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This online supplement contains the proofs of some of the technical results stated in the body of the paper.
Specifically, various auxiliary results are proved in Appendix A, a relative compactness result is established

in Appendix B and several results pertaining to the limiting behavior of SLTA are proved in Appendix C.

Appendix A: Auxiliary results

Construction of Section 5.1.2. First we define the functions 7. For this purpose, suppose that ¢ € @,
and r > 1 are the current values of g,, and r,,, respectively. Then
Gla,r) = { ()T s () 1 >
is the set of the coordinates that could belong to a server pool with a green token; i.e., a server pool of
class ¢ with exactly j — 1 tasks has a green token if and only if (¢,5) € G(q,r). We partition the latter set of

coordinates as follows:

Gi(g,r):=G(q,r)N{(i,4) €Ly ri#d, 1},
Go(q,7) :=G(q,7)N{(i,§) €Ly :i="i,_1}.

Let 0,(4,7) :==q(i,j — 1) — q(4,7) denote the fraction of server pools which are of class ¢ and have exactly

j — 1 tasks when the occupancy state is ¢, and define

Ig,ig):= 1= > 68,(k, 1), 1= > G,(k,0)| forall (i,j)€eL,.

(k,1)2(i,5) (k,0)<(i,5)
These intervals form a partition of [0,1) such that the length of I(q,i, ) is the fraction of server pools which
are of class ¢ and have exactly j — 1 tasks. The length of I(q,,j) is equal to the probability of picking a
server pool with coordinates (7,7) uniformly at random.
Note that G1(q,7) =34 1)eg, (q.r) Oa(k 1) is the fraction of server pools of class i 7 i, with a green token.
If the latter quantity is positive, then we let

L= 0960, (kegi@n 9 B D) 1 =220 1 ai.tenea (qr) 9a (Fs l)>

G b b .7 ] :: 9
1(4,78,9) Gi(g,1) Gi(g,)
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These intervals yield another partition of [0, 1), where the length of G1(q,r,4,7) is the fraction of server pools
which are of class i and have exactly j — 1 tasks, but only among those server pools which are of class i # 4,_;
and have a green token. If G;(¢,r) =0, then we define G,(q,r,%,7) :=0 for all (i,5) € Z,. Sets Ga(q,7,4,7)
are defined similarly.
The functions 7, are defined as follows:
l{UkEGl(q,r,i,j)} it (i,4) € Gi(q,7),
it (i,)) € G2(q,7),

L (0m)=62(am)=0,1(q,ir.50) 20} it (i,5) = (ir, Jr),

1 _ .
nk(q,'r,i,j) — {Gl(qm)—OkaEG2(fI; s ’J)}

Lt 61 (am)=Ga(am)=0.1(a,ir 3r) =001 (ai5)}  OtDETWISE.

Observe that (g, r,4,7) € {0,1} for all k and (i,5) € Z, and that for a fixed k there exists a unique (¢,7) € Z
such that n(q,r,i,5) = 1. Also, if (g,7) is the value of (q,,,7,) when the k' task arrives to the system, then
nx(q,7,4,7) =1 if and only if this task has to be sent to a server pool of class i with exactly j — 1 tasks.

It only remains to define the sets I,, ,, and D, ; that appear in (20b). The former is the set of those w € §2
that satisfy:

q (rnw)isg) =an(@) forall (1.5)0 (i ) dn(om, ) )

1 (1) ) (o)) 2 10 (1)) — L
If the state of the system is (g, r), then the first condition means that there are no green tokens right before
the k'" task arrives, and the second condition means that the number of yellow tokens is at most one. Finally,
D, 1 is the set of those w € €2 such that

r (T;k(w)) > 1,

n— an (T W), 1,4 (r (7, (w)))) = 1B,

@ (r @iy ) Il ) 1) <O (in(rr o)1)
The second condition means that the number of green tokens is larger than or equal to ng, right before the
k*® task arrives. The last condition means that at least one of these tokens is of class 4,_. O
Proof of Lemma 2. Fix T >0 and let My :=AT(e—1)+ 1. The set

Er:={weQ:N}(w,T) <nM;y for all large enough n}.
has probability one as a consequence of the Borel-Cantelli lemma and the Chernoff bound

P (N)T)>nMr) < ———— =e ™"

n

As a result, the following set also has probability one:

= ﬂ (ErNTy).

