at t5 the



occupancy under 7’ is no more than that under 7', and at t5, the argument for [tg, 1) again holds.
In this way we can inductively show that L. (t) = Ly (t) and g (t) < gu(t) for all ¢t € [0,00), so
that Ry (s) = Ry (s) and Dy (s) < Dy (s). O

Proof of Lemma 2

To prove the lemma we formulate an embedded Semi-Markov Decision Process (SMDP) with
¢+ 1 states — 0 to ¢ — and a finite number of associated actions. States s € {0,...,c} and actions
{As|s = 0,...,c} are exactly the same in both the MDP and the embedded SMDP. When the
system enters state ¢, however, the expected time and service-level cost associated with the SMDP
are functions of the “busy period” behavior of the original MDP.

More formally, in the original MDP, suppose that at epoch ¢; an arriving type-H call drives the
system to enter state c (after action) and at to = min{t > ¢1|s; = ¢ — 1} the system reenters state
¢ — 1 before action. Then as a preliminary result we show that the expectations of 7. .1 def to —t1
and D .1 def iitl d(q), the number of periods and service-level cost incurred until the next

epoch at which the system enters state (¢ — 1) (before action), are finite.

The proof uses the following bound:

Lemma 11. If 0 € (0,00), then there exists an integer m* < oo and real numbers 0* € (0,0) and

C* < 0o such that me= ™ < C*e=0"m for all m > m*.

m

Proof Let 6* = /2 so that me™™ = me=9"m e~ Note that % =e M1 -0'm) <
0 for all m > 1/6*. Then letting m* = [1/6*] and C* = m*e ™" we have me " =

me "M e=0"m < Ok e=0"m for all m > m*. d

Lemma 12. Suppose p < 1. If w € Il is a type-H priority, type-H work-conserving policy then

E [Tc,c—l] s E [Dc,c—l] < 0.

Proof Note that when all ¢ servers are busy, there are no state transitions due to uniformization,
so the transitions of the MDP correspond exactly to the transitions of the underlying CTMC.
Furthermore, 7. .1, the first passage time from state c to state ¢ — 1, corresponds exactly to the
number of transitions in a busy period of an M/M/1 queue with arrival rate Ay and service rate
cp (see Figure 3).

We begin with E [7.._1]. It is straightforward to show that P {7.._1 > m} = O(e~%™). First,

note that 7. .1 only takes odd integer values. Next, let the sequences of service times and interar-
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Figure 3: State Transition Diagram for First Passage Time from ¢ to ¢ — 1

rival times during the busy period be {S1, So,...} and {T1,T5,...}. Then

m m m m
1 1
P{Tc,c—l Z2m—|—1}:P{TC76_1 22771} < P{ E Sy > E T;g} = P{E E Sy > E E T;g} < C’le_em
t=1 t=1 t=1

t=1
for some # € (0,00) and C; < oo. The last inequality is the well-known Chernoff bound and

holds whenever E[S] = i < ﬁ = E[T], or p < 1 (for example, see §1.9 in Durrett [15]).

Then let 6, = 6/2 so that P{r..—1 >m} < Cre ™ and E[r.._1] = Yoo o P{recm1 >m} <

0 —0 _ 1
> m=0 C1e71" = Cr1—5; < 0o whenever p < 1.

We turn to E [D¢ c—1]. First note that P {r.._1 > m} < (4 e~ implies that P {Tce—-1=m} <
C1 e as well. Second, note that, given a busy period of length m, a simple upper bound on the

maximum queue length is m. Then we have

oo

E [Dc,c—l] = P {Tc,c—l = m} Z d(qt)
t=1

m=0

IN

Z C1e "™ m d(m)
m=0

< Z Cre 2™ d(m) = CyCod(e™®) < o0,

m=0
where 0y € (0,601) and Cy < oo. Here the second inequality follows from Lemma 11, and the
equality with d(-) follows from Assumption 1.

Thus, E [D—1] < 0o as well whenever p < 1. O

Thus, the finite-state-space, finite-action-space SMDP embedded in the original MDP has finite
expected durations and revenues in all states and is well defined. With this result in hand, we are

ready to prove Lemma 2.

Proof (of Lemma 2). First we prove part (i) of the lemma. Then we prove the main result, that

stationary, deterministic policies are optimal. Finally, we prove parts (ii)—(iv).

Part (i). Consider the original MDP with state space S = {0,1,2,...} and action space A; =
{0,...,(c—s)T}. We claim that for any stationary policy the class of states {c,c+1,...} is positive
recurrent and that the mean absorption time into the class is finite. Then, given a particular
stationary policy m € II, the states in {0,...,c¢ — 1} that communicate with ¢ under = will be

positive recurrent as well. Those that do not will be transient.



First, we note that the transition equations (3.6) imply that all states in the set {c,c +1,...}
communicate. Therefore the set of states belongs to a single class.

Second, we show that the expected hitting time for the set {c,c + 1,...} is finite. Note that
any c transitions in a row that are type-H arrivals will drive the system to enter the set, no matter
what the initial state. Let E,, = {events (n — 1)c+ 1,...,nc are arrivals}. Then P{E,} = Ay,

and letting 7 be the hitting time we have

o0

n—1 .
7l < CZ” (Hl 1_P{Em}))P{En} = cZn (1 =gt Ayt = 671(;;;; < 0.
(6.3)

The right-hand-side of the inequality is ¢ times the expected number of draws until success when
sampling from a random variable which succeeds with probability P { E,,}, the probability that ¢
consecutive system events are arrivals.

