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Proof. Applying restriction (6) to (2) yields the LP
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Model (1) has a polynomial number of variables for a given n and 7', but it has exponentially many terms
within the expectations and constraints. We prove Proposition 5.1 in two steps. First, we compute a closed
form for the expectations in model (1). Then we show a one to one equivalence between both domains.

The expectations in (1) are given by
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Replacing them in (1) yields
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where we still have an exponential number of constraints. We prove that (7) is equivalent to (2) by showing
equality between both domains.

. (7b) <= (2b): Suppose that (a,b,v) satisfies (2b). If R={i} and P = 0 we get a: = p;, and if R =0
and P = {i} we get b} = 0. Now, Suppose that (a,b,v) satisfies (7b) and add a; = p; and b; = 0 over
any feasible pair of sets (R,P) € E to get (2b)

2. (7¢),(7d),(7e¢) <= (2c¢): Suppose that (a,b,v) satisfies (2¢). For each € .7, choose a particular
(R,P) € E as follows: puti € R if af —a~' > max {0,b! — fyd ' — fub'"'}, and put i € P if b} —
fud ™' — Fib ™! > max {0,al — a7}

Then, for (i,7) set s;; = max {0, d! —a~ b — fyd ! —f,-tbﬁ_l} and we get
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Now suppose that (a,b,v,s) satisfies (7c), (7d), (7¢), select any pair (R, P) € E and we have
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ieN i€R  icP icR icP
3. (2d) < (71),(7g),(7h). Consider that (a,b,v) satisfies (Zd) For eachr € 7 and d € 47y, choose
(R,P) € _,das follovzs puti € R if al — I[d,.>iia§_d > max {0,5! — gla' ™ — f4b!=9}, and put i € P if
b — gl — fapi~ > max {0,d! — Iy~qai "}

Then, for each (i,7,d) define u$ = max {0,a} — I~qd;” 4 bt —gla =~ — glpi~ d} By (2d), we get
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Now, suppose that (a,b, v, u) satisfies (7f), (7g), (7h), select any pair (R, P) € E and get
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0.1 Proof of Property 5.2

Proof. We start proving that there exists at least one optimal solution for (7) satisfying a} < p; and bt < g’ p;
forall i € N and t € .%. Choose any i € N and do forward induction on 7.

e 1 = (is given by constraints (7b).
e Inductive step:
Assume that af-‘ < p; and that bf-‘ < gf.‘k pi for all k < t. We prove the statement for step .

Suppose that a! = p; + 8, and b} = g, p; + 8, with € = max{,, 5, } > 0. By the inductive hypothesis,
(7¢),(7d), (7f) and (7g) it implies that s; > &€, uﬁ > ¢, foralld € .Q{At, and by (7e) we have v, > €.

So, update the variables for time ¢ as follows: a§ — pis bl bﬁ — &85 S —&; uﬁ — u?; —¢&,Vd € o,
and v; < v; — €. Also, update the variables for time v > t: aj <—a} — € and b} < b} — €. These changes
keep (7) feasible and the objective value does not changes (the reduction in v; increases the objective
by &, but the change in P(7; = T)a! +P(7; < T)b! reduces it by €).

Now, let us show that there exists at least one optimal solution for (7) satisfying a§ >0, bﬁ >0forallie N
and 7 € 7. Choose any i € N and do forward induction on ¢.

e 1 = ( is given by constraints (7b).

e Inductive step:
Assume that aﬁ.‘ > O,bﬁ.‘ > 0 for all £ < t. We prove the statement for step ¢.

