Appendix A: Notation

bF lower bound on optimal value in iteration k

bk upper bound on optimal value in iteration k

B; Value currently stored in the state coordinate with the label j
Bn amount of energy absorbed by the battery in period n of the charging process
Cy cost contribution in period ¢

C cost contribution in period ¢ of lower bounding model

C*  infinite horizon cost per charging bay

C"N  infinite horizon cost per battery

Dy demand for batteries in period ¢

et price of electric energy in period ¢

price of electric energy in period prior to period ¢

space of possible values for £

infinite horizon operating cost from period ¢

discount factor

Number of stations in the network model

Set of stations in the network model

number of charging bays

mean reversion parameter

demand rate in period t

battery charge time

mean of energy cost distribution in period ¢

number of batteries

per period, per unit penalty cost for stockouts

set of all coordinates of state space

number of charging batteries in period ¢ that become available in ¢ periods
standard deviation of energy cost distribution in period ¢
state

state space

-
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S¢ convex subspace of state space

T planning horizon, i.e., number of periods

U, number of available uncharged batteries in period ¢
u space of feasible values for U

Vi value function

Vv, global lower bound
Xf coordinatewise lower bound for K charging bays
VY coordinatewise lower bound for N batteries

Vi value function of transformed model
Vi value function approximation
Vi value function of lower bounding model

Wi,; number of charged batteries in period ¢ that become available in 4 periods
W:  inventory position of charged batteries in period ¢
w space of feasible values for W

Tt number of batteries to start charging in period ¢
X action space

X action space of transformed model

X action space of lower bounding model

yt,i,; number of charged batteries transshipped from station i to j starting in ¢
zt5,; number of uncharged batteries transshipped from station 4 to j starting in ¢
G normally distributed noise term of energy price in period ¢

Appendix B: Proofs of Statements

All properties from Sections 3.2 and 4.2 are proven for finite horizon versions of the dynamic program. In

this dynamic program the fixed planning horizon of T' periods is cycled through O times, resulting in a total



of T'= OT periods. The corresponding results for the infinite horizon case follow by taking the limit O — oo
(see, for instance, Bertsekas 2007, Chapter 1).

B.1. Proof of Property 1
We prove the property by a counterexample.

We consider a deterministic model with L =1, D, =10, E, = 3, and p, = 100 over a horizon of T = 2
periods, i.e., all cost is zero from the third period on. Note that we assume 7 > T and all costs between T
and T are zero. Without loss of generality, we set K = M, where M is a big number. We omit dependence
of V, on K.

In t =T =2 it is always optimal not to start charging batteries, because the costs from T onwards are
zero and energy prices E; > 0. Then V5(S2,100) = 100[10 — Wa o] " + 2([Wa,0]" + Uz) and V4 is convex in Ss.
Function V, takes its minimum at (W3 o, Us) = (10,0).

For L =1, S; is a function of S;_1, 2,1, and D;_;. It is defined by W, o =W;_10+2i-1 —Di1 =Wi1 0+
2 1—10and U, =U, 1 —x, 1 +min([-W,_10]T+ D1, [Wi_10]T+x1) =U,_1 — 21 +min([-W,_1 0] T+
10, (W10 T +24-1).

Since Uy = 0, we have xo = 0. As a result, Vy(—11,0) = 2100 + V;(—21,0) and V5(—10,0) = 2000 +
V1(—20,0), V4(0,0) = 1000 + ~V;(-10,0), V5(1,0) = 902 + ~V1(—9,1), V,(20,0) = 40 + V;(10,10) and
6(21,0) =42+ V;(11,10).

Consider V;(S7). It is given by

V1(S1) =100[10 — Wy o] T +2([Wyio]" +Uy) + min {32 4+ ~(100[10 — Wa o] T + 2([Waol T + Us)) } .

We obtain Vi (—10,0) = 2000 + v - 3000, Vi(—9,1) = 1902 + 3 + - 2802, V;(—21,0) = 3100 + - 4100,
V1(—20,0) = 3000 + 7 - 4000, V3 (10,10) = 40430+ - 40 and V;(11,10) = 42 4 27 + - 42.

