Supplementary Appendices

Appendix A: Inference Procedure for Nonlinear CSI Model

The heterogeneous modeling algorithm consists of HB modeling algorithm and Finite Mixture
algorithm. In Appendix A, we fully describe our CSI model in terms of a structural equation model,
and the procedure of Bayesian Inference of latent variables. In Appendix B, we show the details
modeling the algorithm. The label switching will be discussed in Appendix C.

The CSI model includes six latent variables, @ = (nli’UZi""fnsi"fi)l of customer i, and
these are extracted from 17 questions (manifest variables) of the CSI dataset, as is shown in (1)-
(6) in section 4. The manifest variables Y, = (yli,_“, Yi7i ) , which are ordered categorical variables,
are converted into continuous and normally distributed data X, = (X1| Xﬂi)l through random

truncated normal distribution, as will be shown in Appendix B.

The structural models (1)-(6) play a role in prior information for Bayesian inference. The

joint prior density of @ =(7,,7,,...,75. & ) is decomposed as:

p(a)) = p(f) p(771 | 5) p(772 |771’§) p(773 |771'772v§) p(774 |773) p(775 | 775, 81774)- (Al)

To be consistent with our inference below, we first use data augmentation to transform the
ordered categorical data into a continuous variable following the specified normal distribution
(Lee, 2007; Terui et al., 2011). We then introduce a set of cut points across the normal
distribution to decompose it into ten segments that may be categorized on a scale of 1 to 10.
Thus, the probability of each region corresponds to the probability mass of each ordered
category. When we have a categorical sample, we then generate the continuous samples from
the truncated normal distribution whose cut points are defined by the corresponding segment.

The algorithm for Bayesian inference from a linear structural equation model is given by

Lee (2007). One of the special properties of the CSI model is the latent variables

= (771, Ny Nas My s, & ) ', which are determined sequentially by the initial driving force of

“expectation & ”, in the way that n, —>n, >n,; —>n, —>1ns and also the nonlinear equation
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of 175 (LOY) by 775(CS) are positioned in the last. An efficient algorithm is now available for
generating posterior distribution of latent variables. First, we decompose the set of latent variables

into linear and nonlinear parts, namely @, = (771, 5y 1as M4 f)' and 7). Then, we express the

joint prior density, which is defined by p (a)) =p (501) p (775 | a)l) , to derive marginal posterior
density of the linear latent variables ¢, and the conditional density of the nonlinear latent

variable of 77; on @, .
() p(a]x.0)x p(er) P (x| @,6).

(i) p(775 | 21, %, 0) oc p(75 | &) P (X | @,6),

where 6 is the set of model parameters, including factor loadings and variances in the
measurement model, path coefficients and variances in the structural model, and X is data.
The algorithm for the linear part (i), is given by Lee (2007). The nonlinear part (ii) is the
product of normal prior and normal likelihood, and thus the posterior density is analytically
derived using the conjugate property. Then the multi-move sampler is available for latent
variables in our model. The path coefficient parameters are defined as linear in our model, and
the algorithm for the linear structural equation model is available, together with other
parameters of factor loadings and variance, in Lee (2007). Appendix B provides the details of

the full conditional posterior density.

Appendix B: MCMC Algorithms
The prior setting and conditional posterior density are described in this appendix. The

measurement model of (1) and structural model of (2)-(6) are compactly rewritten as

{xhi = Up + Apwp; + &pi; epi ~ N(0,Wep)
Mhi = ppi + Tpépi + Opi = Apwpi +0pi 5 Opi ~ N(O,Wsp), &pi ~ N(O, P )

(B1)
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Nhis = G(Mn3,Sp) + Thsallna + Ops (B2)
(1) Prior Density

The prior distributions are set as:

