Appendix A Proof of Propositions

A.1 Proof of Proposition 1
The expected wait time under the dedicated delivery system is
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and the expected wait time under the fully flexible delivery system is
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We define pg, = 1= = 221 and p§, = 22 = %22, For notational simplicity, p§, and p§, are simplified

to p1 and po, respectwely, throughout the proof process in this section. We have
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which must be larger than or equal to 0 if the following inequality holds:
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(A1) can be re-written as

WP -wl=

Since A\; = k;% and Ao

kip1 p\/2(k1+1)71 n kapo p\/2(k2+1)71 . kip1 +kapo (Plkh +p2k2> V 2tk )~

>0
or M or 12 2r k1 + ko =7
which is equivalent to
Bi VaGern ke alesn)  (pikitpaka\ Y Abathatl) -0 (A2)
Ty + kot Tor + ka2 For + ks =

Since f(p) = p\/m is a convex function, by Jensen’s inequality, we can obtain
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Therefore, we can verify the inequality in (A1) indeed holds since
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where the first inequality follows (A3), and the second inequality follows p\/2(k1+k2+1) }/Q(MH) and
p2\/2(k1+k2+1) < p}/Q(kHl). As a result, we have WP — W¥ >0, and this completes the proof.
|

When the two zones are asymmetric in terms of traveling distance, i.e., r; # 12, Proposition 1 still holds.
A similar line of reasoning proceeds as follows.
The service rates for the two zones are 1/(2r1) and 1/(2r3), respectively. For the fully flexible system,

the service rate pf is — , which is ;=122 The summation of coefficients of variation
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remains 1. The expected wait time under the dedicated delivery system is
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and the expected wait time under the fully flexible delivery system is
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We can now define p; = ki\lil = 2’231 and ps = 2’;5% Then the load factor of the fully flexible system is
ﬁ, which is %. We have
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Since f(p) = % is a convex function when p € (0,1) and § > 2, by applying Jensen’s inequality, we have
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Therefore, we can conclude that if the two zones are asymmetric in terms of traveling distance, the fully
flexible delivery system still outperforms the dedicated delivery system.

A.2 Proof of Proposition 2

With slight abuse of notations, we denote k := ki = ko, 0 := 6, =0, and pg := pB ; = pg ,. Since the two
zones are symmetric, we use A to represent the order arrival rate for simplicity in this proof. We denote the
load factor of the fully flexible delivery system by

2046 |

F._ NB(Gvr) p
0"‘6 B>

B /J,B(QG,T

)pE:

where the last equality follows Equation (10).
Based on Equation (7), (10), and (11), we have
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(a) To assist the analysis on Equation (A4), we define
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We highlight the following two properties of Equation (A5). First, Equation (A5) decreases as 6 increases
270454 ) V2(2kt1)-1

because 1+ 557 =751

increases as 6 increases, 1 —

decreases as 6 increases, (1+9J;L6

(1 + 9_%6> pS decreases as @ increases, and all the terms are positive. Second, Equation (A5) decreases as

P increases because (pg)\ﬂ(’”l)’\ﬂ(z'€+1> decreases as pB increases (it can be easily shown by taking

. 1-(1+5%5)rB . .
log operation) and w decreases as pR increases, and all the terms are positive (note that 0 <
B

(1+5%) <.
By substituting the value of pR = (6 +6)/(46 + 12) into a(, pB, k), we obtain
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If ( 046 . (l)2 2Rk 1, Equation (AG) will be larger than 1. Therefore, we can conclude

