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Appendix

A. Derivation of Inequality (8)

In the following, we first recall Inequalities (6), (7), and (8), and notation used. Recall that nodes L° and
L' denote the child nodes obtained from tree node L by branching on customer k € N, where L represents
the node where customer k does not receive an incentive and L' the node where customer k is incentivized.

Node L' is dominated by L° if Inequality (6) holds:

min Fu(y)Su(y) = min Pu(y)Su(y)- (6)
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Let y' € argmingcp 1y Y, cq Po(y)S.(y) be a policy that minimizes the left-hand-side of the Inequality (6).
To prove the dominance of node L°, it suffices to show that there exists at least one policy § € D(L?) for

which Inequality (7) holds:
ST P.y)SL ) =D Pa@)S.(B). (7

we w€e2

In the following, we prove the existence of such policy § € D(L?) if Inequality (8) holds:

di 2 Fy(y'), where Fo(y')= > [ Po.whC.— > I Pa(whC.. ®)

w€EN: iEN\k w€eN: iEN\k

wg=0 wp=
Proof. To prove the dominance of L°, it suffices to show that there exists at least one policy § € D(L) for
which Inequality (7) holds. Consider the policy § € D(L?), with §; =y} for all i € N\ k, and g, = 0. Then,
Inequality (7) is equivalent to:
Do PSuy) + Y Puy)Su(y) = D Pu@)Su(@) + Y Pu(i)S.(d)- (A1)
we: we: we: we:

wp=0 wp=1 wg=0 wr=1

Using the definitions of S,,(y), P.(y), D.(y) and Table 1 from Section 3, we have for policies y' and ¥:

(L=Ag) TT Po(y) (Cienpwividi+C.) weQuwe=0

P (y)S, (") = iEN\k A2
(y)Su(y) Ap- T Po,(w)) (Cienpwitidi +di +C,)  weQue=1 (4.2)
i€EN\k
IT Po,(@:) - (ienve willidi + Co) wew, =0
P.(3)S.(5) = { € o (A4.3)

Substituting Equations (A.3) and (A.2) into Inequality (A.1) yields:

=203 I Patwh- > waldi+(1=20)- > [ Potwh)-Cut (A4)

weQ: ieN\k i€N\k wEN: iEN\k
wp=0 wp=0

Ac Y TT Pawh) Y watdi+ 8-> ] Payh) - (de+CL) >
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By definition of policies § and y!, it holds that ¢, =0, y} =1, and for all i € N \ k we have g; =y}, which
implies P, (y;) = P.,,(¥:). Thus, (A.4) can be simplified as:

=D > [T Pawd) D2 waldi—Au- Y0 ( II Pw,-,(yf)-Cw>+ (A.5)

weQ: iEN\K iEN\K weQ: NiEN\E
Ag- Z H P (y)- Z wiy; di + Ay - Z ( H Pw,;(yil)'ow) +dip Ay, - Z H P, (y;) > 0.
o,EQl i€EN\k i€EN\k o,EQl i€EN\k we): iEN\k

We observe that the expression [] P, (y}) >
iEN\k
and the third terms in (A.5) are identical and can be eliminated. Moreover, as the probability of all realiza-

iEN\K w;ytd; does not depend on wy. Consequently, the first

tions of the final delivery locations for customers ¢ € N\ k add up to 1, it follows that Zwegi I1 P.,(y})=1
wk=1iecN\k
in the last term of (A.5). As a result, we obtain from (A.5):

dkzz H Pwri(yil)'cw_z H Pw;(yzl)cwv

w€eN: iEN\k w€eN: iEN\k
wg=0 wp=

which is equivalent to Inequality (8). Hence, we have proven that if Inequality (8) holds, then there exists
at least one policy € D(L?) (i.e., with g; =y} for all i € N \ k, and g, = 0), which satisfies Inequality (7),
implying that node L° dominates node L. O

