
Electric Vehicle Routing
with Public Charging Stations

**appendices**

Appendix A: Defining the set of fixed routes

To define the set P of all possible fixed routes from a state sk′ , we first define the modified action space

A−(sk), which allows the EV to start charging immediately regardless of queue length:

A−(sk) =
{

(ai, aq)∈ {N̄k ∪C}× [0,Q] :

ai = ik, a
q ∈
{
q̃ ∈Q

∣∣∣∣ q̃ > qk ∧((
∃c∈ C, ∃j ∈ N̄k : q̃≥ eikj + ejc

)
∨
(
N̄k = ∅∧ q̃≥ eik0

))}
,

ik ∈ C (35)

ai ∈ N̄k, aq = qk− eikai ,

(∃c∈ C : aq ≥ eaic) (36)

ai ∈ C \ {ik}, aq = qk− eikai ,

qk ≥ eikai
}
. (37)

In contrast to the definition of A(sk), there is no waiting action (c.f., equation (2)), and we remove the

condition from equation (35) that requires a charger be available for the vehicle to recharge. In addition,

we define S−(sk, a) to be the set of reachable states in epoch k + 1 when choosing action a from state sk
and when the exogenous information observed is Wk+1 ∈ {(wt,wz)|(wt,wz)∈ I(sak)∧wz = 1} (effectively, we
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ignore any information regarding position in queue, assuming it is 1 everywhere we go). Then we may define

the set P of all fixed routes from a state sk′ recursively as follows:

P = {(p1, p2, . . . , pD)|pj ∈ Pj , 1≤ j ≤D},

where D is the (variable) index of the terminal direction and the Pjs are the sets of possible directions

available j− 1 steps into the future, defined as

P1 = {(ik′ , qk′)}

P2 =A−(sk′)
...

Pj =
⋃

s′∈S−(s(k′+j−3),pj−1)

A−(s′)

...

PD = {(0, q)|q ∈ [0,Q]}.

Appendix B: Proof of Proposition 1

We begin by repeating the statement for Proposition 1:

For all static, non-AC-policies π ∈ΠB, there exists an AC policy πAC ∈ΠAC whose objective value is no

worse: τ(πAC)≤ τ(π).

Proof. In order for a policy π ∈ΠB to be non-AC, it must visit CSs without charging at them. We refer to

this as “balking” a CS. Consider a vehicle operating under the static non-AC policy π which balks CSs. We

wish to show that there exists a static AC-policy πAC such that τ(πAC)≤ τ(π). We can trivially construct

such a policy by simply mimicking π, except when π balks a CS. In that case, the constructed policy πAC

would skip visiting the balked CS and proceed directly to the subsequent location. For instance, if the static

policy π dictates the relocation from some node j to a charging station c and then immediately relocate to

j′, policy πAC would proceed directly from j to j′. In so doing, the objective value of policy πAC will differ

from that of π by an amount tjc+ tcj′− tjj′ . Because the triangle inequality holds for travel times and queues

are served first-in-first-out (FIFO), this policy will have expected cost no larger than that of π. �

The intuition is that because static policies follow a predetermined set of actions, visiting a charging

station without the intent to charge serves no purpose except to increase the time required to complete the

route. In the case of dynamic policies, they may visit a charging station and ultimately balk, but this would

be in response to the observation of the queue length at the charging station, rather than a premeditated

immediate departure. The construction strategy for πAC in the proof requires knowledge of these immediate

departures a priori, so it is therefore only valid in the context of static policies. We note that this proof holds

under any information filtration.

Appendix C: Proof of Proposition 2

We begin by repeating the statement for Proposition 2:
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For AC policies beginning in a state sk, the E-VRP-PP can be decomposed into routing and charging

decisions with objective

min
π(p)∈ΠAC

E

[
K∑

k′=k

C(sk′ ,Xπ(p)
k′ (sk′))

]
= min
ρ∈R(sk)

{
min
π∈Πρ

E

[
K∑

k′=k

C(sk′ ,Xπ
k′(sk′))

]}
.

Proof. Because each AC policy π(p) ∈ ΠAC maps to a CL sequence r(π(p)) given by equation (14), we

may equivalently write the set of AC policies as ΠAC =
⋃
ρ∈R(sk) Πρ, where Πρ = {π(p)∈ΠAC : r(π(p)) = ρ}.

