Appendix A.

Assuming all travelers choose the mode with minimal travel costs, then based on the
expected time and non-time costs of each mode in Table 1 and Table 2, we can obtain
the intended mode choices of travelers with different VOT as listed in Table 3, where

Br.. B, By and B, in Table 3 are the critical VOT that respectively satisfy
C:(Brc) = Cc (Brc) ' C:(Brd ) = Cd (Brd ) ' Cd (Bcd ) = Cc (Bcd ) and C? (Brb) = Cb (Brb) '

or equivalently,

_C,—Tgg—A 0

Brc - tr - prtr (39)
B, = P (Coty +A—Tps )+ P (C, —Ts —A)+6, -6, (40)
L P — Pyl
D, (1o —A—C.t,)—0
Bcd — d( RS d) d (41)
Pyt
(Trs FA—T,)+0,
Brb — p ( RS b) (42)

pr(tb _tc _tr)

Based on Table 3, we readily have:

Ns = Nc - er - Nd
Bes :
N max{O,J‘W{ﬁrd ol f (B)dﬁ}, if pt > pt,
min{ﬁcd xBrd} -
N, = N max{o,fﬁo f(B)dB}, if pt <p,t,
0, ifpt, =pyty and B,. > P
N max{(),.[;m f (B)dB},If pr r— pdtd and Brc = cd
N max {O,J‘:inm”’ﬁ"’} f (B)dﬁ}, if pt > p,t,
Bre .
N = N max {O,J'max{ﬁmﬁo} f (B)dB}, if pt < pgt,

N max{o,jﬁrc f (B)dB},if p,t. =p,t; and B, >P
0, ifpt, =pst, and B, <

rc — Fcd




max{o,N ) f(B)dB},if t, > 1, +t,

max {B,, ,0}

max{o,N Omi"{ﬁ“ﬁ”’}f(g)ds},if t<t +t

N[" £ (B)dp,if t,=t, +t and P, (Tes +A-1,)+6, <0
0,if t, =t +t and p, (T +A—1,)+6, >0

N, =N —N_—N?

Appendix B.

From Eq.(14), since a>1, b>1, ¢>0 and 0<A<1l, m<N; and m<N,.
Taking the partial derivative of M(N,,N;), p,(N,,N;) and p,(N,,N;) in Egs.
(14)-(16) withrespectto N, and N, respectively, we have

oM (N,,Ny) _ AN, (bN, +c)

>>0
N, (aN, +bN, +c)
oM (N, N,) _ ANd(aNd+c) o
oN, (aN, +bN, +c)2
apr(Nr’Nd):_ AbNd <0
N, (aN +bN, +c)2
op, (N, Ny) A(bN, +c) o

Ny (aN, +bN, +c)2

Similarly, opy (N, Ng)/oNy <0 and opy(N,,N,)/oN, >0 . Thus all of the

desirable properties mentioned in subsection 2.3 hold.

Appendix C.

Proposition 1. The existence of equilibria is guaranteed under any cost-sharing

strategy.

Proof. Let z=(xy) ., Z=(XY) , F,=(F F)T ., G,=(G Gy)T , and

z x1ly z X1



Q, =Q, xQ, . We first show that the solutions of IDVI-1 in Egs. (27) and (28) are

identical to the solutions of the following IDVI problem:

IDVI-2: find z" €Q,, such that

(BF,(Z)+G,(Z').2-7")20,vzeQ, (43)
First of all, we note that
(BF,(Z)+G,(Z).2-2") = (BF.(Z)+G,(Z") . x=X )+ (BF, (Z')*+G, (Z).y -¥")

and thus if (X",y") solves IDVI-1, we can readily conclude that z"=(x",y")'

solves IDVI-2. Now suppose 2z =(x",y")" is a solution to IDVI-2. From Eq. (43),

the following inequality then holds for any z=(x,y")" with xeQ,
(BF,(Z)+G,(Z"),2-2") = (BF.(Z')+G,(27) . x-X) 20

And similarly, forany z=(x",y)" with yeQ,, the following inequality holds:
<BFZ(Z*)+GZ(Z*),Z—z*>:<BFy(Z*)+Gy(Z*),y—y*>20

Thus 2" =(x",y")’ must be a solution to IDVI-1 as well.

