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Appendix. Proofs

Proof of PROPOSITION 1. From known results (Ahuja, Magnanti, and Orlin 1993, 103-104) the inequalities

(4) are feasible, if and only if the constraint graph G.S(S) does not have a positive length cycle. By definition,
the flat-solution S is implementable if and only if (3) is feasible. Hence it is sufficient to show that the

inequalities (3) are equivalent to (4).

Observe that (4) is simply (3) shifted by D: for (3) = (4) simply take D =D’ =0. For (3) < (4), let
{(t*), D, D'} be a solution of (4), and let t* =£* — D. Then clearly (t*) satisfies (3), and the only constraint

that does not follow immediately is given by

th =D <I*
th +D—D" <I*
th, <I*+D'—D,

and D’ — D <0 implies ¢, <. O
We next prove the following useful lemma:
LEMMA 5. For any a € T" and (n,t,t') E N, if a <t' then a <t.

Proof. Let i,j € Z be such that « is the ith time point in 7™ and ¢’ is the jth, where 7™ is ordered from
smallest to largest time. Then ¢t is the (j — 1)th time point in 7™ by construction of M. Thus a < ¢’ implies

1< j,and thus ¢+ < j— 1. Hence a <t. O
Proof of LEMMA 4. Consider the induction hypothesis
H(i): t;>e"+7 (ﬁﬁ("i’ti’t”) , forsomei=1,...,r—1.

It is true by assumption for i = 1, and since T(ﬁ*("l’tl’tll)) = 0. Suppose that H(i) is true for
some i € {1,...,7 — 1}. Recall that AX = (J, . A%, then observe that there exists &' € K such that

((ng, i), (Mig1s tigr, tipq) 6.A’7“-/, so by [5] on A’;—/

t;+1 > tz + T(n,i,nprl)
> eF (P itint))y 4 T(ninita)

—eF + T(ﬁ_’(ni‘%-l’tiﬁ—l’t{i#»l))
By the above lemma, and since (n;; 1, €* + (P~ (i+vtientii))) € T it follows that
tipr > €k 4 (P ittty

and H(¢) holds. O
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Proof of THEOREM 1. First observe that since the flat-solution S is non-implementable and the solution
graph GS(S) is acyclic, the path P, defined in the theorem, exists. Specifically, from LEMMA 2 there exists
a simple path, P, in GS(S), from t'j;l to t*2 for some ky,ky € K, such that e** 4 p(P) > [*2. Moreover, this

dk2

path can always be chosen without any holding time, that is, for all ¢} in P: E, =e* + p(P=t). To see
this, walk up the graph from t’;ﬁz following the argmax; ., Ey. commodity at each consolidation.
Suppose that S is representable in G%,, then from Observation 1 there exists the simple path Pin (N7, AK)

that corresponds to P, in particular having
/ k
a= ((n|}3|—1’t|ﬁ|—1at‘ﬁ‘_1)v (dkzvt\ﬁ\atgﬁ)) € A7’2’a

and with

. L
T(P7) =p(P7"),

for all ¢ = (n,t,t'), the node-interval corresponding with a visit to t*. Observe that the path P may visit the
node n € N with multiple commodities at different times, but a single commodity will visit n at most once.

Clearly then ¢ has a unique correspondence to t*, and hence
Etlrcb =M —+ T(Pﬁi).

Thus by LEMMA 4 on ﬁ7

tip > e 7(P) =M 4 p(P) > 1",

but this violates [4] on AkT%. Thus a ¢ AkTQ,, and there does not exist path P corresponding to P, hence by

Observation 2, S is not representable in G%,. O

Proof of THEOREM 2. Suppose that S is representable in G%,, then by Observation 1 there exists a timed-path

in G%, corresponding to the flat-path Q*; more specifically, there exist timed-arcs
((nlat17tl1>7 (n27t27tl2))7 ((n27£27£/2)7(n35t37té)) S Ak’a
with ¢, <. Then using LEMMA 5, with (ng, e* +~(0*,ny) + T(ny.may) € T', and [3] on A%, implies
k k
€ +7(0 7n1) Jr7—(711,712) <o,

and [4] on A%, requires
£2 + T(ng,n3) + fy(nﬁh dk) S lk7
but this implies

e + V(Okﬂnl) F T(n1,n2) T T(na,nz) +’7(n37dk) < I*.

