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Abstract  This tutorial focuses on recent advances in computational optimization and statisti-
cal methodologies in big data analytics, which is a rapidly emerging interdisciplinary
research area. The main focus of this paper lies on classification, regression, and feature
selection, which are among the most challenging analytics tasks. We give a thorough
discussion on the mathematical and statistical modeling aspects of these problems. We
end the paper with an application of big data analytics in brain imaging (neuroimag-
ing) data, which can provide a unique and often complementary characterization of
the underlying neurophysiological process that may be useful in clinical diagnoses of
brain diseases.

Keywords big data analytics, statistical learning, computational optimization, neuroimaging

1. Introduction

Recent advances in data and computing technologies have reshaped how we control devices,
collect data, and interact with systems. Integrated healthcare, intelligent transportation sys-
tems, smart grids, and energy management are examples of applications from these advance-
ments. However, such advancements have also brought challenges in terms of data storage
and processing. In particular, the amount of data generated by sensing devices and delivered
by networking devices is enormous and beyond the ability a single computer system can
store and traditional data analysis methods can process. In response to these challenges, the
term “big data” has been defined as an umbrella term for any collection of large and com-
plex data sets that are difficult to store, process, analyze, and comprehend using traditional
database or data processing tools. The major components in big data include data science,
analytics, and visualization. As recognized by President Obama, big data is now a national
grand challenge.

The theme of this paper revolves around analytics techniques to make sense of big data
through knowledge and information extraction. Data analytics techniques arise in many
research areas including machine learning, data mining, knowledge discovery, artificial intel-
ligence, and statistical learning. This paper will provide tutorials of computational opti-
mization and statistical methods in data analytics that have been widely used to “learn”
information directly from data without assuming a predetermined model of the data. The
methods for extracting patterns from data, such as data sorting or various hypothesis-driven
methods, have been around for centuries. However, it is extremely difficult to transform
massive data into valuable knowledge by the traditional means of analysis. This motivates
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the development of modern analytics methods, which are designed to discover meaningful
representations or structures of data using optimization and statistical methods.

In a broad sense, there are two types of analytics methods: reactive and proactive. Reactive
analytics focuses on providing statistics for current and historical data with the hope of
providing insights into what happened and why it happened. Methods such as data statistical
modeling, trend reporting, and visualization as association and correlation analysis have
been commonly used to analyze current and historical data to discover any correlations with
them. Proactive analytics, on the other hand, focuses on using a known data set (called
the training data set), which includes input data features (aka attributes) and response
values (aka target patterns), to build a predictive (decision) model and scale it to make
predictions using unseen data (called the test data set). Thus, proactive analytics operates
on the assumption that the test data set has a similar structure to or characteristics similar
to those of the training data set.

In machine learning and data mining, predictive analytics is known as supervised learn-
ing. Several modern optimization and statistical methods have been developed and used
routinely in predictive analytics. Among the most widely used techniques for predictive
analytics are support vector machines, linear regression/classification, nonlinear regression
(generalized linear model, logistic), decision tree, Bayesian learning, nearest neighbor, and
neural networks.

While building a predictive model, predictive analytics in big data also deals with a prob-
lem associated with superfluous information in the data; this is called feature selection.
Feature selection is needed for managing the dimensionality of the data set, which grows
with the number of features. More specifically, it reduces the dimensionality of data by
selecting only a subset of data features to create a decision model. In addition to dimen-
sionality reduction, feature selection is also closely related to overfitting in regression. Here,
overfitting is a common risk of using machine learning models that may fit noise rather than
fit the signal. Having a minimal number of features often leads to simpler models, better
generalization, and easier interpretation. The concept of parsimony (Occam’s razor) is often
invoked to bias the search (Blumer et al. [2]): never do with more what can be done with
fewer. Feature selection criteria usually involve the minimization of a specific measure of
predictive error for model fitting to different subsets of data. In recent years, sparse learn-
ing (aka regularization) has gained more popularity as an integrated learning method for
simultaneously selecting features and building classification models.

This tutorial will provide a brief overview of computational methods in predictive analyt-
ics, including supervised learning, feature selection, and sparse learning approaches. We will
also discuss a few real-life medical applications of neuroimaging data analytics. Identifying
the early stages of specific common brain diseases is challenging because their early signs
and symptoms often overlap with those of other diseases. For example, the clinical features
of Parkinson’s disease, such as tremor and rigidity, are also seen in benign essential tremor,
among others. Because of the nonspecificity of early symptoms and signs, better techniques
are needed for differential diagnosis of brain diseases. Predictive analytics in neuroimaging
data may be useful in assisting physicians in recognizing abnormal patterns and/or pat-
terns of specific brain diseases and help them decide whether a patient is likely to have a
brain disease. Feature selection is also extremely important in neuroimaging data analyt-
ics. Because neuroimaging data are typically high dimensional as a result of the number of
voxels involved and the small sample size with a limited number of subjects, regularization
techniques have been widely used for feature selection to identify brain regions that are
disrupted or altered by specific brain diseases.

