
Appendix A

Convergence of the NIFE’s Solution Algorithm

In Section (3), we have shown that the NIFE’s solution algorithm adjusts the vector of LMs
sequentially along unit directions e1, e2, . . . , enw

. In the nth iteration, Wn is adjusted nw times. Let
wn,k denote the vector of LMs after the kth adjustment, and τn,k be the adjustment factor along
the unit direction ek. That is, we have

wn,0 = Wn, (31)

wn,k = wn,k−1 + τn,kek, k = 1, 2, . . . , nw, (32)

Wn+1 = wn,nw
. (33)

Proposition A.1. Let Ψ be one iteration of the solution algorithm, that is,

Wn+1 = Ψ(Wn).

If Wn 6∈ Ω, then

θ(Wn+1) > θ(Wn),

where Ω is defined by Eq (29).

Proof. Since Wn 6∈ Ω, there must exist an adjustment τn,k0
6= 0, 1 ≤ k0 ≤ nw, such that

wn,k0
= wn,k0−1 + τn,k0

ek0
. (34)

Note that, by Eq (20), we have

θ(wn,k0
) = inf{H(wn,k0

)(F ), F ∈ R
nf

+ }.

By Proposition (3.4) and Eq (34), we have

θ(wn,k0
) = H(wn,k0

)(Fwn,k0
) = H(wn,k0−1)(Fwn,k0

) + τn,k0
etk0

×∇θ(wn,k0
).

By Proposition (3.6)-(3.9), we have

θ(wn,k0
) ≥ H(wn,k0−1)(Fwn,k0

).

Since τn,k0
is made to only one component of wn,k0−1, we have

Fwn,k0−1
6= Fwn,k0

.
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By Proposition (3.4), X(wn,k0−1) = {Fwn,k0−1
} is a singleton. Therefore, we have

θ(wn,k0
) ≥ H(wn,k0−1)(Fwn,k0

) > H(wn,k0−1)(Fwn,k0−1
) = θ(wn,k0−1).

Thus, we have

θ(Wn+1) ≥ θ(wn,k0
) > θ(wn,k0−1) ≥ θ(Wn).

Adding Eq (31), Eq (32) and Eq (33) together, we have,

Wn+1 = Wn + τn,1e1 + τn,2e2 + . . . , τn,nw
enw

.

For simplicity, the above equation is written in the following matrix form:

Wn+1 = Wn + TnI, (35)

where Tn = (τn,1, τn,2, . . . , τn,nw
) and I is the identity matrix.

Proposition A.2. Let Wn → W, and Vn → V , as n → +∞, where Vn = Ψ(Wn). Since Dw is closed, we
have V ,W ∈ Dw. Further, we have

V = Ψ(W ). (36)

Proof. By Eq (35), we have

Vn = Wn + TnI. (37)

The {Wn}n and {Vn}n are convergent sequences. Therefore, by Eq (37), sequence {Tn}n is also convergent.
That is, we have

Tn → T, as n → +∞,

where T = (τ1, τ2, . . . , τnw
). In other words, we have

τn,k → τk, as n → +∞, for k = 1, . . . , nw.

Since sequences {Wn}n, {Vn}n, and {τn,k}n, k = 1, . . . , nw, are convergent, by Eq (31) - (33), we have

{wn,k}n, for k = 0, 1, . . . , nw,

are also convergent. We assume that

lim
n→+∞

wn,k = wk, for k = 0, 1, . . . , nw. (38)
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Then, by letting n → +∞ in Eq (31) - (33), we have

w0 = W,

wk = wk−1 + τkek, k = 1, . . . , nw, (39)

V = wnw
.

To show Eq (36) holds, we need to show that

θ(wk) = θ(wk−1 + τkek) ≥ θ(wk−1 + sek), s ∈ Dk, for k = 1, 2, . . . , nw,

where Dk is the feasible region of s.
For generality, we assume that the adjustment τk is made to LM λ which is the kth component of wk−1.