Parameter and Prior distributions Hyper parameter
Hre ~ N (245,Vy) Ho =00, Vo = I, X100
A~ N(A, v, Hy) A, =100, H, =100
l//ghk - IG(aaO’ﬂgO) acO = 27 ﬂsO = 2
A~NO,7,,H,,) H,,=1,,, x100
Wenj ~ 1G (a5, Bso) As0 =2, Pso =2
@, ~ IW(R;*, 2) R,' =3 p, =1
[01V, |=[vec(®)|V, |~ N (vec((:)),vy ® D‘l) © =0y,z, D=1y, x100
V;h ~ IG(VVO,VN) Vo = 2,V70 =2
z, ~ Dirichlelle,, a, ,a; , ) o =a,=0,=0a,=1

where A, isthe kthrowof A, y, is kthelementof ¥, (k=1..,17), A, isthe ]
throwof A, ,and y,; is Jthelementof W; (j=1,...,5). Hmeansthe number of firms,
and V7h is covariance matrix of path coefficient in structure model of firm 4. L is the number
of path coefficients. Zis the number of attribute variables for firm, and we use industrial dummy
variables as demographic data. 7, in mixing proportion of finite mixture.
(2) Conditional Posterior Density

In this section, for readability, the subscripts of corporate heterogeneous parameters will be
not used, and the dimension # is not considered until the process of HB regression.
(i) Measurement model.
@ x|y, uAo,¥Y, (i=1...,n) (Data Augmentation)

We convert categorical data y; into continuous data X; as

x; ~ N[ay,_q,ay,]( + Aoy, W,) (B3)

where the cut-off points vector @, = (@, %,--s Ayg,Qyg)' for the rating distribution of

question K are determined by

apzqﬁl[il(yiSp)/nj, p=1...,9, (B4)
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where ¢ is the inverse of cumulative distribution function of standard normal distribution, and
I (y; < p) is the indicator function, if Y, < p, I(y, < p) = 1. And the boundary points are
setas @y =—%, o =0.
® &% mAY ALY, D (i=1...,n)

@; = (M1iM20 N30 Mais Nsir §0)
(0.1) @ = (11020 00 Mair &)

[a,i[—s»] | X5, ATS @, 1091, 08 8] L ]

~ _ T el e e T el g _ T LN Ry
ol ~ N{(Z L AP I AL 5]) APy 5],(2 L AT AL 5]) }
: (B5)
where
s - (1 -2 @Hlert? wlshy -t (1 -at) e
- @or=’ () -ty @

and O means the parameter and data matrix respect to !>

b.2) o =1,

[775i | Xi[s]’/ﬂs]!W£51’753+3’75_3'754’773i'774i"//55]
51715151\ "
Ns; ~ N ((1/1/’55 + ALY, /1[5]) (7751'/1!’55

+ 1) 'lpa[s]_l’l[s]) : (1/%5 + 25 '1115[5]_1)‘[5])_1),

(B6)
where 77_5, = G(773i , S)-l— Ysallsi (G(775,S) is mentioned in equation (6),
XM=, %y X, ], A = [1 M35 /114,5]'7
Wse O 0
wil=| 0y O
0 0 Wou
X, ANo,¥Y, (k=1,...,17)
e~ N [ oY) Vo g + ‘//g_klz“(xi —Aay), (Vo + Ny _1] . (B7)
i1

A% @, ¥, (k=1...17)
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A~ N((Ho" +Q20) H(H A + w2 %), (Ho " + Q) ), (B8)
where Q= (@, @5)", X=Xy Xy )'
e v, x,ANo ~1G(N/2+a,,, ) (k=1..,17) (B9)
where S, = f,, +(Z(Xik = the =N+ (A = Ao ) Ho" (A, _Ao)]/z'
(ii) Structural model> '
O A,le,¥s (i=1....5)

[1]

Let A, = [2] , where A[(u]J is the linear part, j=1,2,3,4, and AP ]1s the nonlinear part. A[l]
and A[(i]. will be estimated respectively.
€1 (AL Q98 e 2, HY |~ N(@), wiA,), (B10)
where A (H[[Ul(])k_l [1] lQ*T k)_1 . (Hfjc])k_l®[l] 2+t knk), and Q;T

is the k th row of QW , which corresponding to A[w]k k=1,2,34.

