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Abstract

Planning the transport of maritime containers from the sea port to final
inland destinations is challenged by uncertainties regarding the time the con-
tainer is released for further transport and the transit time from the port to
its final destination. This paper assesses the value of information in container
transport in terms of efficiency and reliability. The analysis uses a stylized
single period model where a decision maker allocates released containers to
two transport modes (slow, low price, no flexible departure times versus fast,
high price, flexible departure times), where the decision maker plans the de-
parture time of the inflexible mode. We construct Pareto frontiers and the
corresponding Pareto optimal decisions under various information scenarios
and show that the Pareto frontiers move in a favorable direction when the
level of information increases. The mathematical results are explained and il-
lustrated by means of a numerical example involving barge transport. We also
perform a sensitivity analysis and study the impact of erroneous information
on efficiency and reliability based on a numerical analysis.
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A Mathematical Proofs

A.1 Proof of Lemma [1I

Given v and ¢y, the expected transit costs are given by

’7P1"Ob<t S tO)Cbarge + VPTOb(f > tO)Crctruck + (1 - V)Ctruck -

7(1 - OZ)Cbarge + Y Cretruck + (1 - ’Y)Ctruck‘

By using , we obtain the efficiency where 6 is defined as in . The reliability
is given by

pa(a,y) = YProb(t + Tretruek < T At > to)+
YProb(ty + Tharge < T At < to)+
(1 - ’}/)PI'Ob(t + Truck S T) -

T
1 [ GuenaaT = 001 +9(1 = )G (T~ 1)+

to

(1- 7)/0 Guuek (T — ) f(t)dt. O

A.2 Proof of Lemma 2

Observe that
dp(a) _ dp(a) dty _

dae  dty do

{Grctruck<T - tO)f(tO) + gbarge(T — tO)F(tO) - Gbarge(T — tO)f(tO)}



which implies that o — p(«a) is decreasing. Further,

T
p(]-) = pPo — A Grctruck<T - t)f(t) dt > 0,

and p(a) > 0 follows from

to

/ Gretruek (T — 1) f(t) dt + / Gharge(T' — to) f(t) dt <

to 0

T to T
[ Grenal® =070+ [ Grnl 0700 < [ GunaT ~ 050 = po.
to 0 0

The first inequality holds true since Gharge(T' —to) < Gharge(T —t) for 0 <t < t, and

the second inequality follows from Gparge < Gretruck < Geruck- O

A.3 Proof of Lemma 3

When the shipper has no information, then the costs per container are equal to
Cretrucks S0 01 = 0. The expected fraction of containers that reach their destination

in time is equal to p; = Prob(t + Tyctruek < 1) = fOT Gretruek (T — ) f(t) dt. O

A.4 Proof of Lemma [4

First observe that if we substitute in , we get

T
pa(a,y) =~ / Ghretruck (T — 1) f(t) dt + vGrarge (T — to) F(to)+

to



(1- 7)/0 Gk (T — t) f(t) dt =

n T n
Z U)k'Y/ Grctruck (T - t)fk (t) dt + Z kaGbarge (T - t())Fk (t0>+
k=1 to

k=1

n

S w1 - 7) /0 Grra(T — ) fu(t) d.

k=1

The decision maker is able to plan the amount of containers to be shipped by barge
per category of containers. In other words, we may introduce decision parameters

Y= (7,---,7) and define

n T
pg(CY, "7) = Z WYk / Grctruck(T - t)fk<t) dt +
k=1 to

Z wk’}/kaarge(T - tO)Fk (tU) +

k=1

> wi(l =) /0 Glorue (T — 1) fio(t) dt.

k=1
By substituting in , we may now write
0-2(0[77) =1-0+ Zwk’Y(e - ak)7
k=1

and we define

o3(a,7) =1-6+ Zwk%(e —ag). O
k=1



A.5 Proof of Lemma [5

The expected costs read (1 — &)cparge + (1 — 7(1 — @))Ctruck, S0 expected efficiency
equals o4(cr,7) =1 — 0+ 0v(1 — o). The expected fraction of containers that arrive

in time at the customer reads
p4(a7 7) = ’7(1 - a)Gbarge(T - t0)+

/ 7 G T — D) f(0) i + / G — ) f(£) dt O
0

to

A.6 Proof of Lemma

Observe that

Ipa(e,7) di
T = (1 — a)Gbarge(T - t[)) + Gtruck(T - tv)f(t"{)d_; =
(1 — Oé){Gbarge(T - to) - Gtruck(T - t'y)} S 0
because % = _1;((53)) and Guua(T — 1) > Guua(T — to) > Grarge(T — to) while

0 <t, <ty Moreover, ps(a,0) = po. O

A.7 Proof of Theorem [1I

We first prove two lemmas.

