Online Appendices

F. Explicit solutions for 1x2, 2x 1 and 2 x 2 junctions
In this section we present the explicit solutions used for the dynamics of the optimization problem
and in the software implementation. We restrict our attention to 1 x 2, 2 x 1, and 2 x 2 junctions,

since most road networks can be modeled using only these junction types.

(1 x 2) diverge junction

The explicit solution was already derived in Section D.1 for the general (1 x n) case.

(2x 1) merge

Let i; be one incoming cell, i, be the other incoming cell and j be the outgoing cell. As shown

in Figure F.la, we distinguish 3 cases based on where the priority vector intersects the demand

constraints. The cases are % > (%) , (%) < % < (%) and % < (%) , where
2 ,2 mazx 2 ) min 2 2 ) max 2 2/ min
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<171> = 75, and (171> =5
2/ max J 11 2/ min *2

In call cases, the flow into the outgoing cell is the minimum of the total supply and demand values.

fi" (k) =min (6;, (k) +0i, (k) ,0; (k) ) (F.1)

J

The flow out of incoming cells depends on the priority vector and is given by the solution to the

optimization problem in equation (D.5).

6%’.1 (k) if Pil (f]m (k) - 5i1 (k)) > 51'1 (k) Pi2
ot (k)= [ (k) = 6, (k) it Py (f}" (k) = 65, (k) > 03, (k) Py
P, fi* (k) otherwise
ot (k)= f;" (k) = £ (k) (F.2)
The flow out by commodity can then be computed as follows.
f)ut k? — plvc( Qut k . - . F
i,c ( ) pz(k) fz ( ) \V/Y’E{ZD/L?} ( 3)

(2 x2) merge and diverge

Let 71,79 be the incoming cells and j;, j» be the outgoing cells. To simplify the notation, we use the

following shorthand:



T (k) out (1)

1

B (k) === ), (k) - |

Ch
52 (k‘) fémt (k) 62 (k) fémt (k)

(b) 2 X 2 junction

(a) 2 X 1 junction
Figure F.1 Graph displaying the constraints for different junctions. A similar illustration appears in Daganzo

(1995).

e drop the time index k
® 0y =0;, 02 =0y,

® 0,=0,,01 =0

e PP=PF,, =P,

The aggregate split ratios are computed as follows.

Bi; (k k) Bij.. (k)  V(i,7)€{1,2} x {1,2} (F.4)

As shown in Figure F.1b, we once again distinguish 3 cases based on where the priority vector
intersects the demand constraints. The cases are 1131 > ( P2>mm, <%)mm < % < (%)mw and
%< (®),.

The values of (%)mam (and (%)mm) can be obtained by plugging substituting d; (and resp.
dy) for fP* (and resp. f{"*) in the equations C; for the supply constraints.

C /81] out + 52] out — Uj (F5)
Thus, we obtain:
P, )
<Pl> N /315 B126 (E.6)
2/ maz min (52, 1 /3211 1, 2 52;2 1)
P B min (51, Ul_ﬂ%lé?a 02_/362262> F7)
P2 min 52 .

We can then compute the flow out of incoming cells using the optimization problem in equa-

tion (D.7). Since the problem is symmetric in ; and iy, we just solve it for i; = 1.



o If % > (%)mam, the solution is the intersection of f°"* =¢§; and the most constraining supply

constraint (C; in Figure F.1b), and results in the trivial solution of f{"* = 9;.

o If % < (%) ~, the solution is the intersection of f5"*=d, and the most constraining supply

constraint (Cy in Figure F.1b), and therefore we obtain:

out __ .o: 01=B2102 g2—P2292
— min
fi <51’ B 7 P2 )

o If (%)mm < % < (%>mm’ the solution lies at the point where the priority vector intersects

the most constraining supply constraint ((C; in Figure F.1b)), and therefore we obtain:

out __ : Pioq Pioao
= 1min
i <P1511+P2621 ’ P1512+P2522>

This gives us the explicit following explicit solution for ff"* at a 2 x 2 junction.

e Py
(51 lfF2>

51
min (527 91-P1181 92-P1251 )

( 01*5%152702*535252)
out _ : 01—B2102 02—PB22062 e Py min(0L =737 B F.8
1 min ( d, G, 22 if B < 5 (F.8)
: Pioy Prog ;
M BB, P21 P1512+P2522> otherwise

out is obtained by symmtery.

2
Finally, we can now compute the flow out of incoming cells by commodity.

out — PLk pout yje (1,9} YeeC (F.9)

K3

G. Computing the partial derivatives of the constraints with respect
to the state variables (8%)

We first iterate through the three classes of variables density, outflow and inflow. All unlisted

derivatives evaluate to zero.