The rest of this tutorial is organized as follows. Section 2 will focus on predictive ana-
lytics that includes many supervised learning methods such as classification and regression.
Section 3 will focus on feature selection and sparse learning. Section 4 will present several
examples of how these methods can be applied in neuroimaging data analysis. Section 5 will
conclude the tutorial with discussions and future research directions.



Downloaded from informs.org by [216.73.216.140] on 08 June 2026, at 13:15 . For personal use only, all rights reserved.

Huang and Chaovalitwongse: Computational Optimization, Statistical Methods for Big Data
Tutorials in Operations Research, © 2015 INFORMS 73

2. Predictive Analytics (Supervised Learning): Classification and
Regression

Supervised learning approaches typically construct a predictive function/model from the
training data set, which consists of a set of input—output (aka feature-response) pairs.
In the training stage, they attempt to optimize a model for the best mapping between
data features and response values. In the testing stage, the predictive model is used to
make predictions of new data samples that have not been seen. The prediction outcome
is a measure of the model’s generalization capability. Good generalization of a supervised
learning approach often requires the training data set to be sufficiently large and contain
representative samples so that a valid general mapping between data features and response
values can be found. There are a number of variants of supervised learning approaches,
such as forecasting, predictive modeling, regression, classification, and simulation. Specific
structure of the data and the objective of analytics greatly influence the selection of tasks
and methods that are to be employed. In this tutorial, we will focus on two of the most
widely used supervised learning approaches: classification and regression. Both approaches
share the same training and testing framework but differ on the prediction of response
values. If the response value is a categorical value, classification methods will be used to
identify the mapping that connects the data feature and the corresponding response value
(class). If the response value is continuous, regression methods will be used.

We first introduce our notation used throughout this paper. We use boldface lowercase
letters to denote vectors and boldface uppercase letters to denote matrices. Variables are
denoted by uppercase letters, and other scalars are denoted by lowercase letters. For example,
in regression, we denote {X1,...,X,} as p variables, and we denote Y as the response
variable. We denote X C R"*P as the n samples of the p variables, and we denote y C R™
as the corresponding responses.

2.1. Support Vector Machine

The support vector machine (SVM) is among the most widely used classification methods.
Its widespread acceptance is rooted in its robustness arising from the strong fundamentals of
mathematical optimization (Mangasarian [22, 23]) and statistical learning theory (Scholkopf
et al. [32], Vapnik [35, 36]). A pioneering work of SVMs in optimization demonstrated how
to formulate an SVM as the problem of constructing the best (hyper)plane that separates
all data points of one class from those of the other class. This hyperplane is often called
the decision boundary. In turn, from a statistical point of view, an SVM can be modeled
to incorporate empirical risk minimization and generalization to allow for mislabeled data
points (i.e., points falling on the wrong side of the hyperplane). Risk minimization of the
decision boundary (aka soft margin) can be achieved by determining the hyperplane that
best separates the data points so that misclassification error is minimized, and the distance
from the hyperplane to the nearest data point, which is referred to as the margin, is maxi-
mized. Support vectors are the data points on the line that are closest to the hyperplane.
The so-called soft-margin SVM can be formulated as follows. Given the training data that
consist of a set of points (instances) x; € RP along with their categories y; = £1 (positive
and negative classes), where p is the number of features, the hyperplane can be expressed
as xI'w + b =0, where w € RP is a vector and b is a real scalar (bias). The objective
of an SVM is to find the optimal values of w and b of the separating hyperplane that
maximize the margin, expressed by ||w||, and that minimize classification error. Maximizing
the margin is equivalent to minimizing (w’w)/2. Because real-life training data might not
allow for a perfect separating hyperplane, we introduce a slack variable, s;, to measure
the distance required to move data point ¢ to the right side of the hyperplane. For the
data points that are already on the correct side of the hyperplane, their slack variables will
be zero. We can mathematically represent the expression of the hyperplane separating data
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points as y;(wTx +b) > 1 — s;, where s; > 0. By introducing a penalty parameter C, the
misclassification error in the SVM objective can be expressed by CZ;;I s; for Li-norm
or CY°0 | s? for La-norm. Put all together, a quadratic programming formulation of the
soft-margin SVM with Lq-norm penalty on misclassification is given by

_(wlw & . T
min ?—i—CZsi subject to y;(W' x—+b)>1—s;; s;>0.
i=1

Lagrange multipliers can be used to formulate the dual quadratic program, which is easier to
solve by using a gradient method. After we obtain the optimal solution (w*,b*) of an SVM,
a new data point represented by a vector z can be classified as class(z)=sign(w*7'z + b*).

