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A Online Appendix - Proofs (Supporting Document)

A.1 Proof of Proposition 1

oNOYTULT D WN =

Let 8 := o%rg - (77%5 - %ﬁ) p. It is then easy to show that 0 < 8 < 1. Also, by assumption, we
(8}

have £ << «a < 7 so that 3 is linearly decreasing in p, i.e., nnTS ~ atE > 0, and, hence, %ﬁ)p) =
7
10 —<mz—iﬁ)<0
12 Using (1), it is easy to show that
2
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Thus, A; is strictly increasing and convex in p. Also, using (1), we have

I dAs (p) da(p)  Phap) _da(p) | i)

20 = A

and combining the latter with (16), we conclude that Ag is strictly increasing and convex in p. Further,
24 using (1) again, we have
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34 so that %p(p) <0, i.e., Ay is strictly decreasing in p. Additionally,

d?As(p) dAi(p)  dAi(p)
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39 so that Ag is concave in p. Since Ay = Aa (see (1)), Ay is also strictly decreasing and concave in p.

dB(p)
i P dpp) <0

Furthermore, utilizing (1), it is easy to verify that:

43 e Ay + Ay =(2—p)A; so that
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Noting that (18) is equivalent to o + & < 1 — «, we conclude that (A + Ag) is strictly increasing

in p if and only if &« + & < n — «; and it is strictly decreasing, otherwise. Additionally,

Py FA)p) o dA(p) A (p) (s) AEE AT )?
TR - S o R o —
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_ p p) _ﬂ(m
53 <2 ap + B ap p).

Combining this result with (17), we conclude that (A; + Asg) is convex in p if and only if o+ & <

17 — «; and it is concave, otherwise.

textcolorblueWe next use (2) and conclude that the offered loads (p;) are strictly increasing and
convex functions of the corresponding aggregate arrival rates, A;, i = 1,2,3,4. Combining this result
with the above analysis, we conclude that p;(p) and p3(p) are strictly increasing and convex in p, while
p2(p) and p4(p) are strictly decreasing and concave in p. Likewise, the result for the revisit ratios follows

from (3) and the above. [

A.2 Proof of Corollary 1

Let %A M denote the percent difference encountered on quantity M. Suppose that an increase in p by

¢ percent leads to an increase in Ay by y percent. That is:

! — Al —A A
p p:c, then %AAllelzy, sothatp':p—l—cpandA—i:y—i—l7 (19)

If %Ap =

where p/, A/1 denote the new values of p and Ay, respectively. Then, the percent decrease in Ay is

A A (A =p)A (1 —p)A 19 1—p—cp
KAz = Ay (I-p)Ay - 1-p

cp
(y+D—1=y—Tj?y+D<y

cp

Hence, the decrease in Ay is -

(y + 1) times lower relative to the corresponding increase in A;. N

A.3 Proof of Theorem 2
A.3.1 Part (a) of Theorem 2

Since a patient is forwarded for dialysis with probability (1 — p), the probability that she completes one
p-loop without exiting the system equals ﬁp. Consequently, the probability that she completes n such

p-loops before transitioning to DR without exiting the system is given by (11).

A.3.2 Part (b) of Theorem 2

Combining (11) and the definition of E[R], i.e., E[R] = ) ° ,nPr[R = n|, the computation of the

expected number of p-loops of a patient is straightforward.
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A.3.3 Part (c) of Theorem 2

The duration of a single p-loop corresponds to the time between two successive visits in the diamond-
shaped decision point seen in Figure 1. Since the completion of a p-loop signals that the patient’s revisit
time expires sooner that her exit time, Y consists of three components: (1) The conditional time spent
in PTO given that a revisit occurs, denoted by the random variable X3|(R3 < E3), (2) the waiting time

in ER, Wy, and (3) the service time in ER, X;. Consequently, Y can be written as follows
Y:X3‘(R3 <E3)+Q1—|—X1. (20)

We next prove that E[X3|(Rs < E3)] = #

E[X3|(R3 < Eg)] = E[min(Rg,E3)|R3 < Eg] = /.’EPT[min(Rg,Eg) = .%‘|R3 < Eg]dl‘

B /Oo x Pr[min(Rs3, E3) = =, R3 < ES]d]I B /Oo z Pr[(Rs = z, B3 > x]
0 0

d
Pr[R; < E3] *

]
n+§

[e'e) —nz ,—€x [e%S) 1
_ / e ey = / o+ E)e—Oagy = L
0 THE 0 n+¢

Next, we remind that F[X;] = i Combining this with the latter, we conclude with (13).