Finally, we note that the positive recurrence of the class follows directly from the fact that the
states {c,c+ 1,...} behave as an M/M/1 queue with p = ’l—ﬁ < 1 (for example, see §4.4 in Wolff
[35]). In particular, suppose the system is in state s > ¢. Then the expected time until a return
to state ¢ equals the time to complete s — ¢ standard busy periods: the first standard busy period
begins with s and ends with s — 1 jobs in queue; the second begins with s — 1 and ends with s — 2
jobs, and so on. Then using Lemma 12, we see that the expected number of periods until the
system returns to state ¢ equals (s — ¢)E[7.—1] < oo. Thus, the expected number of transitions
until the system reaches state ¢ from below is bounded by E[7] < oo, and the expected number
of transitions until the system reaches state ¢ from above is bounded by (s — ¢)E [r¢c—1] < oo.

Therefore state ¢ is positive recurrent, as are all the states with which it communicates.

Main Result. We note three facts concerning the embedded SMDP. First, S = {0,...,c} and for
each s € S, A; = {0,...,c— s}, so the SMDP has finite state and action spaces. Second, part (i) of
this lemma shows that the SMDP is unichain. Finally, we show, below, that on entry to each state
of the SMDP, the expected time and the expected revenues earned until a transition occurs are
finite. This implies that the maximand of the SMDP’s value function is achieved (see Assumption
8.0.2 and Theorem 8.4.3 in Puterman [31]). Together, these three facts imply that there exists a
stationary, deterministic policy that is average optimal (see Assumption 11.1.1 and Theorem 11.4.6
in Puterman [31]).

To complete the proof we therefore show that in each state of the SMDP the expected number
of periods and the expected revenues accrued during each state transition are finite. For states 0 to

c¢—1, each visit to a state generates a transition that lasts exactly one (MDP) period with expected



revenues equal to R(s,a) € {0,1,...,c}, since there is no backlog and at most ¢ type-L jobs may
be routed at once. For state ¢, Lemma 12 implies that E[7..—1], the expected sojourn time, and

—0E [D¢,c—1], the expected revenues, are finite whenever p < 1.

Part (i1). Part (i) of the lemma shows that each stationary policy induces a unique set of positive
recurrent states. Furthermore, it is not difficult to show that the class is aperiodic. If there is a
state s < c¢ that is a part of the class, then because of uniformization, with probability (¢ — s)u
the system spends two periods in a row in state s, so the system is aperiodic. Otherwise c is the
minimum recurrent state, and with probability cu the system spends two periods in a row in state
¢, so it is aperiodic.

Thus each stationary policy 7w induces a positive recurrent and aperiodic Markov chain. This
implies that the system’s limiting state-action frequencies correspond to the stationary distribution
of the induced Markov chain: lim, .. 2 Z?:_ol 1{(s¢,ar) = (s,a)} = &x(s,a) w.p. 1 Vsg. (For

example see §3.1 in Karlin and Taylor [24].)

Part (iii). The fact that expected revenues in each state of the SMDP are finite implies that
revenues in the MDP are uniformly integrable. Alternatively we have,

c—1 c—s

> > &(s,a)|R(s,a) — 6 D(s,a)] < > &als,a)a + 52& s,0)d(s — ¢)
s€S acAs; 5=0 a=0

c—1 c—s

= ZZ{Wsaa + §&:(c,0) Zps “d(s — ¢)
5=0 a=0
c—1c—s

= ZZ&W(S,a)a + §ﬂ(c70)5d(p)

s=0 a=0
< ¢+ d8dp).

Part (iv). Consider an arbitrary stationary, deterministic policy © € II, and let i* = sup{s €
S|as > 0} be the maximal state in which 7 puts at least one type-L job into service. If agz = 0
for all s € S, then let i* = 0. Note that, because 7 is stationary and deterministic, it always puts
a;+ type-L jobs into service whenever the system enters i* before action, so states {s < i*} are
transient. Furthermore, by the definition of i*, in states {s > i*}, the system never puts type-L
jobs into service. Thus, the behavior of 7 is that of a generalized threshold policy with threshold

* and number a* = q;+. O

Proof of Lemma 3 Proof We consider the CTMC induced by a generalized threshold reservation



policy m with arbitrary parameters 0 < ¢* =7 < cand 1 < a* =a < ¢ —1*. Let x5 denote the
steady-state probability that the system state is s, as determined by the Markov chain induced by
7. Then by balancing the flows across the cuts (as shown in the top half of Figure 4) we obtain

the following equations:

(i + 2)N$i+2 = ((Z + 1)/L + )‘H)xi—i-l (64)

(i +a— 1)N$i+a—1 = (Z + 1)M33i+1 + )\Hxi—i-a—Z (65)

(i + a)/lxi_,_a = (Z + 1)M33i+1 + AHZita—1 (66)

(i4+a+4+ )uTiver1 = AHTita (6.7)
CTMC under @ : : : :
Ay X N My

(i+a§-1)pt

Ny Ay
! ! @ ita ) !
i ! (a1

CTMC under & 1'

- N Mg No M M

v i+ia+l)],t

(Ha)ld i1

[

(3)p

(i

T Gop L
' (i+a)U(1—piyq1)

Figure 4: State Transition Diagrams of 7 and m

Now define p;1q—1 = % First, note that (6.6) implies that p;1q—1 € (0,1). Next, we

claim that the following policy, 71, induces a CTMC that has a stationary distribution that is

identical to that of the original, generalized threshold reservation policy:

1 for 0 < s <4,
a—1 for s =1,
as=4¢ 0 fori<s<i4+a-—1,
1w. p. Pitg—1 and O w. p. (1 —=pjrq_1) fors=i+a—1,
0 for x > 1+ a.



