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Appendices
A. The upper bound of r,

When testing the conditions for Theorem 1, if the calculation of 7, is hard or not necessary, one
can turn to finding the upper bound of 7, instead. According to the Hoffman’ error bound theorem
(Facchinei and Pang 2007), there exists a constant H (Q) that depends only on the matrix @, such
that the L, distance from (d°,v°) to S is bounded above by H(Q) - (||Qd° — v°|| + ||min(0, (d°,v°))])),
where H(Q) is called the Hoffman’s constant. If we use 73 to denote such an L, distance, it turns
out that rs < H(Q) - (||[Qd°® — v°|| + ||min(0, (d°,v°))||). Since for any vector x, it is always true that
|z|y < v/nl|z|2, Vz € R™. Based on the definition of 7, we have ry < /nrs < /RH(Q) - (||Qd° — v°|| +
|[min(0, (d°,v°))||). This means /nH(Q) - (|Qd® — v°|| + ||min(0, (d°,v°))|) can be considered as an
upper bound of 5. According to Theorem 1, if r; is greater than this upper bound, it can be stated
that d € K and the OD quasi-sparsity consistency holds. Unfortunately, calculating the Hoffman’s
constant is very challenging (Klatte and Thiere 1995). We could however estimate the Hoffman’s
constant via some algorithmic approaches based on the characterization of matrix Q (Giiler, Hoffman,

and Rothblum 1995, Wang and Lin 2014, Pena, Vera, and Zuluaga 2018). Details are omitted here

to save space.

B. Proof of Theorem 2
Proof First, because the matrix Q in (3) is nonnegative, we can remove the constraint v > 0 there

to rewrite it as

min ld—d°||s + ||v—°|:
d€R|W|,UER‘A| (44)

s.t. Qd—v:O; d>0.

Since (a?,f)) is an extreme point to the set of optimal solutions of (3), it is also an extreme point to
the set of optimal solutions of (44).
Next, we apply Lemma 1 to (44). The notation in Lemma 1 is related to notation here in the

following way: x = (d,v), 2° = (d°,v°),
M=[Q -I], b=0, N=I and h=0,

where the identity matrices I in M and N are of dimensions |A| x |A| and |W| x |W| respectively. The
index set E in Lemma 1 is given by Wy. In addition, Jp = WpUAp, J; =WzUAz, and Jy = Wy U Ay.
We further partition Wy and W, as

Wy =WynWy) U (Wx\ W),

WO == (WZ N WO) U (WN N Wo);

recall that Wp N W, = 0. Then, the matrix in Lemma 1
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is given by
(Wel  [WnWo|  [Wn\Wo| [Ap| |An|
|Ap| Qupwp Qapwyowy Qapwww, —I1 0
|Az| QAZ,WP QAZ,WNmWO QAZ,WN\WO 0 0
|An| QAN,WP QAN,WNnWO QAN,WN\WO 0 —1
W,nWel| 0 0 0 0 0
W NW,| 0 1 0 0

which becomes
(Wp| Wy Wo| [Wy\Wo| |Ap| |Ax|

|Ap| Qap,wp 0 Qapwyw, —I 0

|Az| Qaywp 0 Qaywywy O 0

[An| | Qay.wp 0 Qaywyw, 0 I
WynW| | 0 0 0 0 0
WynWel| 0 I 0 0

after elementary row operations. The rank of the entire matrix above is at most
W OWo| +[Ap| +Az| + [An| = Wy N Wo| + | Al
By Lemma 1, we have
[Jz| =Wzl +[Az| = (W] +|A]) = (IWn 0 Wol + [ A]).

Because |Wy NWy| + [Wz| = [WoUWy|, we obtain (12). O

C. Proof of Theorem 5

Proof First, since (d*,v*) satisfies Assumption 2 and is the unique optimal solution to (20), it is
a strict local solution to (15) by Theorem 3.

