Appendix A: Service time expressions in the SOQN

The mean value of the movement time 7, (under both dedicated and shared storage policies) can be calculated

by the following equation.
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We can obtain the mean values of both movement times 7. ,,, and T, ; by the same logic. The resulting first

two moments of service times of the service nodes in the SOQN are presented in Table[I]

Table 1 The first two moments of service times of service nodes in the SOQN
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Notes: The parameter v models the honeycombing effect, which allows inflating the travel time in the storage stack.
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Appendix B: Matrix-Geometric Method

We specify the details of the generator matrix Q. Bgg is the transition matrix from state o to state g,
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By is the transition matrix from state my to state m,
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B, is the transition matrix from state 7, to state g,
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A is the transition matrix from state m; to state m;y1,7>1,

A
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B is the transition matrix from state ; to state m;,7 > 1,
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C is the transition matrix from state m,;;; to state m;,i > 1,
0
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The repetitive structure of the generator matrix Q secures that the following equation holds for steady state
probability m; (Neuts| (1980)

Tiy1 = mR,i>1,
where R is the transition rate matrix and
7T1Ri'A+7TlRi+1'B+771Ri+2'C:O, 221

After some simplification, we get

R=—-(A+R’C)B™".
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Based on above equation, we can obtain R by the following iterative method (Cai, Heragu, and Liu| (2014)),

Tappia et al| (2017))

Ro=0,R,=—(A+R3C)B™' k=0
while |[|Rii1|—|Ri||>¢

k++;

Riy1=—-(A+R{C)B™Y;
end

R:Rk

Appendix C: Proof of optimal width to length ratio in the case of random storage
stacks

The objective of optimizing the width to length ratio (in traveling time) is to minimize the expected movement
time of robots on the grid in a dual command cycle, i.e., T'= Td,,« + TNU + vas. In the case of random storage
stacks, both storage and retrieval positions could be in any cell with the same probability. Moreover, any

workstation will be equally likely assigned to the robot. So, we can write T" as Eq.(C.1))

)], (C.1)
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2 Y, is the y-axis coordinate of the ith workstation and y,,, =

where n =

After some simplification, we get
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Therefor, T takes the minimum value when % = (3;1:72“ So, the optimal width to length ratio (in traveling
time) is r; = % = Eizwigg. In a RCSRS with 4 workstations, r; = 2 and 7* = 1.

Appendix D: SOQN for multiple-line order

After the completion of a retrieval transaction, the robot goes back to @z with probability p, while it continues
picking up another item with probability 1 —p. For orders with Ny items, p =
(2017)).

1 .
%(Lamballals, Roy, and De Koster

Appendix E: Simulation model

The simulation model contains the following processes (see Fig[2| for a flow diagram):

1. The orders arrive at the system, following a Poisson process with mean arrival rate A per hour.

2. The system randomly assigns a robot to the order. If all robots are busy, the order waits in the order
queue.

3. The assigned robot moves from its dwell point to the retrieval point according to a shortest path. In the
case of random storage stacks, both the robot dwell point and the retrieval point are uniformly distributed over
the stacks. In the case of zoned storage stacks, they are in each zone with a probability proportional to the

percentage of products turnover in that zone.
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Figure 1 SOQN for multiple-line order in robotic-compact storage and retrieval system

4. The robot fetches the retrieval bin, which may include reshuffling of blocking bins. Under the dedicated
storage policy, the robot directly picks up the top bin. Under the shared storage policy, the system will first
identify whether the retrieval bin is on the top of the storage stack. If not, the robot will first reshuffle the
blocking bins on the grid and then fetch the retrieval bin. The blocking bins will be returned following the original
stack sequence. If immediate reshuffling is used, the robot will put the retrieval bin on the grid temporarily,
and then return the blocking bins into the stack. If delayed reshuffling is used, returning of the blocking bins
will be done afterwards.

5. The robot transports the retrieval bin to the designated workstation according to a shortest path. There,
the robot drops off the retrieval bin and picks up a storage bin.