Zo+12 2
that Equation (A5) is larger than 1 when pk < (0+6)/(40 4+ 12). Thus, Equation (A4) is larger than 0 when
2(k+1)—1 N CYoTeETy
pB < (0+6)/(40 +12). Define function f(0,k) = <4Zif2> . (%)2 2CE One can easily verify that
we must have 0.41 < 421?2 < 0.50 since 6 € (0, Z]. Note that f(6,k) decreases as 6 increases and increases as
k increases. If =0, we have f(0,k) > 1, for all k> 3. Therefore, there must exist 6%, for all 0 < § < 6% and
for all k >3, f(6,k) > 1. Equation (A4) is larger than 0, meaning that the fully flexible delivery system leads
to a shorter expected wait time compared to the dedicated delivery system when pB < (6+6)/(460 + 12).
(b) We have 0 < pp <1 and 0 < pp < pp, = F42pp < 1. When TEEpR — 1, ie., pp — 575%, the second
term of Equation (A4) tends to infinity. This indicates that there exists a p, such that the fully flexible
delivery system leads to a longer expected customer wait time compared to the dedicated delivery system
(ie., W§ —WE <0) when pg — p. O

A.3 Proof of Proposition 3
Following Theorem 1 and Equation (17)—(19), we have

b r (2,’,(1_1)1)/\1)\/Q(kl—q1+1)—1

W =
St ki—q—2r(1—p1)h ki —q

P
W, =

T (27"(1—]32))\2) V2lha a2t 1) =1

]fz—(I2—27'(1—p2))\2 ks —qo

o r (QT(plAl +p2)\2))\/2((11+02+1)1

W f—
S g — 2r(p1 A1 + par2) G+ Q2

1—pi)\ (1— P1A1L + P22
WP — ( WP P
S )\1 T )\2 S,1 + Al + AQ S,3

where we use W§ 3 to denote the expected wait time of the customers served by these flexible couriers. Actu-
ally, the partially flexible delivery system comprises three queues: two dedicated to serving their respective
zones and one formed by the flexible couriers.
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We furthe'r d'eﬁne pE = %ﬂ;j”, 'WhiCh equals :jg; ps1+ :fj_zz Pso + Zlizz pSP’?. The .difference in the
expected wait time between the partially flexible delivery system and the fu]lly flexible delivery system can

be reformulated as

WE —W§ =

1 (pSP,l)V 2(k1—q1+1) (pSP,Q)V 2(k2—q2+1) (pSP,3)v 2(gq1+q2+1) (plsi‘)\/Z(lierJrl)
P + P + P - F
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(A8)

> is a convex function when 0 <z <1 and a > 0. According to Jensen’s

x

It is easy to prove that f(z) = %—

inequality, we have
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Because 0 < p&1,p5,.p55 <1, ¢1 < k1, and qa < ks, we have (pf)V2Fithat) < (pb jv2n-a+l)
(,052)\/2(1614_@4_1) < (/)183‘12)\/2(k27¢12-‘r1)7 and (p1§’3)\/2(Q1+q2+1) < (pgyg)\/Q(h-&-kz—&-l)’ which indicates
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Therefore, we must have Equation (A8) >0, which means W& — WE > 0 always holds. ]

A.4 Proof of Proposition 4
(a) Suppose that one courier delivers two orders in a batch, k1 = ko =k, and 6; # 6. Under the half-flexible
delivery system, we have q; = g2 = k/2. Plugging the values of ug(01,7), us(02,7), and ug(0; + 0,7), we
define the load factors of three types of delivery systems as follows:

pp (1 —pl))\r91(91 +6) P (]. —pg))\r92(92+6) pP o /\r(p191 +p292)(91 +92 +6)

B,1 3k s FB,2 3k v FB,3 — 6k )
D )\’I“Ql (01 + 6) D /\7‘92(92 =+ 6)
pB,l - 6k ’ pB,2 - 6k )
F_ )\7"(91 +92)(01 +02 +6)
Ps 12k '

If pr; < pp, and pp,; < pg, for all i € {1,2,3}, the half-flexible delivery system has an advantage among
the three types of delivery systems under heavy traffic. To achieve pgﬂ- < pg’l and pg,i < p&, we must satisfy
the following conditions:

> % (A9a)