Let
O, ={XeR[Y X, =N,X, 20reA]

O, ={YeR Y, Y =N=-N.Y, >0reA"

EAnC r
and let Q, =Q, xQ,. According to Theorem 1 in Marcotte and Zhu (1997), if the

real functions F,(Z) and G,(Z) are continuous, and the finite dimensional set

f)z is compact, then the existence of solutions to IDVI-2 is guaranteed. Since

p.(Z), ps(Z), t,(Z) and t,(Z) are all continuous functions, the continuity of

F,(Z) is apparent. Additionally, from the definition of f)z, the compactness of f)z

is also obvious; hence the existence of solutions for IDVI-2 is guaranteed. Since the
solutions of IDVI-1 and IDVI-1 are identical, the existence of solutions for IDVI-1

can also be concluded. W



Appendix D.

In this appendix, we revisit Proposition 2 under the assumption that taking public
transit is faster but more expensive than driving alone, i.e.,c,+¢, <1, and t, >t . In
this case, without a ridesharing program, travelers with >, commute by driving
alone, travelers with B <p, commute by public transit, and travelers with B=J,
are indifferent between the two modes, where [, is defined by Eq. (3). Hence from
Table 1, if using ridesharing instead of driving alone, a car owner (p <f,) suffers a
time loss of pt, while saving a non-time cost of p, (c, — 1tz —A)—6,, and thus

r?

her/his generalized cost savings are

S (B)=C.(B)—C/(B)=p.(c, ~A—1es)—Bpt, =0, (B<Py,) (44)
From Table 2, if using ridesharing instead of public transit, a non-car owner ($=f,)
suffers a time loss of p(t +t —t,) while saving a non-time cost of
P, (1, —tgs —A)—6,, S0 her/his cost savings are

S, (B)=C,(B)-C}(B)=Bp, (t, —t, —t.)— P, (trs +A—7,)—6, (B=P,)(45)
If p,=0,wehave S (B)=-6,<0 forall BeR". If p >0, since t, <t <t +t,
Egs. (44) and (45) imply that S (B) decreases with B on both [0,8,) and
[Bo.+) . Furthermore, from Egs. (44) and (45), we have
BIEE, Sr(B) =P [BO(tb -t _tc)_(TRs +A—Tb)]_er

= pr[cf +C, — Ty = Boty — (Trs +A—rb)]—9r

= prl:cf +C, — Trs _A_Botr}_er

> pr(CV_TRS _A_Botr)_er :ﬁ“ry,sr(ﬁ)

(46)

where the second equality holds because B, (t, —t,)=c; +¢, —t, from Eq. (3). Thus
due to the fixed car ownership cost ¢, >0, when p,>0,S (B) is not continuous at
B=B,, and BILr;?, S, (B)> ;!eral S, (B)- A typical cost savings curve in this case is thus
depicted in Figure 8. Since t, <t_, the slope of the right segment (i.e., [O,BO)) is less

steeper than that of the left segment (i.e., [B,,+)). When 1. varies, the entire



S, ([3) curve moves upward or downward, and the slope of both segments changes
due to the change in rider waiting time at different values of Tt . Nevertheless, from
Eqgs. (44) and (45), under any Tgq,the S (B) curve decreases with  on the two
segments [0,B,) and[B,,+w), and at the breaking point B,, we always have
fim . (9)> . ()

In view of the properties of the S (B) curve, we readily have the following

Proposition.

Proposition 2-B. Suppose public transit is faster but more expensive than driving

alone, i.e., t <t  and c, +c, <7,. If the fixed car ownership cost is higher than
Bot. . i.e., c; >PB,t, then there exists no cost-sharing strategy that can prevent transit

users from switching modes while sustaining an active ridesharing program;

otherwise, if the fixed car ownership cost is lower than Bt , i.e., ¢, <B,t , then a
ridesharing program can prevent transit users from switching modes while

successfully encouraging private car drivers to give up driving solo, i.e., N°=0 and
N? >0, only if the cost-sharing strategy t., satisfies

max{ed/pd +Cotd +A’Cf +CV_BOL_A_er/pr}<TRS <('\’V_A_er/pr (47)

Proof. From the definition of S (B) in Eqgs. (44) and (45), a ridesharing program

can prevent transit users from switching modes while successfully encouraging

private car drivers to give up driving solo only if S (B)<0 holds for VB e[B,,+»)
and S, (B)>0 for Be[0,B,). If p,=0, then S (B)=—6, for all peR", and
thus we only need to focus on the case when p,>0. When p >0, S (B)
decreases on the two segments [0,B,) and [B,,+w), and lim s, (B)>[!Lrg S, (B)
at the breaking point [, , and thus the two conditions are equivalent to

(B)<0 and S, (0)>0.FromEq.(45), limS (B)<0 implies
B—>;

Trs 2Bo(tb_tr_tc)_er/pur —A+T,



In view of Eq. (3), the above inequality can be further written as

Trs = C; +cV—BOtr—A—% (48)