The (after-action) state transition diagram corresponding to 7 is the bottom one in Figure 4,
and inspection of Figure 4 shows that, by the definition of p;y,—1, the stationary distributions of
the CTMC’s induced by 7 and m; are identical. In particular, under 7 and 7 the flows into state

i 4+ a — 1 match,
AH Tiga—2 + ((+a)puTive = AH Tita—2 + ((+Dpzip + (i+a)p (1 = Pita—1) Tita
as do the flows into i + a,

A Tiga—1 + ((FD)pxipr + (i+ta+D)pxirar1 = A Tita—1 + ((+a)pPita—1 Tit1 + ((+a+1) 0 Titqi1.

Thus, the policy 71, which 1) puts (a — 1) type-L jobs into service with probability one when it
enters state i, and 2) puts one job into service with probability p;y,—1 when it enters state a — 1, is
equivalent to w. Furthermore, we can recursively apply this transformation to 7y, mo, etc. to define

an equivalent policy m,_1 that puts at most one job into service at a time. O

Proof of Lemma 6 Proof We begin by proving part (ii); then we prove part (i).

Part (7). As the threshold increases from i to i + 1, the denominator of (3.24) loses a positive
term, so that &;(c) < &11(c). Therefore, from (3.26) we see that D; is increasing in i. Furthermore,
&o(c), the steady-state probability that there are exactly ¢ jobs in the system in a standard M/M/c
queue, is strictly greater than zero, so that Dy > 0 as well. Similarly. when the threshold equals
¢, all ¢ servers are always busy, and state c is the analogue of the empty state in an M/M/1 queue

with arrival rate Ay and service rate cp (see Figure 3). In this case the sum of the probabilities,

Yot bel(s) = 22 b(e)p® = &()/(1 = p) equals one, so that &(c) = (1 — p), and D, =

(1 —p)d(p).

Part (i). The fact that &(c) < &+1(c), together with the definition &;(s) = &(c)p* ¢ for all s > ¢,
implies that 3% & (s) < 3.2° &11(s) and that 3671 &(s) > Zg;gﬂ &ir1(s). At the same time
(3.22) implies that &(s) < &41(s) for s € {i+1,...,¢— 1} so that & (i) > 22;34_1(61'4-1(8) —&i(s)).



Therefore, we let x5 = &11(s) —&(s) for s=i+1,...,c—1 and x; = & (i) — Zg;%ﬂ Zs, SO that

c—1 c—1
Se—9)G(s) = (c— &)+ 3 (e—s)&(s)
s=1 s=i+1
c—1
= (e—Dait O lle—i)ze + (e 5)E(s)
s=i+1
c—1
> Y [le—9)zs + (c—5)&(s)]
s=i+1
c—1
= Y (e—9)Gnls).
s=i+1

Thus, EZ;ZI(C — 5)&;(s) is decreasing in 4, and from (3.25) we see that R; is, in turn, increasing
in ¢. Finally, note that when the threshold is zero, no type-L jobs are ever put into service, and
Ry = 0. Similarly, when the threshold is ¢, no server is idle, the last term of (3.25) drops out, and

RCZCM—AH. |

Proof of Lemma 8 The proof of the lemma parallels that of Lemma 2. In a preliminary lemma
we demonstrate that the expected duration and backlog cost associated with any busy period is
finite. We then apply the result to prove the main lemma.

More formally, in the original MDP, suppose that at epoch t; an arriving type-H call drives
the system to enter state i; + j1 = ¢+ 1 and at to = min{t > ¢1|i; + j; = c} the busy period
ends in state i + jo = c¢. (Note that this differs slightly from Lemma 12 in which busy periods
start with ¢ and end with ¢ — 1 in the system.) Then letting p(j1,j2) aof P {j, =jo |71} be
the probability that a busy period that starts in j; ends in jo, and defining 7(j1, j2) def to — 11

def

and D(j1,j2) = Z?:tl d(iz + ji+ — c) to be, respectively, the number of transition epochs and the

service-level cost incurred during that busy period, we have the following.
Lemma 13. Suppose that m € 11 is type-H priority policy and that p < 1. Then
i) for all j2 > j1 p(j1,j2) = 0, and for all 0 < j2 < j1 < ¢, p(j1,J2) > 0;
ii) E[r(j1,J2)] < oo and E[D(j1, j2)] < oo.
Proof We prove the two parts in turn.

Part (i). Tt is immediate that p(ji,j2) = 0 for jo > j1, since under a type-H priority policy no

type-L jobs will be put in service as long as i; + j; > c¢. Similarly, it is not difficult to show that



p(j1,72) > 0 for any 0 < jo < j; < c. In particular, if j; — jo — 1 arrivals of type-H calls are

followed by ji — jo departures of type-L calls, then a busy period with the desired ending state

is generated, and this sequence of events occurs with probability Aplr—iz=1 Hzlzp

p(j1,j2) > Ag?> ! HZL]-Q (Jur) > 0.