P >1— m (A9Db)

p1bh +p2th < % (A9c)

p1- Ot 49;1)((991115)2 +6) (A9d)

pp>1- 1 +49;2) ((g:j 69)2 +6) (A9e)
01 +6;

p101 + pathy <

(A9F)
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We show that there exists an allocation rule (i.e., a configuration of p; and ps) such that inequalities (A9a)—
(A9f) are satisfied, with §; and 6y constrained to (0,7/2]. Indeed, one can verify that the configuration of
p1 =0.6, p2 =0.2, 0; = 1.4, and 0, = 0.8 satisfies inequalities (A9a)—(A9f). In fact, if we restrict p; = 0.6 and
p2 = 0.2, the values of 8; and 6, satisfying inequalities (A9a)—(A9f) are shown in the blue region of Figure Al.
Thus, we reach the conclusion that there exists a configuration of pi, pa, 61, and 65, such that pgyi < pgyl
and pp ; < pg for all i € {1,2,3}.

(b) The load factors satisfy
p101 +patly ¢

PEJ 22(1—]91)[231, 95,2:2(1_172)93,27 Pg,3:2 B-
01+ 0,

Conditions (A9a)—(A9f) yield

(1 —p2)02(62+6) <1 2p191 + pabs
61(6, +6) ’ 01+ 05

Therefore, there exists a constant ¢ € (0,1) depending only on (p1, p2,61,02) such that
pp;<c<l, vie{1,2,3},

along any sequence of systems for which pg ; — 1 and pg — 1. For example, we can set

(1 —p2)Ba(62+6) 227191 + pabs } <1

c:= max{2(1 —p1), 2

0:1(6,+6) ' 601406
Then, we have
pg’i§c~max{p§1,pg}<17 i€{17273}'
Thus, all three queues in the partially flexible system remain strictly stable with a uniform margin 1 —¢ > 0,
while the dedicated and fully flexible systems reach their stability boundaries. |

0.2 0.4 0.6 0.8 1.0 1.2 1.4
61

Figure A1  The values of §; and 0, satisfying inequalities (A9a)—(A9f) given p; = 0.6 and p, =0.2

A.5 Proof of Proposition 5
Denote by a random variable X, where the subscript abbreviates “three”, the travel distance to deliver a

batch of three orders. We have

111 0 0 6
BL 0 =g [ [ a0 =l 10— 05102~ 05 +20) 0000,
o Jo Jo (A10)
(O+4)r
= 5 , and
111 6 6 %
B0 = g5 [ [ (0= 01,102~ 05l 102~ 05+ 20 20,
o Jo Jo (A11)

302 )
- (10+20+4)T .
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The service rate and the summation of coefficients of variations can be calculated as follows:

1 2 T
w0 = g e 0 © (03] (A12)
1 EX2(0,0)]) — (EXx(6,r)])? 2862+ 2000 + 400 -
Cr(®) =3+ (E[X1(0,7)])? =T < (03] (A13)

According to Theorem 2, the expected customer wait time when a courier delivers a batch of three
consecutive orders is

wT(Aa 12 Ca k)

2(k+1)—1
()T e

=X 2@ =N Bk I
Recall that X is the per unit order arrival rate in the analysis with order batching. For the dedicated
delivery system, the expected customer wait time of each zone is

W’RZ - wT(Aoiv .LLT(HH T)v CT(ez)a kz)7 ) S {17 2}5 (A15)
and the overall expected customer wait time of the dedicated delivery system is
0.
WD = . )\9“ 01'7 5 C 01 5 kz . A16
' 16{212} 04 +92wT< per (0:,7), Cr(6:), ki) ( )

We define the load factor of the dedicated delivery system under batch delivery as

Y
pTJ - SklMT(el, T)

For the fully flexible delivery system, the expected customer wait time is calculated by

WTF = wT()\Gl —+ )\02,[&1‘(01 -+ 92,7"), CT(91 + 92), kl -+ kQ), (A18)

;ie{1,2}. (A17)

and the load factor of the fully flexible delivery system under batch delivery is

A0y 4 A0,

. A19
If1+k2)/,LT(01 +92,T‘) ( )

F__

For notational simplicity, we set ky = ks =k, 0; =0 =0, and pR ; = pP, = pP. Since the two zones are
symmetric, we denote A\ as the order arrival rate for simplicity, with a slight abuse of notation. The load
factor of the fully flexible delivery system p% equals :TT((Q%?) pr (ie., 225 pR according to Equation (A12)).