Let us assume v =0.9. The first difference of Vj is then not increasing for all Sy, because
Vo(—10,0) — Vo(—11,0) = 2000 — 2100 + (3000 — 3100) +~2 (4000 — 4100) = —100(1 +~ +~*) = —271
Vo(1,0) — V5(0,0) =902 — 1000 + (1905 — 2000) + 7> (2802 — 3000) = —98 — 95 — 198~* = —343.88
and
Vo(21,0) — Vo (20,0) = 42 — 40 + (69 — 70) + (42 — 40) = 2 — v + 292 = 2.72.
This completes the counterexample and shows that V;(S;, K) is not coordinatewise convex in S, € S.

B.2. Proof of Property 2

We prove coordinatewise convexity of V; in W, K, and N by analyzing a continuous extension V,. We first
show that V; is convex in W, K, and N. We then show that f/t is the restriction of V, to integer values for

W, K, and N. Coordinatewise convexity then follows from the fact that V; is convex.

We define:
e X(W,K,N)=conv X(W,K,N)

e W(K)=conv W(K).



L4 Jt($7Et7WtaEt+laDt7K7N) = Ct(WtaxaEtaDt) +7‘_/t+l (Wt+l)Et+1?K7 N)

L mt*(-E‘tu Wt7Et+1th7K7 N) = argminze/\? Jt($7Et7WtaEt+1>DtuK7 N)

o Ji(z, B, Wy, Eiy1, Dy, K, N) = J.(|z|, By, Wy, Eyy1,D,, K, N)([z] _ ) n
Ji([x], By, Wy, Evy1, Dy, K, N) (2 — [2])
(

o ViWy B, K,N) =B, o, [mitcun,n {2 B We, Eesn, D K, N}

Note that:

1. J, is convex, if C, and V,;, are convex and W, is an affine function of W, and x.

2. J, is convex, if J, is convex, because it is the linear interpolation of J, between integer points in x.

The state transition function is given by W, 1 (W,, D;,x) = (W0 + Wy1 — Dy, Wia,..., W, 1, 2], and it is
clearly an affine function of W; and x. We also use the standard trick to turn a constrained convex problem
into an unconstrained convex problem via the set characteristic function.

We denote the domain of J, for given E,, E,,, and D, by J(E,, E,,,D,) and the domain of V, ; for given
E, by V(E;). We have

j(EtvEt+l7Dt) :{(xaEtawt;Et+laDt7K7N):KERgaNERgaWt GW(K),IE-X_}(Wt,K,N)}

and

V(E,)={(W,E,K,N):KeR},NeR, W, e W(K),x € X(W,,K,N)}.

Sets J(E;, Eyy1,D,) and V(FE,) are polyhedra and therefore convex.

We show convexity of V,(W,, E,, K, N) by induction. First note that C,(W,,z, E;, D,) is convex in z and
W, for all E,, D,, and t when p, > 0.

Base Case.

Let us assume Viyq =0. Then Jy(x, Er, Wi, Er 1, D, K, N) = Cy(Wr,z, Ep, Dr). Set J(Eg, Egyq, Dr)

is convex and nonempty. Additionally, J7 and Jz are convex. Then the following lemma holds:
LEMMA 1. mingezw,. x.n) {jrf (m,ET7WT,ET+1,DT,K7N)} is convex in Wg, K, and N.

The proof for Lemma 1 can be found in Appendix B.9. Taking the expected value with respect to e preserves
convexity and we conclude that Vz(Wr, E, K, N) is convex in Wy, K, and N.

Induction Step.

Now assume that Vi1 (Wyy1, Ey1, K, N) is convex in W1, K, and N on V(E, ).

Then, J, and J, are convex in W,, K, and N, because C, is convex and W,,; is an affine mapping of
W, and z. Then, because V(F) is convex and nonempty, and because taking the expected value preserves
convexity, we conclude that V;(W, E, K, N) is convex in W, K, and N on V(E).

This concludes the first part of the proof.