(jur), so that

Part (ii). First, we define 7(j1) and D(j1) to be the duration and cost of the busy period that
starts in state i; + j; = ¢+ 1, and ends in any state iz + j2 = ¢ (no matter what the particular iy
and j3). That is

J1

E[r(j)] = D p(i,d2)E (i1, j2)] (6.9)
J2=0

E[D(1)] = Zp(jlan)E[D(jlan)] . (6.10)
J2=0

From part (i) we know that p(j1,j2) > 0 for all 0 < jo < j; < c. Thus, if we can show that E [7(j1)]
and E[D(j;)] are finite, then the proof will be complete.

To show that E [7(j1)] and E [D(j1)] are finite, we analyze the system under the following policy
7': first, the system processes exactly one type-L job at a time and no type-H jobs; then, as soon
as j; = 0, the system processes any type-H jobs in the backlog using all ¢ servers. Thus, the busy
period behavior of 7’ is one in which: 1) first, j; exponentially distributed services at rate uy, occur;
2) during those j; services, some random number N of type-H arrivals takes place; and 3) once the
Jj1 type-L services are complete an M/M/1 busy period — with arrival rate Ag, service rate cp,
and (N +i; —c¢)t = (N — j1)" initial customers in queue — ensues.

If we couple two systems — one using a type-H priority, type-H work-conserving policy 7, and
the other using 7’ — and compare their performance, we can show that at all times the backlog
under 7’ exceeds that in 7. In both systems we let interarrival times of type-H calls be the same.
Similarly, we sample service times of both types of calls in the order jobs are put into service.
Then no matter what order «’ puts the j; type-L jobs into service, at any time during the busy
period, the number of type-L jobs it has processed will be no larger than the number of type-L jobs
processed by 7. Similarly, at any time during the busy period, the number of servers ' dedicates
to type-H jobs is smaller than that dedicated by =, which implies that the number of type-H jobs
processed by 7’ always lags that processed by #«’. Thus the number of arrivals to both systems
is the same, but at any time the number of service completions in 7’ lags that in 7. Therefore,
the number of jobs in the backlog under 7’ is always at least as large as that under 7, and upper

bounds on E[7(j1)] and E[D(j1)] under 7’ will be upper bounds under 7 as well.

10



Given the definition of 7/, N is the number of Poisson (Ag) arrivals during an Erlang (j1,ur)

service period, so that

0 ,—AHS A n —UrLs J1—1
P{N:n} _ / € ( HS) HrLe : (NLS) ds
0 n! (j1 — 1!
_ )\Hn /’I‘L]l /OO e—()\H-i-;,LL)S 8n+j1—]. dS
n!(j1 — 1! Jo

ds

A" pr?t (n4 g —1)! /oo (Mg + pup) e A TrDs (N + py)s)" 11
n! (j1 — 1) Mg + pr)0 Jo (n+j,—1)!

)\Hn/,Lle (n+71—1)!

n! (j1 — 1)! (Ag + pg) o

- () ) )
B n Ag+pr Ag+pr
< () G )
- n AH + pL AH + pL '

Note that the right-hand-side of the last inequality is a sample realization of a binomially

distributed random variable. If we define X, to be a Bernoulli random variable with a probability

Al

of being one, then

AH+IL
n+j1 n+j1 1 n+j1 n
P{N=n} =P Xm=n, <P Xn>ny, =P X > .
m=1 m=1 m=1
Now n'fjl T 1asn — oo, so there exists some n* < oo such that nfjl > )\bI)\fHL for all n > n*.

Then for all n > n™ we have

1 n+j1 n
P X, > <
{n+jlz m_n+jl} -

m=1

1 n+j1 Ay
P Xp > —H L < getin,
{nmz m—AHwL}— ‘

m=1
for some 6; € (0,00) and C' < co. The last inequality again follows from the Chernoff bounds (see

§1.9 in Durrett [15]). Furthermore, we can let C; = max{1, (Ce~%"")~1} so that
P{N=n} < Cien (6.11)

for all n > 0.

Given this bound on P {N = n} we can characterize upper bounds on E[7(j1)] and E[D(j1)].
If N < ji1, then the number of jobs in queue equals zero and the busy period has ended when the
processing of the j; type-L jobs is complete. If, however, N > j; then there are N +i; > ¢ type-H
jobs and j; = 0 type-L jobs in the system, and the system, once again, behaves like an M/M/1
queue with arrival rate A\, service rate cupg, and an initial number N — j; jobs in queue.

In this case, the busy period behaves as N — j; standard busy periods: the first standard busy
period begins with N — j; and ends with N —j; — 1 jobs in queue; the second begins with N —j; —1
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and ends with N — j; — 2 jobs, and so on. Furthermore, we can use Lemma 12 to demonstrate the
finiteness of each of these busy periods.

Because the uniformization rate is Ay + cug + cpr, = 1, however, the expected number of

Agtepptepr

Nodenn Similarly, the expected

transitions of the MDP per event in the M/M/1 system equals

number of transitions in the MDP for each of the initial j; type-L services in the system under

Agtentenr  When we bound the expected duration and cost of these busy periods, we

7’ equals
must adjust for the uniformization rate.

Thus, we have the following upper bound on E [7(j1)]:

Gl < i (o)

KL

Al + e + g > ) A+ cug +cpr
+ P{N=n n—j1+ET7_1 .
L 3PN = (=) B T

Here the first term represents the expected number of periods spent serving the j; type-L jobs,
and the second represents the expected number of periods spent serving type-H jobs. The term
E[7c,c—1] < oo is the expected length of an M/M/1 busy period as defined in Lemma 12.