The SVM was originally designed for binary classification. The multiclass SVM has been
proposed in the literature and is still an open research area (Hsu and Lin [14]). Most studies
reduce the multiclass classification problem into multiple binary classification problems. The
earliest multiclass implementation is the one against all approach, which constructs k SVM
classifiers, where k is the number of classes (Schélkopf et al. [32]). The basic idea is when
training the ith SVM classifier, class i is considered as one class while all other classes are
treated as another class (Krefiel [19]), paving the way for the application of the binary SVM
model. Whereas each SVM classifier will produce an output function value for any new data
point, the classification of a new data point is based on the highest output function value
among all k& models, arg max(w*7z + b*). Another alternative method builds one against
one classifiers by building k(k — 1)/2 SVM classifiers, where each classifier is trained on
data from two classes. Classification of new data points is based on the number of times
that all k(k —1)/2 classifiers assign the new point to each class. SVMs can be sensitive to
outliers; thus new formulations that can relax the training penalty in a controlled manner
have recently been developed (Seref et al. [33]).

2.2. Regression Model

As defined in statistical terms, linear regression models describe the relationship between a
dependent (target or response) variable, y;, and independent variables (data points), x; € RP.
The matrix X € R™*P of observations on p data features of n data points is usually called
the design matriz. In general, a linear regression model is in the form

p
Yi=Bo+ > B;Xij+e, i=1....n,

j=1

where y; is the response value of the ith data point, 3; is the jth coefficient, 3 is the
constant term, and €; is the regression error (or noise) of the ith data point. Note that,
here, 3 € R? is similar to the w used in an SVM and 3, is similar to b. Here, we follow the
notional convenience we used for SVM formulations. The objective of regression model is to
minimize the mean squared error, >, €? (aka least squares).

Logistic regression (LR) is among the most widely studied nonlinear regression models.
It has been widely used as a classifier because it is efficient, accurate, and easy to interpret.
Let y; = £1 denote the class (response) variable. A logistic regression model incorporates
a linear function of the data point x; into the class-conditional probability. The model is

formulated as
1 n
J(B,Bo) = - Z{I+1(Yi) log Pr(y; =1|x;) +I_1(y:) log Pr(y; = —1[x;)},
i=1

where n is the number of data points, Ix(y;) is an indicator function returning 1 when
T
yi =k and 0 otherwise, and Pr(y; =1|z;) =1/(1 4+ e~ Bot* 8)) and Pr(y; = —1|x;) =1 —
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Pr(y; =1]x;) are probability functions of both response values. The coefficients (3, 3,)
can be computed (trained) by maximizing the objective function J(3,3,). It should be
noted that the coefficients (3,3,) are not scale-invariant to the data feature x;; therefore,
x; should be standardized (e.g., by computing the z-score) before solving the maximization
problem. LR can be easily extended to solve a multiclass classification problem by using a
penalized maximum multinomial log-likelihood, which is often referred as multinomial LR.

2.3. Classification Tree and Regression Tree

Based on features of data points, classification trees and regression trees are hierarchical
decision trees that predict responses to data. If the responses are nominal, the decision tree
is called a classification tree. If the responses are continuous, the tree is called a regression
tree. In a decision tree, nodes represent the condition of features, and branches represent
conjunctions of features that lead to those predictions. Given a set of training data, a decision
tree can be induced in the form of a sequence of rules. Once a tree is formed, it can be used
to easily predict responses to unseen data based on their features by following the decisions
starting at the root node down to a leaf node, which contains the response. Each step in
a prediction involves checking the value of one feature (variable). The key challenge for
building a good decision tree is to choose features for branching. The objective is to reduce
impurity or uncertainty in data as much as possible. A subset of data is pure if all data
points belong to the same class or have similar response values. In general, decision tree
algorithms are recursive. There are several popular algorithms that have been developed in
the literature. Arguably the most well-known algorithm is C4.5, which builds decision trees
from a set of training data by the measure of uncertainty associated with a response variable
(Quinlan [30]). As any feature of data can be used to split the data set into smaller subsets,
C4.5 examines the relative entropy (aka Shannon entropy) for each feature, and the feature
with the highest normalized information gain is used for branching.

Both classification trees and regression trees provide an effective way for discovering mean-
ingful patterns and prediction rules for a data set. However, it might be impractical or
impossible to construct a decision tree using all of the data instances for a very large data
set. In this perspective, optimization techniques could play a valuable role in building accu-
rate and concise decision trees from large data sets. A method for selecting the best decision
tree using the minimum description length (MDL) principle is proposed (Quinlan [30]). A
decision tree is first built using the standard C4.5 algorithm. Subsequently, the optimal
subtree structure is selected by the MDL, which selects a solution that minimizes the total
number of bits needed to encode the tree and the description of the data given by the tree.
This approach offers a way to prune the constructed tree and also avoids the problem of
overfitting.

