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Appendices

A Proof of Projection Method

The procedure introduced in Section 5.2.3 obtains fi as the projection of  onto {p : 0 < p;; < 1V(i,5) €

Ag, I — Z(i,j)eAk pij = 0}

Proof. The projection of ponto {p: 0 < pi; < 1VY(i,5) € A, I' — Z(i,j)GAk wij = 0} can be formulated
as:

min Z %(,uij—ﬁij)Q (1)

(1,5)EAK

subject to

(i:j)EAk
Ry <1 V(i) e A vy
fij =0 V(i,j) € Ax t Pij
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The Karush-Kuhn-Tucker (KKT) conditions for problem (1) are

Rij — pij + A+ vij — pij =0 (2)
/\( > Nij_r>:0 (3)
(4,3) €Ak
vij(fLiy —1) =0 (4)
pijli; =0 (5)
A, Vi, pij 2 0 (6)
> m <T (7)
(4,5) €Ak
fiij <1 (8)
fij =0 9)

Problem (1) is strictly convex over a nonempty bounded region, so there must exist multipliers A, v;;
and p;; that satisfy the KKT conditions. We show that we can find a solution to the above KKT

conditions by following the projection procedure in Section 5.2.3.

1. For any A, we set

fiij = max{0, min{1, p1;; — A}} (10)
v;; = max{0, u;; — A — 1}

pij = max{0, —(pij — A)}

for each (i, j) € Ag. We consider the following three cases:
e When p;; — A > 1, we have fi;; = 1, p;; = 0, and v;5 = py; — A — 1.
e When 0 < pi; — A < 1, we have fi;; = p;j — A, pij = 0, and v;; = 0.
e When p;; — X <0, we have fi;; =0, p;j = —(1i; — A), and v;; = 0.

The above fi;;, pij, and v;; satisfy conditions (2), (4), (5), (6), (8), and (9) for any given A.

Remaining conditions are (3), (7), and the nonnegativity of A.

2. When A = 0, if the resulting i;; = max{0, min{1, u;; }} satisfies (7), then we are done as described
in Step 0 of the projection procedure. If not, we can show that we can obtain A > 0 such that

(3) and (7) hold, by following Step 1 of the projection procedure. That is, we can find A > 0 such



that

Z Lij = Z max{0, min{1, u;; — A\}} =T. (11)

(,5) €A (4,5)EA

Equation (11) can be rewritten as

> Fij= 3 -+ S M+ Y (=T (1)

(1,5) €A {(6,) EAR i —1<A<pij } {(i,)€AR: A< 5 —1} {(6,§)EAR:AZpij }

In equation (12), p;; and p;; — 1 are critical values. Thus we can find the value of A by searching

the interval of these values as used in Step 1.

This completes the proof. O
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