TeN
Note that for each w € T" and T > 0 there exists nk(w) such that N} (w,T) < nMzyp for all n > ni(w). Fix
T>0,weTl and 0<e <min{a(i):1<i<m}. Next we establish that there exist jr(w) and nr(w) such that

q, (w,t,i,jr(w)) <e<a,(i) forall t€[0,T], 1<i<m and n>nr(w). (51)
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If the load balancing policy is JLMU, then (8) and the above statement imply that o; (g, (w,t)) < jr(w) for
all t €[0,T] and n > ny(w), which in turn implies that the claim of the lemma holds. Suppose instead that
SLTA is used and let

re(w) :=min{k >1: (i, j) < (4, jr(w)) for all i}.

It follows from (23) that 7, (w,t) < max{ry(w), R(w)} =: Rr(w) for all t € [0,T] and n > ny(w). Furthermore,
the latter property and Remark 1 imply that A, (w,t,i,5) =0 for all ¢t € [0,T], n > ny(w) and (4,5) <
(tRp (w)+15 IRy (w)+1). Therefore, the claim of the lemma also holds for SLTA.

The following arguments apply both for JLMU and SLTA. Below we omit w from the notation for brevity.
Since qg € /1, there exists jo such that go(4, 7o) < e&/4 for all i, and by (9) and (22a), there exists np > ni
such that

qn(O,i,j0)§§<€<an(i) forall 1<:¢:<m and n>ng.

Define jr :=jo+ [2Mr/e] — 1. Also, fix t €[0,T], 1 <i<m and n > ny. We have

Jjr Jjr Jjr
Z n {qn(tﬂ,j) - 5} S Z n[qn(tvzvj) - qn((),Z,j)] S Z n'An(t?ZaJ) S nMT'
Jj=jo Jj=jo Jj=jo

For the first inequality, observe that q,(0,4,7) <q,,(0,7,50) <&/2 for all j > jo, and for the last inequality,

note that N (t) < NNT) <nMy because n >nk. Since g, (t,4,7) is non-increasing in j, we conclude that

<e < a,(i).

o 1 <l o Mr+ 5 (r—Jjo+1)
qn(t7l7jT) Z qn(t’lhj) S 2

=g ot Jr—dot 1
This completes the proof. O

Proof of Lemma 3. Consider a function & € D[0,00) such that 2(0) > 0. Then there exist unique y, z €
DJ0, 00) such that the following statements hold.

() z(t)==(t)+y(t) >0 for all t > 0.

(b’) y is non-decreasing and y(0) = 0.

(c) yis flat off {t >0:2(t) =0}, i.e, y(t)]l{z(t)>0} =0 almost everywhere.
The map (¥, ®) such that U(x) =y and ®(x) = z is called the one-dimensional Skorokhod mapping with
lower reflecting barrier at zero and satisfies

U(z)(t) = Sup. [~a(s)]" and  ®(2)(t) ==(t) + U(z)(t).

Also, if @,y € D[0,00) satisfy x(0),y(0) >0, then for each T'> 0, we have
W (z) =¥ (Y)llr <llz—yll; and [[®(z) - 2(y)ll; <2z -yl

The latter definition and properties of the Skorokhod mapping with lower reflecting barrier at zero can be
found in (Chen and Yao 2013, Theorem 6.1) and (Karatzas and Shreve 2014, Lemma 6.14).
Suppose x is as in the statement of the lemma. Define y and z as in (24); i.e.,

y(t):= sup [x(s)—a]" =¥(a—x)(t) and =z(t):=x(t) —y(t) =a— P(a—x)(t).

s€[0,T]
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Properties (b’) and (c¢’) imply (b) and (c). Also, (a) holds since z=a—P(a—x)<a by (a’) and z=z —y
by definition.

Conversely, suppose that y and z satisfy (a)-(c). Then « —z=a —x +y >0 and y satisfies (b’) and (c’)
with z replaced by o — z, hence we conclude that y = ¥(a— x) and o — z = ®(a — x). Therefore, y and z
are as in (24).