Consider the following two cases of λ:
Case 1: λ is associated with constraints (1) or (2). In this case, Dk = Dn,k = R. By Proposition (3.6),
(3.7), and Eq (39), for any s ∈ Dn,k, we have

θ(wn,k) = θ(wn,k−1,+τn,kek) ≥ θ(wn,k−1,+sek), for k = 1, 2, . . . , nw.

By the continuity of θ, as n → +∞, we have

θ(wk) = θ(wk−1,+τkek) ≥ θ(wk−1,+sek), s ∈ Dk, for k = 1, 2, . . . , nw

Case 2: λ is associated with constraints (3). Let λn be the kth component of wn,k−1, then, by Eq (38), we
have

lim
n→+∞

λn = λ. (40)

Further, we have

Dk = {s : s ≥ −λ}, and Dn,k = {s : s ≥ −λn}, k = 1, 2, . . . , nw.

Given k, for any s ∈ (−λ,+∞), by Eq (40), there exists a N > 0 such that −λn < s. This means
s ∈ Dn,k for n > N . Therefore, for the s, we have

θ(wn,k) = θ(wn,k−1 + τn,kek) ≥ θ(wn,k−1 + sek).

Let n → +∞, we have

θ(wk) = θ(wk−1 + τkek) ≥ θ(wk−1 + sek).

We have shown that the above inequality holds for every s ∈ (−λ,+∞). By the continuity of θ, we have

θ(wk) = θ(wk−1 + τkek) ≥ θ(wk−1 + sek), for s ∈ Dk.

Proposition A.3. Let {Wn}
+∞
n=1 be the sequence produced by the solution algorithm. If problem (P) is

feasible, then we have
1)

lim
n→+∞

||Wn+1 −Wn|| = 0. (41)
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2) The solution algorithm is convergent. That is, every convergent subsequence of {Wn}
+∞
n=1 has a limit

in Ω. In other words, all accumulation points of {Wn}
+∞
n=1 belong to Ω, where Ω is the set defined by (29).

3) θ(Wn) → θ(W ), for some W ∈ Ω.

Proof. By Proposition (A.1), the sequence {θ(Wn)}
+∞
n=1 is monotonically increasing. Since problem (P) is

feasible, the sequence is bounded and hence convergent. Therefore, we have

lim
n→+∞

θ(Wn+1)− θ(Wn) = 0, (42)

For a given k, 1 ≤ k ≤ nw, for any n, by the proof of Proposition (A.1), we have

θ(Wn+1) ≥ θ(wn,k) ≥ θ(wn,k−1) ≥ θ(Wn).

That is

θ(Wn+1)− θ(Wn) ≥ θ(wn,k)− θ(wn,k−1) ≥ 0

By Eq (42), we have

lim
n→+∞

θ(wn,k)− θ(wn,k−1) = 0. (43)

Using Eq (8), Eq (9), Eq (19), and Proposition (3.4), we have

θ(wn,k−1) =
∑

i

λiMi −
∑

d∈D,a∈Bd,k∈κd
a

ηdk,aC
d
k,a +

∑

d∈D,a∈Bd,k∈κd
a

ωd
k,aO

d
k,a −

∑

d∈D,a∈Bd

(1− µd
a)q

d
a

−
∑

d∈D,a∈Bd,k∈κd
a

µd
af

d
k,a, (44)

where fd
k,as and qdas are the components of Fwn,k−1

. By Eq (32), wn,k and wn,k−1 have at most one different

component (i.e., the kth component). By Eq (44), we have

θ(wn,k)− θ(wn,k−1) =





τn,kMi +
∑

D,Bd,κd
a

µd
af

d
k,a

{
1− exp

(
τn,kδ

d
k,i

µd
a

)}
, if τn,k is made to λi,

(1− µd
a)q

d
a

{
1− exp

(
−τn,k
1− µd

a

)}
+
∑

k∈κd
a

µd
af

d
k,a

{
1− exp

(
τn,k
µd
a

)}
, if τn,k is made to νda ,

−τn,kC
d
k,a + µd

af
d
k,a

{
1− exp

(
−τn,k
µd
a

)}
, if τn,k is made to ηdk,a,

τn,kO
d
k,a + µd

af
d
k,a

{
1− exp

(
τn,k
µd
a

)}
, if τn,k is made to ωd

k,a.