And from Eq. (44), the condition S (0)>0 is equivalent to

Tps <CV—A—% (49)

Hence a cost-sharing strategy t.s can prevent transit users from switching modes
while successfully encouraging private car drivers to give up driving solo only if
C, +C, —Bot, —A—0,/p, <tos <C,—A—0,/p,. If C, >P,t., we have ¢, —B,t, >0
for any t <t <t , such that 1. e[cf +C, —Bt, —A—6,/p,.C, —A—G,/pr)=@ :
In this case, no cost-sharing strategies exist to reduce total vehicle usage. Otherwise,
if ¢, <B,f , then [cf +cv—Boﬁ—A—e,/pr,cv—A—er/pr);t@. In this case we
may have N’=0 and N'!>0 atequilibrium onlyif p, >0, and
C; +C, —Bot, —A—=6,/p, <Tgs <C,—A—0,/p, (50)

Meanwhile, from Eq. (15), the condition p, >0 is equivalent to N, >0. So we

further derive the conditions under which N, >0. From Egs. (5) and (1), the cost
savings to car owners of being a RS driver is equivalent to
S;(B)=C.(B)—Cy(B)=-BPats + Py (Trs —Coty —A)— 64 (B<By) (51)
S;(B) decreases with B, and thus N, >0 is equivalentto S;(0)> 0, which holds
onlyif p,>0,and
Trs > 04/ Py +Coty +A (52)
Combining Egs. (50) and (52), we readily have the conclusion established when

Cr <Bol.. W

The impacts of the condition ¢, <B,t, on the existence of a desirable T, in
Proposition 2-B is illustrated in Figure 8. If the fixed car ownership cost ¢, is higher
than B,t suchthat ¢, +c,—B,t —A-6,/p, >c,—A—6,/p,, then the cost savings

curve S, (B) under any cost-sharing strategy must be as depicted in Figure 8(b) with



Sr(0)< limS, (B) Hence no cost-sharing strategy can prevent transit users from
BB

switching modes while also encouraging some car owners to give up driving solo in

this case. The cost savings curve as in Figure 8 (a) appears only when ¢, <B,t and

Tgs Satisfies Eq. (47). Thus a ridesharing program can prevent transit users from

switching modes while successfully encouraging private car drivers to give up driving

soloonlyif c, <B,t. and t. satisfies (47).

Appendix E.

Proposition 5. When the additional costs of participating in a ridesharing program

are non-negative to both riders and drivers, i.e., 6,20 and 0, >0, a state with no

ridesharing participants, i.e., N'=N,=N°’=0, N,=N_, and N,=N-N_, is

c
one of several possible equilibria under any cost-sharing strategy.

Proof. We first note that if (x*,y*) with

x(B)] (Nf(B) x(B)] (o
X*(B) =1 % (B) =0 VB> Bo ) X*(B) =1 % (B) =/ 0],VB< Bo (53)
x(B)) |0 x(B)) \0

and

) ~ yl(B) _ 0 - N 3 Y1(B) B 0 S
y (B)—[yz(ﬁ)j—(m (B)],vs_ﬁo, y (B)—(yz(ﬁ)]—(ojw By (54

solves IDVI-1 under any cost-sharing strategy when ©,,0, >0, then the state with
N;=N,=N’=0, N,=N_, and N,=N-N_ is one of several equilibria under
any cost-sharing strategy.

For (x,y") satisfying Egs. (53) and (54), we have X" =(N,,0,0)" and
Y =(0,N-N,)". Inserting (X",Y") into Egs. (15) yields

P (X, Y)=0, p,(X,Y")=0, (X, Y)=F and t,(X",Y")=T,
Hence if (x",y") is a solution to IDVI-1, it must satisfy: for any x(B)eQ, and

y(B)eQ,,



6, (BtCJrcf +cv)x1([3)+(ﬁtc+cf +cv+9d)x2(ﬁ) ;

J.O +(Bt, +¢; +¢,+6,)%(B) P

+I+m (ﬁtC +C +cv)(x1([3)— Nf (B))+(Btc+cf +cv+6d)x2([3) 1520
o +(Btc+cf+cv+6r)x3([3)

and

[°T(B, + 7 +6,) vu(B)+ (Bt, +7,) (v (B) ~ Nf (B)) Jdp +
Ji, (Bt +%,+6,),(B) + (Bt, +7,) 2 (B) JdB = 0
which can be simplified into

j;:’[ed X, (B)+6,%(B)Jdp=0
and

[I"6.y,(B)dp=0

The above conditions hold for any xeQ, and yeQ, if 6,0, >0. Hence

(x*,y*) is an equilibrium state under any cost-sharing strategy if 6,,6, >0. W