Based on Equation (A15), (A16), and (A18), we have

we_wE_ LT 767 +500 4100 (pR) VD702 4250 4 25 (pf) VECHTDTL L g
T T 2N 45k 0+4 1—p2 0+2 1—pk 9
(044 | v [ 7024500+ 100 (pR)VEFDTL 702 4250 425 (p) VECHEDL | o
12kp2 45k 0+4 1—pR 0+2 1—pk 9"
(A20)
(a) To assist the analysis on Equation (A20), we define
2 —
.y = I GR)VITT 1 2kt
792.5155)-5—25 (1 _ p%)(290r44p¥)‘/2(2k+1)71
(A21)

10 17504100\ (pR)VZOTD-VEEED 1 (L4 5f5) R
763 + 5362 + 1250 + 100 ) (1+ , ),6(27!1)—1 ' 1—pR '

0+4

Equation (A21) decreases as 6 increases and decreases as p increases.
Substituting pR = (0 +4)/(40 + 8), we have
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2 \2(k+1)-1 2—4/2(2k+1)
b<979+4 k>:<1 1162 + 756 + 100 )_(9+4> (1) 40+8 (A22)

40+8° 763 + 5362 + 1256 + 100 40 +8 2 30+4°

2
V2(k+1)-1 BNy
If (% . (%)2 2@k 1, Equation (A22) will be larger than 1. Therefore, Equation (A21)

is larger than 1 when pR < (0 + 4)/(46 + 8), which indicates Equation (A20) is larger than 0 when p2 <

V2t -1 NCTeTeEs
(0 +4)/(40 + 8). For the sake of brevity, we set f(6,k) = (% . (%)2 2k

verify that we have 0.32 < 49;;48 < 0.50 since 0 € (O, g] . Note that f(0, k) decreases as 6 increases and increases
as k increases. If § =0, we have f(0,k) > 1, for all k> 3. Therefore, there must exist 6%, for all 0 < § < 0%
and for all k>3, f(0,k) > 1.

Then we pay attention to the remaining two terms in Equation (A20). If the remaining two terms in
Equation (A20) are larger than 0, the following conditions should be satisfied:

. One can easily

90 + 36 — 12kp20 > 0,

which means

96+36 _ 99+36 (99 +36)(0+2)

< =
120R0 ~ 12.2%9 30(0 + 4)

k<

e[7,72].

Therefore, there must exist k and 6%, such that W.R — WX > 0, for all 0 < 6 < 6# and for all 3 <k <k.

(b) We have 0 < pR <1 and 0 < pf < pf = Z2pP < 1. When ZZEpR — 1, ie., pR — 5757, the second
term of Equation (A20) tends to infinity. This indicates that there exists a pr, such that the fully flexible
delivery system leads to a longer expected customer wait time compared to the dedicated delivery system

(i.e., WR — WX <0) when p2 — pr. O

A.6 Proof of Proposition 6

When a batch consists of three orders, we denote the load factors of the two dedicated delivery systems in
the partially flexible delivery system as p%l and p%Q, the load factor of the flexible delivery system in the
partially flexible delivery system as p%g,. We have

p (1—pi) A0 .
N b Vi YT A23
PT. 3(ki — qi)pr (0;) .2} (A23)
p _ DP1AL+paAd; (A24)

P13 = 30k, + ka)per (61 + 62)°
(a) Suppose that one courier delivers three orders in a batch, k; = ko =k, and 6; # 05. Under the half-
flexible delivery system, we have ¢; = g2 = k/2. Plugging the values of pur(01,7), pr(02,7), and pr (61 +62,7),
we define the load factors of three types of delivery systems as follows:
pP (1 —pl))\r91(01 +4> P (1 —pg))\rﬁg(Gg +4) pP - )\T‘(p191 +p202)(91 +92 +4)