The Lipschitz properties of ¥, and &, follow from the Lipschitz properties of ¥ and ® and the identities
U, (x)=¥(ao—2x) and ,(x) =a—P(a—x). O

Proof of Lemma 8. By assumption and Tonelli’s theorem,

Y m@) Az )l fy) =D mal2) Y [Aalz, )| f(y)

z,yESn zE€Sn YyESn

> |An<xmy>f<y>] < oo,

YESn

=F

Therefore, we may use Fubini’s theorem, which yields

0= f(y) D m@)Au(z,y) =Y mal) Y Aulz,y)f(y) = E[Af ()]

YyESH TESy TESH YyESH

The first equality follows from the stationarity of m,,. O
Appendix B: Relative compactness

Consider the metric

d(z,y) = Z min{|z(i, ) —y(3,5)|, 1}

e
57 for all xz,y€R*,

(i,j)€T
which induces the product topology on R%. For each T > 0, let Dgz[0,T] denote the space of all cadlag
functions on [0,7] with values in R* and equip this space with the uniform metric, defined by
or(x,y):= sup d(x(t),y(t)) forall x,ye Dgrz[0,T].
t€[0,T]

The topology of uniform convergence over compact sets on Dgz[0,00) is compatible with the metric

Ooo (@, y) = Z M for all @,y € Drz|[0,00).
k=0
Since Dgz[0,00) is metrizable, a subset of Dyz[0,00) is relatively compact if and only if every sequence
within the subset has a convergent subsequence. The same holds for the metric spaces Dgrz[0,7] defined
above.

The following arguments apply both for JLMU and SLTA. Fix some arbitrary time horizon 7' > 0. In order
to prove Proposition 2, we first demonstrate that the sequences {A, :n>1}, {D,,:n>1} and {q,, : n>1}
are relatively compact in the space Drz[0,T] with probability one, and that every convergent subsequence
has a componentwise Lipschitz limit. Here we are actually referring to the restrictions to the interval [0, 7] of
the processes A,,, D,, and q,,, but the symbols |07 have been omitted in order to maintain a lighter notation;
this is also done in the sequel when there is no risk of confusion. The latter properties are established using

the methodological framework Bramson (1998). The following result defines a set of probability one where

the relative compactness holds.
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LEMMA 1. There exists a set of probability one I'v CT'g where:

lim [[g,,(0) = gol|, =0, (52a)
1
lim sup n” [=N(t) — )\t‘ =0, (52b)
n—r00 tG[O,T] n
1
lim sup n”|—=N ) (nt) —t‘ =0 forall (i,j)€Zy, (52¢)
n—00 tG[O,,ujT] n

for all v €0,1/2). Also, if the load balancing policy is SLTA, then apart from the latter properties, there

exists a random variable R >1 such that
r.(0)<R and q,(0,i,5) <a,(i) forall (i,5) < (ir,(0)sJrm(o)) and n.

Proof.  This result is a straightforward consequence of (9), (15) and the refined strong law of large numbers
for the Poisson process proven in (Goldsztajn et al. 2021, Lemma 4). |

We fix some w € I'y, which we omit from the notation for brevity. Next we prove that the sequences
{A, :n>1} and {D,, : n > 1} are relatively compact subsets of Dgz[0,T] and that the limit of every conver-
gent subsequence is a function with Lipschitz coordinates. If JLMU is used, it then follows from (19) and
(52a) that the sequence {q, :n > 1} has the same properties. If SLTA is used, then we need to invoke (21a)
instead of (19).

The following characterization of relative compactness with respect to o will be useful. Let D[0,T] denote
the space of real cadlag functions on [0,7], with the uniform norm:

ll||,= sup |xz(t)] forall aeDI[0,T].
te[0,T]

Observe that a sequence of functions x, € Dgz[0,T] converges to « € Drz[0,T] with respect to gr if and
only if @, (¢,7) converges to x(i,j) with respect to the uniform norm for all (¢, j) € Z. Moreover, we have the

following proposition.

PROPOSITION 1. The sequence {x,:n>1} s relatively compact in Dgz[0,T] if and only if
{x,(i,7):n>1} is a relatively compact subset of D|0,T)| for all (i,7) €Z.

Proof. We only need to prove the converse, so assume that {x,(i,7):n > 1} is relatively compact for
all (7,7) € Z. Given an increasing sequence K C IN, we need to establish that there exists a subsequence of
{x, : k € K} that converges with respect to gr. For this purpose, we may construct a family of sequences
{K,; :j >0} with the following properties.