Lemma 8 Let g(t) > 0 be decreasing and assume that M(t) = fgu(:z:) dx > 0 for



all 0 <t <ty and that M(ty) = 0. Then

/0 g(e)n(z) dz > 0.

Proof. We may approximate ¢g(¢) by nonnegative decreasing step functions, so it
suffices to show the lemma for g(t) = > /", gxEk(t), where 0 = ap < a1 < --- <

a, = to is a partition and Fj(t) equals 1 for ax_; <t < aj and equals 0 elsewhere.

As a result,
to
/ () dr =
0
m m—1
> ge{M(ar) = M(ar-1)} = gnM(am) + Y (g — gre1) M (ar) — 1 M(0) > 0,
- k=1

since gx > gr+1 > 0, M(ax) > 0, and M(0) =0. O

Lemma 9 If we put

1 n
= —— > wn(l — ), (19)
@ k=1
then p3(a7’7> S IO4<0577) and 0-3(047’7) S 0-4(&77)'

Proof. If we assume that v is defined as in , then

oy(a,y)—o3(a,7) = vQ(l—a)—Z wiYk(0—ay) =0 Z wkfyk(l—ak)—z wiyk(0—ay) > 0.
k=1 k=1 k=1



We now consider, using the expression for 7 as in ((19)),

pa(e,7)=ps(a, 7) = /0  Gluaad(T—1) £ (1) dt+5(1-0) Grarge(T—10) / Girue(T—1) f(t) dt

to

n T n
- Z WEVk / Grctruok(T - t)fk(t) dt — Z wk'yk(]- - ak>Gbarge(T - tO)
k=1 to k=1
T
0

— Z wi (1 — i) / Goruek (T — t) fr(t) dt =
k=1
2. {/ GunaT = Oelt) b = (1= ) /  Gurnad T = /(1) dt}
#3 wk | {Gun (T )~ G = D} i) 2

zi: W {/Ot” Giruek(T — ) fre(t) dt — (1 — i) /Oto Gruac (T — 1) fi (1) dt} '

If we put

h(t) = wi(l =) fult), (20)

then 0 < h(t) < f(t) and we get

pa(a, ) — ps(a,7) = /O WGtmck(T—t)f(t) dt — /0 OGtruck(T—t)h(t) dt.

Let E,(t) be the function which equals 1 for 0 <t¢ < ¢, and equals 0 elsewhere, and
define p(t) = f(t)E,(t) — h(t). Then we obtain

M) = /Otu(x) dr>0, 0<t<t, (21)



and that M (ty) = 0. Indeed,

M(to) = /Otw F(t) dt — /Oto h(t) dt
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(1—9)(1—-a) - Zwk(l — %) (1 —ag) = 0.

k=1

Consequently we get for ¢, <t <ty

M(t) = /Otv u(w) do — /tt hz) de > /Otv () da — /tto h(z) da = M (ty) = 0.

vy 2l

If0<t<t,, we arrive at

Muwiéu@szl{ﬂw—h@»mzo

The lemma, is proved applying Lemma, [§] to

to
m@w—m@wz/’%m@—mMth
0

Proof of Theorem [1l We may verify directly that & =< & by showing that p; <
p2(,0) and o1 < o9(a, 0). Further, & =< &; follows trivially from Ay C Aj. The set
Ay emerges as a subset of A3z by considering the special case ¥ = (v,7,...,7). The

assertion & < &, follows from Lemma[9 O



A.8 Proof of Lemma

We establish the efficiency frontiers for the specific case of § = 0, i.e., the case when
Ctruck = Charge- Information Scenario 1 is not affected by the value of 0, so we again
find that oy =0 and p; = fOT Gretruek (T — ) f(t) dt, and that & = {(p1,0)}.

Lemma [1] for § = 0 results in o2(a,7) = 1 —ya and pa(a, ) = po — vp(c), where
p(a) > 0 by Lemma . As a result, the efficiency frontier under Information Scenario
2 is a single point corresponding with v = 0, i.e., & = {(po, 1)}

In a similar fashion, we may infer from Lemmald]that o3(c, 7) = 1= 3"_, wiyeo
and p3(@, ) = po — Sop_y Tepr() are optimized for ¥ = 0, so & = {(po, 1)}

Under Information Scenario 4, Lemma [j] provides o4 = 1, and p4(a, ) is decreas-

ing in v by Lemmal[6] As a result, & = {(po,1)}. O

A.9 Proof of Theorem 2

Recall that (3|) provides o2(a,y) = 1 — 60+ v(0 — «) and that (4) can be rewritten as
p2(a,7) = po — vp() with 0 < p(a) < pg and a +— p(a) decreasing; see Lemma [2]