(f.2) A[j,] = (01 0, Vsa51 Vsas 0)’

(Va1 o351 To.s1) if S=1

v = (P 7 fs i) 1 S =2
where T2 (i s 7 Tosr) ifS=3"
(e a8 hsa Tsy) 1T S =4

(f.2.1) The prior distribution of g, is N(@',, z,, H %]4) , and then posterior is:
)]
Vea | M3 14 M6i2S Va5 W o5 Osas Zns H sy

1 4, R g L .
V4 T N((Hﬁa ‘H//a‘é’h 774) (Hgi 0%, 2, +l//5;774 (775 _G(Ug,s))) (H;Ea +l//§5774 774) j, (B11)

(f.2.2) y53 of Model type 1~4:
(f2.2.1) Model 1 (Asymmetric Linear. Given S=1 for all observed customers):

For the change point of Iys_;, based on M-H algorithm, the prior distribution is normal

distributionN(®",_, Z,, H%]’szl) . Posterior density is

p(ro,szll_)ocl(ns |77377/5(;)s 217535 -2 Tos 17774!75471//55) p(ro,s:1|®lyo,3:1 Zns H;[j)],szl)-
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(B12)

For y&%., and 7/5(;)321 , the prior distribution is N(®' gy, 2, H ;[,25]3’3:1) and

N(®' 5552 Zn» H ;25]35:1 . Then the posterior is:

(+) (+) (2)
V53,5-1 1725 174,705, lo.s210 V51 Wsso ®y53(+),8:1’ Zy, H753,5=1 ,

1 1
G 21 L () (+) @ Lo -1 () ( R L, A () (ﬁ
V53521 N((Hy53,8—1 TWsslls 11 )(HyEB,Szl O s34).540 Zn T Vsl (7]5—7/54774)), Hissa +tWsslls 73 ,

(B13)
(-) (-) (2)
V53,5-1 17252775, 70s. lo.sc10 Vsar Wss ®;/53(—),S:l' Zy, H;/53,S:1 ,

- -1 = =) (- 1 1 = - -1 = =) (= !
I A T SR TR | R
(B14)

where U§+) =13 — Ty I 775 2055, and 77:5_) =1 —Tosa If 75 <Tosy.
(f2.2.2) Model type 2 (Asymmetric Threshold Linear. Given S=2 for all observed customers):

For boundary of zone of tolerance I} ¢_,andl,s_,, based on M-H algorithm, the prior
L. . . 2
distribution is truncated normal N fomax(n$?)] (@;53( +),5=2Zh H£5]3'5=2) and

’ [2] . . .. . .
N [min(n;)' 0)] (®r53(_)’5222h, Hr53,5=2)' The likelihood is given by the equation (6). Posterior

density is

_ : 2
p(r1,5=2 | _)OC |(775 | 773’7&2;)'3:2 ) Vés,)szz Wo5221141 Y sa V’as)p(rl,s:z |® 53(+).5=2 Zh H;[/S]B,S:Z ),
(B15)

[2]

p(rz,szz | _) oc I(’75 |73, 7;,)5:2 ) 7é§,)s:2 M504 Vsar W ss )p(rz,5=2 | O 5352 Zns H 5352 )
(B16)

For }/gggz and 7/553_52)2 , the prior distribution is N(®', 4, Z, HE?S:Z) and

N(®',,s_, Z,, HS_,). Then the posterior is:

(+,r1) (+,r1)

(2)
V'53,5=2 | 77 a5 Vsar Vg0 W s ®y53(+),S:2’ z,,H 753,5=2

1 2

+,I -1 7*|*1 1 -1 % -1 7*1*1
v és,ysi)z = N((H %]3,5:2 Ty aéﬂs 773} (H %]3,5:2 05352 Iy +‘//5;773 (775 = Vedlly )): (H 753,522 +‘//5;’73 773) jl

(B17)
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* o (+,r))
where 775 =137 —ls,.
(-.r2) (=r2) r ® 7 H(z)
753,5=2|773 1 14:15: V541 V25221 W 5509 53(0y,5220 Zno M ys3 50

