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Electronic Companion

EC.1. Proof of Theorem 1

Based on Proposition 6, Lemma 3, and a well-known equivalence between a convex program and a VIP (Kinderlehrer

and Stampacchia 2000), we first establish the following lemma.

LEMMA EC.1. Forany p' € P, p'*' = h(p';z) if and only if for all w € W,

(r-cw(p':2) + Vo (P = Véu (ph). P — Pi) >0, Vp,, €Qu(ph). (EC.1)

Proof. We refer the readers to Appendix EC.1.1 for the proof. n

Based on Lemma EC.1, we then derive the following lemma, which provides conditions that guarantee a fixed point
of ILD to be a WE. Plainly, it indicates that under the assumption that c(+; z) is c;-cocoercive, a fixed point p is a WE

as long as one can find a WE p* whose support is contained in the support of p.

LEMMA EC.2. Suppose that c(+;z) is c;-cocoercive on P. Given any p € P such that p = h(p;z), if there exists
p* € P*(z) such that p* € Q(p), then p € P*(z).

Proof. We refer the readers to Appendix EC.1.2 for the proof. n

Then, to analyze the convergence of p’, for any p, p’ € P, we define D~¢(p, p')=2wew D¢, (PP, ). Based on

Lemma EC.1 and the c¢,-cocoercivity of c(-;z), we then prove the following lemma.

LEMMA EC.3. Suppose that the assumptions in Theorem 1 hold. For all p* € P*(z) satisfying p* € Q(p°) and all

t >0, we have

2¢, —r
4c,

Proof. See Appendix EC.1.3 for the proof. [

Dy(p*,p")-Dy(p*.p'*") > Ap" = p™5. (EC.2)

Per assumption, there exists WE p* € P*(z) N Q(p°). For such p*, Lemma 3 implies D 4(p*, p°) < co, and Lemma
EC.3 implies the divergence D 4(p*, p’) is monotonically decreasing as long as r < 2c,. Thus, the limit of D 4(p*, p*)
exists according to the monotone convergence theorem. Hence, by letting # — oo on both sides of Equation (EC.16),
the squeeze theorem ensures || p’ — p'*!||, — 0.

We should note the existence of limHmDﬂ(p( p*,p") for some p* does not imply the limit must be zero. Nor
does it ensure the convergence of {p,}. However, since # is compact, the Bolzano-Weierstrass theorem guarantees
the sequence {p’} must have a convergent subsequence {p% }. Denote p as the limit of p”/ when j — co. Assume
|h(p;z) — pll = 6 for some 6 > 0. That is, the limit of the subsequence p is not a fixed point of the ILD. We proceed
to establish a contradiction. Note that

Ip*! = plilla = lh(p"32) = pUlla = 1h(p"32) = h(p32) + h(p3z) = p + p— P |2 )
> [|h(p32) = Pl = h(p"52) = h(p32) + p = p 122 6 — |h(p"32) = h(ps2) |2 = 1B = pY ]2 '
Letting j — oo on both sides of Equation (EC.3), the left-hand side then converges to 0. Meanwhile, on the right-hand
side, we also have ||p — p%|| — 0 and thus ||2(p";z) — h(p;2)|| — O due to the continuity of /(p;z) with respect to
p. We then have 0 = ||h(p';z) — p' |2 > § >0, a contradiction. Thus, p = h(p;z).
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We next claim p* € Q(p°) implies p* € Q(p). Otherwise, D 4(p*, p) would be unbounded, which is impossible
given D4(p*, p") is monotonically decreasing. This, along with the fact that p is a fixed point of ILD, allows us to
invoke Lemma EC.2 to show the limit p is indeed a WE.

To recapitulate, we have established (i) p’/ — p when j — oo; (ii) p € P*(z); and (iii) the limit of D 4(p, p*) exists.

Combining all three, we conclude ﬁ¢( P, p") — 0 when t — oo, which implies p’ — p. n

EC.1.1. Proof of Lemma EC.1
The following lemma (Kinderlehrer and Stampacchia 2000) characterizes the relation between a convex program and
a VIP.

