
Appendix A: Implementation details of Benders decomposition

In this Appendix, we introduce the process of Benders decomposition for CMApHMPC only. CMAHLPC

can be solved with similar process with minor modification. In the CMApHMPC, there is a constraint on the

node capacity for each hub, i.e., the total flow through each hub cannot exceed its capacity. The formulation

for CMApHMPC with O(n3) variables is shown in Section 2.4. In addition to this formulation, Ebery et al.

(2000) also proposed a formulation with O(n4) variables as follows:

min
∑
i∈V

∑
j∈V

∑
k∈V

∑
m∈V

(δ1cik +αckm + δ2cmj)wijXijkm (43)

subject to
∑
k∈V

Yk = p (44)∑
k∈V

∑
m∈V

Xijkm = 1,∀i, j ∈ V (45)∑
m∈V

Xijkm +
∑

m∈V,m6=k

Xijmk ≤ Yk,∀i, j, k ∈ V (46)∑
i∈V

∑
j∈V

wij
∑
m∈V

Xijkm ≤ λkYk,∀k ∈ V (47)

Yk ∈ {0,1},∀k ∈ V (48)

Xijkm ∈ [0,1],∀i, j, k,m∈ V (49)

Here Xijkm ∈ [0,1] denotes the ratio of travel demands from node i to node j via hubs k and m. Set

variables Yk to fixed values Ŷk. The sub-problem (SP) is generated:

min
∑
i∈V

∑
j∈V

∑
k∈V

∑
m∈V

(δ1cik +αckm + δ2cmj)wijXijkm (50)

subject to
∑
k∈V

∑
m∈V

Xijkm = 1,∀i, j ∈ V (51)∑
m∈V

Xijkm +
∑

m∈V,m6=k

Xijmk ≤ Ŷk,∀i, j, k ∈ V (52)∑
i∈V

∑
j∈V

wij
∑
m∈V

Xijkm ≤ λkŶk,∀k ∈ V (53)

Xijkm ∈ [0,1],∀i, j, k,m∈ V (54)

Let σij ∈R, πijk ≥ 0 and ηk ≥ 0 be the dual variables for Equations (51–53). The dual sub-problem (DSP)

is formulated below:

max
∑
i∈V

∑
j∈V

(σij −
∑
k∈V

Ŷkπijk)−
∑
k∈V

λkŶkηk (55)

subject to σij −πijk−πijm−wijηk ≤ (δ1cik +αckm + δ2cmj)wij ,∀i, j, k,m 6= k ∈ V (56)

σij −πijk−wijηk ≤ (δ1cik + δ2ckj)wij ,∀i, j, k ∈ V (57)

σij ∈R,∀i, j ∈ V (58)

πijk ≥ 0,∀i, j, k ∈ V (59)

ηk ≥ 0,∀k ∈ V (60)
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After solving the DSP, the obtained solution is used to construct the Benders cut as follows:

θ≥ σ̂ij −
∑
k∈V

π̂ijkYk−
∑
k∈V

λkη̂kYk (61)

In each iteration, the newly generated Benders cut is added to the following master problem (MP):

min θ (62)

subject to θ≥ 0 (63)∑
k∈V

Yk = p (64)∑
k∈V

Ykλk ≥
∑
i∈V

Oi (65)

Yk ∈ {0,1},∀k ∈ V (66)

Here, an additional equation (65) is added to guarantee the feasibility of the problem, i.e., the sum of the

capacity of all hubs should not be smaller than the total travel demands. The complete process of Benders

decomposition for solving CMApHMPC is summarized below, inspired by de Camargo et al. (2008):

1. Set UB = +∞ and LB = 0.

2. If LB =UB, terminate the algorithm. The optimal solution of the original problem is obtained.

3. Solve the MP and obtain the optimal values of the objective function ẑMP and variables Ŷk.

4. Let LB = max(LB, ẑMP ). Update the values of Ŷk in the new DSP.

5. Solve the new DSP. Obtain the optimal values of the objective function ẑDSP and variables

βij , ηm, σim, γk.