B. Cumulative probability of scenarios in set B'(k) given a policy y
In this appendix, we derive a closed-form expression for the cumulative probability of scenarios in set B(k)
given a policy y:
S II Pt (B.1)
wkeBi(k) ' EN\k
Recall, that we consider a customer k, and a set of all vertices excluding this customer, V' \ k, ordered
such that a vertex ¢ precedes a vertex j (denoted i < j) if ¢y < ¢, (if ¢ = ¢y, then lexicographic order is
followed). For each pickup point ¢ € P, N(¢) denotes the set of customers whose nearest pickup point is t.
For a given vertex i € V' \ {k} set B'(k) = {w* € {0,1}* i € V i} \U,~; B?(k) includes all vectors w* whose
vertex set V_r includes vertex ¢ but not vertices Vj <.
To compute the probability given in expression (B.1), we consider 4 collectively exhaustive and mutually
exclusive cases with respect to the type of vertex ¢ € V and its position relative to other vertices:
1. The depot precedes vertex ¢ (i.e., 0 <) or there exists a pickup point ¢t € P and a customer j € N(t),
such that ¢t <7 and j <.
If the depot vertex precedes vertex ¢, then the set B'(k) is empty, as no scenarios exist where vertex
i is visited but the depot is not. Similarly, if the distance from customer k to a pickup point ¢t € P
and a customer j € N(t) is less than that to vertex ¢, then the set B'(k) is also empty. This is because
customer j needs to be served either at home or at the nearest pickup point; hence, no scenarios exist
where vertex ¢ is visited but one of the vertices j or ¢ is not. Consequently, we trivially derive:

> 11 P.x, (y) =0 (B.2)

wEEB’(k’) i/ EN\k
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2. Vertex i is either a depot or a customer, and the conditions of Case I are not satisfied (depot vertex

does not precede vertex i, and there is no pickup point ¢ € P and a customer j € N(¢) such that ¢t <
and j <1).

Given that customer choices are independent, the events of visiting each customer are also independent.
Similarly, the event of visiting each pickup point is independent of the event of visiting other pickup
points. Moreover, by the criteria of Case 2 there is no pickup point ¢ € P and a customer j € N(t) such
that both of them precede vertex i (i.e., t <7 and j < i). Therefore the event of visiting any pickup point
t < preceding vertex i depends on the choice of customers j € N(t) none of whom precedes vertex i.
As a result, the probability given in Equation (B.1) is defined by independent events to not visit the

vertices preceding vertex i and the event of visiting vertex i.

Hence, for the situation when i is a depot vertex, the expression given in Equation (B.1) is equal to the
probability to visit the depot (equal to 1, as the depot is always visited), multiplied by the probability
that customers preceding vertex 4 do not require visit (equal to Py (y;) for each customer j € N, j <i),
and multiplied by the probability that pickup points preceding vertex i do not require visit (equal to
H], eN (D) Py(y;) for each pickup point ¢ < i, as in these scenarios all customers for whom pickup point ¢
is the closest must opt for home delivery):

> I Pswo=1-T1 @) [T T Potw): (B.3)

wEEBi(k) i/ €N\k JEN tEP jEN(t)
7= t<1

We derive a similar expression for the case when vertex ¢ is a customer, but in this case the probability
to visit vertex i is Pp(y;):

Z H ow,(y¢/)=Po(yz‘)'le(yj)H H Po(y;)- (B.4)

EeBi(k) i’ EN\K jeN tEP jEN(t
wkeBi(k) \ <A AR (t)

. Vertex i is a pickup point and there exists a customer j € N (i) preceding this pickup point (j <), and

the conditions of the Case 1 are not satisfied (depot vertex does not precede vertex i, and there is no
pickup point ¢t € P and a customer j € N(t) such that ¢ <i and j <1).

As there exists a customer j € N (i) preceding pickup point i (§ < i), by definition of set Bi(k), customer
7 must be served at the pickup point ¢, which imposes the condition that pickup point ¢ must be visited
(i-e., the probability to visit this pickup point is 1 in these scenarios). Thus, the expression given in
Equation (B.1) is equal to the probability to visit the pickup point i (equal to 1, as this pickup point
must be visited in these scenarios), multiplied by the probability that customers preceding vertex i do
not require visit (equal to P;(y;)), and multiplied by the probability that other pickup points preceding
vertex ¢ do not require visit (equal to Hj eny bo (y;) for each pickup point t < i):

Z H ow/(yw)=1’HP1(Z/j) H H Po(y;). (B.5)

wkeBi(k) €N\ JEN teP\{i} jEN(¢)
j=<i t<1

. Vertex ¢ is a pickup point and there is no customer j € N(¢) satisfying j < ¢, and the conditions of the

Case 1 are not satisfied (depot vertex does not precede vertex ¢, and there is no pickup point ¢ € P
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and a customer j € N(t) such that ¢t <4 and j <1).