This partitioning of the policy set allows us to write the objective function as a nested minimization over

CL sequences and their corresponding fixed-route policies:

min
π(p)∈ΠAC

E

[
K∑

k′=k

C(sk′ ,Xπ(p)
k′ (sk′))

]
= min
ρ∈R(sk)

{
min
π∈Πρ

E

[
K∑

k′=k

C(sk′ ,Xπ
k′(sk′))

]}
. �

Appendix D: Defining Action Space for FRVCPs

FRVCPs may be modeled as dynamic programs with formulations identical to the primary formulation for

the E-VRP-PP outlined in §2, except the FRVCP operates under a more restricted action space AAC(sk, ρ).

Here we offer a formal definition of AAC(sk, ρ). This action space disallows non-AC policies, and it ensures

that the vehicle follows the CL sequence ρ. Let N̄ ′k = N̄k ∪ {0}, and define the function n : (R×S)→ N̄ ′k
which maps a CL sequence ρ and state sk to the next element in ρ to be visited. For simplicity, we call this

element n? = n(ρ, sk). Then we define AAC(sk, ρ) by the following:

AAC(sk, ρ) =
{

(ai, aq)∈ {n? ∪C}× [0,Q] :

ai = ik, a
q = qk,

ik ∈ C′ ∧ψik < zk (38)

ai = ik, a
q ∈ {q̃ ∈Q|q̃ > qk ∧ (∃c∈ C : q̃≥ eikn? + en?c)} ,

ik ∈ C ∧ zk ≤ψik (39)

ai = n?, aq = qk− eikai ,

(∃c∈ C : aq ≥ eaic)∧ (ik ∈C⇒ qk > qk−1) (40)

ai ∈ C \ {ik}, aq = qk− eikai ,

qk ≥ eikai ∧ (ik ∈C⇒ qk > qk−1)
}
. (41)

The action space AAC(sk, ρ) is identical to A(sk) with the following exceptions. First, it contains the addi-

tional condition ik ∈C⇒ qk > qk−1 in equations (40) and (41). This condition specifies that the vehicle may

only depart a CS if it charged in the previous epoch. Second, we require ai = n? in equation (40). This ensures

that, when deciding to visit a customer, it is the next one in the CL sequence ρ. Finally, we modify the set

of charging decisions in equation (39) such that the vehicle always charges to an energy level sufficient to

reach the next location n?.
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Figure 13 An example of shifting the SoC function as we extend the label along the edge from customer node
1 to CS node 4d in Figure 5. The SoC function for node 1 (in gray) is translated by (t14,−e14). The
resulting SoC function for the label at node 4d (in black) contains one fewer supporting point, since
the translation of z1 yields an infeasible point with negative SoC.

Appendix E: Modifications to Froger et al. (2019) algorithm for the FRVCP

Froger et al. (2019) propose an exact algorithm to solve the FRVCP when the charging functions are concave
and piecewise-linear and the charging decisions are continuous. In their implementation, waiting times at
charging stations are not considered. We modify the algorithm to accommodate discrete charging decisions
and time-dependent waiting times at the charging stations. For this discussion, additional information about
the algorithm beyond the overview in §4.4 is necessary. We refer the reader to the description of Algorithm
3 in Froger et al. (2019), which is primarily located in their §5.3 and Appendix E.

To handle discrete charging decisions, we first modify the set of breakpoints that define the charging
functions. Namely, we include a “breakpoint” in the charging function at each q′ ∈ Q (even if the slope of
the charging function does not change at q′). Next, we modify the process of extending a label. Consider the
example of the edge connecting nodes 1 and nodes 4d in the graph G′ in Figure 5. During the translation of
the SoC function by (t14,−e14), as in the original implementation, we remove all resulting supporting points
with negative SoC. However, in the original implementation in which charging decisions were continuous, a
new supporting point was added at the translated SoC function’s intersection with the x-axis. This allowed
the vehicle to charge just enough at the previous CS to be able to reach the new node with zero energy.
With discrete charging decisions, we no longer create this point, so the SoC function for the label at node
4d has only three supporting points: {z̃1, z̃2, z̃3}. See Figure 13.