It remains to show, that V,(W,E,K,N) = V,(W,E,K,N) for all (E,W,K,N) € £ x {WeW(K),K €
Zo+ N €Zo+} CE xV(E). We show this by induction. First, note that for (E,W,K,N) € & x {W €



W(K),K €Zo,N €7} we have max{z : x € X(W,K,N)} =max{z:z € X(W,K,N)} € Z¢ and min{z :
reX(W,K,N)} =min{z:ze X(W,K,N)} e Z{.
Base Case.

Assume VT-_H =0. Function Jz is piece-wise linear in x and has integer breakpoints. Then it holds

min JT(.%',ET,WT,ET+1,DT,K,N)

ze€X(Wg,K,N)

=min{J7(|2%]), Er, Wz, Ery1, D5, K, N), J5([23], Bz, Ws, Er 1, Dp, K, N)}

= min Cy(Ws,x,Ez, D).

€& (W, K.N)

It follows that Vi(Wg, Es, K,N) = Vi(Wz, E7, K, N) for all (Ez, Wz, K,N) € & x {Wz € W(K),K €
Lo+, N € Zo 1 }.

Induction Step.

The induction assumption is f/tH(WtH, B, K,N)=V,y1:(Wis1,Eiy1, K,N) for all (Eyyq,W,11,K,N) €
Ex{Wip1 eW(K),K€Zo,NE€Zy}.

From the induction assumption, it follows that C,(W,,z,E;, D;) + 7‘7t+1 (Wis1,Biy1, K,N) =
C, Wy, z,Ey, D) +YVig1 Wiy, Ee1, K, N) = Jy (2, E,, W, B, 1, Dy, K, N) for all (Eyyq, Wiy, K,N)€E x
{Wit1 eW(K),K €Zo+,N €Zo 4}

We have that (E;r1, Wiy, K,N) € E x {W(K),K € Zo +,N € Zg + }, where W44 is a function of Wy, z,
and D,, if the following conditions hold:

1. z, € X(W, K,N)

2. D, €7

3. (B, W,,K,N)eEX{W(K),K €Zo,N €Zo}

Condition 2 holds by definition and condition 3 holds, if Wy € Z, and x, € Z4 for all t=0,...,t —1. This is
true since Wy = (N,0,...,0) and N € Z; and all =} and D, are integer.

We show that z} € /'E'(Wt, K,N). Since J, is piece-wise linear in z with integer break-
points, argmin, .y, x.ny Ji(2, By, Wy, By, Dy, K,N) is  integer, if condition 3 holds (for the
case  Jy(|xt],E(,Wy, Er1, Dy, K,N) = J([2}],E,, Wy, Eey1, D, K,N), we use the convention
argmin, J,(z, E,,W,, E,11, Dy, K, N) = | z;]). This means that z; € X(W,, K, N).

This establishes that (Eyi1, Wit1, K, N) € EX {W(K),K € Zo 4, N € Zo 1} and this in turn yields, by the
induction assumption, that min,ex J; = min, ¢ J;.

It directly follows that f/t(Wt, E,,K,N)=V,(W,,E,, K,N) and we conclude that f/“(VV, E,K,N) is coor-
dinatewise convex in W, K, and N.

B.3. Proof of Property 3

By Property 2, we know that V; is coordinatewise convex in W for W, K, and N integer. Additionally, for
any W by Proposition 1 equation V,(W,,U;, E;),K) = Vt(W“Et,K, Ui + [Wyio]t + Zizl W, ) holds. The
statements then follows by noting that f/t(Wt, E K, U+ [W,o]" + Zi:l W, ) is coordinatewise convex on
{(W,U): W e W(K),[Wol* +3,_, W, +U =N},



B.4. Proof of Property 4

It is easy to construct counterexamples showing that f, does not inherit any of the mentioned properties in

general.

B.5. Proof of Property 5
We show coordinatewise convexity of f,(N,K) in N and K first.