Then from (6.11) and Lemma 12 we have that, whenever, p < 1,

. J1( Mg + cpm + cur) . Nt Al +cpg +epr
E < P{N = — E _
[T(j1)] < e + 7;) { n} (n—j1)" Elree1] N+ o

IN

(Mg +cpm +cpr) = Mg+ cup + cpg,
+ P{N=n}nE|r .
pr? 7;) { b nErec] Am +cpp

Wi+ e + ¢ A + ey + ¢ = _
J1(Am + cpn +cpr) L At o E o] > Crnein
n=0

- pr? Mg +cpn
Ji1(Ag + cpp + epur) A+ cpm + cpr e=0
= E 4] C——— .
(12 + A+ cin [Tee—1] C1 (1—e01)2

Thus E [7(j1)] < oco.

The finiteness E [D(j1)] is demonstrated in the same fashion. Let Dy (j1) be the backlog cost
associated with the j; initial type-L services and Dy (j1) be the backlog cost of the ensuing M/M/1
busy period. Then D(j1) = Dr(j1) + Du(j1), and from (6.11) and Assumption 1 we have

EDL()] < 5 <i>

“r

A+ cug +cpr
KL

iP{N:n} din+1)

n=0

J1 (A + e + epr) <o —oin
e ZCle "dn+1)

IA

n=0

B pr?

- !
_ 5 H+Cu§r+cuL) Cre d(e®) < oo
mr

(A +cpm +cpr) o) i Ze‘elnd(n)
n=0

12



whenever p < 1. Note that the terms before the summation on the right-hand-sides of the inequal-
ities represent the expected number of periods spent serving the first j; jobs. The summation that
follows is an upper bound on the expected backlog cost per period during that time.

Similarly, from Lemma 12 we know that whenever p < 1 there exist a f3 € (0,00) and a C3 < oo
such that the probability of a busy period of length m is bounded above by Cse?™ and that an
upper bound on the backlog cost of a busy period of length m is md(m). Then, given a busy period

that begins with (N — j1)T type-H jobs in queue, we have the following upper bound:

. A+ e 4 cpn e -
E[D < P{N=n Pl{recci=mtmdim+1
[Du(1)] < pyR— n:%l:-i-l { };mz_:l {Te.cm1 = m}md( )
Ag 4 e + cpp = i -
< P{N =n}ln Pl{rccc1=mlmdim+n
O S PN =)0 3 P (s = ) )
M+ cpm + epp o= | —0 - —0:
< Cie "1"n Cze 3™ md(m +n
o o nz:: K mzzjl 3 ( )
oo [ 00
< Au +epg +epr Z 026—62n204€—94md(m+n)
)\H+CMH n=0 m=1

)\ o0 [ee)
_ AH Tt CpH FCpL Cy Cy Z Z (e_GQn o~ 0am d(m +n))

)\H+C’UH n=0m=1
A +cpm +cpy — o —05(n+m)
C e\ d(m +n)) , 6.12
B (m-+ ) (6.2

where C5 = C3Cy and 05 = min{#3,0,}. Again, the term before the summations on the right-hand-
sides accounts for the expected number of transitions of the MDP per transition in the M/M/1
queue, and the summations that follow are an upper bound on the expected cost associated with
a busy period that starts with (N — j;)* type-H jobs in queue.

Finally, we can collapse the two summations of (6.12) into one and use Lemma 11 and Assump-

tion 1 to show that

, A+ cum +e N =, —fe(ntm
E[Dy()] < SOy YD 3 (e d(m )

IN

n=0m=1
)\ o0
AW LI 053 e d(n)
n=0

AH +cuyg

A+ cup +cur
AH +cug

C5 Y (Coe "™ d(n))
n=0

A +cpm +cpp
AH +cuyg

C5 Cﬁ CZ(E_QG) < o0,
whenever p < 1.
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Thus, whenever p < 1, E[7(j1)] < oo and E[D(j1)] = E[Dr(j1)] + E[Du(j1)] < oo for all

0 < j1 < ¢. This completes the proof. O

With Lemma 13 at our disposal, we are ready to prove Lemma 8.
Proof (of Lemma 8). Note that we explicitly prove only parts (i) and (iii) of the lemma. Given
part (i), the proof of the main result and of part (ii) follow exactly the same line of argument as

that in Lemma 2.

Part (i). We show that each stationary, type-H priority policy induces a unique, positive recurrent
class of policies and that the expected number of transitions until absorption into the class is finite.

Our proof follows the argument of part (i) of Lemma 2. In particular, we show that for any
stationary, type-H priority policy the set of states {(c,0), (c+1,0), ...} is positive recurrent and that
the expected absorption time into the set is finite. Then for an arbitrary stationary, type-H priority
policy 7, the unique class that satisfies the lemma’s requirements is the union of {(¢, 0), (c+1,0),...}
and the states under 7 that communicate with {(c,0), (¢ +1,0),...}.

First, we note that the transition equations (4.1) imply that all states in the set {(c,0), (c +
1,0),...} communicate. Therefore the set of states belongs to a single class.

Second, we show that the expected hitting time for the set {(c,0), (¢c+1,0),...} is finite. Suppose
the current state is i4+j < c¢. Then, as in (6.3), we can show that for any such ¢ and j there is a finite
upper bound on the expected number of transitions until the system reaches a state i; + j; = ¢+ 1.
Call that bound E [11] < oo.