Suppose that: ¢} < 0 and/or b} < 0. We can set these variables equal to 0 without losing feasibility. If
t < T, then the objective remains unaltered. Else, it improves whent =T

0

0.2 Proof of Property 5.3

Proof. Choose any i € N. We prove by induction on ¢ that there exists an optimal solution satisfying a} = p;
and bt = g! p;forallie N,t € F:d; > 1.

e 1 =0 is given by (7b).



e Inductive step:
Assume that af = pi, bf = gfkpi,Vk € 9 : d; > k with k < t and suppose that the optimal solution is
such that a} = p; — 8,,b} = g, pi — 6, where max{d,,5,} > 0. We can reassign these two variables,
ie., d; < p; and bf? — gé‘k pi, keeping feasibility and without reducing the objective value. Just note
that for constraints (7f) we have d; > d (given by d; >t and d € <7;). Thus, all constraints involving
the reassigned variables are
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uit—i—d > b7 — giH—da gtt+db b — 8ir+d +8iz+d5u + git+d6b7

and when §,, 6, — 0 the lower bounds for u and s do not increase, since u and s are nonnegative. The
missing case, i.e. bt = g, p; when d; =t follows a similar proof.

0

0.3 Proof of Theorem 5.4

For this proof we simplify our formulation to keep the intuition as simple as possible. The action set .7} in
state (1,R,P) will be {d € Z. : d <t}, and so, will include possibly suboptimal actions. So, consider the
stochastic DDWP
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For the deterministic case we get P(7; = T) = l(—r), fi = (z——1) and gl = Ti—q<z<r)- The ALP
collapses to
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From this point we assume without loss of generality that d; < ;. Otherwise, we can transform the
model to an equivalent one satisfying this requirement. If request i does not arrive (7; < 0), the optimal ALP
value does not get altered by removing it, since at optimality ' = b% =0, Vr € %. In case that 0 < 7; < d,
i.e. the order arrives but cannot be served, one optimal solutlon is a} = p;, Vt € J and may be removed
from the analysis by adding a constant p; to the objective.

Now, let us preset some variables in the ALP:

e d; =0, forall i € N,t > 7;; the open order cost before arrival is zero.

e bi=a, foralli € N,t > 1; the potential order cost before arrival is equal to the open order cost upon
arrival.

e Vi =0, forallie N,t <1, i.e., the potential order cost after arrival is zero.

We have restricted the feasible space, and thus the remaining model is still an underestimate of C* given
by

T
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and its dual problem is
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1. First note that (9b) are equivalent to the following network flow balance constraints
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Figure 1: Network Structure in (Z,Y)-domain

Zi+ Y oY =1 (10¢)
Z,Y >0, (10d)

represented in Figure 1.

Proof. Equivalence is obtained by subtracting constraint ¢ from constraint ¢ + 1 in (9b) for all ¢ €
{T —1,...,2}. The flow balance constraint at node t = T' comes explicitly, and the flow balance
constraint at node r = 1 is obtained by adding the previously derived equations. O

Therefore, substructure (10) has integral extreme points.

. Now, let us study the remaining constraints. Note that for a given (Z,Y) the resulting problem in
variables (o, 3,7, w,m) collapses to n independent capacitated minimum cost network flow problems
(CMCNEF) for each order i € N defined in (11)

%(Z,Y)= min 7 (11a)
o, Bivi,mi,wi>0
s.t. (9¢),(9d), (%e),(91), (9g), (9h), (90), (9)). (11b)

In this network there is a set of nodes given by {0, ..., 7;} and a sink node S’ defined by the (redundant)
flow balance constraint ¥ +Zf": 4 ;:d,- mj{[ = 1 obtained when adding (9g),(9h),(91) and (9j). We
would like to minimize the cost of moving one unit of flow from node 7; to the sink node. There are
five arc types available in (11) given by

e Type I arc (%) going from node 0 to S’. Our objective is to minimize the value of this flow, since
it is the only one with non-zero cost.

e Type 2 arcs (mf{,) going from node ¢ € {d;,...,7;} to S'. We want to maximize these flows, but
these arc flows are bounded by Y; 4.

e Type 3 arcs (w!) going from ¢ to r — 1 for each r € {1,...,7;}. These flows are bounded by Z,.

e Type 4 arcs (Oci‘ft) going from anoder € {1,...,7;} to any node r —d for each d < d; and d <t;

also bounded by Y; 4.