A.3.4 Part (d) of Theorem 2

The total delay consists of (1) an initial waiting time in ER (Q1), (2) an initial service time in ER (X7),
(3) the cumulative delay caused by the random number of p-loops (denoted by Zf\;oYz) and (4) a
waiting time in DR (Q2). Hence,

N

D=Qi+X1+) Yi+Qa (21)
=0

We remind that the random variable R is independent of the random variables Y;, and, hence, taking

expectations yields

E[D] = Wi+ E[X1]+ E[R|E[Y;] + Ws.

Plugging F[X;] = i and (13) into the latter yields (14).
A.3.5 Part (e) of Theorem 2

A patient leaving the hospital without receiving treatment implies that a patients is rejected at each

once. Assuming the patient gets rejected n consequent times, the probability that he/she leaves the
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system without treatment implies that exit from Node 3 occurs faster than the corresponding revisit on

the n'” rejection, whereas the reverse is true for all the former rejections. Therefore,

q:i 3 ( n >”_ Z( ) B L &
on+E\n+¢ n+§ n+¢ E 1— e Tt E—np
This completes the proof. |

A.4 Proof of Theorem 3
A.4.1 Part (a) of Theorem 3

We first note that in a certain queueing system the expected waiting time, the expected queue length,
and the probability of an empty system are performance measures that are strictly increasing functions
of the arrival rate of the system. This is a direct conclusion of using a coupling argument. As a result,
in our system, W;, Ly and «y; are strictly increasing functions of the aggregate arrival rate, i.e., A;.
Moreover, according to [50], the same measures are also convex functions of the aggregate arrival rate,
A;. The above results will be used for the proof of parts (b)-(c) as well.
A careful look at (7) reveals that the Pr((Q); > t) consists of two terms, y; and an exponential term,
e Hilsi=pi)t Using (2), we see that p; is an strictly increasing and convex function of A;. Consequently,
the exponential term is also a strictly increasing and convex function of A;. Combining this with the
fact that ~; is also a strictly increasing and convex function of A;, and taking into account that both
terms are positive, we conclude that the Pr(Q; > t) is a strictly increasing and convex function of A;
given by
Pr(Q:i > 1) = F (A(p)), (22)

where the function f(x) is a strictly increasing and convex function of x. Taking the first derivative in

p yields
dPr(Q; >1t)  df (Ai(p)) dAi(p)
dp  dp dp -

Combining part (a) of Proposition 1 with the structural properties of the function f(z), we conclude

that Pr(Q, > t) is strictly increasing in p, while Pr(Q2 > t) is strictly decreasing in p, respectively.
Taking, now, the second derivative yields

fﬁ@»ﬂzfﬂMm<va2ﬂMMme@
dp? dp? dp dp dp* -

(23)

Combining again part (a) of Proposition 1 with the structural properties of the function f(z), we
conclude that Pr(Q; > t) is convex in p, simply because all the four terms in (23) are positive.
However, we also note that the corresponding behavior of the behavior of the second derivative of