-1

-r2 7 1 g s ' ET 21 1w *)l
7 é3,;:)2 - N((H ;[15]3,8:2 TVWsslls 773} (H £5]3,5:2 ®753(7),S:2 Ly +W sl (775 =7 54774))’ (H ymas=2 TWsslla s |
(B18)
where 77; = 773(;'”) s,

(f2.2.3) Model type 3 (Asymmetric Logit. Given S=3 for all observed customers):
For the change point of [;s_;, based on M-H algorithm, the prior distribution is normal
distributionN(®" ¢ , 7,, H %1’513) . Posterior density is

p(ro,s:3 | _) oc | (775 | 72, 7/55;)5:2!7559:,)5:27 fo,5-3 774!754’1//55) p(ro,s:1 | O 054 Zn» H;[j)],sza)-

(B19)

For 7/55;)5:3 and 7é;,)3=3’ the prior distribution is N(®' )5 Zp, H%]&szs) and

N(®' 55 )s-s Zns H }[,?3’5:3 . Then the posterior is:

(+) (+) (2)
V535-3 1725774, 70s. lo.5=31 Vsa 1 Wss ®}/53(+),S:3’ Zy, H;/SS,S:3

-1

" = T o , 1 % I
7 és,)s:3 = N((H ;25]3,3:3 +‘//§é773 773) (H %]3,5:3 ©' 5304)5-3 Zn +‘//§é773 (775 ~Vs4lls )), (H Esls,szs H/’aéﬂs 773) j’

(B20)

h * 1 1 'f (+)
where 1, = ——if —n.
T 1+ eXP(-Us(?) + ro,s:a) 2 s

+ls, >0.

(-) (-) (2)
V53,5-3 17253775705, lo.5=31 Vsa 1 Wss ®}/53(—),S:1’ Zy, H753,S:3

-1

_ -1 4 %+t , 4 % 41 4 %+t
7 és,)s:3 = N((H ;25]3,3:3 +‘//§é773 773) (H %]3,5:3 ©' 53 ).53 Zn +V/5;773 (775 = Vsalls ));(H Ezs]:a,szs +‘//5;773 773) ),
(B21)
1

* 1
h = -Zif =8 41, ., <0,
where T L+exp(-7) +1y5.5) 2t T T s

(f 2.2.4) Model type 4 (Asymmetric Threshold Logit. Given S=4 for all observed

customers):



Supplementary Appendices

For boundary of zone of tolerance I s_4 and I, , ,and the prior distribution is

1 2 H - 1 2 .
N[O, max(773(i+) )1(© y53(+),5=4 L H}[/5]3,S:4) and N[m|n(773(i )((C y53(-)5=4 L H£5]3,5=4) . Posterior
density is

(+) (-) ' [2]
p<r1,sz4 | _)OC I(’]s | 1131V 53,5=41Y53)5=4+ r2,s:4’7741754:‘//55)p(r1,5=4 |® /53(+),5=4 Lo H}/53,S:4)’

(B22)

p— 1 2
p(rz,s:4 | _)OC |(775 | 773’755;)5:4’7553,)5:4 ' r1,s:4’774’754"//55)p(r2,5=4 |© /53(-),5=4 Lo H£5]3,s:4)-

(B23)

For y&e0 and y54% , the prior distribution is N(@' .z, HZ.,) and

N©®',s,2,, H E?H . Then the posterior is

(+,r1) (+.r1)

(2)
V'53,5-4 | 775 a5, Vsar Vs_ar W s ®y53(+),8:4  Zy, H 753,5=4

N 4 4 ox +01 , 4 % 4 4o s+t
7’523,’51)4 ~N ((H %]3,3:4 + ‘//52773 UE ) (H %]3,5:4 O saysea In + %2773 (775 V4l )))(H %]3,5:4 + Waéﬂs U ) ),

(B24)
b 77* 1 1
where 77, = —-—.
o lvexp(-nS +rg,) 2
-r2 (=r1) 2
7?53,521 [ 775 a5, Vsar Vo s2ar W s ®y53(—),5:4 2y, H ;5)3,5:4