(a) K41 CK; C K for all j>0.

(b) {zx(4,7): k€ K;} has a limit (i, j) € D[0,T] for each (i,5) € Z.

Define {k; : 1> 1} C K such that k; is the I*" element of K;. Then

lim ||, (i,7) —2(i,7)||, =0 forall (i,j)cZ.
l— o0

Let « € Dgz[0,T] be the function with coordinates the limiting functions (¢, j) introduced in (b). Then xy,

converges to & with respect to or. O



6 Goldsztajn, Borst and Van Leeuwaarden: Utility maximizing load balancing policies

As a result, it suffices to establish that {A4,(¢,7):n>1} and {D,(i,j) :n > 1} are relatively compact in
DI0,T] for all (,7) € Z. Consider the sets

Ly :={x € DI[0,T]:2(0)=0 and |z(t) — x(s)| < M|t — s| for all s,t€[0,T]}

which are compact for each M > 0 by the Arzeld-Ascoli theorem. For each (i,7) € Z, we prove that there
exists M; such that A, (4, ) and D, (i, j) approach Ly, as n grows to large. Then we use the compactness of
Ly, to show that {A,(i,5) :n>1} and {D,(i,j) :n > 1} are relatively compact subsets of D[0,T]. To this

end, we introduce the spaces
L3, ={xeD[0,T):2(0)=0 and |x(t) — x(s)| < M|t — s| + ¢ for all s,t€[0,T]}.
LEMMA 2. If x € L5, then there exists y € Ly, such that ||x —yl|, < 4e.

The above lemma is a restatement of (Bramson 1998, Lemma 4.2), and together with the next lemma, it
implies that for each (4, j) € Z there exists a constant M; such that A, (i,5) and D,,(i,j) approach Ly, asn

grows large.

LEMMA 3. For each (i,j) € T there exist M; >0 and {e,(i,j) >0:n>1} such that A, (i,j) and D,(i,7)

lie in Lf\fjj(i’j) for alln and €,(i,5) — 0 as n grows large.

Proof. 1f j=0, then A, (i,5) and D, (4, ) are identically zero for all ¢ and n, so the claim holds trivially.

Therefore, let us fix (i,7) € Z;, in this case we have

l/\/g‘(r) —Ar

At 5) = An (s, 5)] < % V@) =N <Al =s|+2 sup 1=

rel0,T]

for all s,t € [0,7T]. It follows from Lemma 1 that there exists a vanishing sequence of positive real numbers

{6} >0:n>1} such that
|A,(t0,5) — An(s,3,5)| < At —s|+6. forall s,t€]0,7].
Consider now the non-decreasing function defined as
Fu0= [ pila(sid) —a (g + )ds Torall tef0.7)

Note that f,.(0) =0 and |f, (¢t) — f,.(s)] <wjlt —s| for all s,t € [0,T], so in particular, £, (T) < pjT. For all
s,t€[0,T], we have

1
Do (t,i,5) — Dnl(s,i,§)| = - Ny (nf . (8) = Ny (nf . (s))]

<IFu) = £ ()42 sup | Ny (00 (r) — £,0)

rel0,T]
. 1
<pjlt—sl+2 sup |=Nyj(nr)—r|.
7'€[0,ujT] n

By (52c), there exists a vanishing sequence {62 (,7) > 0:n > 1} such that
D, (t,i,5) — Dn(s,i,7)| < ujlt —s| +62(i,5) for all s,t€0,T).

The result follows setting M, :=max{\, uj} and &, (i, ) :=max{d},02(i,j)}. O
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We now demonstrate that {A, :n>1}, {D,:n>1} and {q, :n>1} are relatively compact subsets of
Drz[0,T] with probability one, and that the limit of every convergent subsequence is componentwise Lips-

chitz.

LEMMA 4. The sequences {A,(w):n>1}, {D,(w):n>1} and {q,(w):n>1} are all relatively compact
in Drz[0,T] for all w € T'y. Also, they have the property that the limit of every convergent subsequence is a

function with Lipschitz coordinates.