To accommodate time-dependent waiting times, we make additional adjustments to the SoC function when
extending a label to a CS node, such as to node 4d. We want the supporting points in the SoC function to
reflect the time at which the vehicle enters service at the CS. To do so, after the initial translation (depicted
in Figure 13), we shift the SoC function supporting points again according to the underlying wait time
(either known or expected). Define the function w : (R≥0×C)→R≥0 that specifies the (known or expected)
waiting time that the EV incurs if it arrives to some CS c at some time t. In the case of known waiting times,
functions w(t, c′) may not be continuous for a given CS c′ (see Figure 4, right), so we cannot represent the
resulting SoC function as continuous. We group the supporting points based on discontinuities in w(t, c′)
and create a new label for each group.
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Figure 14 Depiction of handling time-dependent waiting times. In the top graph, we have the resulting SoC
function after the initial translation from node 1 to node 4d depicted in Figure 13. This is superimposed
over the wait-time function w(t,4), plotted in gray. The supporting points for the SoC function are
divided into groups on either side of the discontinuity at t= φ, resulting in two new labels shown in
the bottom two graphs. After this division, the SoC functions’ supporting points are shifted by their
wait times. The final SoC functions are shown in black, superimposed over the pre-divided, pre-shifted
SoC function.

For example, consider again extending the label from customer node 1 to CS node 4d in Figure 5. After
the initial shift of the SoC function, we are left with the supporting points {z̃1, z̃2, z̃3} shown in black in
Figure 13. Now, in Figure 14 we consider known, time-dependent waiting times. The underlying wait-time
function w(t,4) (top graph, in gray) has a discontinuity at the time t= φ between supporting points z̃2 and
z̃3. As a result, the supporting points are split into two groups ({z̃1, z̃2} and {z̃3}, shown in bottom graphs)
each of which comprises a new label. All supporting points z̃j are then shifted by the amount w(z̃tj ,4) to
produce the final SoC functions for these labels.

Figure 14 depicts an example for the FRVCP-P, in which wait time functions may not be continuous.
In contrast, wait-time functions for the FRVCP-N are always continuous (see Figure 4, left), so there is no
need to divide the supporting points and create multiple labels. We simply shift each supporting point by
its underlying wait time.
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Appendix F: Information Penalties

The dual bound achieved with perfect information (see §6.2) is often loose, because no decision maker is

clairvoyant and advanced knowledge of the future is often valuable. To tighten the bound, we can penalize

the decision maker and attempt to eliminate any benefit of using advanced information. These information

penalties manifest as additional costs z(sk, a) incurred during action selection in the perfect information

problem. We write the objective function of the penalized perfect information problem as

E

[
min
π∈Π

K∑
k=0

C(sk,Xπ
k (sk)) + z (sk,Xπ

k (sk))

∣∣∣∣∣s0

]
. (42)

The form of the information penalty we use is z(sk, a) = E [Vk+1(sk, a)|Fk] − E [Vk+1(sk, a)|Ik], where

Vk+1(sk, a) is the value of being in the pre-decision state sk+1 reached by choosing action a from state sk.

The penalty captures the difference in the expected cost-to-go under the natural and perfect information

filtrations. The form of this penalty aligns with that of Theorem 2.3 (and Proposition 2.2) of Brown, Smith,

and Sun (2010), which promises strong duality. Strong duality guarantees that the optimal objective value

of the penalized perfect information problem (42) will be equal to the objective value of the optimal non-

anticipative policy. In practice, however, the values E [Vk+1(sk, a)|Fk] and E [Vk+1(sk, a)|Ik] are unknown.

To approximate them, we follow an approach suggested in Brown, Smith, and Sun (2010), employing value

function approximations for Vk+1(sk, a).

Let vGk+1(sk, a) be the approximation of E [Vk+1(sk, a)|Gk] under a filtration G. Then we can write our

approximated penalty as ẑ(sk, a) = vFk+1(sk, a)− vIk+1(sk, a). To compute vGk+1(sk, a) we utilize an estimating

policy π(sk+1,G) to approximate the cost-to-go from a future state sk+1 under the filtration G: vGk+1(sk, a) =

E
[∑K

i=k+1C
(
si,X

π(sk+1,G)
i (si)

)∣∣∣sk, a]. For our estimating policy, we use the TSP static policy (see §5.1.2).