B k—d<t k>T

Figure 2: Network for i’ order subproblem.

e Type 5 arcs (Bfk) going from node 7; to any node 7 € {0,...,7;— 1} foreachk € Z, andd € Z
satisfying 7; < k < T and k — d = t; also bounded by Yia.

Note that problem (11) is feasible for any value (Z,Y) € (10). Its network is graphically represented
in Figure 2.

If we put these two comments together, the dual ALP in (9) is equal to

1=

min C(Z,Y):=)Y pi%(ZY)+

t
Y dr. (12)
(z,Y)e(10) iEN t=1d=1

I
—_

P(ZY) Cop(Y)

We show in two parts that (12) has an optimal value equal to the optimal cost of the deterministic DDWP
in (4). First, we prove that any feasible dispatch for the deterministic DDWP has a one-to-one mapping with
integer feasible solutions (Z,Y) to (12). Then, we show that without loss of optimality a solution of (12) can
be assumed integral.

Part 1: Consider any feasible dispatch with lengths {d',...,d*X} and dispatch times {¢',..,#X}. Then, there
is a unique integer solution of (Z,Y) representing this operation. Just set to zero all components of ¥ except
for Y s = 1,Vk € {1,...,K} and set Z to satisfy (9b). Thus, ¥; 4 represents a dispatch at ¢ with distance
length d and Z; represents waiting at the depot between ¢ and ¢ — 1. Its corresponding operational dispatch
cost matches the second term in the objective of (12), i.e. Cop(Y) := Z,T:1 Zizzl dY, g = ZkK:1 d*. Also, let

)1 if d* > d; and t* < 1;, for some k € {1,...,K}
" ]10 otherwise

indicate whether order i is covered by any dispatch or not. If 1; = 0, then all type 2 arcs for subproblem (11)
cannot be used, i.e. mg, <Oford; <t <7 and d; <d <t, so there is a unique path from 7; to St with Yi=1



If n; = 1, then a new (7; — S)-path arises with capacity one. The idea is to move the unit flow horizontally
using type 3 arcs (Wt = 1) at each node 7 : 1 <t < 7; when Z; = 1. Otherwise, if Z, = 0 there are three
potential scenarios:

e A dispatch at ¢ covers i, i.e., d > d;. Then we can use the corresponding type 2 arc m =Y, 4= 1land
reach the sink node S’ at zero cost (y; = 0).

e A dispatch at ¢ does not cover i, i.e. d < d;. Then we can use the corresponding type 4 arc Ocl-‘_i, =Y, a=1
and reach node ¢ — d at zero cost. Since 1; = 1, we proceed until we find the type 2 arc associated
with the earliest dispatch that covers i.

e We have t = 7; and there is a dispatch at time k > 7; with distance d such that k —d < 7;. Then we can
send one unit of flow in a type 5 arc to node k —d, i.e., b?j « = Yra = 1. Again, we proceed until we
find the earliest type 2 arc.

The first cost term in (12) will be exactly equal to the penalties paid for orders left unattended: P(Z,Y) :=
Yien Pi%i = ZieN(:) pi-
ni=

Part 2: Now we prove that without loss of optimality Z,Y is binary, and hence an optimal solution is an
optimal dispatch for the deterministic DDWP. Assume by contradiction that Y has fractional components
and that C(Z,Y) < C(Z,Y) for any integral solution (Z,Y) € (10). We can express (Z,Y) as a convex
combination of the extreme points (Z!,¥1!),...,(Z?,YP?) of (10) which are binary. Thus, we have (Z,Y) =

P A(Z',Y") for a given nonnegative vector A > 0 such that Y., 4; = 1. The operational cost term Cop(Y)
in (12) is additive in Y, since