Similarly, from Lemma 13 we know the following. For any state i; + j; = ¢+ 1 there is a
probability p(j;,0) > 0 that the system will hit the state (c,0) at the end of the busy period,

and 1 — p(j;,0) that it will not. Let p dof min{p(4,0)|j = 0,...,c}. Furthermore, whenever

p < 1, the expected number of periods until the system returns to a state iy + ji = ¢, E[m] def
max{E [7(j1,72)] |0 < j2 < j1 < ¢}, is finite as well.

Then the expected number of periods until the system hits state (¢,0) is bounded above by
E[n] + Z [(1—p)"pn(E[r]+E[n])] + E[] < o (6.13)
n=0

for any p € (0,1) and E[r] + E[71] < oo. Here, the first term is an upper bound on the initial
number of periods until a state ¢ + 7 = ¢+ 1 is reached. The second, summation term is an upper
bound on the expected number of transitions in a geometrically distributed number of cycles in
which the busy period does not end with state (¢,0). The last term is an upper bound on the
length of the busy period that ends with state (¢, 0).
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Thus, if the system is already in {(c,0), (c 4+ 1,0),...}, then the expected hitting time to enter
the class is zero, and if the system is not in one of the states {(c,0), (c+1,0),...}, then the expected
hitting time to state (c,0) is finite as well.

Finally, we note from (4.1) that once the system is in class {(c,0), (¢ +1,0),...} it behaves as
an M/M/1 queue with arrival rate A\ and service rate cup. Using the line of reasoning developed
in part (i) of Lemma 2, we can again show that the set {(c,0),(c 4+ 1,0),...} is positive recurrent.

The only adjustment we must make is for the uniformization rate of Ag + cugr + cur. This requires

Agtepmtepr

that we adjust the expectation E [7.._1] upwards by a factor of Sy

Part (iii). To show that single-period rewards are uniformly integrable, we use a renewal-reward
argument. Let the renewal state be (c,0), and let 7 be the time and |R| be the sum of the absolute
values of the rewards earned in a renewal cycle.

From (6.13) we know that an upper bound on E [7] is finite, and we can calculate an analogous
upper bound for E [D]. More specifically, given i+ j < ¢, an upper bound on the one-period reward
is ¢. Similarly, given Lemma 13 we can let E[D] = max;, {E[D(j1]} < oo be an upper bound on
the service-level cost of any single busy period.

Then we modify (6.13) as follows to bound E [R]:
E[R] < cE[n] + > [(1—p)"pn(PE[D]+ cE[n])] + SE[D] < oo.

Note that the cE[7] terms are upper bounds on the revenues earned during the portion of each
cycle spent with i + j < ¢, and the 0E [D] terms are upper bounds on the d-cost, absolute value of
the (negative) revenue that is incurred during the busy-period portion of each cycle.

Thus E[7] < oo and E[|R|] < oo, and we can use the Renewal Reward Theorem to express

the expected absolute value of the reward per period as H[ ]H (for example, see §2.3 in Wolff [35]).

Furthermore E [7] > 1, so that we have é‘[R}” < EJ|R|] < oo.

Finally we note that, because of uniformization at rate Ay + cug + cur, there is a positive
probability of spending two consecutive periods in any recurrent state. Together with part (i)
of the lemma this implies that each stationary, type-H priority, type-H work-conserving policy
m induces a positive recurrent, aperiodic Markov chain. Therefore, the process is ergodic and

ZSGS,&EAS fﬂ'(&a)‘R(Sya) (5D(3 a)‘ = E“RH < oo as well. 0

Proof of Lemma 9 Proof First, we consider 0 < j < c¢. For any fixed j, by definition 0 <
p1(j) +p2(j) < 1, and the determinant of g(j, 2), 1 —4p1(j)p2(5) > (p1(5) +p2(7))* —4p1(j)p2(4) =
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(p1(4) —p2(5))? > 0. Therefore, for 0 < j < ¢, there exist two, distinct real roots of g(j, 2): z; # z;-.
Moreover, because z; + z; = 1/p2(j) > 0 and 2z;2} = p1(j)/p2(j) > 0, we must have z;, 2% > 0.

In addition, note that ¢g(j,0) > 0 and g(j,1) < 0. As a quadratic polynomial with positive
leading coefficient, ¢(j,z) must have one root between 0 and 1 and the other greater than 1:

0<zj<l<z,V0<j<e

Next, we address the boundary cases. From (4.13) we see that zp = Ci‘f; < 1 = z{, are the

roots of ¢(0). In the case of j = ¢, the pa(j) term vanishes from the transition equation (4.9), and

_ _ My
T Apteur

g(c,z) = —z 4+ pi1(j). In this case z. = pi(c) € (0,1) is the single root of the equation.

a

Proof of Lemma 10 Proof Note that throughout the proof of this lemma (only) we make the
following three changes to reduce the notational burden. First, throughout the proof the argument
j of p1(y), p2(4) and p3(j) remains fixed. Therefore, we drop the (j) and write p1, p2, and ps.
Second, for states in which ¢ + j > ¢, the action a = 0 is fixed and we write £(i, j), rather than
&(i,7,0). Furthermore, note that in these states the before-action state and after-action states are
identical: (i, j¢) = (2, J¢)-

Finally, for states in which ¢ + j = ¢ we abuse our original convention and let

gi.g) € > €ig—a,a) (6.14)

denote the stationary probability of being in state ¢ + j = ¢ after-action. In particular, this lets us

write the generating function for states {£(i,7)|i > ¢ — j} as

fi(z) = Y &le—j+a.4)". (6.15)

q=0
In addition, given this definition of £(7, j) for i + j = ¢, the balance constraints (4.8)—(4.9) are
well defined for all i + j > ¢+ 1 (rather than i + j > ¢+ 2).