Commodity density p; . (k) from equations (Hla, Hlb, Hlc, H1d))

api,c (k) o )
Opre 1) Veel, Vie A\B, Vk € [1,T}] (G.1)
8]0{2(/?—1) Li’ VCGC,VZEA\B, Vk‘E[[, f]] (G )
Opi.c (k) At .
(k1) L 1. T .
afzt(k—l) Liv VCGC,VZEA\S, Vke[[ ) f]] <G3)
Flow in f;f; from equation (H6)
af]lf:: = ; in . out
5 fout — Pijie VieJm, VieJ™M, vVaeJ  Vke[1,T;—1] (G.4)

Computing the partial derivatives of the flow out f°"* is requires a much more involved process.

i,c

We begin by computing the following intermediate partial derivatives:



. e (R)8; (k
e Computing apii(k) (p’p(i()k)( )):

From equations (H2a, H2b),

5 () — min (F},v;p; (k) Vie A\ (BUS), Vk € [0,T/] (@5)
~ | min (F il ) Vi€ B, Vk € [0, 1] '
which gives the following equations:
pic (k) 5. () = min ”; C(k) Fy, pic (k) vi> Vie A\ (BUS), Yk e[0,T] (@6)
pi (k) min p; C(EC’;)F £, CX?L ) Vie B, Vke[0,1y]
Using equation (1),
Vie A\ (BUS), Vk e [0,T%]
0 (,Oi,c (k)(Sz (k‘)) _ %Fi if F; <wv;p; (k) (G.7)
Ipic (k) \ pi (k) v; otherwise
Vie B, Vk € [0,Ty]
i (k) —pi,c(k) . )
0 (pi,c (k) 5, (k)> _ %F if F; < Zp; (k) (G.8)
Opic (k) \ pi(k) % otherwise

REMARK 5. If p; (k) =0, then F; > %pi (k) or F; >wv;p; (k), so the derivatives are well defined.

pi,c(k)d;(k)
pi(k)

e Computing Bp-a/(k) < ): (Note the two different commodities ¢ and ¢'.)

Vie A\ (BUS), Vk € [0,1]

T o
Opier (k) \ pi(k) ' 0 otherwise
Vie B, Vk e [0,1y]
0 pi.c (k) ) o C‘f)Fl ifF <L “Lp; (k)
20, (k) ) =4 ) At G.10
Opier (k) ( pi (k) *) 0 otherwise ( )

REMARK 6. If p; (k) =0, then F; > £ip, (k) or F; > v;p; (k), so the derivatives are well defined.

. ) pi,c(k)oj(k) k) pi,c(k)oj(k) . .
» Computing 255 ("< ) and 51 () (™) when i # j:

Note that o, (k) does not contain p; (k) terms.

0 pic(k) ~(pi(k) = pic(k))
Opic (k) < pi (k) 7 (k)> a Pi (k)z

8 pi,c (k) ) o _pi,c (k)
Opicr (k) < pi (k) 7 (k)> a Pi (k)2

o; (k) (G.11)

o; (k) (G.12)



REMARK 7. This partial derivative is only needed in cases where the junction is strictly supply

constrained and p; (k) > 0, so we can ignore the fact that the derivative is undefined at p; (k) =0.

. i.c k)oi(k
e Computing 6pji(k) (P, F()i()k)]( )):

From equations (H3a, H3b),

o) (k) = min(E,wj (p;amfpj(k))) Vjie A\ (BUS), Vk e [0,T%] (G.13)
! F; VjeS, Vke[0,Ty]
: 7, c(k) zc(k) am :
Pic (k‘)aj =™ (pp i Fir S wi (0™ = s (k))) Vi€ AN(BUS), vk €[0Ty (G.14)
pi (k) b F Vies, Vke[0,T]
Vie A\ (BUS), Vke[0,T}]
0 (pic(k) 0 if Fy < w; (0™ = pj ()
2 . = . 1
Opj.e (k) ( pi (k) 7 (k)> {—p;;?g;)wj otherwise (G.15)
VieS, Vke[0,T)]
0 pi.c (k) )
: o; (k)] =0 G.16
et (g o ® (G.16)

REMARK 8. This partial derivative is only needed in cases where the junction is strictly supply
constrained and p; (k) > 0, so we can ignore the fact that the derivative is undefined at p; (k) =0.
: ) pic(k)oj(k)
o Computing 77 <pi<k>ﬁij<k> )
From equation (H4),

Bij (k me ) Bijier (k) Vk € [0,T}] (G.17)

cecC

Let K',Z‘j(k) = chec pi,c’ (k) /Bij,c' (k)

pic(k) o, (k) _ pic(k)a; (k)
pi (k) Bij (k) ki) (G.18)

9 (Pi,c (k) o; (k) ) _ kij(k)o; (k) = pic (k) 0; (k) Bij.c (k) (G.19)
Opic (k) \ pi(k) By (k) kij (k)2
REMARK 9. This partial derivative is only needed in cases where the junction is strictly supply
constrained and p; (k) > 0, so we can ignore the fact that the derivative is undefined at p; (k) =0.
e Computing 6p_8 (pi’C(k)gj(k)):

i,c (B) \ pi(k)Biz (k)
9 pic (k) 0 (k) \ _ —pic(k)oj (k) Bijer (k)
Ipie (k) ( pi (k) Bij (k)> B Iiij(k)z (G.20)



REMARK 10. The p; (k) =0 condition is just as in the previous case.