LEMMA EC.4. Given a closed and convex set Y C R™ and a continuously differentiable and convex function

f 1Y — R, consider the optimization problem miny ¢ y f(y). Then y* € Y is an optimal solution to this convex program
ifand only if (Vf(y*),y —y*)>0forally € Y.

Based on Lemma EC.4, we can then prove Lemma EC.1. First, we have p'*! = h(p’;z) if and only if p’*!

W solves

Equation (7) per Proposition 6. As the objective function in Equation (7), denoted as f, (p,,) =7 - {cw(P';2), P,y) +
Dy, (p,.pl), is finite if and only if p,, € Q, (p!,), we may equivalently minimize f,,(p,,) over Q, (p’,), which
is a closed set. Meanwhile, we have V£, (p,,) =7 - cw(p':2) + Voo (p,,) — Voo (p',) and V2 £, (p,,) = V2o (p,,),
which is positively definite as ¢,, is strongly convex on P,,. Hence, f,,(p,,) is also strongly convex on #,,. The proof

is then concluded by directly applying Lemma EC.4. [

EC.1.2. Proof of Lemma EC.2
By replacing both p’ and p’*! by p in Equation (EC.1) in Lemma EC.1, summing over w € ‘W, and dividing both

sides by the positive constant r, we arrive at the following: p € P satisfies p = h(p;z) if and only if

(c(P;2),p—P)20, VpeQ(p). (EC4)

As p* € Q(p) by assumption, we then have (c(p;z), p* — p) =0, which subsequently implies that

(c(p:z)—c(p™:2), p—p*) +{c(p":2), p — p*) = ~(c(P:2). p" - p) < 0. (EC.5)
Noting that (c(p;z) —c(p™;2), p—p*) = ¢z - |lc(P;2) — c(p*;z)||§ by the ¢;-cocoercivity of ¢(-;z), we subsequently
obtain
cz-lle(p;z) —c(ps2) 3+ (c(p*:2). p— p*) <O. (EC.6)
As (c(p*;2), p — p*) = 0 by Proposition 1, we must have c(p;z) = c(p*;z) as well as
(c(p*32),p-p*)=0. (EC.7)

Denoting ¢; = cx(p;z) = ck(p*;z) and b}, = mingex,, {c},}, we then prove ¢} > b}, = p; =0 for all w € W and
k € K, which shall indicate p is a WE by definition. To prove this, suppose that there exist w’ € ‘W and k' € K,
such that c’,‘(, > b"‘”, and p;, > 0. Denoting 6 = c’l‘(, - b:‘v,, we will then have

((p;2), )2 D bl +6-pyo.

weW
Noting that (¢(p*;z), p*) = Zweaw b}, and c(p*;z) = c¢(P;z), we then derive that (c(p*;z), p — p*) > 0, which

contradicts Equation (EC.7). Hence, we must have p € £*(z), which concludes the proof. ™
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EC.1.3. Proof of Lemma EC.3
We first provide several lemmas that will be used in the proof. In all of these lemmas, we assume that Y is a closed

convex set.

LEMMA EC.5 (Chen and Teboulle (1993)). For any Bregman divergence Dy : Y x Y — R U {co} and any
v,y ,y" €Y, we have
Dy(y.y)+Dg(y".y")=Dy(y.y") =y =y Vo(y") = Vo(y")). (EC.8)
LEMMA EC.6. If ¢ is o-strongly convex with respect to || - || on Y, then for all y,y’ € Y, the induced Bregman
divergence D 4(y,y’) satisfies
Do(y.y)= 5 - ly=y'II- (EC9)

LEMMA EC.7 (Beck and Teboulle (2003)). The negative entropy function ¢(y) = (y,log(y)), which induces the

KL divergence, is 1-strongly convex with respect to £\ norm || - ||;.
LEMMA EC.8. Forally € Y, we have ||y|l2 < ||y |-
LEMMA EC.9 (Marcotte and Wu (1995)). For any two vectors y,y’ € Y, we have
0.5 - IVIB< 5 I IB. (EC.10)

Now we are ready to prove Theorem 1. For all p* € £*(z), Lemma EC.5 first implies that