6. Add the new Benders cut (61) to the MP. Let UB = min(UB, ẑDSP )

7. Go back to Step 2.

Based on the above process of Benders decomposition for solving the CMApHMPC, it is straightforward

to implement Benders decomposition for the CMAHLPC. We only need to add the setup-cost for hubs,

i.e.,
∑

k∈V fkYk to the objective function of the MP and the value of the upper bound (UB). In addition,

the p-hub constraint needs to be removed. Benders decomposition for the USApHMPI and USAHLPI can

also be implemented based on (de Camargo et al. 2017) with some modifications. The process of Benders

decomposition for all other types of hub location problems can be found in the literature (see Table 3 in the

main text for details).
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Appendix B: Implementation details of RG

We introduce the process of RG for USApHMPC. The row generation on Euclidean data is proposed based

on the quadratic formulations with O(n2) variables (O’Kelly 1987):

min
∑
i∈V

∑
k∈V

Aik(δ1cikOi + δ2ckiDi) +
∑
i∈V

∑
j∈V

∑
k∈V

∑
m∈V

αckmwijAikAjm (67)

subject to
∑
k∈V

Aik = 1,∀i∈ V (68)∑
k∈V

Akk = p (69)

Aik ≤Akk,∀i, k ∈ V (70)

Aik ∈ {0,1},∀i, k ∈ V (71)

The second term (the costs for transporting travel demands through the hub network) in the objective

function can be replaced by
∑

i∈V

∑
j∈V wijTij and the following constraints:

Tij ≥
∑
k∈V

∑
m∈V

αckmwijAikAjm,∀i, j ∈ V (72)

Tij ≥ 0,∀i, j ∈ V (73)

The key concept of the algorithm is to replace Equation (72) by Equation (74) as follows:

Tij ≥
∑
k∈V

λhlk Aik−
∑
m∈V

λhlmAjm,∀i, j, h, l ∈ V,h 6= l (74)

where λhlk = αchl

2
+

α(c2kl−c
2
kh)

2chl
. It has been proven that the above replacement is equivalent (Meier and Clausen

2018). Since there are O(n4) constraints in Equation (74), they cannot be added to the model formulation

directly when solving large-scale instances. Therefore, a row generation procedure is applied. Let P, R-P and

P(Ĥ) be the problem without Equation (74), the linear relaxation of P and the restriction of P (where hubs

can only be selected from Ĥ ∈ V ), respectively. Then the row generation procedure is as follows (Meier and

Clausen 2018):

1. Solve R-P with (74)-type constraints for which i= h and j = l. A solution Â, T̂ is obtained.

2. Let Ĥ be the set of k with Ŷkk > 0. Solve P(Ĥ) with all (74)-type constraints that have been added to

R-P already. The obtained variable Y is recorded as Ȳik.

3. For each i, j ∈ V , find h, l with Ȳih = Ȳjl = 1. If h 6= l, check whether Equation (74) is satisfied. If not,

add it to R-P.

4. If there are newly added (74)-type constraints, resolve R-P and go back to Step 2. Otherwise, terminate

the procedure.

The above process can be adapted to CSApHMPC, USAHLPC, and CSAHLPC directly.
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Appendix C: Algorithm for computing similarity index of two hub sets

Algorithm 1 Computation of similarity index for two hub sets.

Input: The distance (cost) cij between each pair of node (i, j), two hub sets H1 and H2.
Output: The similarity index SH1,H2 of H1 and H2.

1: Let set L= {(i, j)|i∈H1, j ∈H2}. Sort the node pairs in L in an ascending order of cij .
2: Let SeenHubs= ∅, SumDistance= 0, MinP =min{|H1|, |H2|}, and MaxP =max{|H1|, |H2|}. Let MedianC =the median

value of all cij in the dataset.
3: for (i, j)∈L do
4: if i /∈ SeenHubs and j /∈ SeenHubs then
5: Let SumDistance= SumDistance+ cij .
6: Let SeenHubs= SeenHubs∪{i, j}
7: if |SeenHubs| ≥ 2 ∗MinP then
8: break
9: end if
10: end if
11: end for
12: Let SH1,H2

= 1− (SumDistance+(MaxP −MinP ) ∗MedianC)/(MaxP ∗MedianC).
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