6. The robot transports the storage bin to the storage point. In the case of random stacks, the stack that will
hold the storage bin will be located equally likely at any position. In the case of zoned stacks, the probability
that the robot will go to one zone is determined by the turnover of products in it.

7. The robot drops off the bin on the top of the storage stack.

8. If the previous retrieval operation includes reshuffling of blocking bins and the delayed reshuffling rule is

used, the robot will move back to the retrieval point and returns the blocking bins into the storage stack.
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Appendix F: Simulation validation results

Table 2 Average analytical and simulation results of system scenarios with =1 or 1.5

SP Zoning Resh R H,W,L A THTA . THT5 W5 W5 Wa Wg pg  p%  p2  p3 FD4 FD?®
- 25 10,134,134 750 93.85 96.45 0.96 1. 19 1. 95 1. 92 76.59 73.72 61 11 61 14 84.57 85.63
- 25 10,134,134 850 103.83 104.01 2.02 2.07 10.86 10.35 87.80 85.66 73.36 73.39 84.57 85.42
- 25 10,134,134 900 125.19 119.05 3.16 2.73 31.55 33.13 93.55 92.21 79.84 79.86 84.57 85.42
- 25 15,113,113 850 92.28 96.72 5.06 4.75 4.84 4.54 82.58 81.20 85.53 85.45 79.28 79.68
25 ].5 113 113 900 99 85 105.47 11.84 11. 77 11.63 12.92 88. 22 89.73 92 73 92 68 79.28 78.69

3¥

Rand

- 25 10 164 109 750 102 61 10436 0.06 1'10 450 442 8176 78.92 61'11 61'19 84.95 86.01
- 25 10.164.109 850 133.07 125.89 2.02 2.10 33.92 34.18 93.64 91.45 73.36 73.20 84.95 84.31
- 25 1514093 850 10545 106.80 5.06 4.44 12.03 11.70 88.23 86.63 85.53 85.59 77.75 T8.72

Ded - 25 15,140,93 900 131.72 140.59 11.84 10.93 37.56 40.20 94.16 94.87 92.73 92.79 77.75 78.33

- 25 10.134.134 850 9575 91.58 2.02 1.72 6.33 6.53 84.46 82.91 73.36 73.40 84.57 84.78
- 25 10.134.134 900 10559 99.19 3.16 2.77 15.57 14.08 90.02 89.08 79.84 79.80 84.57 83.94
- 25 15113113 850 87.49 87.24 506 4.65 3.12 3.00 75.68 79.39 85.53 85.35 79.28 78.69
Zoned 25 15113113 900 92.34 98.38 10.39 11.20 7.17 6.51 85.17 88.44 92.73 92.77 79.28 78.29
- 25 10,164,109 850 109.85 103.78 2.02 1.80 15.03 15.10 89.55 87.10 73.36 73.35 84.95 85.80
- 25 10.164.109 900 147.19 135.70 3.16 2.71 51.79 50.86 95.39 93.42 79.84 79.71 84.95 84.31
i 25 15.140,93 750 8049 S48 3.05 3.852 1.24 1.30 73.55 70.22 T1.85 7102 77.75 TT.04
- 25 1514093 850 96.40 93.09 5.06 442 6.78 6.37 84.64 83.34 85.53 85.59 7T7.75 7T8.53
- 25 1514093 900 107.69 109.05 11.84 10.82 17.31 17.77 90.39 91.28 92.73 92.72 77.75 78.14
30 10,9494 900 107.49 110.27 3.16 2.73 552 6.06 84.97 86.91 79.84 79.09 98.05 96.82

30 10,9494 950 116.42 125.00 558 599 13.78 14.69 90.28 93.19 86.57 86.60 98.05 96.82

30 TT5.76.76 650 122.15 121.82 0.86 0.91 0.89 0.75 72.98 72.85 59.14 59.12 99.97 99.72

30 157676 750 128.99 12849 1.83 1.57 6.62 6.42 84.98 8548 71.85 71.81 99.97 99.72

o 30 15,7676 800 142.26 146.13 2.88 261 19.2621.03 91.11 92.87 78.57 80.58 99.97 99.97
30 1011476 850 109.24 111.34 2.02 1.90 4.00 4.22 82.83 84.20 73.36 73.34 99.97 99.72