Dy, (P} P =Dy, (P4 PY) — Do, (Pl Pl
X | (EC.11)
+ <V¢W(p€/v) - VQSVV(P;+ ),P:} —Pf; .
Combining Equation (EC.1) in Lemma EC.1 and Equation (EC.11), we arrive at
Dy, (D3> Piy) =D, (P D) 2 Dy, (PiF . PY) +7- (e (P32), PIS = Pi). (EC.12)
Summarizing Equation (EC.12) for all w € ‘W leads to
Dy(p*.p')—Dy(p*.p"") 2Dy(p"". p') +r-(c(p":2). p"*' - p*)
(EC.13)

>Dy(p"! p") +r-(c(p's2) —c(p*s2), ™! = p*),
where the second inequality holds because (c¢(p*;z), p'*' — p*) > 0. Below, we further bound the two terms on the
right-hand side of Equation (EC.13). First,
. 1 1 1
1 12 12 12
Do(p™'.p)z 5 3 1P =P T 25 ) 1Pl =Pl 5= 5 11p" = "I, (EC.14)

weW 2 weWw

where the first inequality follows from Lemmas EC.6 and EC.7, and the second follows from Lemma EC.8. Second,
(c(ps2)—c(p*i2). p"™' = p*) =(c(p"s2) —c(p*;2). p"™' = p' +p' - p*)

> (c(p'iz)—c(p*i2).p"™ = p") +cz - lle(p's2) - c(p*:2) 13 (EC.15)

1
>___ . t_ t+1))2
Sy lp" = p""Il5,

where the first inequality is guaranteed by the cocoercivity of ¢(p;z) and the second follows from Lemma EC.9.
Plugging Equations (EC.14) and (EC.15) into Equation (EC.13) results in

2c, —r
kT
which concludes the proof. [

Dy(p*,p")-Dy(p*.p'*") > Ap" =P, (EC.16)
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EC.2. Algorithms Included in the Numerical Experiments
We first provide additional implementation details of the proposed algorithms (Appendix EC.2.1) before proceeding to
introduce other general SCG algorithms included for comparison (Appendix EC.2.2). Application-specific heuristics

are presented in Appendix EC.2.3.

EC.2.1. DolMD and SilMD with route generation

Algorithm EC.1 details a version of DolMD in which routes are not enumerated beforehand but generated iteratively
on the fly. The initial p° is set according to the initial %*: travelers are split equally to all routes currently present
between each OD pair. At the end of each outer iteration, the shortest route between each OD pair is identified and

included in K* if it is new. Whenever K* is updated, p° is reset accordingly.

Algorithm EC.1 DoIMD implemented with dynamic route generation.

1: Input: K* C K, z° € Z, step sizes p > 0 and r > 0, threshold values & > 0 and & > 0.
2: Set p¥ = (pg)keq(, where pg =1/|K}| if k e K, and pg =0if k € Ky \ K, forall w € W.
3: fori=0,1,...do

4: FP (running Algorithm 1 until convergence):

5 forr=0,1,...do

6 Run p'*!' = h(p;z%).

7: If §(p'*';z') < e break and set T =1+ 1 and I” =1(ApT;7%).

8 end for

9 BP: Calculate I, = 3!7 /97 by unrolling FP via AD (AD tools automatically programmed and executed Algorithm 2).
10: Setz*! =argming.» p-(lz,z—2") + Dy (z,2%).
11: Set newroute = false.

12: for w e W do

13: Find k™ = argming ¢ cx( pT;zi*1) through a shortest route algorithm.

14: If k* ¢ K, set K+ =K+ U {k*} and newroute = true.

15: end for

16: If newroute = true, reset p° = (p)rex. where p§ = 1/|%Gh | if k € K}, and p§) = 0if k € K, \ K}, for all w € W.
17: If ||z*! = || < & and newroute = false, break and set z* = z°*!.

18: end for

In Algorithm EC.1, route generation is performed only between outer iterations. This design is adopted for several
reasons. First, adding routes inside the inner ILD loop would require repeated shortest-route searches and updates of
the route-link and route-OD incidence data structure, which could significantly increase the running time. Second,
it would introduce a discrete nonsmooth operation into the trajectory. Under the current design, during each FP/BP
calculation, the generated route set K* is fixed, and AD is applied only to the smooth finite ILD trajectory defined
on this fixed route set. Since the shortest-route routine used to expand K™ is not part of the computational graph, the
unrolled computation is smooth.