This contradicts the assumption, so at least one of the above timed-arcs cannot exist. Thus the timed-path

cannot exist, and by Observation 2, S is not representable in G%,. O
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Proof of THEOREM 3. Suppose that S is representable in G%,, then by Observation 1 there exists timed-paths
in G%, corresponding to @', and Q*2; more specifically, there exist timed-arc a = ((n1,t1,t,), (n2,t2,t)),

such that a € A%}, and a € A%3. Observe that [4] on A% requires
t2 + ’Y(nQa de) S lk27

and [3] on A%, requires

eFt + (k1 ny) + T(nyong) < lo-

By assumption (ng, € + (0" ,n1) 4 T(n, n,)) € T', s0 LEMMA 5 gives

ekl + ’Y(Okl ) nl) + T(ny,n3) S t27
but this implies that
eF + (0", 1) + Ty ing) +7(n2,d"?) <1*2.

Since this contradicts assumptions, then a ¢ .A’frl,, ora¢ A’;P,, and hence the timed-path cannot exist, and

by Observation 2, S is not a representable solution in G%,. |

Proof of THEOREM 4. Suppose S is representable in GX,, then from Observation 1 there exists the simple

path P and simple cycle Pin (N7, AX,) that corresponds to P and P respectively. Specifically, there exists

arcs
(nj_1sty_1,t)_y), (), t5,8))) = Py € A%, for j=1,...,|P], and
. BN K o BN
((”\ﬁ\ﬂ’»t|13|+j'7ﬁ13\+jf)’ (”fﬁ|+j/+17t|ﬁ|+j'+1vtfﬁ|+j/+1)) =Py € Ay for j'=0,...,|P],
such that , , , o .
~ ~ ) = Y . o N 1
(e tian hie) = (s b Yar e L i 204 Py € A

Observe that 7(13”) = p(P*tﬁ/) for all ¢ = (n,t,t'), that is, the node-interval in P uniquely corresponding

with a visit to ¥, so by LEMMA 4 on P:
tip 2 €M +7(P) =€+ p(P).

Assume for a moment that ]3 travels around the corresponding cycle P as early as possible, that is, without
waiting at a node longer than necessary. Let r = |P|7 let m1,n, € N be the nodes visited by 103(1) and ]5(,0
respectively, and let 70, i1 € N~ be the node-interval corresponding to the first visit to 7,, and the first
return to 7 in 13 respectively. Observe that joining P and PFo yields a simple path, and so by LEMMA 4
on PU ﬁﬂ'?:
>ef 7'(16) + T(ﬁ“ig)

=" 4 p(P) 4 p(P 7).
Following from the proof in LEMMA 4, there exists k' € K such that

((nratslflvtlslfl)a (nl;tsl,tlsl)) € ./4):;—// ﬁP,
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. 5 5ol /
with s* =|P|+|P~"1|. By [5] on A%,

t/sl >tsr1 4 T(m)
> ek + P<P> + P(fo’*ﬁ(”) + T(nem)

— M4 p(P)+ p(P).
By LEMMA 5, and since (1, e + p(P) + p(P)) € T' it follows that
Lo > e 4 p(P) + p(P).

Thus the first return to 7y, PuU ﬁ‘”}, is a simple path in (N7, AY,), i.e., not a cycle. Intuitively then, for
m < 1h walks around the P cycle, the corresponding P U P~ii" is also a simple path in (N7, AK,) with

tom > e 4 7(P)+ (P
=" +p(P)+mp(P),

and s™ = |P|+ \IDS”T |. Consider now that P can delay its walk around the corresponding P cycle by waiting,
say, at time point (n,t) € 7" with t > ¢,5/. By definition of 7", each delay is in increments of at most length
p(P) when t < €1 + p(P) + (1 — 1)p(P), and a dispatch from 7 at time ¢ + p(P), will arrive to the subsequent
node 7’ at time t—|—p(ﬁ) + T(yn)s €., this time spent waiting is not lost. Delays of a size smaller than p(P)
indicate a more refined discretization and can be ignored. Thus we can interpret the m <m above as either
walks around the P cycle, or delays at a node. In either case, the choice of m means that Pu Ims"iih is a simple
path in (N7, A%, ), and, for ﬁ to complete its cycle, it first requires a dispatch from n | after ¢, . It should
be clear from [5] and LEMl\/fA Sthat t 5 & > ten. But ton > 1"t violates [4] on A%, thus ﬁ(l) ¢ ALy
and so there exists no cycle P corresponding to P. Hence by Observation 2, S is not representable in G%,. O
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