T t T t p 14 T t p
o)~ ¥ L= ¥ (L aots) - £ (L o) - Ercorr
t=1d=1 t=1d=1

= = t=1d=1 =

So, if (Z,Y) satisfies for each i € N that
2 ) [
%Wz, Y) =Y an(Z.Yh, (13)
=1

then the additive relation follows for the penalty cost term P(Z,Y) in (12), because

P(ZY)=) WZY)pi=}, ZM%f ZM Y n(z.y! ZMPfW>
ieN ieN \I= ieN

and the total cost is additive in (Z,Y), i.e. C(Z,Y) =YV  AC(Z!,Y"). So, if condition (13) is true, the

optimal cost is a convex combination of binary extreme point costs and it directly implies that there should

be an integer extreme point /* satisfying C(Z"",Y!") < C(Z,Y). This is our desired contradiction.

Proof of condition (13): Note that %(Z,Y) < Y7 4%(Z',Y") is trivial, since the optimal value of (11) is a
convex function of the right-hand-side argument (Z,Y). Also, we have that % (Z!,Y') = 1 when the operation
encoded in Y covers order i, else it is equal to 0. So, the right-hand-side of (13) yields Zle Myi(Zh Yt =

1- Z'l:Y’ covers ill‘
We need to show that the left-hand-side of (13) is also equal to the above value. There is two cases:



Figure 3: Example of a convex combination of three operations in i’ order subproblem.

1. Suppose that for each / € {1,...,p} with 0 < A; < 1, the operation encoded in ¥ covers order i € N
at most in one dispatch. In case that Y/ covers i exactly once, then (4, Y*, ,;Z") will add in (11) exactly
one type 2 arc m¢, with capacity 4; > 0, where Y/ , is such that d; < d and 7; > t. Also, (LY, 4,Z")
will produce a zero cost path from 7; to S with capacity A, that uses arc ml‘{,. On the other hand, if Y!
does not cover i there will be no additional paths to S'. If we put all these solutions Y’ together for
each /e {l,...,p} with0 <A <1and formY =Y LY !, the binding cut between 7; and S* with
zero-cost flows will be defined by U = {1, ..., 7;} with capacity Y ;.y: covers i M- SO, given that the cut
is always binding, if we put these paths together in one single network it does not affect the output and
Yi(Z,Y) = 1=, 1 covers ;M- Figure 3 provides an example of this network showing the arc capacities
of subproblem (11) for order i. This case has three integer extreme points Y: ¥!,¥? and ¥ defining
Y=LY'+ Y2+ LY and 1 =4, + A+ A for A > 0. Y! and Y2 cover order i, but Y3 does not.
It is clear that the maximum zero-cost flow from 7; to S’ is equal to the capacity of the cut U equal to
M+ < 1. So, %=1 —M =M.

2. A potential problem could occur if an operation covers an order more than once in multiple dispatches.
For example, suppose that there exists an operation /! with 0 < A/ ' < 1 such that ¥' covers order i
twice and that there exists another operation /% not covering i such that the vehicle is at the depot when
operation /! dispatches the latest dispatch covering i. Then, an “artificial” coverage is created for order
i. Figure 4 illustrates this problem. In this example, operation / = 1 with weight A; = 0.5 waits at
the depot until #1, covers order i at 7], returns at t, and covers order i again at f,. Operation [ = 2
with weight A, = 0.5 waits at the depot all the time (between T; and 0). We have that 0.5%(Z',Y!) +
0.57(Z%,Y?) = 0.5, but % (0.5(Z",Y")+0.5(Z%,Y?)) = 1 —0.5—min{0.5,0.5} = 0. So condition
(13) does not hold. Fortunately, we can prove that there exists an alternative set of operations / € E
such that ¥ can also be writtenas Y =Y ;g A;Y*! and such that condition (13) holds.