Proof. We fix an arbitrary w € I'r and we omit it from the notation for brevity. As noted above, it suffices
to prove that {4, (¢,7):n>1} and {D, (i,5) : n > 1} are relatively compact subsets of D[0, T for all (i,5) € Z.
We fix some (4, 7) € Z and demonstrate that {4, (¢,7):n > 1} is relatively compact in D[0,T], and that the
limit of every convergent subsequence is Lipschitz. The same arguments can be used if A,, is replaced by D,,.

Let M; and {€,(¢,7) : n > 1} be as in the statement of Lemma 3. It follows from Lemma 2 that for each n

there exists x,,(i,j) € Ly, such that

[ An (i, 5) = 20 (i, )| < den (@, 5)-
Recall that L), is compact, thus every increasing sequence of natural numbers has a subsequence K such

that {x4(i,7) : k € K} converges to a function = € L,,,. Furthermore,
timsup A, (i.5) — @(7.) I < Jim 44(i.3) + Jim [l (i,) ~ 2(6.5)]| = 0.
where the limits are taken along . This shows that every subsequence of {A4,(i,j):n>1} has a further
subsequence which converges to a Lipschitz function. O
We are now ready to prove Proposition 2
Proof of Proposition 2. Recall that 'y has probability one for all 7' > 0. Hence,

'y = n I'r

TeN
has probability one as well. Also, (22) and (23) hold within Iy, by Lemma 1.

Next we fix an arbitrary w € T, which we omit from the notation for brevity, and we prove that {q, :n > 1}
is a relatively compact subset of Dgz[0,00) such that the limit of every convergent subsequence has locally
Lipschitz coordinate functions. Exactly the same arguments can be used if q,, is replaced by A,, or D,,.

Fix a sequence I C N. We must show that {q, : k € K} has a subsequence which converges uniformly over
compact sets to a function with locally Lipschitz coordinates. To this end, we may construct a family of
sequences {Kr:T € N} such that:

(a) Krp1 CKr CK for all T € N;

(b) for each T € N, there exists q; € Drz[0,7] such that the coordinates of g, are Lipschitz and
or (il ar) = 0 as k — oo with k € Kr.

Let k; denote the I*® element of K. It follows from (a) and (b) that

zlggo or (qy,ljo.1),qr) =0 forall TeN. (53)

Note that g, (t) = q;(t) with [ for all t <T, so q4(t) = qo(t) for all t < S,T. Thus, we may define a
function q € Drz |0, 00) such that g(t) = q,(t) for all ¢ <T'. Moreover, (b) implies that g has locally Lipschitz

coordinates and (53) means that {q,, :/ > 1} converges uniformly over compact sets to q. O
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Appendix C: Limiting behavior of SLTA

Proof of Proposition 4. We fix an arbitrary w € I', which is omitted from the notation for brevity. It
follows from (21a) that

su=s.0)+ [An(i,j)—Dn(i,j)}:sn(0)+%/\f3(t)— S D.(i,j) forall n.

(i,5) €Ty (1,5) €T+
By Proposition 3, every increasing sequence of natural numbers has a subsequence K such that the
sequences {D;,: k € K} and {q, : k € K} converge in Dy, [0,00) to certain functions d and g, respectively. It
follows from (22c) that

t
d(t,i,j):/uj[q(s,i,j)—q(s,z}j—i—l)]ds forall ¢>0 and (4,5) €Z;.
0

Moreover, {s; : k € K} converges uniformly over compact sets to
si= ) qlij)
(4,J) €Ty

It follows from (22a) and (22b) that

lim s,(0)=so and lim sup
k—o0 k—)oote[O’T]

1
N,j(t)—)\t‘zo for all T >0.

Furthermore, the fact that {Dy : k € K} converges to d in D,, [0,00) implies that

t
lim sup Z ’Dk(t,i,j)—/ us(s)ds| =
0

k— o0
0T ez,

i sup 575 [Dutid)— [ pilato.i.)—atosini +1) s

k=eorelo ) |12 =1

lim sup | Y [Du(t,i,j) —d(ti,j)]|=0 forall T>0.

k— o0
t€[0,T] (i.d)eT,

We conclude that § satisfies
t
3(t)=s0+ At f/ u8(s)ds for all t>0.
0

Equivalently, § solves (35), and therefore § = s. This demonstrates that every subsequence of {s, :n > 1}
has a further subsequence that converges to s uniformly over compact sets. The claim of the proposition
follows from this fact. |