Because f,(N,K) = V,(Wo(N),Eo, K,N) and Wy(N) = (N,0,0,...,0) for all N and K, we can
rely on the proof of Property 2 to show coordinatewise convexity of f,. From the proof we know
that V,(W,E,K,N) = V,(W,E,K,N) for integer values of W, K, and N. Because Wy(N) is integer,
V,(Wo(N),E,K,N)=V,(Wy(N),E, K, N). Additionally, V,(Wo(N), E, K, N) is convex and coordinatewise
convexity of V,(Wo(N),E,K,N) in N follows. Coordinatewise convexity of f,(N,K) in K, follows from

similar arguments.

We show that f;(N, K) is non-increasing in NV and K next.
The following relations are easily verified:

1. W(Kl,N)QW(KQ,N) for K2>K1
2. W(K,Nl)gW(K,Ng) for N2>N1
3. X(W,K,N,) C X(W,K,N,) for Ny > N; and W € W(K, Ny)

4. X(W,K,,N) C X(W,K,,N) for K, > K, and W € W(K;,N)

We show that f,(N,K)=V,(Wo(N),E,K,N) is non-increasing in K by induction on ¢ first. Let K, >
K; >0.
Base Case.
We show Vz (Wi, Ez, K1, N) > Vi(Wz, Ez, Ko, N) for all Wz € W(K1, N). By relation 4,
ze;é(vr?T—iTlKl,N) Cr(Wg,x,Er, D7) > ze;é(vIBT—i?K%N) Cy(Wg,x,Ez, Dy)
and, as a result,

Ve(Wis, Bz, K1, N) > Vi(Wg, Ez, K5, N).

The statement of the property follows for the base case by noting that W = Wy(N) € W(K;, N).

Induction Step.

We assume that ‘7t+1(Wt+17Et+1,K1,N) Z ‘Z+1(Wt+1,Et+1,K2,N) for all Wt+1 S W(Kl,N), Et+17 and
N. Note that from W, € W(Ky, N) it follows Wy, € W(K,,N), if 2 € X(W,, K1, N). Tt immediately follows
that

min  C,(Wy,z, By, D,) +Vigr(Wig1, v, K1, N)

z€X (Wi, K1,N)

%

min  C,(W,,z,E,;,D,) + Vg1 (Wis1, Eyr, Ko, N)

z€X (W, K1,N)

>  min  C(Wy,x, B, D)+ Vigt (Wisr, By, Ko, N),

z€X (Wy,Ka,N)



where the first inequality is by the induction assumption and the second inequality is by relation 4. This
implies V,(W,, E,, K1, N) > V,(W,,E,, K5,N) for W, e W(K,N), E,, and N.

The statement of the property then follows, because Wo(N) € W(K;,N).

The proof that V,(Wo(N), Ey, K, N) is non-increasing in N follows similar arguments for two number

Ny > N; and is omitted.
B.6. Proof of Property 6
The proof is essentially identical to the proof of Property 2 and thus omitted.
B.7. Proof of Proposition 2
The proof of Proposition 2 is a byproduct of the proof of Proposition 3.
B.8. Proof of Proposition 3
We prove the statement by induction.
Base Case. We want to show that V., < VY < f#(N,K) and V., < VE < f7(N, K). Because for all ¢ > f“,

Vi=V,=0and p,=FE, =D, =0, it suffices to show that
B S oo g (B S R, e P
and
g}iz%{ITET} < OSI}EIT}I%K{ITET} < zfegl(isrlf’K){waT}

for all Wz =>""_  Wz. The relations hold obviously by definition of X (Sz, K).

Induction Step. Let us assume that V, ., < V3, < f41(N,K) and V,,; < V7, < fiy1(N,K) for all
Wt+1 - Zi:o Witin

We show relation V, < f;(N, K). The other relations are obtained similarly.