T,1 3k 9 T,2 3k ’ T,3 — 6k_ )
D )\7"91 (91 + 4) D )\7’92 (02 + 4)
N ok Pr2= ok

Ar(61+02)(01+ 02+ 4)
12k '
If pf, < pP, and ph ; < pf, for all i € {1,2,3}, the half-flexible delivery system has an advantage among
the three types of delivery systems under heavy traffic. To achieve pff’,i < prrf),l and p%i < p&, we must satisfy
the following conditions:

pr = (A25)

1
p1 > 5 (AQG&)
4
pp>1— OED (A26b)

20,0 + 4)
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0:1(0, +4)
0 [% e —— A2
D1 1+p22<91+92+4 (A26¢)
(01 4+ 62)(6; +62+4)
pr>1 16,06, + 1) (A26d)
(01 4+ 62)(6; +62+4)
1-— A
b= 105(6, 1 4) (A26e)
6, +6
p191 +p292 < ! 9 2 . (A26f)

Similar to the proof process in online Appendix A.4, we can easily verify that the configuration of p; =
0.6, p2 = 0.2, 6; = 1.4, and 0 = 0.8 satisfies inequalities (A26a)—(A26f) simultaneously. If we restrict p; =0.6
and ps = 0.2, the values of §; and 6, satisfying inequalities (A26a)—(A26f) are shown in the blue region of
Figure A2. Thus, we reach the conclusion that there exists a configuration of pq, po, 81, and 65, such that

ph. <pPy and pf ;< pk for all i € {1,

2,3}.

(b) The proof follows the same argument as in Proposition 4(b) in Appendix A.4 and is therefore omitted

for brevity.

]

0.2 0.4 0.6 0.8 1.0 1.2 14

Figure A2  The values of 6; and 0, satisfying inequalities (A26a)—(A26f) given p; = 0.6 and p; = 0.2

A.7 Proof of Proposition 7

(a) Fix any pair j € [n], which consists of zones 25 — 1 and 2j. Within this pair, the dedicated system yields

the weighted average wait time

Aoj_

J

whereas the pair-pooled system yields

A Lws(Aaj_1, pis, Csy ko 1) +

Ao
TQ_JU)S()‘%HU'S,CS; ka;),

J

Wga" = ws (A, ps, Cs, K;).

By Proposition 1, pooling two zones cannot increase the expected customer wait time. Therefore,

A2 Ao, . )
j{_ 1wS()\2j71aMSaCSJ€2j71)+%WS()‘QJ"MS’CSJC%)EWSFj?lr, Vj € [n]. (A27)
J J
Multiplying both sides of (A27) by A
J
D=1 A’

and summing over all j € [n], we obtain

J

- A; Ao Agj - A; air
Z 5 —]1 ™ ( i{j 1wS()\2j17,“87087k2j1)+A2_st()‘2j?:u’57057k21)> ZZﬁng ~
j=1 m

j=1 m=1
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The left-hand side is exactly W2, and the right-hand side is exactly WE?r. Hence,
Wé) Z I/I/'SPair7

which proves the result.

(b) Treat each pair as a super-zone. Then the pair-pooled system can be viewed as a dedicated system with
n super-zones, where super-zone j has arrival rate A; and K; couriers. Correspondingly, the fully flexible
system pools all n super-zones together. Applying the same argument in Proposition 1 to the n super-zones
yields WE < wkair, O

A.8 Proof of Proposition 8
(a) Under the symmetric multi-zone system, the pair-pooled system can be viewed as n identical adjacent
pairs, each with arrival rate 2\, 2k couriers, and service-region angle 26. Hence,

ngair = wB(2)‘7 HJB(207 T)a Cs (26)7 Qk)
The fully flexible system pools all 2n zones together, and thus
Wg = wg(2n, us(2n6,r), C(2n0), 2nk).