2.4. Bayesian Learning

Bayesian decision theory is one of the most widely used statistical approaches for solving
problems in data analytics. The basic idea of Bayesian learning is based on the estimation of
probability distributions, which can be described by the well-known naive Bayes probability
model given by P(Y | X)=P(X |Y)P(Y)/P(X), where P(Y) is called the prior probability
of response variable (class) Y, which is the probability (or proportion) that response class Y
is in the training data; P(X |Y) is called the likelihood probability, which is the probability
of observation data X given response class Y. The prior probability of observation data is
denoted as P(X), which is the probability of witnessing data X under all possible response
classes, and P(Y | X) is the posterior probability, which is the probability of response class Y’
given that the data X occur. Note that the naive Bayes classifier is designed with the naive
assumption that the features are independent of one another within each class, but it appears
to work well in practice. In the training step, the naive Bayes classifier uses the training
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data to estimate the parameters of a probability distribution. In the prediction step, for any
unseen test data point, the classifier computes the posterior probability of that data point
belonging to each class and uses the maximum a posteriori decision rule, which simply picks
the most probable response classes (the largest posterior probability). The main challenge
in Bayesian learning is estimating the probability distribution of data features in each class.
Normal (Gaussian) distribution is the most commonly used distribution since it only requires
the mean and the standard derivation of each feature of the training data in each class. If
data features are known to be skewed or have multiple peaks or modes, a kernel distribution
may be suitable because it does not require the normal distribution assumption.

2.5. Nearest Neighbor

The key concept of the nearest neighbor (NN) algorithm, often referred as the k-nearest
neighbor (KNN), is based on the assumption that data instances whose features are similar
should also have a similar response values. In general, the KNN classifies a test instance
based on the majority category of k training instances that are most similar to the test
instance. Thus, the predicted response value or class of the test instance is assigned to the
most common class or a weighted average among its k nearest neighbors. Any ties can be
broken arbitrarily. The performance of KNN is highly dependent on the choice of the k value.
If & is too small, the prediction result might be very sensitive to noise; if k is too large, the
model tends to be inaccurate since too many points from other classes might be included.

An important aspect of KNN is how to predict the response values or classes once the
k nearest neighbors are identified. As mentioned above, the simplest method is to take
a majority vote; however, problems may arise when the nearest neighbors are distributed
widely or some classes dominate the prediction with more frequent samples. To counter
this situation, the prediction step can be enhanced by assigning a weight to each neighbor
according to its distance to the test instance. The weight of a neighbor is often defined
as the reciprocal of its distance. The new instance is then classified as the class with the
highest sum of weights. In addition, the distance measure is very essential to the KNN. There
are several similarity measures that have been commonly used to compute the distance
between two data instances: Euclidean distance, chi-square distance, dynamic time warping,
t-index, among others. Using a measure that is appropriate for the data features is crucial
in obtaining a good prediction outcome.

Compared with other supervised learning methods, KNN does not require a sophisticated
modeling process, and thus it is very easy to understand and implement. However, the main
challenge of KNN is that its classification accuracy can be severely degraded by the presence
of irrelevant or noisy features. A good selection of features could reduce the dimensionality
of data, scale down the computation time, and, most importantly, improve the classifica-
tion accuracy. In the KNN literature, much effort has been put into selecting appropriate
sets of features; however, most of the methods developed are based on a greedy search.
Optimization-based methods for feature selection of KNN were proposed in Chaovalitwongse
et al. ([4, 5]).

3. Regularization: Feature Selection and Sparse Learning

Feature selection has been a critical prerequisite for the application of many data mining
and machine learning algorithms (Liu and Motoda [20]). It is usually unrealistic to use all
the features as predictors in a prediction model such as support vector machine and other
kernel methods (Hastie et al. [12]) because of both computational concerns and the risk of
overfitting. It has been long known that, in classic regression theory, including more features
(even the features that are entirely irrelevant with the response variable) in a regression
model will also decrease the prediction error on the training data (Montgomery et al. [25]).
However, since the ultimate goal of a regression model is to pursue a robust and accurate
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performance on unseen testing data, including irrelevant features will not help with the
prediction; rather, such features may add noise into the prediction model and result in
an inaccurate prediction. This phenomenon is an example of overfitting. In addition to
regression models, other classification methods such as KNN can benefit from optimization
of the feature selection (Chaovalitwongse et al. [4, 5]). Therefore, feature selection is one
effective approach that can reduce the dimensionality of the data set and lead to predictive
models that are built on a small number of features.