; ) Pic(k)oj(k)
o Computing 0p; o1 () (Pi(k)ﬁi;(k) )

0 _(pe®o,®WY__1__ 0 (pe®o;(h)
Ipj.e (k) < pi (k) Bi; (k)) " Bi; (k) 9ps.er (K) < i (k) > (G.21)

which can then be simplified using equations (G.15, G.16).
Now we can proceed to computing the partial derivatives of f;‘t.

DEFINITION 19 (DEMAND-CONSTRAINED JUNCTION). A junction is demand-constrained if the
flow through the junction is limited by the incoming flow of cell . We denote this condition by
DC(i).

DEFINITION 20 (SUPPLY-CONSTRAINED JUNCTION). A junction is supply-constrained if the
flow through the junction is limited by the outgoing flow into some outgoing cell j. We denote this
condition by SC(j).

Solution for 1 x 2 junctions
The solutions to all the partial derivatives that appear in the expressions below have already been

solved explicitly.

From equation (Hba),

ﬁ%:i‘mm<{QA@,Vjejftw%(m>0}42%0 V2 € Jixn, VieT™  (G.22)

i Bij (k)
e ic(k 0;(k . .
oo | 5t (b)) it DCG) .
Opic(k) 9 pi,c(k) Ui(k)> it SC(j) (G.23)
’ 300, () \ ps(k) By (k) J
p; o (k)i (k) . .
afzo’lcl/t B apii(k) i (k) ) lf DC(Z) G 24
8p1c(k) B 9 pi,cl(k) O’Z(k) lf SC( ) ( * )
’ 9pi,c(k) \ pi(k) Bij(k) J
ofeut 0 it DC(4) (.25)
Y SNIAYE 9 pi,c(k') o; (k) . . 25
8pj,c' (k') 9p; o (k) ( pi(k) Bij(k)) if SC(])

REMARK 11. It is important to note that these derivatives are undefined if the junction is both
supply and demand-constrained. However, this can only occur if the density of the cell is exactly
equal to the value at which the demand and supply constraints meet. This is extremely unlikely in

practice with floating point numerical operations. In the rare event that it does occur, we assume



that the junction is supply-constrained.

Solution for 2 x 1 junctions
The solutions to all the partial derivatives that appear in the expressions below have already been

solved explicitly.

From equation (H5b)

out =P L in (6 4 6,,05) = 6, if P (min (5 +65,05) = 6,) > 6P Vz € Tawr, Vi€ T (G.26)
" | Pmin(6; +6;,0;)  otherwise

case 1: P;(min (6; 4+ 6;,0;) — ;) > 6, P;

8 fagt — 8 (p’i,c (k) 61 (k)> (G 27)
apz c (k) api,c (k) Pi (k)
8 fz’t — a <p’i,cl (k) 61 (k)> (G 28)
apz’c (k) api,c (k) Pi (k)
8fi0’21t 0 (G.29)
Opje(k) '
case 2: PL (mln ((51 + (51, O'j) - 52) > 53Pz
8 i(?lclt B . c(k) Pi,c k)5 ) if (57 + 51 < gj (G 30)
) - d i, c(k)o (k) pi,c(k)d; (k) . )
Opic (k) e\ piR) > am(k) ( pi(k) ) otherwise
ore [otw (25w Hoko<or — qan
. i, c(k)oj(k) Pi,c(k)‘si(k) . '
e ( T <p o) ) TR0 ( PO ) otherwise
ofo 0 if 0; +9; < o, (G.32)
= i, k g .
dp;.e (k) 5, c/(k) (p pz()k)J ) otherwise
case 8: otherwise
ou o (k)3 (k) pi e (k)5 (k) :
t PZ 891’,(‘ : Pz(k) > Op;, c(k < pi(k) )) if 51 - 63 < 7 (G33>
8,07 c P; Bp'a £, C(k Uj(k) )) otherwise
o i, k)éi(k) Pi c(k)6 (k) .
OF: P (e (20 i )+ ot (5w ) ite+a<a, (G.34)
apz e ( P (E)pz i(’“) (p U](k )) otherwise
out 0 if 0; +9; <o a
- .35
8,03 o ( P, (ap (pl cf)k()kj ®) )) otherwise ( )
j.c! H



Solution for 2 x 2 junctions

The solution for the 2 x 2 junctions can be obtained using a similar set of computations, but is

omitted here for readability and due to length constraints.

This concludes the computation of all the partial derivatives required for computing the gradient
of the system using the discrete adjoint method.

REMARK 12. If we do not have closed form solutions for the junctions, it may not be possible to
compute the explicit partial derivatives of the outgoing flow with respect to the partial densities of
the incoming and outgoing cells of the junction. However, for any junction that cannot be solved
LW for all i, € T U T and e,¢ €C with a finite
differences method using | 72| - | T - |C] local simulations of just the junction dynamics (not the

explicitly, it is still possible to compute

entire system). We can then continue to use the adjoint method while numerically differentiating
these junctions that do not admit an explicit solution. This local finite differences method can still
allow a very efficient computation of the gradient for heterogeneous networks with some junctions

or sub-networks that contain complex dynamics.