Therefore, we have

i B L N CB(29) 2)\ v/ 2(2k+1)—1
4N 4dnA 2(4kpp(26,7) —2X) \ 4kup(20,7)
- Cs(2n0) 2MmA V2(nk+1)-1
2(4nkpg (2n8, 1) — 2nX) \ 4nkpus(2n,7)

Wé’air _ W§ _ (

(A28)

A sufficient condition for WE* — WE >0 is

11 Ci(2n0) 2 V2Enk =
4N 4nX T 2(4nkus(2n0,r) — 2nX) \ 4nkus(2n0,r) '

By definition,

P 2n
e = Ankpg(2nd,r)’
which implies
- 2nkus(2n0,r) 5 6k F
B n = T(2n9+6)pB'

Therefore,
1 1 n—1_(n—1)r(2nd+6)

AN dnh dna 24nk p§
Substituting Cg(2nf) and pg(2nd,r) into the last term of Equation (A28) yields

r(4n262 + 1200+ 18) (pf)V2CritD-1

24nk(2n0 + 6) 1—pE

Then, the sufficient condition for WEa* — WE >0 becomes

- r(4n%62 + 12n6 + 18)  (ph)V2(@nkt+h)—1
= 24nk(2n6 +6) 1—pk

(n—1)r(2nf +6)
24nk p&

By rearranging, we obtain
(n—1)(2n0+6)° _ (pf) V7D
4n26% 4 12n6 +18 — 1—pE 7

Therefore, if pf < %, then

LI
1—pp ~

)
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and it suffices to require
(n—1)(2n6+6)?
4n262 +12n6 + 18’

2(pg)\/2(2nk+l) S

that is,

e (_(n=1)(2n0+6)* \VEmEm
P =\ 2(4n207 + 1206 + 18)

Combining this with the requirement pk < %, we conclude that if

1 [ (n=1)(2n6+6)* \vimwo
2’ \ 2(4n202 + 12n0 + 18)

pg < min )
then .
W _WE >,

This completes the proof.

(b) We have 0 < pp" < 1 and 0 < pp** < pjg = %52 pp** < 1. When 222 R — 1, ie., pp*" — ZE5, the
last term of Equation (A28) tends to infinity. This indicates that there exists a p, such that the fully flexible
delivery system leads to a longer expected customer wait time compared to the dedicated delivery system

(i.e., WEar —WE < 0) when pE** — p. O

Appendix B Supplementary Figures and Tables

In Table B1, the dependent variable was the average customer wait time per hour, while the independent
variables included order count, courier count, flexibility percentage, and a peak hour indicator. Order count
and peak hour are positively associated with wait time, while courier count is negatively associated. Notably,
a higher proportion of flexible couriers is also associated with longer wait times.

Table B1 Regression results for average customer wait time

Variable Coef.  Std. Err. t P> |¢|
const 8.489 2.935 2.892  0.004
order_count 0.001 0.000 2.104 0.037
courier_count —0.005  0.002 —2.765 0.006
flexibility_percentage 9.945 3.522 2.824  0.005
peak_hour 5.559 0.902 6.161  0.000

Table B2 shows the simulation results with travel time in batch delivery. We observe that when pgl and
Ph.o are relatively small, W§ < W§. Otherwise, we have W > Wg.
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o o
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00121 Ws <)
@ ° go0ay
g g .S [ ] [ ]
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° 0.02
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0081wt ° ° : ° o.___® o
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(91, 92) (91, 92)
(@) (A1,A2) = (4,4), (k1, k2) = (10, 10) (b) (A1,A2) = (4, 4), (k1, k2) = (10, 16)

Figure B1 Simulation results of the partially flexible delivery system in single-order delivery
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Table B2  Simulation results with travel time in batch delivery

With travel time Without travel time
(AP, AD) (k1 k2) (61,602)  (pB1,pPR2)