For very large instances, such as Chicago Sketch, the memory needed to store the full FP graph may still be

substantial. In such cases, DoIMD can be implemented with truncated AD (Shaban et al. 2019). Specifically, the FP
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iterations can first be run without recording the computational graph until the equilibrium gap falls below a loose
threshold &, > €. The graph is then recorded only for the remaining iterations needed to reach the final threshold ¢.
This implementation reduces memory usage, at the cost of treating the earlier FP iterations as detached and hence
introducing an additional truncation approximation in the computed gradient.

Algorithm EC.2 describes how SilMD is implemented with route generation. The main difference concerns how the
route choice strategy is initialized when a new route is found. In SilMD, if a new route k* is added to the route set,
its choice probability should be manually set. Otherwise, the flow on that route will always remain zero since, unlike

DoIMD, route choice strategies are not reset every time a route expansion occurs (see Algorithm EC.1).

Algorithm EC.2 SilMD implemented with dynamic route generation

1: Input: K* C K, z° € Z, step sizes p > 0 and r > 0, threshold values & > 0 and & > 0.

2: Set p¥= (pg)keq(, where p(]i = /|| if k € G and p, = 0if k € K, \ K, for all w e W.
3: fori=0,1,...do

4: FP: Calculate [T = g™ (pi;zi).

5 BP: Calculate I, = 017 /97" by unrolling FP via AD.
6 Setz*! =argmin,. 7 p-(l,z—2z') + Dy (z,2") and p™*' = D) (p';27).
7: Set newroute = false.
8 for w e W do
9 Find k* = argmin .4 cx(p™*':z"*") through a shortest route algorithm.
10: If £* ¢ K, set K™ =K* U {k*}, initialize p?ctl with a small positive value, and set newroute = true.
11: end for
12: Set p'+l = pi*1 /2Ty pi*! (scaling pi*! so that it satisfies the constraint p*!' = 1).
13:  Ifs(p™hzi*h) <e, |Iz7*! - 27| <&, and newroute = false, break and set 7 = z'*!.
14: end for

For both DolMD and SilMD, in our implementation, the parameter r is fixed as a small constant, while p is decreased
at a harmonic rate. Meanwhile, noting that Z is a box constraint in both CNDPs and SCTPs, we choose D, as the

squared Euclidean distance when implementing both algorithms.

EC.2.2. Other general SCG algorithms

EC.2.2.1. SAB algorithm Algorithm EC.3 presents an SAB algorithm for solving SCGs, which shares a
similar overall structure with DolMD. At each iteration, both algorithms also perform the following three tasks: (i) find
the lower-level WE; (ii) evaluate the gradient of the leader’s cost at WE; and (iii) improve the leader’s decision based
on the gradient. For Task (i), Algorithm EC.3 enjoys the benefit of a faster WE solver, namely iGP, rather than sticking
to ILD as in DoIMD. For Task 2, it relies on Yang and Bell (2007)’s sensitivity analysis approach given in Proposition
5. As for Task (iii), Algorithm EC.3 also leverages the MD method, identical to DolMD.

As highlighted in Proposition 5, the algorithm requires the selected WE strategy p* satisfy the strict complementary
condition, which enforces supp(p*) = Up:ep+ supp(p*) (“no-route-left-behind”). Our experience suggests that the
algorithm tends to work fine when we simply select p* as a non-degenerate extreme point of X*, as suggested in Tobin
and Friesz (1988). Note that this approach would avoid the cost of finding the MSIC for [AI, ZI]T, though it may

become infeasible when all extreme points of X* are degenerate (Josefsson and Patriksson 2003).
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Algorithm EC.3 SAB algorithm for solving Problem (2).
1: Input: z° € Z, step size p > 0, threshold values £ > 0 and & > 0.
2: fori=0,1,...do

3 Solve a p' € P*(z') via iGP, terminating which when 6(p’;z’) <&. Setx' = Ap'.

4 Calculate Vx*(z') according to the sensitivity analysis method detailed in Proposition 5.

5: Setz/*! =argming. > p-(lz,z2—2") + Dy (z,2°), where I[; = V,I(x';2%) + Vx*(z) - Vil (x';2").
6

If ||z*! — 2]l < &, break and set z* = z*!.