Let us solve this problem for the example in Figure 4 first. Define Y and Y* as follows. Let

d =

¥ {Yt}d t>n,1<d<t y {Y,_Zd t>0,1<d<t
td t 1

= 5 an 1 .
Y2 t<n,1<d<t Y, t<nl<d<t

Note that ¥ = 0.5Y3 4+ 0.5Y* and, thus, this new decomposition does not affect operational costs.
Also, it covers the same amount of orders plus the “artificial” coverage which is now valid. So

10



1 05405 0.5+0.5

Figure 4: Example of a convex combination of two operations where subproblem for order i is not additive
in the argument (Z,Y).

1 0.5+0.5 0.5+0.5

Figure 5: Same example with two operations where subproblem for order i is additive in the argument (Z,Y).

0.57(Z%,Y3) 4+ 0.5%(z* Y*) = 1 (0.5(Z%,Y3) +0.5(Z*,Y*)) = 0. Figure 5 presents this solution.

The general proof can be constructed by induction on | +r», where r is the total number of additional
dispatches covering i € N in operations inside S, and r, is the number of operations not covering i in
S with the vehicle at the depot at a time t* where another operation I’ € S executes a dispatch covering
i which is not the earliest such dispatch.

e Case r; = 0,7, = 0: This case is trivial, since the set S: Y = ¥, A;Y/ satisfies (13).

e Case r; > 0,r, = 0: This case is also trivial, since the multiple dispatches cannot be used to
generate “artificial coverages” and any S such that Y = ¥4 A,Y/ satisfies (13).

e Case r; = 0,r, > 0: This case is impossible, by the definition of r, (r, =0 = r, =0).

e Caser; >0, > 0: Let I' € S be the operation with a repeated dispatch to i at time #* such that
there exists another operation /> € S not covering i and with the vehicle available at the depot at
time *. Construct two new operations /> and [* as follows:

g Yl i>r1<d<i i [YE i>r1<d<i
Yia:=9 1 and Y, ;= q .
' Y, t<t,1<d<t ’ Y, t<t",1<d<t

We have three cases:
- If Ap < Ap,wehave Y =Y, 12 Y + A (VP +Y")+ (A — 4,)Y" and ry decreases
by one. Use induction with &' = S\ {{' U {13,1*}.

11



= If Ap < Ap, wehave Y =Y, 1 2 Y + A2 (VP +Y")+ (A — A2)Y" and r, decreases
by one. Use induction with &' = S\ {I>} U {3,1*}.

= I Ap = Ay, set Y = Yy 1 2y Y+ A (Yl3 + Yl4) and r; and r, each decrease by one.
Use induction with ' = S\ {I', 12} U {13, 14}.

O]

0.4 ALP solution pruning

We can reduce the computational effort involved in getting the ALP optimal policy defined by (9) with the
following proposition:

Proposition 0.1 (ALP solution pruning). Suppose 8 € <7} is a feasible dispatch distance at state (t,R, P) and
its related ALP solution to (9) is {a(6),b(8),v(0)}. Let u € <7} be a different feasible dispatch distance. If

08+ Lier, ai(8)'~° + Liep (85ai(8) 2 +&3bi(8) %) = L= va(8)
< O+ Yicg, ai(8) H + Licp (g5 ai(8) H + g, bi(8) ) — L, vi(8),
then W is suboptimal for (9) and can be discarded before solving its related ALP.

Proof. The proof is based on the fact that {a(5),b(8),v(9)} is also a feasible solution for the ALP problem
related to 1. By proposition (0.1) and the feasibility of a(6),b(8),v(d) in any ALP problem we get

ad+ Y a8y °+Y (ggai(5) +83b; ) Z vi(8

i€ERs ieP

—u
<opu+ Y ai(8)F+Y (ghai(8) T +ghbi Z
k=1

r—

i€Ry icP

<au+ max a4 (g i gl H) ”
{(a,b,v)e(7b)7i}i§“ i ; it it Z

and this proves that the dispatch distance & yields a lower approximate expected cost than u for the ALP
policy. O
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