In other words, for fixed «, the functions v +— ps(a, ) and v — o3(a, 7) are linear.
As a consequence, the function (p2, 09) maps the line segment L, = {(«,7) : 0 <
~v < 1} onto another line segment M, given by . Each line segment M, emanates
from the same point (pg, 0p) at v = 0 and extends to the point (py — p(a), 1 — ) at
v = 1. See also Figure [I]

Since [0, 1]? = |J,, La, we obtain Ay = |J,, M,. We proceed to construct & based
on the line segments M,,. First, we observe that M, for a > 6 do not contribute to &,

so we may restrict our analysis of M, to 0 < a < 6. Next, denote the magnitude of



the negative slope of the line M, by ®(«) as defined in . Note that ¢(0) = p% >0
with p(0) = po > 0. On the other hand, p(6) > p(1) = py — p1 > 0, which implies
d(0) = 0.

Fix 0 < XA < 0 and write z(\) = (po — %, 1 — A). To prove the theorem, we

need to show that z(A) for 0 < A < 6 constitute all maximal elements in As. There

are two cases to be discerned.

Case 1: W(A) = ®(N). In this case, z(A) = (pa(A, 1),02(\, 1)) € Ay, Next, write

r = (po —vp(a),1 — 0 + v(0 — «)) and assume that z > z(A). This implies 1 —

O+~ —a) >1—X so>~ya+ (1 —~)0. Further, py — vp(a) > po — % or
vp(a) < % or YU(A) < % < %. In other words, W(\) < ®(«) which can only

be true when A = o and v = 1, so x = z(A). This implies that z()\) is a maximal

element in A,.

Case 2: W(\) > ®(A). We may write U(\) = &(a) for some 0 < o < A\, Write
A =~ya+ (1 —7)0 for some 0 < v < 1. Then, with 1 = A =1—04~(0 — ), we get
60—\ 60—\

Z(/\):(po_W)l_A):(pU_M71_0+’7(‘9—a>>eMagA2~

Write z = (pg —vp(5),1 —0+~(0 —3)) and > z(\). This implies p(a) > p(B) and
hence @ < f since p is decreasing. On the other hand, 1—0+~(0—3) > 1—0+~(0—«)
so a > (. This implies @ =  and that z()) is a maximal element in A,.

Finally, we need to show that all maximal elements have been described. This
follows from the fact that for (z1,z5) € Ay, we have the following assertions. First of

all, if xzo <1 —6, then x; < pg, so (x1,x2) < (po, 1 — ). Secondly, if 1 — 6 < x5 <1,

10



then according to the analysis given above, (z1,x2) < z(A) with A =1 —z,. O

A.10 Construction of &;

We construct the Pareto frontier & in Theorem [3| while Proposition [2 describes the

Pareto optimal decisions on &s.

Theorem 3 A function («,7y) — ps(a,7y), with v — ps(a, ) decreasing for each

a € 10,0], can be constructed in such a way that

p;;(A):max{ﬁg (O"Z:i) :ogagA} (22)

provides E3 = {(p5(A), 1 —A) : 0 < X < 6}.
We construct the Pareto frontier & by first establishing the following proposition.

Proposition 1 The mapping 7 — (ps,03) as defined by (10) and (9) is an affine

mapping. It maps the n-dimensional cube L, = {(c,7) : 4 € [0,1]"} onto the polygon

Ma = {(ps(a,7),03(c, 7)) : 7 € [0,1]"}. (23)

A mapping (ps,3) can be constructed which maps {(a,v) : 0 < v < 1} onto the

Pareto frontier of M, for each 0 < a < 6.

This result is useful for the construction of the Pareto frontier £ as only Pareto
optimal points of M, for 0 < a < 6 will constitute &;.

Proof of Proposition . It can readily be verified that the mapping (ps, o3) is affine
with p3 as given by and o3 as given by (9). Write €= (1,1,---,1) and consider

11



—

the unit n-cube {Z € R" : 0 < ¥ < &}. As the polygon M, = {(ps(a,7), 03(a, 7)) :
0 < 4 < &} is the image of an affine transformation of the n-cube, the extreme
points of the polygon are the images under the mapping of the extreme points of the
n-cube. Moreover, the edges of the polygon are the images of edges of the n-cube.