Pr(Q2 > t) seems to be more complex. Specifically, the first three terms in (23) are positive, but the
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1
; last one is negative (see part (a) of Proposition 1). As a result, the sign of the second derivative of
4 Pr(Q2 > t) is impacted by the system parameters and the function f(z) in a non-trivial way. Given the
5
6 complexity of the formula (7), we can reach no certain conclusion with regards to the behavior of the
; second derivative of Pr(Q2 > t).
9 Following a similar reasoning, we conclude that W is strictly increasing and convex in p, while W5
10
1 is strictly decreasing in p.
g Following a similar reasoning, we conclude that L, is strictly increasing and convex in p, while Lo
14 is strictly decreasing in p.
15
1? A.4.2 Part (b) of Theorem 3
18
19 Taking the first and second derivatives of 11 yields after some algebra
20 dPr(R =n) < n >" 1 d*Pr(R = n) n \"
51 _ pnf —p+n—np), :n() pn*2 —2p—|— n—1 1—]? .
;i Using the latter, we can immediately conclude that Pr(R = n) is strictly increasing in p if p < ;15
25 and convex in p if p < 7. Noting that ”+1 < ;47 yields the desired result.
26
27 A.4.3 Part (c) of Theorem 3
28
;g First, note that (12) can be written as follows:
31
32 E[R] = f(p) - 9(p), (24)
33
34 where
35 1 n
fp)=0p(1—p), g(p)=+——35, and 0=——. 25
. 1) =61 =p). 9r) = 7=gom - (25)
38 A closer look at f(p) reveals that f(p) > 0, given that € [0,1], and p € [0,1). Moreover, it is
23 increasing in p if and only if p € [0, %] since #T(;» = 6(1 — 2p). Additionally, f(p) is concave in p,
41 since d%gm = —260 < 0. Similarly, g(p) > 0, g(p) is strictly increasing in p, since d%—(pp) = (1_299p)3, and
42 . — . .
43 convex in p, since d25[()p) = (12%;)4 > 0. Taking the first derivative of (24) in p yields
44
dE|R 0
25 ) @),
46 dp (1—0p)
j; Thus, E[R] is strictly increasing in p if 1 — (2 — 0)p > 0. Plugging 6 from (25) yields that E[R] is
49 strictly increasing in p if p < 7;7%255 Taking the second derivative of (24) with respect to p yields
50
2
51 d*E[R)(p) 20
= -((20—-1)—0(2—0)p).
53
54 Thus, E[R] is convex in p if and only if (20—1)—60(2—0)p > 0. Again, plugging 6 from (25) yields that
2 2 .
gg E[R] is convex in p if p < ?7(77+2€)' equivalently if p < (1 — E)T)"jé Noting that (1 — 2)::255 < :jfg
57 and combining the monotonicity and convexity behavior of E[R] proved above yields the desired result.
58
59
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A.4.4 Part (d) of Theorem 3

Taking (13) into account yields that E[Y] is strictly increasing and convex in Wj. Taking, next, part

(a) of Theorem 3 into account, we conclude that E[Y] is strictly increasing and convex in p.

A.4.5 Part (e) of Theorem 3

The proof is immediate and hence is omitted. |
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APPENDIX B - ALTERNATIVE PROOF OF THEOREM 1 & PROPOSITION 2
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Figure 8: Stability conditions via an illustration of the aggregate arrival rates in ER (left) and DR (right).

ER Stability: For any given set of input parameters, ER stability is characterized analytically via the

following mutually exclusive three cases, i.e., only one of the following three cases must be true:

Case |I: 181 < Al(O) iff OCL_% < Ml)\sl iff p1 < 0. Case Il: Al(O) < pisy < Al(l) iff ﬁ < ,u1>\sl < ai-‘rf
iff 0 < p1 <1, and Case Iz Ay(1) < pysy iff 2= < o iff pr > 1

In Case |, ER stability condition is never satisfied regardless of the choice of p € [0,1), i.e. ER does
not have sufficient capacity at all regardless of the p-policy in place. In Case Ill, ER stability condition
is never violated, i.e., ER has ample capacity. In Case Il, however, ER stability condition is satisfied for
p € [0,p1] and violated for p € [p1,1). Hence, implementation of p-policy—when the value of p is not

selected carefully, may threaten stability and lead to instability, i.e., very excessive crowding in ER.