Then we may write our penalty explicitly as

ẑ(sk, a) = E

[
K∑

i=k+1

C
(
si,X

πTSP(sk+1,F)
i (si)

)∣∣∣∣∣sk, a
]
−E

[
K∑

i=k+1

C
(
si,X

πTSP(sk+1,I)
i (si)

)∣∣∣∣∣sk, a
]

(43)

The objective for the penalized PI problem with our approximation is

E

[
min
π∈Π

K∑
k=0

C (sk,Xπ
k (sk)) + ẑ (sk,Xπ

k (sk))

∣∣∣∣∣s0

]

=E

[
min
π∈Π

K∑
k=0

C (sk,Xπ
k (sk)) + vFk+1 (sk,Xπ

k (sk))− vIk+1 (sk,Xπ
k (sk))

∣∣∣∣∣s0

]
. (44)

As in the unpenalized perfect information problem, without loss of optimality, we may restrict our search of

policies to those that are AC. We justify this restriction in Proposition 4.

Proposition 4 (Optimal policies for penalized PI problem are AC). Let τẑ(π) be the value of a

policy π ∈ Π for the penalized perfect information problem (42), where the penalty is ẑ as defined in equa-

tion (43). Then for any non-AC policy π ∈ ΠB, there exists an AC policy πAC ∈ ΠAC such that τẑ(πAC) ≤

τẑ(π).

Proof. See §F.2.
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Figure 15 A vehicle at customer 3 in the beginning of epoch one. The vehicle must visit customers 2 and 1
before returning to the depot, but before it can visit customer 1, it must first charge. We illustrate
the construction of information penalties using the action associated with the bolded arrow as an
example.

Following from Propositions 2 and 4, we may decompose the penalized perfect information problem into

routing and charging decisions as before, so the objective function becomes

E

[
min

ρ∈R(s0)

{
min
π∈Πρ

K∑
k=0

C (sk,Xπ
k (sk)) + vFk+1 (sk,Xπ

k (sk))− vIk+1 (sk,Xπ
k (sk))

}∣∣∣∣∣s0

]
. (45)

We can again estimate the objective value of (45) using simulation, as we did to estimate the unpenalized

objective value with perfect information in equation (34). The inner minimization of (45) is still an FRVCP

which can be modeled as a modified version of our original dynamic program, as in §4.3.2. To solve the

penalized FRVCP, we use the classical reaching algorithm (Denardo 2003) that enumerates in forward-

DP fashion all states that can be realized along a fixed CL sequence ρ. The restriction to AC policies in

Proposition 4 is crucial, as it significantly reduces the number of realizable states that must be enumerated

in the reaching algorithm. We also remove queue memories from the state description to further reduce the

number of enumerable states. While time-consuming, the reaching algorithm allows for the consideration of

nonlinear penalties, which can no longer be accommodated by the labeling algorithm nor by more classical

solution methods, such as mixed integer-linear programs.

For an example of the construction of information penalties, let us consider Figure 15 with the vehicle

in state s1 = (t0,3,3,Q− e0,3,{2,1},1) (note the omission of queue memories). We assume CSs 4 and 5 are

identical, meaning they have the same charging technology and number of chargers. Further, we assume

that t2,4 = t2,5 and t4,1 = t5,1 (likewise for the energy to traverse these arcs). We compute a penalty for each

action in the action space A(s1), which consists of relocation actions to customer 2 and charging stations 4

and 5 (relocating to nodes 0 and 1 is energy infeasible). Abusing notation slightly, we have A(s1) = {a2 ≡

(2, q1− e3,2);a4 ≡ (4, q1− 33,4);a5 ≡ (5, q1− e3,5)}. In this example, we will illustrate the computation of the

penalty ẑ(s1, a2) corresponding to the action a2 in which the EV relocates to customer 2.

First, from the post-decision state sa2
1 , we sample realizations of queue dynamics at CSs 4 and

5. For simplicity, let us assume we are conducting a single sample denoted by ω ∈ Ω. We real-

ize the (deterministic) exogenous information W2 = (t1 + t3,2,1) ∈ I(sa2
1 ) and transition to state s2 =

(t0,3 + t3,2,2,Q− e0,3− e3,2,{1},1). From this state, we wish to construct TSP Static policies π(s2,F) and