3.1. Feature Selection

The essential idea of feature selection is to encourage parsimony in statistical modeling,
which can actually be traced back to some ancient scientific principles, such as Occam’s
razor (Blumer et al. [2]). The parsimony of statistical models implies a preference over the
models with a smaller number of free parameters among all the models that can sufficiently
capture the complexity and uncertainty of the data sets. Some direct benefits of such a
parsimonious statistical model include enhanced interpretability and stability of the models.
There are some survey papers and books that have reviewed the existing feature selection
methods developed for different data mining objectives or different data sets (e.g., Guyon
and Elisseeff [11], Liu and Motoda [20]). Here, we will use the regression model as an example
to illustrate how different feature selection methods work and how they are related.
The feature selection for a regression model can be described as follows:

B = argmin{||Y — X85 + Al|Bllo}-

Here, ||B||o is the number of nonzero elements in B3, and X is the penalty parameter that
controls the shrinkage effect, i.e., a larger A imposes more of a penalty on the magnitudes
of B

This presents a very challenging combinatorial optimization problem. Roughly speaking,
to solve this problem, there are two major schools of thought that have been found effective
in a range of applications. One is to use heuristics methods. Existing methods (e.g., Guyon
and Elisseeff [11]) that fall into this category include forward selection, backward selection,
and stepwise selection. There, algorithms usually have two critical components: one is an
objective function (called the criterion), which the method uses to evaluate the goodness
of fit of the selected features. For the regression example, the least square |[Y — X033
can be used as the criterion. The other component is the heuristic method that aims to
identify a good set of features in a sequential manner, which adds or removes features from a
candidate subset while evaluating the criterion. The forward selection methods sequentially
add features to an originally empty candidate set until the addition of further features does
not decrease the least square error. The backward selection methods sequentially remove
features from the full list of features until the removal of further features increases the least
square error. The stepwise selection is a combination of both methods, which could add
features and remove features along the feature selection process.

3.2. Sparse Learning

Besides the heuristics methods, another major school of thought is the sparse learning
framework that has attracted much attention recently. The basic idea of sparse learning
is to impose regularization on the model complexity, which is usually characterized by the
number of unknown parameters. Regularization is a technique used to control the model
complexity by forcing many of the unknown parameters to be zero. A classic example of
sparse learning is the ridge regression (Hoerl and Kennard [13]), which employs an L2-norm
regularized least square formulation to encourage sparsity of the regression parameters, as
shown below: A
B = argmin{|[Y — X8|3+ \|8I3}.
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Compared with the original formulation for feature selection for regression models, the
ridge regression replaces [|3||o with ||3|3. The benefit of this replacement is to convert
the challenging combinatorial optimization problem into an easy-to-solve problem, which
actually has a closed-form solution. Ridge regression is commonly known as being capable of
effectively shrinking many unreliable or redundant regression parameters in B toward zero,
thus achieving more stability than ordinary least square regression models. However, since
the objective function of ridge regression is a smooth function without any singularity in
the parameter space for any 3, =0, there is actually no parameter in B that will be exactly
zero. This implies that ridge regression is not a truly sparse model, since all the variables
are always kept in the regression model, no matter how large the penalty parameter A used.
On the other hand, in many applications, such as cancer research, there is a hypothesis
that only a few genes or proteins are correlated with the disease processes, although we can
obtain the gene expressions of thousands of genes simultaneously. Therefore, ridge regression
is less effective in these applications, and statistical models that can achieve exact sparsity
in 3 are required.

Least absolute shrinkage and selection operator (LASSO) is an approach that can effec-
tively achieve exact sparsity in 3 (Tibshirani [34]). The formulation of LASSO is similar to
that of ridge regression, except that the Li-norm is used to replace the Lo-norm:

B =argmin{||Y — X85 + A8},

where [|3]1 is a sum of the absolute values of the elements in 3. As the Li-norm introduces
singularity into the objective function for any 3, =0, LASSO can set many unreliable or
redundant parameters to be exactly zero, thus achieving model selection. The extra cost of
LASSO is an efficient computational algorithm, since LASSO has no closed-form solution. By
drawing on recent developments on optimization theories, especially on convex optimization,
a number of efficient algorithms have been developed to solve LASSO. Following this line, a
number of novel norms have been developed to address various kinds of complex data sets,
with the goals of making use of some “structural information” about the structure of these
complex data sets, such as group LASSO and fused LASSO. The idea of LASSO has also
been extended to other statistical models, such as sparse principal component analysis (Zou
et al. [40]), sparse linear discriminant analysis (Huang et al. [16], Qiao et al. [29]), sparse
graphical models (Friedman et al. [10]; Huang et al. [15, 17]), and many other extensions
(Liu et al. [21], Schmidt et al. [31]).