Next, we analyze the solution sparsity of (d*,v*), by applying Lemma 1. Because rows in Q*
corresponding to indices a € Af are zero, we can consider a reduced problem in which the links in Aj
are removed. Let 9, v* and 9" be subvectors of v, v* and v° consisting of components corresponding
to a & A, and Q* be the submatrix of Q* consisting of rows with indices not in A%. Because (d*,v*)
is the unique optimal solution to (20), (d*,v*) is the unique optimal solution to the following reduced
problem:

min ||d—d"||, + [[o - 2°|y
av A (45)
s.t. (d,0) € 8™ ={(d,v) |Q*(d—d*)+v"=v; d>¢, v>0}.
The dimension of d is still |W|, the dimension of v is |A| — |Af| instead of |A|. By the way v* is
defined, the set {a € A\ Aj:v: =0} is empty. The set A\ A} is partitioned into the following sets
Ap={ac A\ A}: vF — 00 >0},
Ay ={ac A\ A : v — 00 =0},
Ay ={ac A\ 4;: v -2 <0},
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which are related to A}, A% and A} by

Ap= Ap\Ay=Ap, A=A\ Ay, Ay = A3\ 45, (46)
Because d* and d" are the same as before, W is partitioned by the same sets W5, W and W5, defined
in (28).

Next, we apply Lemma 1 to the problem (45). To relate the notation in Lemma 1 to the notation

here, note that x = (d,v), 2° = (d°,v°),

M=[Q" —I], b=Q"d —7v", N—[é?] and h—[g].

The index set F is given by W7*. In addition, Jp = WU A%, J, =WiUA%L, and Jy = Wi U A% We
further partition the index sets as

Wi =WpnWg) U (Wp\WY),

Wy =WynWe) u (WR\ W),

Wrx=WinWr) u WynWr) u (WynWr).
Then, we write the matrix in Lemma 1

M:,Jp M:,JN
Ng.jp Ni,gy

in the following form:

(Wenwe|  (Wp\We|  [WrnWe|  [WR\We| |Ap] Ay

|A7’| Qf&;,w;mwg Q*A?*P,W;;\W; Q:%*P,WX,QWE* QE};,W]’Q\WE* -1 0

|47 Q}},W;HW; QE*Z,W;,\WE* QE},W]’Q,OW: QE*Z,W]’(,\WE* 0 0

|A?V| in}*v,w;;mwg QE;@,,W;;\W; Qjﬁv,w}*vmwg QE}‘V,W]’(]\WE* 0 -1
(Wi NW?| I 0 0 0 0 0
(WinNWg 0 0 0 0 0 0
(Wi nW| 0 0 1 0 0 0

By subtracting appropriate multiples of the fourth row and the sixth row from the first, second, and

third row, the matrix becomes

(WenWe| (Wp\We| [WroWe| [WR\W| |Ap] |A]

| A 0 QE*P,WI*,\WE* 0 Q}}S,W]*V\W;‘ -0
‘AE‘ 0 Q:?*Z,W;g\wg 0 Q}*ZWJ*V\W: 0 0
Ay 0 Q};“V,W;;\W: 0 QE}Q,WK,\W: 0~
Wrn W7 I 0 0 0 0 0
Wz N Wy 0 0 0 0 0
Wi NW>| 0 0 I 0 0 0

It is clear that the rank of the entire matrix above is at most

(WE QW+ W W+ |Ap| + A7 + Ay | = W\ W] +|A] - |AG].
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By Lemma 1, we have
T2 = Wzl +|AZ] = (W] + Al = |A]) — (W \ Wz + |A] = [AG)).
Using (46), we rewrite the above inequality as
(WENWZ|+ [WZ] + A7\ Aol = W]
Because |WX\ W |+ |W3| = |WrUW}|, we obtain (29). O

D. Differentiability of ¥(d)
Recall that, under Assumption 1, for each d € R‘IVI there is a unique user-equilibrium link flow denoted

by ¥(d), which is the unique solution to the following traffic user equilibrium problem
veG(d) and (c(v),v" —wv) >0 for each v' € G(d). (47)
Here, c: ]RLA‘ — R4l is the link cost function, and G(d) is the set of feasible link flows defined as
G(d)= {v eRM | v=Aq for some g e R'® satisfying Ag = d} , (48)

where A and A are the OD-route incidence matrix and the link-route incidence matrix respectively.
In this section, we consider a point d* € R"! with d* > 0, and give a condition that guarantees ¥
to be continuously differentiable on an open neighborhood of d* in RK‘. See Lu (2008) for more
references on sensitivity analysis of the traffic user equilibrium problem.