Part (i). We prove part (i) in three steps.
First, we show that z; # zj for all j # k. From (4.13) and the definition of z;, we have

(c—)nuz —[(c—j)pu + jur + Aulzj+Ag = 0,

or

(,qu]z — pHZj + pLzg)j = c,qu]z — (cpr + Am)zj + Am . (6.16)
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Note that the left-hand-side of (6.16) equals zero if and only if z; = 1 — 5—}LI But from Lemma 9
we know that z; > 0, so py < py, implies that the left-hand-side cannot equal zero. Similarly, the
right-hand-side of (6.16) equals zero if and only if z; = %, and equating the two expressions for
zj, we see that both sides equal zero, if and only if Ay = c(ug — pr) as well.

Thus if either py < prp or Ay # ey — pr), then neither of the two sides of (6.16) can equal

zero, and we can solve (6.16) for j to show

. CMHZ]?—(CMH-F/\H)Z]'-F)\H
j = 5 . (6.17)
MHZ; — pHZj + PLZj

Note that each z; determines a j, and z; = 2z, — j = k. Thus, it must be the case that z; # 2,
for j # k.
Second, we show that for any 0 < j < ¢, the generating function (6.15) satisfies the following

form .
FIOEDY 1?7; (6.18)
k=j
and obtains the probabilities defined in (4.14). We shall prove that (4.14) and (6.18) hold by
induction on j.
Note that the balance equations (4.8) are defined for i + j > c¢. Therefore, we let ¢ =i+ j — ¢,
we multiply each of the terms in (4.8) by 2971, and we sum over ¢ > 1 to derive f;(2).
When j = c it is clear from (4.9) that £(g, ¢) = accz¢, where a.. = £(0,¢) and 2z, = p1(c). Thus
(4.14) holds. From (6.15), the definition of f;(z), it also follows that (6.18) holds.
Now suppose (4.14) and (6.18) hold for j +1,...,c.
For j, we multiply both sides of (4.8) by 297! and then sum over ¢ > 1. For the left-hand-side,
we obtain
o0 o0
> e+ a.0) = 2Y 2%(c—j+q.d) = 2[f;(2) —&le—50)] - (6.19)
q=1 q=1

For the first term on the right hand size we have

o o0
D 2Mpille—i+q—14) = p) 2 Né(e—j+q—1,)
q=1 q=1
o0
= p2®Y 2U(c—j+q)) = pf). (6.20)
q=0
For the second term we have
o o
> 2 Mpllc—i+q+14) = p2Y 2%(c—i+q.9)
q=1 q=2
= p2[fi(z) =&(c—j,7) —26(c—j +1,7)] . (6.21)
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Finally, for the last term we have

Y 2Mpstle—j+qi+1) = p3d 2%c—(G+1)+qi+1)

q=1 q=2
= p3[fir(z) =&le—=(G+1),5+1) —28(c—(G+1)+ 1,5 +1)]
= p3([fit1(2) =&lc—j—1,j+1)—2{(c—j,j+1)] . (6.22)

Setting (6.19) equal to (6.20)—(6.22) we then have

2[fi(z) —€&(c—4,5)] = m%fi(z) + p2lfi(2) —&(c—4.4) — 26(c— j + 1, 7))

+ p3[fjr1(2) =&§lc—j—1,j+1) = 28(c—yj,+1)], (6.23)

and we collect f;(z) terms on the left-hand-side and terms by degree of z on the right-hand-side so

that
(Z —p122 _pQ)f](Z) = [6(6 _]7.]) —p2§(6 _] + ]-7.]) —p3§(6 _]7.] + 1)]Z
— [p2€lc—j,j) +ps€(c—j —Lj+1)] + p3fiti(z)  (6.24)
or
fi(2)
[p2£(c_j7j) +p3£(C—j - 17] + 1)] + [pgf(C—j + 1)]) +p3£(C—j,] + 1) - §(c _]7.7)]'2 _p3fj+1(z)

9

p122 — 2+ p2
[p26(c—j,j) +p3&(c—3j— 1,5+ )]+ [p26(c—j+1,7) + p3€(c— 4,7 +1) —&(c— j, )|z — pafiv1(2)
pa(l — 2;2)(1 — 25z) ’
(6.25)

where the denominator in (6.25) follows from the fact that g(j, z) is quadratic so that zjz;- = 5—;,
zj+2; = p%, and
1

D1
p2(l —2;2)(1 — z;-z) = p22j23-22 —pa(z; + z;-)z +py = p2p—z2 —p2p—22 +py = m2—z—ps.
2

Note also that the last term in the numerator of (6.25), fj+1(2) = > 4_; 44 lll]j—;k]; by the induction

assumption. Thus,
P(z)

- (1—z;z) (1 - z;z) [Tizj (1= zkz)’

where P(z) is a polynomial of order ¢ — j + 1 in 2, and because z; # z;, for all j # k, the partial

fi(2)

fraction expansion of f;(z) obtains

fj(z):i Gk 4 % (6.26)

1—2,2z 1—122
k—j k J
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(see §1.2 in Kleinrock [25]).