Consequently, we may construct the Pareto frontier of M, by considering the slopes

of the polygon edges &y (o) = 0_(‘1’“, and establish distinct kq, ko, ..., k, such that

v

)
Oy () > Py, () > -+ > Py, (). The extreme points that define the piecewise

linear Pareto frontier of M, are given by

po—Zwkpk 1—9+Zwk — ag,) p=20,...,n, (24)

where in particular @y = (pg, 1 — @) and @, = (po — p(a),1 — a)). We therefore define
the function

G3(a,7) =1—-0+~(0 — ), (25)

and with r, = pg — > b wy, pr; (@) for p=1,...,n, we define

i v—g
pa(o,y) = 1p + ——

(Tpr1 = 7p)s  9p <7 < Gpra, (26)
9p+1 — Gp

where 0 =gy < g1 < -+ < g, = 1 are given by (p =0, ..,n)

. 22):1 wki(e — aki) o Zf:l wki(e — O‘ki)
=S ) O—a (27)

In this manner, the Pareto frontier of M,, is given by {(ps(c,7),d3(,7)) : 0 < v <

1} foreach 0 <a <6. O

12



We now use Proposition 1| to identify the Pareto optimal decisions in the following

proposition.

Proposition 2 The element (p5(N),1 — ) of the Pareto optimal frontier & gives
rise to a Pareto optimal decision (o, 7), where the value of a € [0, A] satisfies p5(\) =

p3(a, %), and 7 is given by

Y = 0, pt+tl<i<n

where Ay =1 =047 wg, (0 — o), Ap < X< Apy1, and ku, ..., k,, distinct such
that Oy, (o) > Oy, () > - > By, (a), with Dp(a) = =25 and pp(a) as in .

G

Proposition [2| states that Pareto optimal decisions assign container categories k to
barge for which the trade-off between efficiency gain and reliability loss are favorable
i.e for which ®(«) are larger. Note that the function ®(«) is similar to the function
®(a) as defined in (16). We find in particular that the departure time of the barge
is given by to = F~!'(1 — ) and that the fraction of containers of category k planned

for barge is equal to 7, as given in Proposition

Proof of Proposition [2{ In case (pi(\),1 — ) € &, is given, we construct the
corresponding Pareto optimal solution («, ¥) as follows. First of all, we determine «

by (p5(A), 1 — ) = ps(a,y) with v = %. We then construct ¥ = (y1,...,7v,) by

either identifying 0 < p < n such that g, < v < gp41 or by identifying that A = «,

i.e., v = 1. Based on the proof of Proposition [I, we may conclude that 4 can be

13



established as identified in the statement of the proposition, with the special case of

~v =1 giving rise to ¥ = (1,...,1). O
We are now ready to prove the theorem.
Proof of Theorem [3 Fix 0 < A < 6 and put z(A) = (p5(A),1 — ).

Case 1: pi(N) = fs(\, 1)

Then z(A) = (ps(A, 1),05(\, 1)) € My C As. If © = (ps(e, ), 03(a, 7)) satisfies x >
Z(A), then 1—0+~(0—a) > 1—X, s0 A > ya+(1—7)60. Further, ps(c,v) > p3(A, 1) =
p3(A). On the other hand, since v > 422, we get ps(a,7) < ps(a, £=2) < p5(A) since
o < . This implies ps(a, ) = p3(A\, 1) = p5(A) and v = 522, s0 53(a,7) = 1 — A

and hence = z(\). We have obtained that z(\) € A3 is a maximal element.
Case 2: py(\) = p3(a, &2) for some 0 < @ < A

Then Z()\> = (ﬁ3(@,’7),6’3(0&,’7)) S M/\ - "43 with Y= 3:_2- Ifr= (ﬁ3<ﬁ76)7&3(ﬁ75))
satisfies © > z(\), then 1 —0+6(0—5) > 1—X,s0 A > I8+ (1 —9)0, and p3(5,9) >

IN

p3(, ) = p3(A). On the other hand, since § > 4=3 g, we get p3(5,0) < ps3(3, %)
p3(A) = p5(a, §2) since B < A, This implies ps3(8,8) = p5(A) = ps(e,), and
73(8,0) =1 — X = G3(a,y) and hence x = z(\). We have obtained that z(\) € A;

is a maximal element. We may argue as in Theorem [2| that we have captured all

maximal elements in Az in this manner. O

A.11 Construction of &

We construct the Pareto frontier £; using the following theorem, The proof of which

is similar to the proof of Theorem |3| and is not provided in the appendix.

14



Theorem 4 Consider the mapping o4 : (a,7y) — 1 — 0 +~0(1 — «) and the mapping

pa: (o,) > pa(e, ) as defined in (153). If we set
b (29)

S

pi(A) = max {/)4 (a, %) 0<a<

then & = {(p5(A), 1 = X) : 0 < X < 6}.

For each 0 < A < 0 with pj(\) = pa (a, %), the Pareto optimal decision sets

the barge departure time equal to to = F~'(1 — ) and the fraction of containers
planned for barge equal to v = %. The Pareto optimal decisions £, need to be
interpreted a bit different as compared to the Pareto optimal decisions &: Under
Information Scenario 4, the fraction v of containers assigned to barge are the ones

with the release times as late as possible before barge departure, as discussed in

Section 3.4
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