Proof of Proposition 5. Let us omit w from the notation for brevity. Recall that tasks are always assigned
to server pools with coordinates (4, j) & (i, , jr, ), as explained in Remark 1. By (b), (ir,,jr,) > (¢, 7,) along
the interval [to, 1] for each k € K. Moreover, (b) implies that the system has green tokens when the equality
holds. Therefore, tasks are only assigned to server pools with coordinates (i,7) &> (i,,j,) along the interval
[to,t1] in all the systems comprised in K. Thus, A, (t,4,7) = Ax(to,4,5) for all t € [tg,t1] and (4,7) < (4, Jr)-
We conclude from (21a) that

Qk(tviaj) ZQk(tO»ivj) - [,Dk(tvivj) _’Dk(toaivj)]
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for all t € [to,t1], (i,4) < (4,,J,) and k € K. As in the proof of Proposition 4, we obtain

t
a(t.1,5) = qlto,i,5) — / i la(s,6,5) — a(s,i,j + )] ds
to

for all ¢ € [to,t1], (¢,7) < (ir,4,) and k € K. Tt follows that g(i, ) is differentiable for all (¢,5) < (4., j,.) because
q has continuous coordinates by Proposition 2. Furthermore, the system of differential equations in the
statement of the proposition holds.
Note that {v,(r): k> 1} converges uniformly over compact sets to
o= > alij)
(4,3)D(ir,dr)

by (a) and the definition of v. Let J; :=min{j >1:(4,7) < (i,,4,)} and note that

m oo

b(tr) =Y > —ujlat,i,j) —q(t,i,j+1)]

=1 j=J;

l wu(J, q(t,i,J;) — Z ]MZ q(t,i,J;) — po(t,r).

Since the first term on the right-hand side is non- pOblthG we have

p”qs

1

7

v(t,r) <v(te,r)e 710 < s(tg)e 710 for all t € [to,t].

This completes the proof. O
Proof of Proposition 6. Define

1<i<m

1
Qmin = min «i), J:= V)+ J and rpq:=max{r>2:j._,<J}.

Qmin
The function 7,4 mentioned in the statement of the proposition is defined by
+ .
1 s—p J—=Jr, _ .
# {log (Zu,y‘)w* _f’)} T (rba =r.) ifs>p,
(Tha —7.) if s<p.

mals) =9 75,
m

For brevity, we omit w from the notation, and we let

E(r):= Z a(i) and X,(r):= Z a,(i) forall n,r>1.
(4,3)>(iro3r) (0,5)>(ir>3r)

It follows from (10) that we can write X (r. +1) = p+J +¢ with d,e > 0. We regard ¢ as a function of ¢,

determined by the latter identity, and for each

0<d<min{X(r, +1)—p,amin} and 6€(0,1)
we define 7(4,0) :=min{t > 0: (sg — p) e7#* < fe}. Explicitly,

ro—{ +Poe (mmtimen)] i s

0 if so<p.
Thus, the function s defined by (35) satisfies
s(t)<p+0c forall t>7(4,0). (54)
Note that 7,4(so) is the infimum over ¢ and 6 of

J_jr

7(6,0)+ 6+ 7 * (Thd — Tw) -

We fix ¢ and 6 such that the above expression is smaller than 7 and we choose ng such that the following

properties hold for all n > ng.
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(i) r.(t) <Ry for all t € [0,T7.

(ii) |8, (t) —s(t)| < (1 —0)e for all t €[0,T).

(iii) 1/n< B, <min{«,(i):1<i<m} and 3,(r,+1) — L(r. +1)B, > p+¢, where we used the notation
L(r) :==max{l;(r): 1 <i<m}.
Properties (i) and (ii) are possible by Lemma 2 and Proposition 4, respectively, and (iii) can be enforced by
assumptions (9) and (14).

Fix n > ng and note that for each r > r, and ¢ € [7(d,0),T] we have
Y.0r)=L(r)B, 22, (r«+1) = L(r. + 1)B, > p+ £ > s,(¢).