7: end for

EC.2.2.2. Cutting plane algorithm Underlying the cutting plane (CP) algorithm is the following refor-

mulation of the original problem (2),

min  [(x*;z),
2€Z. pre? (EC.17)
st x*=Ap*, (u(x*;z),y-x*)>0, VyelkX,

where the lower-level WE is replaced by its link-based VIP formulation. Note that Problem (EC.17) has an infinite

number of constraints. Lawphongpanich and Hearn (2004) noted that the VIP in Problem (EC.17) holds as long as
(u(x*;z),y' —x*y>0, Vvertex y' of X. (EC.18)

This equivalence allows Problem (EC.17) to be further transformed into a standard nonlinear program with a finite
number of nonlinear constraints. To avoid enumerating all vertices of X, they further devised a cutting plane scheme

that iteratively generates cuts (vertex y’ of X). As described in Algorithm EC.4, each sub-problem is equivalent to a

shortest route problem: its solution y’*! corresponds to the all-or-nothing assignment where link costs equal u(x’;z").

Algorithm EC.4 Cutting plane algorithm for solving Problem (2).

1: Input: a vertex y° of X.
2: fori=0,1,...do
3: The master problem: let (z', p) be the solution to

min  [(x";z),
zeZ, p*eP

st x"=Ap*, (u(x*;z2),y/ -x*)>0, j=0,....i,

4: The sub-problem: solve y'*! = arg minye)((u(xi;zi),y), where x! = Ap’.

bl

If I*(z%) — I(x'; ") is sufficiently small, break and set z* = 7.

6: end for

When dealing with a toy problem like Braess, the CP algorithm can be implemented without the need to dynamically
generate cuts since the vertices of X can be easily enumerated. However, applying Algorithm EC.4 directly to larger
networks presents significant challenges for two main reasons. First, the master problem is a highly nonconvex and
nonlinear program, making it difficult to solve globally and exactly. Second, the constraint p* €e P = {p € le(l :Xp=1}

in the master problem requires route enumeration to create the OD-route incidence matrix X.
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EC.2.3. Application-specific heuristics

EC.2.3.1. Heuristics for CNDPs We implemented two heuristic methods: IOA and SO.
IOA. As described in Algorithm EC.5, our implementation solves the corresponding WE via the iGP algorithm. The
optimization step minimizes [(x';z) over z € Z, a nonlinear program with simple box constraints that can be handled

by standard nonlinear program solvers.

Algorithm EC.5 IOA algorithm for solving CNDPs.

: Input: Ve Z, threshold values € > 0 and & > 0.
: fori=1,2,...do

1
2
3: The assignment step: solve a p’ € P*(z'~!) via iGP, terminating which when 6 (p’;z'~') < &; set x’ = Ap'.
4 The optimization step: solve z' € argmin, . 7 [(x';2).

5

If ||zf = 2" ||eo < &, break and set Z = z'.

6: end for

SO. The SO algorithm accepts Z from the following optimization problem as an approximate solution
(2,p) € argmin I(x;z), st.x=Ap. (EC.19)
z€Z, peP
On large networks, we find solving (EC.19) with commercial convex program solvers is not efficient. This is because
specifying the constraint p* e P = {p € RL{Kl : X p =1} requires route enumeration. To improve efficiency, we employed
a coordinate descent algorithm (see Algorithm EC.6), which iterates between two steps.

+ The assignment step: given z'~! € Z, find p’ € P that minimizes /(x;z'~!), where x = Ap’. To see how this
sub-problem can be transformed into a standard traffic assignment problem, we note that /(x;z'~!) = (x,u(x;z""1)) +
B-m(z'~"), which indicates that the sub-problem is equivalent to an SO traffic assignment problem (SO-TAP) that aims
to find p € P to minimize the total travel time {x, u(x;z'~")). The resulting SO-TAP may be further transformed into
an equivalent WE traffic assignment problem by adding marginal costs to the link cost functions (Sheffi 1985), which
can be readily and efficiently solved via the iGP algorithm. Let us denote the solution set to this WE-TAP as P (z71).