Note that although ridge regression and LASSO use Ly-norm (i.e., [|3]|3) and L;-norm
(i.e., [|B]]1), respectively, their commonality is that they use a convex norm to approximate
the nonconvex norm ||3|o. By doing this, the computational challenge can be alleviated
and convex optimization methods can be used for solving the sparse learning methods
efficiently—not to mention that the ridge regression actually admits a closed-form solution.
There have been some more recent developments that produce many new norms, such as
the one used in group LASSO (Yuan and Lin [38]) to select a group of features simultane-
ously rather than selecting features individually. The Lo/L;-norm has also been developed
(Argyriou et al. [1]) for feature selection jointly on multiple related data sets; this is also
known as multitask feature selection (Argyriou et al. [1]). Note that both L;- and Lo/L;-
norms are convex regularizations. On the other hand, there is increasing evidence that these
convex norms tend to produce too severely shrunken parameter estimates. Therefore, these
convex regularizations could lead to misidentification of the weak-effect features, which may
collectively present strong prediction capability. Also, convex regularizations tend to select
many irrelevant variables to compensate for the overly severe shrinkage in the parameters
of the relevant variables. Considering these limitations of convex regularizations, nonconvex
norms have been developed in the literature as well (Candes et al. [3], Huang et al. [16],
Mazumder et al. [24], Zhang [39]).
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FIGURE 1. A graphical visualization of (a) the IC model and (b) the corresponding IC matrix.
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3.3. Sparse Inverse Covariance Matrix Estimation

Sparse learning methods have been developed for feature selection, which is a critical tool for
reducing the dimensionality of many classification and regression problems. Sparse learning
has also been used for more general statistical modeling. The sparse inverse covariance
matrix estimation (SICE) is a recent development for studying the interactions among a
large number of random variables (Friedman et al. [10], Huang et al. [15]). Note that in
feature selection formulation, there are p random variables denoted as {X1,...,X,}, and
the feature selection methods aim to identify a small subset of variables from this set that
can best predict a response variable Y. Here, SICE concerns the relationships between
{X1,...,X,} where no response variable Y is concerned. SICE assumes that {X3,...,X,}
follow a multivariate Gaussian distribution with mean p and covariance matrix 3. Let © =
>7! be the inverse covariance matrix. Rather than modeling the covariance matrix X, SICE
techniques are used to uncover the intrinsic interactions encoded in ® among the p variables
(Friedman et al. [10], Huang et al. [15]). This is because the inverse covariance matrix has a
clear interpretation that the off-diagonal elements correspond to partial correlations, i.e., the
correlation between each pair of variables given all other variables. That means two variables
are conditionally independent conditioning on all other variables if their partial correlation is
zero. The inverse covariance matrix can be visualized as a network, as illustrated in Figure 1,
where an arc is placed between two variables only if their inverse covariance is nonzero.

Formulation of SICE: The ability to learn the inverse covariance from data presents a
challenge. This is particularly true when the number of variables is large and the sample
size is relatively small compared with the number of variables, commonly called “large-p-
small-n” problems. To mitigate this challenge, SICE adopts the sparsity regularization that
forces many elements in the inverse covariance matrix to be zero. The working logic for
SICE analysis is as follows. First, an empirical covariance matrix is computed based on
the observed relationships among all variables within a data set. Next, conditioned on the
empirical covariance matrix, a likelihood function of the inverse covariance matrix can be
derived. Based on the assumption of sparsity (i.e., a large number of entries in the inverse
covariance matrix could be set to zero without losing much information), a set of penalty
parameters is applied, forcing a weak or redundant inverse covariance to be zero. The higher
the penalty, the more sparse the resulting inverse covariance matrix is.

More specifically, we can formulate the SICE into an optimization problem; i.e.,

O — arg max { log(det(0)) — tr(SO) — Al[vec(®)]|; }
®-0

where S is the sample covariance matrix; det(-), tr(-), and ||vec(-)||; denote the determi-
nant, trace, and sum of the absolute values of all elements of a matrix, respectively. The
log(det(®)) — tr(SO®) part is the log-likelihood, whereas the ||vec(®)]||; part represents the
“sparsity” of the inverse covariance matrix . This formulation aims to achieve a trade-off
between the likelihood fit of the inverse covariance estimate and the sparsity. The trade-off
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FIGURE 2. An illustration of the monotone property of SICE.
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is controlled by A, which we call the regularization parameter; a larger A would result in
a more sparse estimate for @. The formulation follows the same line of the Li-norm regu-
larization, such as LASSO (Tibshirani [34]). To solve it, a block coordinate descent (BCD)
algorithm can be found in Huang et al. ([15]). The basic idea of the BCD algorithm is to
update each column (or row) of @, iteratively while fixing all other columns (or rows) until
convergence.

Next, we show that with A going from small to large, the resulting brain connectivity
models have a monotone property. Before introducing the monotone property, the following
definitions are needed.

Definition: In the graphical representation of the inverse covariance, if node X; is con-
nected to X; by an arc, then X is called a neighbor of X;. If X; is connected to X}, though
some chain of arcs, then X is called a connectivity component of X;. An illustration is given
in Figure 2.