30 1011476 920 120.52 129.56 3.89 3.54 14.41 16.61 90.39 93.18 82.51 83.65 99.97 99.97

30 T5.05,63 650 127.16 127.06 0.86 0.99 T1.22 T.46 75.65 75.66 59.14 59.08 96.50 U6.26

30 15.95.63 750 138.16 137.70 1.83 1.69 11.35 10.81 88.06 88.94 71.85 71.96 96.50 95.54

Rand 30 15.95.63 800 167.72 170.65 2.88 2.36 40.30 41.53 94.38 95.67 78.57 78.59 96.50 95.29
30 10,9494 800 11856 12522 1.37 1.36 514 5.62 84.01 87.09 67.11 66.91 98.05 98.30

30 10,9494 880 141.05 144.02 2.62 2.10 26.73 28.29 93.15 94.28 77.22 77.20 98.05 99.03

30 TTB.76.76 650 13371 132.00 0.86 0.93 2.63 2.73 78.89 7842 59.14 59.25 99.97 O8.97

30 157676 700 139.08 136.28 1.23 1.22 7.48 7.38 85.30 84.85 65.38 65.33 99.97 99.22

Dol 30 157676 750 155.81 14823 183 1.58 23.6522.6791.78 91.63 71.85 71.80 99.97 99.97
30 1011476 750 120.92 120.57 0.95 1.14 3.53 3.01 81.52 81.65 61.11 61.12 99.97 98.19

30 1011476 850 146.41 148.18 2.02 1.97 27.97 28.2593.22 94.31 73.36 73.29 99.97 98.22

30 “T5.95,63 650 T140.88 139.07 0.86 T.02 4.55 4.43 82.06 81.74 59.14 59.20 96.50 96.26

30 15.95.63 700 150.57 146.31 1.23 1.33 13.71 14.58 88.71 88.44 65.38 65.31 96.50 96.26

Sha 30 15.95.63 730 166.85 160.86 1.56 1.63 29.66 28.00 92.73 93.07 69.23 70.02 96.50 95.78
25 10,9595 800 100.81 95.05 1.37 1.16 6.07 6.48 84.22 81.64 67.11 67.14 99.87 98.37

25 109595 900 151.53 146.59 3.16 3.60 55.67 52.56 95.86 93.66 79.84 79.77 99.87 99.62

25 “TB.7878 600 T119.27 T13.94 0.60 0.57 2.82 2.84 77.64 75.06 53.14 53.18 08.77 99.26

25 157878 650 124.77 116.92 0.86 0.76 7.84 7.38 84.45 81.88 59.14 59.21 98.77 98.03

o 25 157878 700 14183 13525 1.23 0.99 24.38 2244 9135 8878 65.38 65.44 98.77 98.52
25 10.117.78 800 107.81 99.25 1.37 1.23 9.78 9.26 87.14 84.08 67.11 67.09 98.77 97.54

25 10.117.78 850 126.99 116.70 2.02 2.04 28.42 25.62 93.09 90.07 73.36 73.21 98.77 99.76

25 15.96.64 650 130.35 123.48 0.86 0.82 10.73 9.90 86.39 83.39 59.14 59.11 97.80 97.31

Zoned 25 15 96 64 700 157.91 148.11 1.23 1.06 37 78 33 05 93.43 90.59 65 38 65 32 97 80 98 78