* The optimization step: given x’ = Ap’, find z’ € Z that minimizes /(x’;z), identical to the optimization step in

the IOA algorithm, which can be solved via off-the-shelf solvers.

Algorithm EC.6 SO algorithm for solving CNDPs.

. Input: z° € Z, threshold values £ > 0 and £ > 0.
: fori=1,2,...do

1
2
3: The assignment step: solve a p’ € Py (z'~!) via iGP, terminating which when 6(p’;z'~!) <&; set x' = Ap'.
4 The optimization step: solve 7z’ € arg min, . -/ (x%;2).

5

If ||z' — 27 !||o < &, break and set 7 = z°.

6: end for
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EC.2.3.2. Heuristics for SCTPs For SCTPs, we focus on three heuristics proposed by Harks et al. (2015),
i.e., MCT, EMCDT, and CT. As mentioned in Section 2.2, all three algorithms require first obtaining the system-optimal
(SO) link flow pattern xs, = argmin,. y (X, Utime (X)).
rMCT. Algorithm EC.7 presents a modified version of MCT, referred to as rtMCT in the paper. The only difference
between MCT and rMCT lies in Line 4: in MCT, if the condition x!, < xy, , is met, it sets z5;"! = max{0, z/, — |z}, = 2/, "'},
i.e., 7/, is decreased by |z/, — zi.,"!|, the absolute difference between the objective values in consecutive iterations. The
problem is that in the first iteration (i = 1), this value does not exist since there is no iteration 0. In our implementation,
instead of reducing z!, by the difference, we simply reduce it by a constant that diminishes gradually. We found that

rMCT converges smoothly and delivers better solutions than the original version.

Algorithm EC.7 The revised MCT (rfMCT) algorithm for solving SCTPs.

’
time,a

1: Input: § > 0, threshold values & >0 and ¢ > 0, z! = (2} )4c.# such that z}, = u (Xs0.a)  Xso.q for all a € A and 7z}, =0 for all
acA\A.

: fori=1,2,...do

W N

Solve a p' € P*(z') via iGP, terminating which when 6(p‘;z’) <&. Set x' = Ap'.
4: Forall a € A, set

time,a

max{0, Z, -0.9"71.6}, if X! <Xg0.0-

il {zz +0.97 1.y (xb)-xi, ifxl > x4
il

5: If ||z = 2¥]|o < &, break and set 7 = z/*!.

6: end for

EMCDT and CT. The implementation of EMCDT and CT is given in Algorithms EC.8 and EC.9, respectively. The

reader is referred to Harks et al. (2015) for the rationale behind these heuristics.

Algorithm EC.8 The EMCDT algorithm for solving SCTPs.

1: Input: § > 0, threshold values & > 0 and £ > 0, z! = (z})4e such that z!, = max{s, u
zl=0forallaeA\A.
fori=1,2,...do

’

time.q (¥so.a) * Xs0,q} for all a € A and

Solve a p’ € P*(z') via iGP, terminating which when §(p’;z’) <. Set x’ = Ap’.
Set @ =max,zul . (x})-xi.

~ . . i-1 . .
For all a € A, set z:¥! = I, - exp (m(a)x‘?—la} (g o (G) - xG =g (Xs0,a) *Xso,a))-

SANES A

If |27+ = 27]|c < &, break and set 7 = z/*!.

7: end for
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Algorithm EC.9 The CT algorithm for solving SCTPs.

1: Imput: toll increment A > 0, threshold value & > 0.

2: SetZ=0and Ay = A.
3: while A, # 0 do
4: Solve a p € P*(%) via iGP, terminating when §(p;Z) <&. Setx = Ap.
5: Find o’ = argmax ;¢ 4, Ugine o (Xa) “Xa-
6: If xor > Xs0,a7» S€t Zar = Zor + A; otherwise, remove a’ from Aje.
7: end while
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