Intuitively, being neighbors means that two nodes (i.e., brain regions) are directly con-
nected, whereas being connectivity components means that two brain regions are indirectly
connected; i.e., the connection is mediated through other regions. In other words, not being
connectivity components (i.e., two nodes completely separated in the graph) means that
the two corresponding brain regions are completely independent of each other. Connectivity
components have the following monotone property.

Monotone property of the SICE: Let Ci(A1) and Cy(A2) be the sets of all the connectivity
components of Xj with A =A; and A = Ay, respectively. If A; < Ag, then Cg (A1) D Ci(A2).

Proof of the monotone property can be found in Huang et al. ([15]). This monotone
property can be used to identify how strongly connected each node (brain region) Xj to
its connectivity components. For example, assuming that Cy (A1) ={X;, X} and Ci(X2) =
{X;}, this means that X; is more strongly connected to X}, than X;. Thus, by changing A
from small to large, we can obtain an order for the strength of connection between pairs of
brain regions.

4. Applications in Brain Imaging Analysis

The human brain is among the most complex systems known to man. For centuries, neu-
roscientists have been seeking to understand brain function through detailed analysis of
neuronal excitability, synaptic transmission, and connectivity. Modern neuroimaging tech-
niques are now powerful tools to measure and characterize the function and structure of
the brain. Commonly used neuroimaging modalities include magnetic resonance imaging
(MRI), positron emission tomography (PET), diffusion tensor imaging, and functional MRI
(Mulert and Lemieux [26]). MRI is a typical structural neuroimaging technique, which allows
for visualization of brain anatomy. PET is a typical functional neuroimaging technique,
which measures brain activities. Neuroimaging has been found to be a powerful method
with enormous implications on both scientific discovery and clinical applications, such as
understanding how the brain structure supports the cognitive functions (Chou et al. [6],
Kampa et al. [18]), how to identify brain regions disrupted by neurodegenerative diseases
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(Weaver et al. [37]), how the disease processes such as Alzheimer’s disease disrupt the func-
tions, how to monitor the disease progression, and how to evaluate the treatment effect as
a more sensitive and reliable index than conventional subjective cognitive measurements,
for example. Given such great promises, there have been a number of high-quality open
scientific data sets that provide big neuroimaging data to worldwide researchers, such as the
Alzheimer Disease Neuroimaging Initiative, Human Connectome Project, 1000 Functional
Connectomes Project, and Allen Institute for Brain Science. These ongoing and emerg-
ing projects are expected to generate a deluge of data that capture the brain activities at
different levels of organization. There is thus a compelling need to develop the next gener-
ation of computational methods for data mining and knowledge discovery of neuroimaging
data. These methods will allow one to make sense of this raw yet information-rich data
and to understand how neurological activity encodes information. In this section, we aim to
demonstrate how the analytics methods discussed in this tutorial can be used to analyze the
neuroimaging data, facilitate scientific knowledge discovery, and support clinical decision
making.

4.1. Alzheimer’s Disease Diagnosis

4.1.1. Sparse Learning from the Brain Connectivity Network. We applied SICE
on PET images of 49 subjects with Alzheimer’s disease (AD), 116 with mild cognitive
impairment (MCI), and 67 with normal aging (NC); the images were downloaded from
the Alzheimer’s Disease Neuroimaging Initiative (ADNI) website. Forty-two brain regions
(42 variables) were selected for brain connectivity modeling, because they are considered to
be potentially related to AD. These regions distribute in the frontal, parietal, occipital, and
temporal lobes. Using the SICE algorithm, one connectivity model can be learned for AD,
one for MCI, and one for NC, for a given A.

We compared the connectivity networks of the three groups. For example, disease knowl-
edge can be extracted by seeing how within-lobe and between-lobe connectivity is different
across AD, MCI, and NC. To achieve this, we first learned one connectivity model for AD,
one for MCI, and one for NC. We adjusted the A in the learning of each model such that
the three models, corresponding to AD, MCI, and NC, respectively, will have the same total
number of arcs. This is to “normalize” the models, so that the comparison will be more
focused on how the arcs distribute differently across different models. By selecting different
values for the total number of arcs, we can obtain models representing the brain connectivity
at different levels of strength. Specifically, given a small value for the total number of arcs,
only strong arcs will show up in the resulting connectivity model, so the model is a model
of strong brain connectivity; when increasing the total number of arcs, mild arcs will also
show up in the resulting connectivity model, so the model is a model of mild and strong
brain connectivity.