The traffic user equilibrium problem can also be written in a route-based formulation
ge H(d) and (C(q),q'—q) >0 for each ¢’ € H(d), (49)

where C(q) = AT¢(Aq) is the route cost function and H(d) is the set of feasible route flows under d
defined as
H(d) = {qeR'f' | Aq:d}.

A solution to (49) is called a user-equilibrium route flow under d. The formulation (49) is a char-
acterization of the Wardrop traffic equilibrium, in the sense that g € H(d) solves (49) if and only if
¢, = 0 for any non-user-optimal route p. Finally, (47) and (49) are related in that v is a solution to
(47) if and only if there exists a solution ¢ of (49) with v = Agq, and that ¢ € H(d) solves (49) if and
only if Ag solves (47).

Now, let v* = ¥(d*), and let ¢* € lel be a user-equilibrium route flow under d*. Since v* is the
only user-equilibrium link flow under Assumption 1, we have v* = Ag*. It is possible to have multiple
user-equilibrium route flows corresponding to v*, so the choice of ¢* is not unique. Since d* > 0, for
each OD pair w there exists at least one route p connecting w with g, > 0; we choose one such route
for each w and denote it by p(w). We then divide the set R of all routes into the following four

subsets:

R is the set of all user-optimal routes p with q, =0,
R’ is the set of all non-user-optimal routes,
R' = {p(w),w e W},

R? is the set of all routes p with q, >0 not in R
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We denote the numbers of routes in R, R%, R! and R? by moo, mo1, 71, and 7, respectively; note
that m; = |W|. We then partition the matrices A and A by column as

A — AOO AOI Al A2 (51)
A AOO A01 A1 AQ

corresponding to routes in R%, R, R, and R? respectively. While different choices of ¢* may result
in different R%, R, R?, they all lead to the same R°* and R UR! UR? because the route cost C(q*)
is the same under different choices of ¢*.

The following theorem provides a condition under which W is continuously differentiable in a neigh-

borhood of d*, and a formula to compute the Jacobian matrix VW¥(d) for d in this neighborhood. The
theorem assumes the link cost function ¢ to be continuously differentiable on an open neighborhood
of v* in R4, while the domain of the link cost function c here is ]lel. There are two ways to handle
situations in which some entries in v* are zero. One way is to extend the domain of ¢ to include an
open neighborhood of v* in R4l to evaluate the Jacobian matrix Ve(v*). Another way is to first
remove the links a € A with v} from the network to compute V¥(d) using (53) for the reduced net-
work, and then add zero rows to VW (d) corresponding to those a back; this works because the links
with zero flow remain to have zero flow under small perturbation of d under condition (2) in the
theorem. As long as ¢ can be extended to a continuously differentiable function on a neighborhood of
v* in Rl these two treatments will give the same Jacobian matrix VW(d) for the original network,
because the rows in A and A, corresponding to links a with v* =0 are all zero.
Theorem 6. Suppose Assumption 1 holds. Let d* >0, v* = ¥(d*), and ¢* be a user-equilibrium
route flow under d*. Suppose that the link cost function c is continuously differentiable on an open
neighborhood V of v* in RI4!, and write L = Ve(v*) e RIAXIAL Let A be a matriz whose columns form
a basis for the column space of the matriz [Ay — AyAgy, Agg — Ay Ago]. Suppose that the following two
conditions hold:

(1) The matriz ATLA is nonsingular.