In this case, the probability that pickup point ¢ is visited depends only on the choice of customers
j € N(i) who are not preceding vertex ¢, and equals to 1 — Hj eN (i) Py(y;). Similarly to the previous
case, we obtain:

> I Pswa=0- 1T Rw)-ITAw) II II Polw) (B.6)

wheBi(k)'EN\K JEN(i) JEN teP\{i} jEN(t)
J=i t=<i

Equations (B.2)-(B.6) provide the closed-form expression for the cumulative probability

ieniy 11 P (yw) of scenarios in set Bi(k) given a policy y, for all potential cases.
i/EN\k P

C. Proof for Dominance Rule 2

In the following, we present the proof for Dominance Rule 2, which is restated below for convenience:
Dominance Rule 2 Let two customers j,k € N be located within a distance cj, < %min(dj,dk). Then, any
node that offers an incentive to exactly one of these customers is dominated by a node that offers an incentive
to neither of these customers.
Proof. Consider a node L such that (i) the incentive decisions have been made for all customers except for
customer k and (%) no incentive is offered to customer j, i.e., I; = 0. By branching on customer k, two child
nodes can be obtained from node L. As the child nodes are complete policies, they are leaf nodes, hence,
the best policy that can be obtained from each node is itself. Let y' is the leaf node where customer k is
offered an incentive. Then, to prove that y! is dominated by the child node which does not offer an incentive
to customer k, it is sufficient to have (by Condition (8) and Equation (11)):

dy > Fk(y1)7 where Fk(?ll) = Z H qu;; (yil)(C(wE,O) - C(wf?,l))- (C.1)

wFe{0,1}n—1iEN\k

Since y! =0, customer j is certainly visited at home; hence, Inequality (C.1) is equivalent to:

ez Y I PrwH(Crro —Crr): (C2)
wﬁe{o’l}nfl i€EN\k
w§=0

For any w* where customer j is visited at home, it holds that Cioi0) — Cur 1y < 2¢5,. Further, as the

probability of all realizations of the final delivery locations for customers i € N \ k add up to 1, it follows

iEN\k °*

that > r o 1yn-1. 11 Por (y}) =1. As a result, the right hand side of (C.2) has an upper bound of 2c¢;,.
k=0
Therefore, to prove that y' is dominated, it is sufficient to have:

That is, if Condition (C.3) holds, the policy that offers an incentive to customer &k but not to customer j
is dominated by the policy which offers neither of these customers an incentive. By symmetry, we can prove
that the policy that offers an incentive to customer j but not to customer k is dominated by the policy which

offers neither of the customers an incentive if:

Clj Z 2Cjk- (04)
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Conditions (C.3) and (C.4) together imply that any node that offers an incentive to exactly one of the

customers k or j is dominated by a node that offers an incentive to neither of these customers if:
min(d;,dy) > 2¢j. (C.5)

This completes the proof. O
D. Algorithm for calculating the bundle probability

In the following algorithm, we denote the set of all h-size subsets of a given set of pickup points P with
{ACP:|A|l = h}. For cach pickup point t € P, N(t) denotes the set of customers whose nearest pickup
point is . A pseudocode of the recursive algorithm for computing bundle probability > min,ep(r) Po(y)

WEB(P)
is given in Algorithm 2.

Algorithm 2: Bundle probability
Input: Subset of pickup points P, node L = (li)ien

Output: bundle probability > minyep(r) P.(y)
_ wEB(P)
1 Function Probability (P, L)
2 T 1 HteP\’ﬁ HieN(t): li;ﬁo(]‘ - Az‘)
3 | forh« |P|—1 to 0 do
L for P’ € {ACP:|A|=h} do

5 | 7« m—Probability(P’,L)

6 return

7 return T =Probability (P, L)

As the base case, the algorithm computes the cumulative probability of scenarios, in which only pickup
points from a subset of P are visited. This probability equals the probability that home delivery is selected
by all customers i € N for whom the non-visited pickup points ¢t € P\ P are the closest, while the choice of
other customers is not restricted:

1'tep\ﬁyg&> ie]_;](:t) Po(y:) = 1't€1;{75 ie]_;[(t) Po(yi =1:) ie]_;](:t) S, Po(y:) = 1?.;17:]\:75 iEN(lt_)[:lz#O(l —4;), (D.1)
1;=0,1 Li=#
where min,, c 0,1} Po(y;) is obtained from Table 1 in Section 3.2.

Equation (D.1) includes the probabilities of scenarios, where not all pickup points of set P are visited.
To subtract their probability, in the next step we calculate the bundle probability for all subsets P’ C P.
Calculating the probability of the bundle w(P’, L) is the base case of the algorithm.