π(s2, I) for use in vF2(s1, a2) and vI2(s1, a2), respectively. Per §5.1.2, the CL sequence followed by the vehi-

cle will be the same under both filtrations, so we determine it first. To do so, we solve a single itera-

tion of the outer minimization of equation (15). This finds the shortest Hamiltonian path from customer
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2, through the remaining customers, terminating at the depot, which is the sequence ρ = (2,1,0). Then,
given ρ, we solve a single iteration of the inner minimization to establish the fixed route for the TSP
static policies: we solve the FRVCP-N on ρ to construct the fixed route we call pF and its correspond-
ing policy π(s2,F) = π(pF), and we solve the FRVCP-P on ρ to construct the fixed route we call pI with
corresponding policy π(s2, I) = π(pI). For the former, let us assume that the expected waiting time at CS
4 is 40 min, and the expected waiting time at CS 5 is 45 min. This leads to the fixed-route solution
pF = ((2, q2), (4, q2− e2,4), (4, q̃), (1, q̃− e4,1), (0, q̃− e4,1− e1,0)), which includes a stop to charge at CS 4 to
charge level q̃ = min{q ∈ Q′} where Q′ = {q ∈ Q : q ≥ e4,1 + e1,0}. The cost of pF we denote τ(π(pF)) =
t2,4 + 40 + ū(q2 − e2,4, q̃) + t4,1 + t1,0. For the FRVCP-P we proceed similarly, except now we have access to
ω, which grants us knowledge of the queue dynamics at CS 4 and 5 at all points in time. Say we know the
wait time at CS 4 will actually be 20 min, and the wait time at CS 5 will be 5 min. Then the solution to the
FRVCP-P is the fixed route pI = ((2, q2), (5, q2− e2,5), (5, q̃), (1, q̃− e5,1), (0, q̃− e5,1− e1,0)) with corresponding
cost τ(π(pI)) = t2,5 + 5 + ū(q2− e2,5, q̃) + t5,1 + t1,0. The values vF2(s1, a2) and vI2(s1, a2) are then equal to the
average of the route costs associated with π(pF) and π(pI), respectively, over samples from Ω (of which there
is only one in this example). Thus, we have ẑ(s1, a2) = vF2(s1, a2)− vI2(s1, a2) = E

[
τ(π(pF))

]
−E

[
τ(π(pI))

]
=

40− 5 = 35, so the penalized cost of choosing action a2 from state s1 is C(s1, a2) + ẑ(s1, a2) = t3,2 + 35. The
value of the penalty represents the benefit of using advanced information in decision making, capturing the
difference in expected costs-to-go E [V2(s1, a2)|F1] and E [V2(s1, a2)|I1].

While the CL sequence ρ = (2,1,0) will be the same for each sample from Ω, the same is not generally
true of pI and pF, which must be resolved for each sample of queue dynamics. This process is repeated for
each action in the action space and at each decision epoch.

As the example illustrates, the application of information penalties increases computation significantly,
which restricts the size of instances in which we can apply them. This exercise may not be not in vain,
however, as methods that yield near-optimal policies for smaller instances may portend toward good methods
for larger instances.

F.1. Experiments with Information Penalties

To demonstrate the utility of information penalties we seek instances for which access to perfect information
is exceptionally valuable. These instances should result in a large gap between the performance of a non-
anticipative policy and one with perfect information, making for a weak dual bound. Good information
penalties should then tighten the dual bound, demonstrating that our policies are closer to the optimal
policy than originally suggested by the PI bound. We attempt to construct such an instance here by 1)
including “competing” charging stations between which the EV must choose, and 2) increasing the amount
of stochastic costs (waiting costs) relative to deterministic costs (traveling and charging costs). The former
produces more uncertainty and a larger action space, both of which stand to increase the value of perfect
information. The latter aims to simply highlight this value.

Because the reaching algorithm used to solve the penalized FRVCP (the inner minimization of (45))
enumerates all reachable states along a fixed CL sequence, we must be mindful of instance size in these
experiments. To ensure tractability, we construct an instance with four customers and two extradepot CSs.



Kullman, Goodson, and Mendoza: EV Routing with Public Charging Stations
Article submitted to Transportation Science; manuscript no. TS-2019-0294 9

PI PI+Penalty PostTSP Opt Static
Policy

0

50

100

150

200

250

300

350

Ob
je

ct
iv

e 
(m

in
) 237.12

(0.0)

255.46
(7.7)

273.47
(15.3)

343.69
(44.9)

Figure 16 Comparing our best dynamic and static non-anticipative policies to the dual bounds afforded by the
value of the optimal policy with perfect information and the value of the optimal policy with penalized
access to perfect information.

Note. Bar labels are average objective achievement over 250 samples of uncertainty with percent difference from the
PI bound in parentheses.