25 10 95 95 750 11505 106.82 0.96 0.86 10.82 10.48 87.36 84.48 61'11 60'98 99'87 98'87
25 109595 800 139.45 128.41 1.37 1.14 34.12 31.84 93.63 91.21 67.11 67.20 99.87 99.12
25 157878 630 138.64 127.96 0.74 0.68 13.58 13.04 87.54 85.03 56.71 56.72 98.77 99.26
Dol 25 157878 680 181.71 168.95 1.06 0.90 56.16 51.93 94.86 92.17 62.85 62.76 98.77 99.51
b K . . . . N . . . . . . .
25 1011778 750 126.82 118.11 0.96 0.93 18.38 16.54 90.36 87.29 61.11 61.05 98.77 98.77
25 1011778 800 19559 183.28 1.37 1.21 86.66 79.40 96.82 93.97 67.11 67.11 98.77 99.02
25 15.96,64 550 13030 124.71 0.43 0.47 3.13 3.40 77.77 75.20 47.39 47.46 97.80 U6.82
25 1596.64 600 137.19 128.00 0.60 0.62 9.49 8.82 85.14 82.27 53.14 53.06 97.80 97.56
25 1596.64 650 162.01 159.00 0.86 0.83 33.83 32.03 92.57 90.02 59.14 59.23 97.80 98.78
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Appendix G: Optimal system scenarios to minimize the total system cost

Table 3 The optimal system scenarios to minimize the total costs
THTpCmaw
SP s 90 100 110 120 130 140 150 160 170 180 190 200 210 220 230 240 250

w* 112 112 112 112 112 112 112 112 112 112 112 112 112 112 112 112 112
L 140 140 140 140 140 140 140 140 140 140 140 140 140 140 140 140 140
H* 16 16 16 16 16 16 16 16 16 16 16 16 16 16 16 16 16
0.065 R* 13 10 10 9 9 9 9 9 9 9 8 8 8 8 8 8 8
p; 02 01 01 01 01 01 01 01 01 01 01 01 01 01 01 01 01
pP; 07 06 01 04 01 01 01 01 01 01 08 07 06 06 05 04 04
P, 01 03 08 05 08 08 08 08 08 08 01 02 03 03 04 05 0.5
W+ NaN 153 140 140 140 140 140 140 140 140 140 140 140 140 140 140 140
L NaN 153 200 200 200 200 200 200 200 200 200 200 200 200 200 200 200
H* NaN 18 13 13 13 13 13 13 13 13 13 13 13 13 13 13 13
Ded 0.222 R* NaN 9 14 12 11 11 11 10 10 10 10 10 10 10 10 10 10
P NaN 02 01 01 01 01 01 04 01 01 01 01 01 01 01 01 01
P; NaN 06 05 01 03 01 01 05 05 02 01 01 01 01 01 01 0.1
P; NaN 02 04 08 06 08 08 01 04 07 08 08 08 08 08 08 0.8
W= NaN NaN 12T 155 155 155 155 155 155 155 155 155 155 155 155 155 155

0.576 R* NaN NaN 16 13 12 12 11 11 11 11 11 11 11 11 11 10 10

0.065 R* NaN 15 13 14 15 13 15 16 15 17 16 16 15 15 15 15 15

W* NaN NaN 98 85 79 104 101 98 62 93 93 93 93 93 93 93 93

L* NaN NaN 196 170 158 104 101 98 155 93 93 93 93 93 93 93 93

H* NaN NaN 9 12 14 16 17 18 18 20 20 20 20 20 20 20 20
Shared 0.222 R* NaN NaN 16 14 16 16 16 16 15 18 17 16 16 16 16 16 15
P; NaN NaN 01 01 01 01 01 01 01 01 01 01 01 01 01 01 01

P; NaN NaN 01 01 01 01 01 01 01 01 01 01 01 01 01 01 0.1

P; NaN NaN 08 08 08 08 08 08 08 08 08 08 08 08 08 08 0.8

W+ NaN NaN NaN T1I8 T1I6 88 80 110 107 72 89 89 89 89 89 89 89

L NaN NaN NaN 168 145 176 160 110 107 144 111 111 111 111 111 111 111

H* NaN NaN NaN 11 13 14 17 18 19 21 22 22 22 22 22 22 22

0.576 R* NaN NaN NaN 17 16 15 18 18 18 20 20 19 18 18 18 17 17
P; NaN NaN NaN 01 01 01 01 01 01 01 01 01 01 01 01 01 0.1

P5  NaN NaN NaN 01 01 01 01 01 01 01 01 01 01 01 01 01 01

P; NaN NaN NaN 08 08 08 08 08 08 08 08 08 08 08 08 08 038
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