The first inequality follows from the fact that X,(-) — L( - )8, is non-decreasing provided that S, <
min {a,(7) : 1 <i<m}, and the last inequality follows from (ii) and (54). We conclude from the above
inequalities that

S g, (hi () <1-B.<1—~ forall te[r(5,0),7], (55)
n
=1

since otherwise we would have s, (t) > %, (r) — L(r)S,. It follows from (55) with » =, + 1 that the total
number of tokens is at least one if t € [7(4,6),T] and 7, (t) > r., so we conclude that r, does not increase
beyond r, along the interval [7(4,0),T]. Hence, it only remains to prove that the amount of time after 7(4,6)

until r,, <r, is upper bounded by
J— jr*

T

(de —T*).

It follows from (55) that the number of green tokens is
n— ann(t,i,& (r.(®))>nB, if r,(t)>r., te€[r(6,0),T] and n>ng.
i=1
Therefore, r,, decreases with the next arrival if the latter conditions hold and

q, (i, (1) =15 T (1)—1) < O (T (1)—1)-

Choose ng’g > ng such that the following conditions hold.

(iv) min{a,(7):1<i<m} > a(d) := amin — 9.

(v) Let d:=6[2(rpa —7.) + 1] ". The following two properties hold on every subinterval of [0, 7] of length
at least d. First, J\/;;\( -) has at least Ry — rpq jumps. Second, for all 1 <i<m and 1< j <.J, the process
N,y (n-) has at least nfd jumps followed by at least one jump of N ().

(vi) pnla, (i) —a(6)]0d>1 for all 1 <i<m.

Properties (iv) and (v) can be enforced by (9) and Proposition 2, respectively.

We may assume without loss of generality that

255 )

choosing a smaller § at the start of the proof if needed. By the above inequality,

5,(1) cPte

_J+1<a(5)§an(i) it j>J, t€[r(6,0),T] and n>np,.
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Therefore, if n > ngf, te[r(6,0),T) and 7, (t) > ryq, then r, decreases with each arrival until it reaches ry,q.

We conclude from (i) and (v) that
r.(t) <rpg forall te€[r(6,0)+d,T] and n>np,.

Suppose now that r,,(t) =7 € (1., 7,4 for some t € [7(5,0) +d,T] and n >n{{ . Then r, decreases as soon
as a server pool of class i,_; has a green token and a task arrives. Moreover, since the number of green tokens
remains positive, no tasks are sent to server pools of class i,_; before r,, decreases. At least n[a,, (i) — «()]
server pools of class 4,_; have strictly less than J + 1 tasks, thus it follows from (v) that the time until
q,(i,—1,jr—1) drops below «,, (i) is at most

V(J—jr_l) [an (i) — a(8)] + 1} Jed i
plan() —a(O)]g, 04 |*= w0 T pmlan() —a(0)]0

The numerator inside the ceiling function is the maximum number of tasks that need to leave the

+d<

J— jr
—= 4+ 2d.
po -

n[a, (1) — a(d)] server pools of class i,_; with strictly fewer than J + 1 tasks to ensure that one of these

server pools has strictly less than j._; tasks, and the quantity n[a, (i) — @(0)]j,_1 in the denominator is

a lower bound for the cumulative number of tasks in these server pools while all the server pools have at

least j,_; tasks. Also, note that the first inequality uses j,_; > 1 and the last inequality uses (vi). Since 7,

decreases at most r,q — 7, times before it reaches r,, we have

J—Jr.
1o

r,(t) <r. forall t6[7(6,9)+6—|— (rbd—r*),T] and nzng’dT.

This completes the proof. O

Proof of Lemma 6. We omit w from the notation. It follows from (21a) that

Z Qk(taiaj)* Z q; (Tk,lviaj): Z [‘Ak(taiaj)*‘Ak (Tk,laiaj)}

(4,3)> (ir,jr) (4,3)>(ir,jr) (,5)>(ir,dr)

- Z [Dk(tvivj)fpk (Tk,laiuj)]'

(2:3)>(ir,3r)
Note that all tasks are assigned to server pools with coordinates (i,j) > (4,,J,.) during the interval (7 1,%],

so the first term on the right-hand side can be expressed as follows:

S i) — Ac (i )] = 1 R0 - AR ()]

(#,3)> (irs57)

Using the process d,(r) defined in (36), we may write

Z qk(tvivj)_ Z q (Tk,lvivj)

(4,9)>(irsdr) (4,3)>(irsdr)
t

—(t-mr= 3 [ wilasis) - aulsid+D)ds
(8.9)> (irogr) © TR

+ 0, (2, 7”) - 5k(7k,177")

>(t—Tp1) [A—n Z a(i)| —2 sup |dx(s,7)].