Further, we limit the set of chargeable battery states Q to the charging function breakpoints and multiples
of 25% (Q = {0,0.25Q,0.5Q,0.75Q,0.85Q,0.95Q,Q}). Despite these restrictions, the computational effort
required to solve just one realization of uncertainty with information penalties is almost ten minutes. This
is in contrast to the negligible computation time (milliseconds) required to establish the perfect information
bound for this instance, as well as execute all other routing policies.

The experimental results for this instance over 250 samples of uncertainty are shown in Figure 16. The
figure shows the performance of the optimal policy with perfect information (“PI”), the optimal policy with
penalized access to perfect information (“PI + Penalty”), and our best dynamic and static policies (PostTSP
and the optimal static policy, respectively). The size of the gap between our best policy and the PI bound
(15.3%) suggests that we were successful in creating an instance in which information was valuable. The
penalties’ potential is evident in these results, as they yield a dual bound that is more than twice as strong:
the gap between our best non-anticipative policy and the dual bound is 7.6% with penalties, compared to
15.3% with the PI bound alone.

To the best of our knowledge, these experiments represent the first successful demonstration of information
penalties in vehicle routing and the first successful application of information penalties in general to a
combinatorial perfect information problem lacking any special structure making the problem easier to solve.
While scalability remains an issue, we hope that this serves as a proof-of-concept for future endeavors from
other researchers.

F.2. Proof of Proposition 4

We begin by repeating the statement of Proposition 4:
Let τẑ(π) be the value of a policy π ∈ Π for the penalized perfect information problem (42), where the

penalty is ẑ as defined in equation (43). Then for any non-AC policy π ∈ ΠB, there exists an AC policy
πAC ∈ΠAC such that τẑ(πAC)≤ τẑ(π).
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Proof. We proceed similarly as in the proof of Proposition 1. Consider a vehicle operating under the non-

AC policy π which balks CSs. We wish to show that there exists an AC policy πAC such that τẑ(πAC)≤ τẑ(π).

We can construct such a policy by mimicking π, except when π balks a CS. In that case, the constructed

policy πAC would skip visiting the balked CS and proceed directly to the subsequent location. For instance, if

the policy π dictates the relocation from some node j to a charging station c and then immediately relocate

to j′, policy πAC would proceed directly from j to j′.

In the proof of Proposition 1, we relied on the triangle inequality and the fact that our queues are served

first-in-first-out to reason that the constructed policy πAC would outperform π. Now in the presence of

penalties, while the FIFO principle still holds, it is less obvious that the triangle inequality holds. We prove

here that it does by comparing the costs and penalties incurred between j and j′ under policies πAC and π.

More specifically, we want to show that

tj,j′ + ẑ(sj , aj,j′)≤ tj,c + ẑ(sj , aj,c) + tc,j′ + ẑ(sc, ac,j′),

where sj is the initial state of the vehicle at j; aj,j′ is the action of traveling directly from j to j′; aj,c is the

action of traveling from j to c; sc is the state of the vehicle after taking action aj,c from state sj ; and ac,j′ is

the action of traveling from c to j′. The left-hand side of the equation represents the costs associated with

traveling directly from j to j′ (πAC) and the right-hand side represents the costs associated with traveling

from j to c, balking at c, then traveling to j′ (π).

By the unpenalized triangle inequality, tj,j′ ≤ tj,c + tc,j′ , so it is sufficient to show that

ẑ(sj , aj,j′)≤ ẑ(sj , aj,c) + ẑ(sc, ac,j′). (46)

Further, each penalty term ẑ(sk, a) is non-negative, because the terms are defined as ẑ(sk, a) = vFk+1(sk, a)−

vIk+1(sk, a) and

vIk+1(sk, a) = E

[
min

π∈Π
ρTSP

K∑
k′=k

C(sk′ ,Xπ
k′(s′k))

]
≤ min
π∈Π

ρTSP
E

[
K∑

k′=k

C(sk′ ,Xπ
k′(s′k))

]
= vFk+1(sk, a).

The reversal of expectation and minimization that produces the middle inequality is a result of the use of

perfect information in the construction of vIk+1(sk, a). As a result, ẑ(sc, ac,j′)≤ ẑ(sj , aj,c) + ẑ(sc, ac,j′), so if

we can show that

ẑ(sj , aj,j′)≤ ẑ(sc, ac,j′), (47)

then we are done.