DR Stability: Likewise, for any given set of input parameters, DR stability in terms of p is characterized
analytically via the following mutually exclusive two cases:

Case a: A1(0) < pgsy iff 2= < 257 iff pp < 0 and Case b: pigsy < Ay(0) iff S5 < 2 iff

0<p2 <1

In Case a, DR stability condition is always satisfied regardless of the choice of p € [0,1), i.e., DR has
ample capacity. In Case b, DR stability condition is satisfied for p € [p2,1) and violated for p € [0, pa].
Hence, p-policy may alleviate excessive crowding in DR, when the value of p is selected with care. An
interesting observation is that, while the ER stability threshold p; can take any value in the set of real
numbers, the DR stability threshold ps < 1. This, in turn, implies that regardless of the values of input
parameters (e.g., even when DR capacity is extremely limited), there exists a value of p, above which

DR stability condition is satisfied.

System Stability: For any given set of input parameters, we can then asses system stability in terms

of p by examining the 3 x 2 = 6 possibilities based on the cases introduced above. These possibilities
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are referred as Cases l-a, I-b, ll-a, lI-b, lll-a, and Ill-b. For example, in Case ll-a, ER stability condition
is satisfied for p € [0, p1] whereas DR stability condition is satisfied for p € [0,1). As a result, system
stability conditions are satisfied for p € [0, p;]. We note that Cases I-a and I-b reduce to a single case.
We, then, have an equivalent version of Theorem 1, seen in Theorem 4 below, which is stated without

a proof as it directly follows from the formal results presented above.

M1S1 UyS;

Caselll:p; > 1 &
ER stable at [0,1]

Ag(1) Qe-mmmmr o
Casell:0<p, <1 | |Caseaip<0e
ER stable at [0, p,) DR stable at [0,1]

O () Ag(0) @-mmmmmmm o
Casel:p; <0 & . |Caseb:ib0=py<le
ER unstable DR stable at (p,, 1]

0 p 0 P

Figure 9: Stability conditions via an illustration of the aggregate arrival rates in ER (left) and DR (right).

Theorem 4 For any given set of input parameters, system stability in terms of p is characterized

analytically via the following mutually exclusive cases where p1 and po are given by (4).
Case I: Ifp; <0, then ER stability, and hence system stability is violated regardless of the value of p.
Case II: If0 < p; <1, then the following subcases arise:

a: Ifps <0, then system stability is satisfied for p € [0, p1).
b: If0 < ps <1, then the following subcases arise:

iz If p1 < po then system stability is violated regardless of the value of p.

ii: If po < p1, then system stability is satisfied for p € (p2,p1)-
Case III: Ifpy > 1, then the following subcases arise:

a: If py <0, then system stability is always satisfied for p € [0,1).

b: If 0 < py <1, then system stability is satisfied for p € (pa2,1).

From now on, we refer to a given set of input parameters {\,n, o, &, p1, pi2, S1, S2} as a problem instance

and consider a set of problem instances denoted by I = {i : {\,n, &, &, 1, p2, $1, 52}, }. Using Theorem

viii
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1, we then have the framework of an algorithmic approach for classifying any set I into six mutually
exclusive subsets 1,5 = 1,...,6 such that I = Iy U I U I3 U Iy U I5U Ig where each one of the six

subsets represent the cases of Theorem 1, as illustrated in Figure ?7.

Compute p;
Casel:p; <0 Casell: 0<p; <1 Caselll: p; > 1
Compute p, Compute p,
Casea:p, <0 Caseb:0<p,<1 Casea:p,<0 Caseb:0<p, <1

- Stable at [0, pr) Compare py, Pz [1g: Stableat [0,1) | [ Ie: Stable at (p,, 1)

Casei:p, < p, Caseii: p; <p;
4 4
| 15: Unstable ] [ 1s: Stableat (p,.,py) |

Figure 10: Stability conditions via an illustration of the aggregate arrival rates in ER (left) and DR (right).

Lemma 1 The behavior of py and ps in 1/n and 1/& is summarized as follows:

A

(i) p; is strictly decreasing in 1/n iff = a+§ o

and strictly increasing otherwise.