(2) There exist ur,, € R™ and v, € R™ such that u,,, >0 and

(AOO — Aleo)Uﬂ—OO + (AQ — A1A2)v7r2 =0. (52)
Then, ¥ is continuously differentiable on an open neighborhood O of d* in Rtm with
—1
VU(d)=A <ATVC(\D(d))A) AT [— Vc(\Il(d))Al] + A, for each d € O. (53)

Proof By Lu (2008, Section 2.5), condition (2) here implies that the critical cone K defined in
that paper (the critical cone K is different from the set K in this paper) is the column space of
A. Condition (1) here implies Condition 1.1 in Lu (2008) holds, with the matrix A here in place of
the matrix A in that paper; Condition 1.2 in Lu (2008) holds because the matrix B there is empty.
Thus, by Lu (2008, Theorem 2.3), ¥ is differentiable at d* under assumptions given in this theorem,
and the Jacobian matrix V®¥(d*) is given by (53) with L = Ve(¥(d*)). It remains to show that ¥
is continuously differentiable on an open neighborhood O of d* in Rﬁl. By Lu (2008, Proposition
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2.2), condition (2) here guarantees the existence of a user-equilibrium route flow ¢** € H(d*) with
Ag** =v* and ¢;* > 0 for all user-optimal routes p € R% UR' UR?. On the other hand, by Lu (2008,
Theorem 2.3), there exists a neighborhood D’ of d* in RK' such that ¥(-) is continuous on D’ and
U(d) € V for each d € D'. Now apply Facchinei and Pang (2007, Corollary 3.2.5(a)) to the set-valued
map

(d,v) = {qeR™: ¢>0, Ag=d, Ag=0}

and the base point (d*,v*,¢**), to find an open neighborhood D” of d* in D', such that for each d € D"
there exists a user-equilibrium route flow ¢(d) with ¢(d*) = ¢** and ¢,(d) > 0 for all pe RPUR'UR™
Moreover, with the continuity of ¥, we can shrink D" further to ensure that non-user-optimal routes
under d* continue to be non-user-optimal under any d € D”. It follows that g,(d) =0 for all p € R"* and
d e D". Lastly, by shrinking D" further if necessary, we can ensure that A”Ve(¥(d))A is nonsingular
for each d € D".

Now, apply (Lu 2008, Theorem 2.3) to an arbitrary d € D" and the corresponding user-equilibrium
arc flow ¥(d), using q(d) to partition the route set as R = R UR’ UR! UR?. Because g,(d) >0
for pe RO UR! UR?, we can let R' = R'. We have R = () because all user-optimal routes are
used under q(d), R°* = R% because non-user-optimal (user-optimal) routes under d* remain to be
non-user-optimal (user-optimal) under d, and R?* = R?UR consists of routes p with g,(d) >0 not in
R'. Let A, and A, be submatrices of A and A corresponding to routes in R?; the matrix [Ag — AJ\Q]
contains the same columns as [As — A1y, Agg — A1), so columns of the same matrix A defined
in the statement of the present theorem form a basis for the column space of [A; — A;Ay]. The first
condition for ¥ to be differentiable at d holds because ATVe(¥(d))A is nonsingular for each d € D"
by the choice of D”, and the second condition also holds because R is empty. Consequently, ¥ is

differentiable at d with
-1
VU (d)=A (ATVC(\I/(d))A> AT [ - Vc(\If(d))Al] + A,

which is continuous with respect to d due to the continuous differentiability of ¢ and the continuity

of W. Letting O = D" completes the proof. [J

E. Definition of Fl-score, accuracy, and RMSE

To define Fl-score, it is necessary to introduce the confusion matrix that is widely used in statistical
classification. As shown in Table 13, for a given network, we define the set of insignificant /significant
OD pairs based on the true OD demand matrix (denoted as W7 and W \ W; in this paper) as the
ground truth, while the set of the insignificant/significant OD pairs under the estimated OD demands

as the prediction.

Table 13 Confusion matrix of OD quasi-sparsity consistency
Partitions in the true OD matrix (true)
Insignificant (+) Significant(-)
Partitions in the estimated | Insignificant(+) | True positives (TP) | False positives (FP)
OD matrix (prediction) Significant(-) | False negatives (FN) | True negatives (TN)
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The confusion matrix can be used to define the True Positive Rate (TPR, or recall /sensitivity) and

precision, which can then be used to define Fl-score. We give their formulas as follows.