Lower bound V, is defined by

vV, =Vi(W,,E,) + F.(W,, E,)

=E |min {ét(Wta T, Et) + vaod(tkl,T) (Wmod(t+1,T)a Emod(t+1,T)) + Ft(Wt7 Et) }:| .

x>0
By noting that
F,(W,,E,) =vF W1, Eypr)+p:E[(D, — Wt,0)+] — ’YLPt+L]E[(Dt+L ~Witr—10+ mt)_‘—]

L
+Et ZﬂnWt,n — Ty <]E ) 9
n=1

L
V,=E [pt(Dt —Wi0)"+E, (Boxt + Z E"Wt’n> + 7 Pear(Deeyr = W) T — (Dysp —Wigr0)h)

n=1

L
Z ’)/T/BTEt+T|Et+T—1
=1

this simplifies to

+ ini% {’th+1 (Wig1, Evr1) +vFp1 (Wi, Et+1)}

Because E[(D, ¢y, — W,)T]| =E[(D,; — Wiy 10)"], this is the same as
V,=E chni% {Ct(Wtaxta E..D,)+vVie1(Wis1, Evir) +7Ft+1(Wt+17Ez+1)}] . (1)

The relation V, < f,(N, K) then follows from the induction assumption, comparing Equation (1) to the
definition of f,(V,K) and noting that the feasible set of actions z;, > 0 always includes all feasible x €
X(N,K).



B.9. Proof of Lemma 1

We need to show that
min ){jf(x,ET,WT,ET+1,DT,K7N)} (2)

z€X(Wg, KN
is convex in Wz, K and N if J,(z, E,,W,, E,1,D,, K, N) is convex.
To simplify the notation we define y, = (W,, K, N) and g,(z,v,) = J,(x, E;,,W,,E,1,D,,K,N). Also let

9e(, Y1) = Lx(y,) (2) + 9:(2, ;) with ¥
0, z€X(y)
Ly (z) = { 00, = ¢ ??(yZ) '

So we need to show that minzeRg Ge(x,y,) is convex in y,. As R is a non-empty convex set this holds
if g,(x,y,) is convex in x and y; (Boyd and Vandenberghe 2004, Section 3.2.5). The general property of
convexity states that the function g,(x,y,) is convex in x and y; if the following inequality holds for all

A€ (0,1), all zeR and all y, € {(W,, K,N): W, eRETL K e R, N e R}:

Ge (M@, y) + (L =N(2",y,) < AGe (2, 9:) + (1= N)ge (2, y,)
which is equivalent to
ge Az 4+ (1=Na", Ay + (1= N)y',)) < Age (,9:) + (1= N)ge (2, 9/,) -
Due to the definition of §,(x,y,) and the included definition of Ix(,,)(x) the right side of the inequality is
only < oo if 7 € X(y,) and 2’ € X (y',) simultaneously. If additionally (Az+ (1 —\)a’) € X Ay, + (1 —A)y’,) the

inequality reduces to the convexity property of g,(z,y,) which holds as the function is convex. It is therefore

sufficient to show that
(reX(y) Az’ €X(y,))= (M +(1-N2") e XAy +(1-N)y')) (3)

is finite.
This can be easily seen from the definition of Z because all of the constraints are linear.

This completes the proof of (3) and thus the proof for the convexity of

min ){jf(a:,ET,WT,ET+1,DT,K,N)} (4)

z€X(Wgp, KN

in Wz, K and N.
Appendix C: Demand scaling factors to account for traffic

The following table shows the assumed location for each swapping station and the respective minimum and
maximum traffic measured in vehicles per day. The data was acquired from California Highways (2016).
Although the data is quite old (1993), we used it to scale the total daily demand at each station as follows.
We calculated the mean between the minimum (Traffic low) and maximum traffic (Traffic high) and divided

this value by the sum over all stations’ means to obtain the relative scaling factor (Factor).
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Station Location Highway Traffic low [veh. per day] Traffic high [veh. per day] Factor
San Rafael US 101 3,900 308,000 1.11
San Francisco 1-80 21,500 250,000 0.97
Walnut Creek Route 24 107,000 171,000 0.99
Oakland 1-580 14,100 286,000 1.07
Hayward 1-880 95,000 204,000 1.06
Fremont 1-880 95,000 204,000 1.06
San Mateo US 101 3,900 308,000 1.11
Palo Alto 1-280 11,000 226,000 0.84
San Jose 1-680 46,000 203,000 0.89
Santa Cruz Route 17 54,000 197,000 0.89
Table 1 Station locations, traffic and scaling factors