4



Without loss of generality, we assume that τn,k is made to LM λi. Then, we have

θ(wn,k)− θ(wn,k−1) = τn,kMi +
∑

d∈D,a∈Bd,k∈κd
a

µd
af

d
k,a

{
1− exp

(
τn,k

µd
a

)}
δdk,i.

Note that, we always have

1− exp

(
τn,k

µd
a

)
≤ −

τn,k

µd
a

.

Therefore, it is easy to verify that

θ(wn,k)− θ(wn,k−1) ≤ τn,kMi − τn,k(
∑

d∈D,a∈Bd,k∈κd
a

fd
k,aδ

d
k,i) = τn,k(Mi −M) = τn,kMi

{
1− exp

(
−
τn,k
τ ′

)}
≤ 0,

where M is defined in the step 2 of the solution algorithm. Note that Mi and τ ′ are constants for airport i.
Therefore, by Eq (43), we have

lim
n→+∞

τn,k

{
1− exp

(
−
τn,k
τ ′

)}
= 0. (45)

Next, we will show that

lim
n→+∞

τn,k = τk = 0, for 1 ≤ k ≤ nw. (46)

The sequence {τn,k}
+∞
n=1 is bounded, otherwise, it must have a subsequence with ∞ as its limit. This

contradicts Eq (45). Assume that the sequence {τn,k}
+∞
n=1 does not converge to zero, then ∃ε > 0 and a

subsequence {τn,k}n∈N such that

|τn,k − 0| > ε, n ∈ N.

Since the sequence {τn,k}n∈N is also bounded, there exists a convergent subsequence of {τn,k}n∈N . Without
loss of generality, we assume that it is {τn,k}n∈N itself, that is, we have

lim
n∈N

τn,k = τk.

Note that we have

τk 6= 0. (47)

Further, by Eq (45), we have

τk

{
1− exp

(
−
τk
τ ′

)}
= 0.

Note that the above equation has only one solution, that is τk = 0, which contradicts Eq (47). Therefore,
Eq (46) holds.

5



Further, note that

||Wn+1 −Wn||
2 =

nw∑

k=1

τ2n,k.

By Eq (46), Eq (41) holds. This completes the proof of 1)
Let {Wn}n∈N1

be a convergent subsequent of {Wn}
+∞
n=1, and limn∈N1

Wn = W1. We will show that

W1 ∈ Ω. (48)

Assume that

W1 /∈ Ω. (49)

Let

Wn+1 = Ψ(Wn), for n ∈ N1,

{Wn+1}n∈N1
is also a subsequence of {Wn}

+∞
n=1. Next, we will show that {Wn+1}n∈N1

is bounded.
Since {Wn}n∈N1

is convergent, it is bounded. That is, ∃M1 > 0 such that

||Wn|| ≤ M1, for n ∈ N1.

By Eq (41), for a given ε > 0, ∃N such that

||Wn+1|| ≤ ||Wn||+ ε ≤ M1 + ε, for n ≥ N.

Therefore, ||Wn+1|| ≤ max{||Wi+1||1≤i≤N−1,M1+ε}. That is, {Wn+1}n∈N1
is bounded. Then, {Wn+1}n∈N1

contains a convergent subsequence {Wn+1}n∈N2
. Assume that

lim
n∈N2

Wn+1 = W2.

By Proposition (A.2), Ψ is closed. Hence, we have

W2 = Ψ(W1).

Note that in Eq (49) we assume that W1 /∈ Ω. By Proposition (A.1), we have

θ(W2) > θ(W1). (50)

However, {θ(Wn+1)}n∈N2
and {θ(Wn)}n∈N2

are subsequences of {θ(Wn)}
+∞
n=1. Therefore, we have

lim
n∈N2

θ(Wn+1) = θ(W2) = lim
n∈N2

θ(Wn) = θ(W1) = lim
n→+∞

θ(Wn)

This contradicts Eq (50). Therefore, Eq (48) holds, and limn→+∞ θ(Wn) = θ(W1). This completes the proof
of 2) and 3).
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