In turn, we can invert the z—transform (6.26) to show &(c —j 4 q,5) = > j—; a;x2) + aj(2))9.
(See entry 6 of Table 1.2 in Kleinrock [25].) Furthermore, because lim, .o {(c — j 4+ ¢,j) = 0 and
z; > 1, we must have a’ = 0. Hence (6.18) and (4.14) hold for j + 1 as well.

Third, we explicitly calculate the coefficients found in (4.15)-(4.17). For a.. we note that (4.9)
and (6.14) imply (4.15). For 0 < j < k < ¢, by (6.26) and (6.25), we have

—DP305+1,k
p2(l = zj/2) (1 — 25 /2)

which gives us (4.17). Finally, for 0 < j < ¢ —1, by (6.26) and (6.25), we have

ajk = fj(z)(l_zkz)|z:l/zk =

aj; = fi(z)(1 = 2zj2)|.=1/2,

[p2€(c—j:4) +pa€lc—j— 1,7+ D] + [p2&(c —j + 1,j) —&(c = j,j) + ps€lc =4, j + D/2j — pafi+1(1/2)
p2(1— 2% /2;)

or
1 —poz; .. 1 . . D3zj . .
ajj ———=le—5.j) - ——8le—i+1)) - —=8c—ji-1i+1)
p2(2) — zj) Z; = zj p2(2; — 25)
D3 . P37%; a1k
- ————&le—4j+1) + = - L (6.27)
p2(2) — zj) p2(z; — %) K>l 2/ %)

Similarly, for 0 < j < ¢ we have

ay = fi(2)(1 = 2j2) =1/

_ [p26(c—37,5) +p3€(c =7 — L, i+ V)] + [p2€(c — j+ 1,5) + ps&(c — 4, + 1) — E(c = 4, 5)/ 25 — pafj+1(1/z})

p2(l = 2j/z))

or
/ /
P22y — 1 . 1 . . p3%; . .
i = ———=tlc—jj) + G——Elc—j+1Lj)+ —Fr—=€lc—j—-1j+1)
p2(zj — %)) Z; =% p2(%} = %)
/
3 . D3z, Aj+1.k
+ ———fe—Gi+1l) - ——L—= > —. (6.28)
p2(2j — zj) pa(zj = %) k2j+11_z’“/Z§'

A

; = 0, we can rearrange terms to show that

Then because a

b3

- f(C—j—Fl,])— g(C—],]—Fl)
2 — zj p2(2; — 25)
/ / /
p2z;—1 . P3%; , , p3Z; aji1k
= —F——t—j)+—Ft=b—ji-1,j+1) - —~— T
p2(Zj zj) pQ(Zj zj) p2(zj zj) k>j+1 _Zk/zj

We can then use this equality to substitute for the left-hand-side terms that appear in (6.27)
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and to simplify as follows:

1 —pazj . D3%; . D3Zzj aj+1.k
ajj = 7(2,_;) (c—3.7) — (Z,_]Z,)f(c ]—1734‘1)"‘7(2/12,) 71_]2 Iz
P22 — Zj DP2(2; — Zj P2\%5 = Z) S5 k/=j
/ /
p2z; — 1 . p3z . P3%; aji1k
ﬁg(c_jmy)—i_ (Z/—]Z)é(c_j_l’j—’_l)_ (Z,—]Z') 1_]2 /Z/
DP2(z; j P2z j P2(z; 3 k>j41 k/=j
/
.. p3 . . 3z aj+1,k Pp3z; Qj+1.k
- g(c—g,j)+—§(c—J—1,J+1)+T_]Z,) 1_]z/z._ (z/_]z.) > #/z’
D2 b2z = 25) S kizg o P2lZp = 2) S k/~j

Finally, using (6.14) to substitute for £(c — j,7) and £(c — j — 1,7 + 1) we obtain (4.16).

Part (i1) First, note that when pug > pur and Ay = (g — i), then both sizes of (6.16) equal

zero for any z;. Therefore, we may let z; =1 — pur/ug € (0,1) for all j =0,...,c. Again, because
9(J,2) is quadratic, when j < ¢ we have zjz;- = % so that

Z/':Ii/z,: Au pw_cpm—pr)  pE o C

T (e=dur pr—pr (c—j)pm  pEH—pL  c—J

Second, we show by induction that (4.18) holds for the relevant probabilities £(i, 7). Again, for
j = ¢ (4.9) implies that £(q,¢) = a.c2¢, where a.. = £(0,c¢) and 2z, = pi(c). Similarly, (6.25) holds

for the generating function f;(z), and

5= LZﬁfi v
c—j
where Q(z) is a polynomial of order ¢ — j 4+ 1 in z. Here, the partial fraction expansion of f;(z) is
c—j+1 Gig b;-
fiz)= > TR e (6.29)

(see §1.2 in Kleinrock [25]), where b} = fi(z)(1 - and the computation of a;y

chZ) |z:(c—j)/;’
involves taking the (¢— j 41— k)—th derivative of f;(2) (1 — 2*2)° /%! and then evaluating at 1/2*.
It will not be detailed here.

Again, inverting the z—transform (6.29) we obtain: &(c —j +q,5) = z;jlﬂ ajk (q+k_1) 2%+

k—1
v (C%j)q. (See entries 6 and 13 of Table 1.2 in Kleinrock [25].) As before, we have b, = 0 and
Ele—j+a.5) = X0 apu(E ) 2 -

20