Writing the penalties explicitly and somewhat abusing notation for epoch indices, inequality (47) is equiv-

alent to

vFj+1(sj , aj,j′)− vIj+1(sj , aj,j′)≤ vFc+1(sc, ac,j′)− vIc+1(sc, ac,j′). (48)

Notice, however, that each term represents an expected cost-to-go from node j′. The terms on the left-hand

side represent costs-to-go from node j′ after traveling directly from j, while terms on the right-hand side

represent costs-to-go after first balking CS c. Notice also that, for a given filtration, the cost-to-go from node
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j′ cannot be better after balking at CS c than if having traveled directly. To prove this is the case, we refer
the reader to Lemma 1.

Thus, vFj+1(sj , aj,j′)≤ vFc+1(sc, ac,j′) and vIj+1(sj , aj,j′)≤ vIc+1(sc, ac,j′), so equation (48) holds, meaning the
triangle inequality also does in the presence of penalties. �

By Proposition 4, because the optimal policy for the penalized perfect information problem is AC, we can
write its objective function as

E

[
min
π∈Π

K∑
k=0

C(sk,Xπ
k (sk)) + ẑ (sk,Xπ

k (sk))
]

=E

[
min
π∈ΠAC

K∑
k=0

C(sk,Xπ
k (sk)) + ẑ (sk,Xπ

k (sk))
]

=E

[
min

ρ∈R(s0)

{
min
π∈Πρ

K∑
k=0

C (sk,Xπ
k (sk)) + ẑ (sk,Xπ

k (sk))
}]

.

Restricting our search to the set of AC policies is especially convenient, because there are significantly fewer
charging decisions to consider in the inner minimization.

Lemma 1 (Unimproved cost-to-go after balking a CS). Consider a vehicle in some state sj at loca-
tion j. The cost-to-go from a location j′ as measured by the TSP static estimating policy is no greater if the
vehicle travels directly from j to j′ than if it travels j to c∈ C, balks c, then travels c to j′.

Proof. Denote by sk(j′) the resulting state of the vehicle that traveled directly j to j′, and sk(cj′) the
resulting state of the vehicle that first balked at CS c. Recall that the TSP Static policy performs a single
iteration of the outer minimization of equation (15), then solves the FRVCP for the resulting CL sequence.
The CL sequence ρTSP resulting from a single solution of the master problem (16)-(22) will be the same for
both sk(j′) and sk(cj′), so what we must show is that the value of the optimal policy produced by the solution
to the subproblem for this sequence is no worse from state sk(j′):

min
π∈Π

ρTSP
E

 K∑
k=k(j′)

C(sk,Xπ
k (sk))

≤ min
π∈Π

ρTSP
E

 K∑
k=k(cj′)

C(sk,Xπ
k (sk))

 . (49)

The left-hand side of (49) corresponds to the objective when traveling directly, and the right-hand side
corresponds to the objective after balking. We proceed by contradiction.

For the statement (49) to be false, it must be the case that there is an action available downstream from
state sk(cj′) (in epochs {k(cj′), . . . ,K}) that yields a lower objective value and is not available downstream
from state sk(j′). As described in §4.3.2, the subproblem consists in finding the optimal charging decisions
along ρTSP and can be modeled as a dynamic program with action space defined by (38)-(41). By the
definition of this action space, the only actions exclusively available downstream from state sk(cj′) are those
in equation (39) that correspond to charging decisions to energy levels less than that with which the vehicle
would arrive downstream from state sk(j′). For such charging decisions to be in the set of feasible actions, it
must be that the charge level is sufficient to reach the next stop in the CL sequence n? and some subsequent
CS c′. However, if this were the case, then – by the triangle inequality – the vehicle downstream from state
sk(j′) could simply skip the CS visit and instead proceed directly to n?, which would result in less incurred
cost. Thus, it is not the case that there exists an action downstream from state sk(cj′) that yields a lower
objective value and is not available from state sk(j′), so (49) holds. �
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Appendix G: Proof of Proposition 3

We begin by repeating the statement for Proposition 3:

Let ACV(sk) be a relaxation of action space A(sk) defined by the removal of conditions (∃c∈ C : aq ≥ eaic)

in equation (4) and (qk ≥ eikai) in equation (5). Further, let ΠCV be the set of feasible policies under ACV.

Then there exists an optimal policy π? ∈ΠCV that does not visit any charging stations.