_ I . 4 % I
4 &'Essrizt - N((H %]3,5:4 Ty 5%773 773) (H %]3,5:4 ©' 53524 I +%§,773 (775 ~Vsally )), (H %]3,5:4 ""//5;773 773) )1

(B25)
1 1
1+ eXp("h(i_'rl) + r2,5:4) 2’

where 775 =

3) (7,7, 7, m,)~ Dirichlef{a, +n,, a, +n, ,a, +n, ,a, +n,),

!
where N, = Z#{Si = m} , I'is the number of customers.
i1

ﬂmf( i i) G( i’si:m)l
(£.4) Pr(si:m|71':773i1774i)775i’753)754v‘//55): M (775 7si1a)| S ‘//55) ,

zﬂm f((775i —Vsallai) | G(775,S; = m)’Wﬁs)

m=1

where /=4, and f ((775i —Vsallsi) | G (173, S; = M),y 5 )iS the pdfof 775 — ye,77,, based on
equation B2, (775i — Veallai ) ~N(G(7;,S; =m),rs.). Given the poster probabilities of

four candidate model types, we draw the sample of S;in terms of each customer.
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(g) l//5]|Aa)’a)l (j:l!'--15)
Vs~ IG(%O +n/2, B0+ > (1, —ija)i)ZIZJ for j=1,...,4, (B26)
i-1
wss ~ 1G [aso +n/2, By +21(775 _G(Vég)’7é?ﬂ3i)‘754774i)2 / 2]’ B27)
i1
where N, is the number of rows of @; .
) O
O~ IW(EE+R N+ p,), (B28)
where &=(&,+.¢,)".
(iii) Hierarchical Bayes Regression
® [0V, A,z |=[vec(©)[V,.A,.2, |~ N(dV,®W) (h=12..21) (B29)

where W =(z,'z,+D)", d =vec(D),D :Wfl(zh '‘B+ Dvec(@)), B=(717peimn)

Y =(716,721"" ég)’75(3_)1754)'

— . T /o ,
G)B/;hl|®,Zh,77h,V;,0,V;,O]"'Gamma[vo +%’V}/O+(7/h _Zh ®) (]/h _Zh @)J
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Appendix C: Label Switching

The label switching problem for mixture modeling is caused by the invariance of likelihood
after relabeling the components, as is fully discussed in Fruhwirth-Schnatter (2006). The
mixture model of regression generally suffers from this problem. For example, the component

regression:
2
Vi =XfBs+&, &~ N(O! USi)a (C1)
and the induced two component mixture model is:
2 2
y, =mfy (Xiﬁ1’01)+”2fN (XiﬁZ’O-Z)' (C2)
Note that the component regressions have the common covariate x;and linear functional form.

Changing the permutation of component labels ((ﬂl P 012 ), (71'2 Py 022 )) causes the invariant

likelihood I(ylx,(ﬂl,ﬂl,af ), (ﬂz,ﬂz,GZZ )) In particular, the model pdf has the following

property which implies non-identification of parameters:

p(y|-) =7, fy (Vi xB, 02 )+ 7, f (Vi XB,,02)

. C3
=7, fN(y;Xﬂ21O-22)+ﬂ-lfN(y;xﬂlialz) )

However, if component models contain different functional forms, for instance, x and x?

respectively, the mixture model is:
2 2 2
yi =7 fy (Xiﬁlio-l )‘H[z fiy (Xi ﬁz’o'z)- (C4)
If the permutation is changed, the likelihood is no longer invariant:

p(y | _)= m fy (y; Xﬁ170'12)+”2 fy (y; Xzﬁz'o-zz)

. C5
7&”sz(y;xﬂz,o'zz)"'”lfr\n(y;XZ,BlaO'f) )

It means that the different functional forms, x and x?, avoid the invariance of likelihood when
permutation is changed. Therefore, the mixture model consists of different nonlinear functional

forms, but does not suffer the label switching problem in MCMC sampling.