(i) (i) s€[0.7]
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For the last inequality, observe that

m £;(r)
> dlanlid) —anli i+ D)1= jlawig) — q.(i,5+1)]
(57)5 (i) Pt
m [ (r)
=> |l (r)a, (i, 6. (r) + 1)
=1 | j=1

IA

Z a4(i) forall kek.

(4,3)> (ir,dr)
This completes the proof. ([l
Proof of Lemma 7. We omit w from the notation and we assume that r > 1, otherwise the statement

holds trivially. Fix an arbitrary v € [0,1/2) and let

5k,2 = lnf t Z Ck,l : Z qk(tvla]) S Z Oék(l) - min {Bka ki’y} 9

(4,3)> (ir>3r) (4,3)> (ir,dr)

Eeai=sup ¢t <&t Z q,(t,4,7) = Z o (2)

(4,5)> (ir,dr) (4,9)> (ir,dr)
By assumption, r, <r along the interval [y 1, 2] and 74(Cx1) =7, since otherwise the number of tokens
at time (5,1 would be zero, and this cannot happen by Remark 1. Moreover, the number of green tokens is

upper bounded by

Do ka(i)— D kau(i,f) <kB

(1,3)> (irs3r) (4,5)> (irsdr)
along the interval [(y 1,&k,2), which implies that r, cannot decrease along [(x.1,&k,2]. We conclude that
ri(t) =7 for all t € [(y.1,Cr2 A&r2] and k € K. Moreover,
max {ag (i) — @, (6, §): (1,5) > (0,50} < D awl@) = Y g6, <k
(4,9)>(irsd7) (4,3)> (irsdr)
along [(x.1,&k.2)- Thus, it suffices to prove that &, 2 > (42 for all large enough k € K.

In order to prove that £ o > (i 2, we show that

Z O‘k(i)_ Z qk(tri’j):

(4:3)>(ir,d7) (#:3)>(iri7)
R L (56)
Z q (fk,p%]) - Z q,(t,4,j) <min{By,k™"}
(5:5) (i) (6,35 (irsir)

for all ¢ € [§x.1,Ch.2 A&r2] and all large enough k € K. Note that, by definition of & », the latter statement
implies that & o > (i 2-

Let 71 = Cpo A& and Tra i= Cro A &po. In addition, let M, be the cardinality of the finite set
{(4,7) €Ty :(4,5) > (ir,4,)}. For all ¢ € 14,1, Th.2], we have

> atii)— > g (tenid)

(#:3)>(irr) (#:3)>(irr)

o M,
> Z qk(t,Z,j)_ Z qk(Tk,lazaj)_ k

(2:5)> (i s5r) (2:5)> (i sr)
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T

>(t—Tp1) [A—p E ap(i)| —2 sup |0x(s,r)|—
Nt s s€[0,T] k
(4,9)>(ir,dr)
M,
>—2 sup |0x(s,7)|— )
s€[0,T] k

For the first inequality, note that the processes g, (i,;) have jumps of size 1/k. The second inequality follows

from Lemma 6, since
ri)=r and Y qtig)< > i)
(4,5)> (irsdr) (2,5)> (irs37)
for all ¢ € [Ty,1,7x2) and k € K. The third inequality follows from (10) and r <r,.
We conclude from (14) and (37) that

T

1 M,
I |2 3, e <o

If 8, is replaced by k7 on the left-hand side, then the limit is also equal to zero by (37). Consequently, for

1
lim — |2 sup |dx(s,7)|+
k—oo O s€[0,T] k

all sufficiently large k € IC, we have

M,
Z qk(t7za])_ Z qk (Tl;17i7j)2_2 sup |6k(S7T)|_ k

(19)5 G (i) (i) s€[0.7]

>—min{fB, k™ "}

for all ¢ € [T 1,7k 2]. This implies that (56) holds for all sufficiently large k € K; observe that (56) holds
trivially when & 1 > (2. O
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