WP wE Wb WE
(22)  (10,10) (Z,%) (0.178,0.178) 1407 1.385  0.803  0.647
(44)  (10,10) (Z,Z) (0.355,0.355) 1.278 1.328  0.654  0.575
(6,6) (10,10) (Z,Z) (0.533,0533) 1.231  1.209  0.604  0.552
(22)  (10,10) (Z,Z) (0.396,0.396) 1.401  1.541 0.654  0.575
(33)  (10,10) (Z,%) (0.595,0.595) 1.359 1509 0.608  0.554
(44)  (10,10) (2,2) (0.793,0.793) 1406 1.685 0.665  0.828
(26) (10,15) (2£,Z) (0.304,0.793) 1.299 1362 0.612  0.541
(54) (10,10) (2,2) (0.760,0.793) 1.330 1536  0.650  0.712
(8,7) (1615) (2,7) (0.760,0.925) 1.391 1768 0.718  1.069
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Figure B2  Simulation results of the partially flexible delivery system in single-order delivery with travel time
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Figure B3 Simulation results of the partially flexible delivery system in batch delivery with travel time
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Figure B4 Wait time difference between dedicated and fully flexible delivery systems in a batch of three orders
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Appendix C Derivations of the Disk-Shaped Region

With a slight abuse of notation, we use the same symbols as in the main text, but in this section, all
parameters and variables are defined within a disk-shaped region. Following the proof logic of Proposition 2,
we can set 0; =0, =7/4 and 0, = 0, = 7/2, respectively, to examine the difference between WL and W
when each courier delivers two consecutive orders under the disk-shaped region with varying sizes. We still

assume that k; = ke = k.

When 60, = 0; = n/4, we have E[Yg(5,r)] = 1.742r, E[Y5(5,7)] = 3.180r%, E[Yg(5,r)] = 1.933r, and
E[Y3(5,r)] =3.976r2. Thus, Cg (%) =0.548 and Cg (%) = 0.564. Plugging the values into Equation (13) and

Equation (15), we obtain

WR W =

I T2k —1742ar

1 0.477r 1.742\r
2k

)V 2(k+1)-1 0.273r <1.933)\r> V221

2k —1.933)\r 2k

We define pf = % and assume r = 1, the above formula can be further simplified as

1 (1.742 0.477 _ 0.273 _
Wé)_WF_ { (pg>1/2(k+1) 1 (1.110pg)1/2(2k+1) 1}.

BTEUS T 2-28

2 —2.219p8

Similarly, when 6, = 6, = 7/2, we have E[Yg(m,7)] =2.238r and E[Y} (7, r)] = 5.428r2. Therefore, Cp(m) =

0.583. We finally have
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1933 0.545 o 0.326 T
W W D 2(k+1)—1 _ 1158 D 2(2k+1)-1 .
B k:{ 2 T 22,p ) 2= 2.316,8 1 19%0e)

Figure C1 shows the results of WD — WE when 0 = 7/4 and 6 = w/2. The results remain consistent
with Proposition 2: when the delivery systems are busy, the dedicated delivery system achieves shorter
expected customer wait times; whereas, the fully flexible delivery system demonstrates greater advantages.
The threshold that determines the sign of WL — W' is affected by € and is insensitive to k.

wg-w5<o 08 WE-Wwf<0
0.0 —— : 0.0
0.8
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0.5
0.5
Qo Qa
Q Q WE -wf>0
04 Wg - Wf>0 0.4 LA
0.3 03
0.2 0.2
0.1 0.1
10 20 30 40 50 10 20 30 40 50
k k
T T
(@)6 =7 (b)6 =2

Figure C1 Results of W2 — W§ in the disk-shaped region

For Proposition 4, we can also find configurations of #; and 6, such that pi , < pg, and pg,; < pg, V
1€{1,2,3} under the half-flexible delivery system in the disk-shaped region. For example, if 8; =0, =7 /4,
the feasible conditions for these inequalities to hold are p; > 0.445, ps > 0.445, and p; + p2 < 1, which are
feasible. Therefore, when pg,; — 1 and pf; — 1, only the half-flexible delivery system leads to a finite
expected wait time.

Appendix D Analysis and Case Study of Within-Zone Batching
Suppose that the dedicated and flexible delivery systems can optimize their respective batching region sizes,
denoted by ¢P and ¢, in order to minimize customer wait time. That is, we have

¢D* = argmin wB ()‘¢Da MB(¢D5 T)7 CB(¢D)? k) ) and ¢F* = argmin wB (A(bF)MB(qﬁFvT)a CB((bF)v 2k> .