Proof. First, we note that the feasibility of π? is guaranteed by the construction of ACV, since the relaxed

conditions ensure that the vehicle can always relocate to an unvisited customer or a CS.

We proceed by contradiction. If π? is not optimal, then there exists a policy π that does visit CSs and has

a lower objective value. However, it is easy to construct a policy π′ with better performance by following

policy π, except when it chooses to visit CSs. In those cases, π′ advances directly to the next customer visited

by π (or the depot, if terminating). In so doing, the objective value of π′ will be no greater than that of π.

But this contradicts our assumption that π has a strictly lower objective value, so it must be that an optimal

policy exists that does not visit any CSs. �

Appendix H: Disaggregated Results of Computational Experiments

Table 5 contains disaggregated results for the computational experiments described in §7. The naming conven-

tion for the instances (or, more accurately, the technician assignments) is “geography zoneID-technicianID.”

Optimal static, PreOpt, and Private-only entries marked with asterisks denote instances that we were able

to solve to optimality; the rest are the best solutions found after three hours of computation. Empty cells

for the PI bound denote instances for which we could not solve at least 38/50 realizations of uncertainty

to optimality (all PI values shown are optimal). Entries marked “inf” are infeasible under the private-only

recharging strategy.

Appendix I: Tabular Summary of Notation

We provide in Table 6 a list of most notation used throughout the manuscript.
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Table 6 Notation used in the manuscript, presented in order of appearance

Notation Description

N Set of customers
N Number of customers
C Set of CSs
C′ Set of extradepot CSs
V Set of all nodes (C ∪N )
ti,j , ei,j Time and required to travel between node i and node j
ψc Number of charging terminals at CS c
pc,arrive, pc,depart Probability of arrival to and departure from CS c per time
Q EV’s battery capacity
Q Set of discrete energy levels to which the EV may choose to recharge
K Number of epochs (terminal epoch)
sk *State of the system at the beginning of epoch k
tk *Time of the system at the beginning of epoch k
ik *Location of the vehicle at the beginning of epoch k
qk *Energy in the vehicle’s battery at the beginning of epoch k
N̄k *Unvisited customers at the beginning of epoch k
zk *Vehicle’s position in queue at the beginning of epoch k
Mk *Vehicle’s memory of queue observations at the beginning of epoch k
S State space
A(sk) Action space for state sk
a= (ai, aq) Action a, a (location, charge) pair
I(sak) Information space for post-decision state sak
Wk+1 = (wt,wq) Exogenous information observed in epoch k, a (time, position in queue) pair
ū(e1, e2) Function specifying the time to charge from energy e1 to e2
C(sk, a) Cost of taking action a from state sk
Π Set of all Markovian deterministic policies
Xπ
k (sk) Decision rule for policy π in epoch k mapping state sk to an action

τ(π) Objective value of policy π
pj = (pij , p

q
j) jth direction of fixed route p, a (location, charge) pair

π(p) Fixed-route policy derived from fixed route p
P Set of all feasible fixed routes
ΠS Set of all feasible fixed-route policies
R(π(p)) Sequence of locations visited under fixed-route policy π(p)
r(π(p)) CL sequence for fixed-route policy π(p)
R(sk) Set of all possible CL sequences from state sk
Sym(N̄k) Set of all permutations of set N̄k
ΠAC Set of all feasible AC policies
ΠB Set of all feasible fixed-route policies that visit a CS without recharging
TD(ρ) Direct-travel cost of CL sequence ρ
Y ?(ρ) Optimal charging decisions for CL sequence ρ
T (ρ,Y ?(ρ)) Cost of CL sequence ρ given charging decisions Y ?(ρ)
e?j Maximum energy with which an EV can arrive to location j
Pρ Set of substrings of sequence ρ of length 2+
P̄ρ Elements of P̄ρ not traversible without recharging
Πρ Set of all fixed-route policies with CL sequence ρ
zj = (ztj , z

q
j ) jth supporting point in FRVCP labeling algorithm, a (time, charge) pair

Spost(sk) Reachable post-decision states from state sk
πTSP(sk) TSP static policy from state sk
ΠCV Set of all policies that are not required to visit a CS
F Natural filtration
I Perfect information filtration
Fk Information known under filtration F at the beginning of epoch k

*These symbols may also appear with a superscript a, referring to their value in the post-decision state after
taking action a in epoch k
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