TP

TPR= ———— 4
i TP+ FN (54)
TP
1SION = ——— 55
Precision = mp s (55)
2 x precision X TPR

F, =

! precision + TPR (56)

TPR indicates the portion of insignificant OD pairs in the true OD demands that still keep insignif-
icant in the estimated OD demands, as calculated in (54). Precision means the portion of insignificant
OD pairs in the estimated OD demands that are insignificant in the true OD demands, as calculated
in (55). Fl-score is the harmonic mean of TPR and precision, which is widely used as the performance
measure for classification algorithms since it is less sensitive to imbalanced dataset by considering
both TPR and precision. As the OD demand dataset is highly imbalanced (with a large portion of
insignificant OD pairs and a small portion of significant OD pairs), Fl-score is an ideal measure to
evaluate the quasi-sparsity consistency of the proposed QSOD models. The classification becomes
better as the Fl-score gets closer to 1, indicating more OD pairs in the estimated OD demand matrix
will remain insignificant or significant as the true OD matrix.

Accuracy is defined in (57) based on the confusion matrix.

TP+TN

Accuracy = —————
4 Population

(57)

Lastly, Root Mean Square Error (RMSE) is also used to evaluate how close the estimated value is

to the ”ground truth” value:

dy)?

RMSE(d,d) = \/ Zwewfgv“" — (58)

where d is the estimated OD demands and d is the true OD demands.

F. Discussion about the solution closeness of QSOD and GLS

Here we discuss, for the fixed-mapping models, why the solution of GLS gets much closer to the
QSOD solution after adding proper weights, when compared with the OLS solution (with no weight
added). Denote (di,v;) and (da,v2) as the unique optimal solution and f; and f, as the objective
function for the fixed-mapping QSOD model and OLS model, respectively. According to (Robinson
and Lu 2008, Theorem 2), if both f; and f, are strongly monotone with modulus m and Lipschitzian

with modules M, we have the following inequality:

[(dy,v1) = (do, v2)|| <Ol | fi(dy, v1) — fo(dy,v)] (59)

where pt = M~2m and § = (1—[1— (m/M)?'/?)~1. (59) in fact gives an upper bound for the difference
between the optimal solutions of the two models (QSOD and OLS), and such bound is only determined

by (di,v1), f1, f2, 0 and u, where the last two parameters rely on the collection of single-valued
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functions F' which contain f; and f>. Assume such function collection F' also includes the GLS

objective f3 and denote the optimal solution for the GLS model as (ds,v3). Similarly, we will have:
[(di,v1) = (ds,v3)| <O pul| fr(drs 01) = fs(di, o) (60)

Notice that the RHS of (59) and (60) only differs in the OLS and GLS objective function (f; and
f3 respectively). If we only illustrate the problem in one dimension (as well as ignore the link flow
deviations as they are similar to the OD demand deviations), then the QSOD, OLS, and GLS objective
will have the following form respectively: f; = |d — d°|, fo = (d —d°)?, and f5 = (d — d°)?/(e,d°)?.
Further we can ignore €, in f3 as €; is a constant for all OD pairs. Therefore f; can be written as
(d/d°—1)?. Taking d° = 50, Figure 7 shows the plots of the three functions in a range of d that include
d". Tt can be seen that in the range that closes to d° (e.g. d € (48,52)), |f1 — f2| is less than or equal to
|f1 = f3]- When d deviates a lot from d° (as shown in Figure 7b), |fi — fo| will be much greater than
|f1 — f3|- In the OD estimation problem, once the estimate d (or v) goes far from its prior value d°
(or v°), the RHS of (60) will be much less than that of (59), which indicates that ||(dy,v,) — (ds,v3)]|
has a small upper bound compared with ||(dy,v;) — (d2,v2)||. This can partially explain the solution

closeness between QSOD and GLS (compared with QSOD and OLS).
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Figure 7 Comparison across QSOD, OLS, and GLS objective function (one-dimension, d° = 50)