#Pe(0,%] »Fe(0,%]

The optimal values of ¢P* and ¢'™* are determined by grid search. The corresponding load factors are denoted
by p}, and py., respectively.
¢F* wp (>‘¢F* yMB (¢F*7 T)? CB(¢F*)7 2k>
PP wg (AQP*, (4P, 1), Cp(¢P*), k)
mately twice as large as ¢P*. This finding implies that batching decisions informed by zone size are reasonable;
nevertheless, restricting batching to the same zone does not yield the optimal outcome. Consistent with our
theoretical expectations, under the optimal ¢P* and ¢™™* settings, full flexibility consistently yields shorter
B (A", un(6", 1), Cr(¢™™), 2k)

B (AP, up (9P, 1), C ("), k)
the ratio of wait times between the full ﬂex1b111ty and dedicated strategies approaches one. As k increases, the
system’s service capacity improves, reducing the likelihood of queue buildup under both the full ﬂex1b1hty
and dedicated strategies. In such cases, wait times are primarily determined by the service rate rather than
the flexibility policy. Consequently, the performance difference between the two strategies diminishes, and
their wait time ratio would converge to one.

However, in practice, the order arrival rate A is inherently variable due to predictable and unpredictable
uncertainties. Next, we examine how variations in the arrival rate impact the system when operating at a

We report , pr, and pp, in Figure D1. We find that ¢¥* is approxi-

< 1. We observe that as k increases,

wait times. That is, we always have
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Figure D1 Numerical results for location-based batching

predetermined optimal batch size. Results are presented in Figure D2, which reveals that the dedicated strat-
egy can outperform the full flexibility strategy when A deviates from its nominal value under a predetermined
batch zone size. This observation highlights that variability in the arrival rate could reverse the relationship
between the fully flexible and dedicated designs. In particular, when A is large, a dedicated system leads
to short wait times compared to the fully flexible system, which is consistent with our previous discussion.
Therefore, while spatial batching is effective in mitigating the prolonged travel distance under full flexibility,
the optimal batch zone size is susceptible to variable arrival rate, which could undermine the efficiency of
the fully flexible policy.
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Figure D2  Wait time dynamics with respect to variable \

To facilitate the presentation, we use W5 to represent the average customer wait time under the batch-
within-zone flexibility setting. Figure D3 reports the comparative performance of different flexibility designs
using Meituan’s dataset. Figure D3(a) shows that within-zone batch flexibility consistently outperforms the
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dedicated system, and the advantage becomes more pronounced as the overall traffic intensity increases.
Figure D3(b) compares within-zone batch flexibility with full flexibility. The results reveal that there exists
a positive relationship between the overall traffic intensity and W§ — W%, which indicates that full flexibility
is superior under low traffic intensity, where order accumulation time is the dominant bottleneck. However,
under high traffic intensity, within-zone batch flexibility achieves shorter wait times, as improving the effective
service rate becomes the key driver of performance. We also extend the case study to the setting with a
batch size of three orders, and the findings remain unchanged (see Figure D4).

Next, we briefly discuss the case in which couriers can strategically decide whether to wait to form a
same-zone batch. Suppose a courier currently holds one order. The courier chooses between (i) departing
immediately with the current order, or (ii) waiting for the next order from the same zone and then serving
the two orders as a batch. Orders arrive according to a Poisson process with rate A. Assume the courier earns
revenue R for serving one order, and incurs a time cost ¢ per unit time. If the courier departs immediately,
the expected payoff is R — ¢ x 2r, which we assume to be non-negative. If the courier waits for the next
same-zone order, the expected payoff is 2R — ¢ (% +2r+ %7) . Then, the optimal decision is to wait to form
a batch if A> - R?:CQCT' This implies that, from the courier’s perspective, batching naturally arises when the
arrival rate is high, which also aligns with the setting for the result in Proposition 2(b). Therefore, we expect
the key insight to hold in the presence of strategic behaviors.
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