(ii) p1 is strictly decreasing in 1/& while py is strictly decreasing in 1/¢ iff 1/¢ € (0,1/&1) and

increasing otherwise, where 1/&; = (1 - ﬁu232> Jae' e iy MSQ

A.5 Proof of Lemma 1
A.5.1 Part (i) of Lemma 1

£ i) M. Hence, its derivative with respect

at+f st (n—a)§

dp _ (& A (at-€)2 dp . . . . L

to 7 equals - = (a+£ ms1> o) Hence, dnl > 0 (i.e., py is strictly increasing in 7, therefore
A

+5 K181

Note that p; can be easily written as p; = (

strictly decreasmg in 1/n) iff — <0
—¢
dpa _ (& _ A (n+8)?
Similarly, the derivative of py in 17 can be written as dn = (a+£ MSQ) (L_L_ A )2. Therefore,
n+§  a+f  pgsg

dp2 > 0 (i.e., pa is strictly increasing in 7, therefore strictly decreasing in 1/7) iff —

A

+§ H282 <0

A.5.2 Part (ii) of Lemma 1

A )—>Oand

Note that p; can be easily re-written as p1 = co€ + c3 + ¢4 /&, where co = <1 — i) =a

nai
p1s1(n—a)

therefore strictly decreasing in 1/¢.

dp1

cy = — < 0 since n —a > 0. Thus, T T2 C4/f2 > 0, hence p; is strictly increasing in &,
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With regards to ps2, note that it can be written as py = %, where f(&) = o%rf — M:‘SQ
and is strictly increasing in &, and g(§) = —ng < 0 and is strictly decreasing in £&. Then, the

sign of % is the same with the sign of ;’—J;g(g) + ?Tgf(f), which equals (after some straightforward

(n—a)€> nA . _ dps & N A
algebra) GO EE ~ R Since n — a > 0, we have that i > 0 iff =% > T Tata
_n__A 1—, /-1 _2A
Equivalently, % p? >0 iff &€ > % or dp; > 0iff 1/¢ < —~=222. Therefore, jf/% > 0 iff
nN—a pasy n—a @ngsg
_n__A
1)g > SVrem,
nN—o pgsg
We now note that in our setting p151 > pose holds, hence u1>\51 < Mz)\sz' We also note that the

condition for p; seen in Lemma 1-(i) implies that p; < 0, according to (4). Likewise, the corresponding

condition for po implies p2 > 0. Based on the above, as 1/7 increases, the following cases arise:

(a) G5 <

e ms . In this case, we have that p; < 0, p2 > 0 and both are decreasing in 1/n. Taking

into account the conditions seen in Theorem 1, we conclude that the only I set that meets the
above is I;. Hence, the only option for an instance in this case is to keep the I; classification as

1/7 increases.

(b) u1)\81 < oft-é < . In this case, we have that p; > 0 and py > 0, hence the Iy, 14, and I5 sets

are excluded (the instance cannot belong to these sets in this case). Moreover, p; is increasing

and po is decreasing in 1/ in this case. Hence, the only feasible transition for an instance is the

I, — 13.
(c) OZLH > #252 . In this case, we have that p; > 0, hence the I; set is excluded. Moreover, we have
&
that po < 0. This is because, if we re-write py as py = % condition ps < 0 is

n+§+a+§ 1282
After some algebra, the latter can be written as a&?+b&+c¢ > 0,

equivalent to ai£ < u2)\32 + n+£
where a = A\, b= (n+ a)\ — (n — a)pas2, and ¢ = nha. Since pase < A, we have that b < 2a)\,
hence, the determinant of the polynomial equals A = b? —4ac < 4a?\? —4\%na = 4aX?(a—n) <
0. Therefore, the polynomial always keeps a positive sign, hence indeed po < 0. Consequently,
the I3, and I3 sets are also excluded. Since, now, both p; and py are increasing in 1/7 in this

case, we conclude that the only feasible transition for an instance is the I, — I5.

One can use a similar approach to prove the corresponding transitions as 1/& increases.
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