For example, Figure 3 shows the connectivity models for AD, MCI, and NC with the total
number of arcs equal to 180. In this paper, we use a “matrix” representation for the SICE
of a connectivity model. In the matrix, each row represents one node and each column also
represents one node. The matrix contains black and white cells: a black cell at the ith row,
jth column of the matrix represents the existence of an arc between nodes X; and X; in
the SICE-based connectivity model, whereas a white cell represents the absence of an arc.
According to this definition, the total number of black cells in the matrix is equal to twice
the total number of arcs in the SICE-based connectivity model. Moreover, on each matrix,
four red cubes are used to highlight the brain regions in each of the four lobes; that is, from
top left to bottom right, the red cubes highlight the frontal, parietal, occipital, and temporal
lobes. The black cells inside each red cube reflect within-lobe connectivity, whereas the black
cells outside the cubes reflect between-lobe connectivity.

Interesting patterns can be observed from the learned networks. For example, the temporal
lobe of the AD brain has significantly less connectivity than that of the NC. In other
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FIGURE 3. SICE-based brain connectivity models (total number of arcs equal to 180).
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words, even the connectivity between some strongly connected brain regions in the temporal
lobe may be disrupted by AD. The decrease in connectivity in the temporal lobe of the
AD brain—especially between the hippocampus and other regions—has been extensively
reported in the literature. Furthermore, the temporal lobe of the MCI brain does not show
a significant decrease in connectivity compared with that of the NC. This may be because
MCIT does not disrupt the temporal lobe as badly as does AD. The frontal lobe of AD has
significantly more connectivity than that of NC, which is true across different strength levels
of the connectivity. This has been interpreted as compensatory reallocation or recruitment
of cognitive resources. Because the regions in the frontal lobe are typically affected later in
the course of AD (our data are early AD), the increased connectivity in the frontal lobe
may help preserve some cognitive functions in AD patients. Furthermore, the frontal lobe
of MCI does not show a significant increase in connectivity compared with that of NC. This
indicates that the compensatory effect in MCI brains may not be as strong as that in AD
brains. More discussions of the clinical relevance of the results of applying SICE can be
found in Huang et al. ([15]).

4.1.2. Decision Tree Model. Anti-amyloid preventative treatments hold great promise
of preventing AD. Amyloid is a human protein and abnormal amyloid-3 deposition has been
widely regarded as the initial event in a cascade of pathological processes leading to synap-
tic dysfunction and neuronal death, followed by the development of cognitive impairment
and eventually dementia. The success of the clinical trials of these preventative treatments
requires appropriately selected participants who are positive for Ag pathology. However, the
identification of these suitable individuals with elevated brain amyloid burden poses a great
challenge in terms of feasibility and cost. For instance, the molecular imaging tracers that
bind to amyloid, such as Pittsburgh Compound B (PiB), are economically challenging for
routine use given the current cost and restrictions on reimbursement. Similarly, the clinical
use of other useful biomarkers such as beta-amyloid 1-42 (Af;_42) and phosphorylated tau
in cerebral spinal fluid (CSF) is also limited, since lumbar puncture carries risks and is met
with resistance in elderly subjects. Furthermore, it is unlikely to be used in primary health-
care centers to routinely screen large numbers of participants. Given the cost and limited
availability of these brain amyloid measurement techniques, they are not reasonable first-line
approaches for screening participants at risk of having elevated brain amyloid burden.

On the other hand, it has been reported that some cost-effective measurements, such as
blood-based biomarkers, are probably predictive of brain amyloid deposition level. Therefore,
our aim is to investigate the feasibility of extracting cost-effective predictive rules of brain
amyloid-( levels for enriching the clinical trials of anti-amyloid treatments when blood-based
markers are used as predictors. Rather than focusing on predictive regression models as
in most of the relevant existing studies, a decision tree model can lead to simple decision
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FIGURE 4. The decision tree model of blood-based markers (M2).
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Note. Note that the model is estimated only using the training data, but the classification results of all 218
subjects (including both the training data set and testing data set) are presented.

rules that can be naturally translated into the clinical settings for detecting amyloid-positive
cases. Furthermore, these rules will permit some individuals to be classified on the basis
of only one measurement, or at most a few, whereas scores derived from regression-based
prediction models, such as logistic regression or SVM, require that all covariates be available.

To build the decision tree model, we used 146 blood-based markers from the proteomic
data downloaded from the ADNI website. For measurements of amyloid burden, we used
both the PiB-PET imaging and the CSF A3 45 level. The subjects were then dichotomized
into either PiB positive (PiB retention summary measure > 1.5) or PiB negative (PiB reten-
tion summary measure < 1.5), based on a threshold used in the literature. The CSF samples
were acquired from these subjects by the ADNI Biomarker Core laboratory at the Univer-
sity of Pennsylvania Medical Center. The subjects were then dichotomized into either CSF
AB1_49 positive (CSF Af1_42 level of <192 pg/mL) or CSF AfB;_45 negative (CSF AB_4o
level of > 192 pg/mL), based on a threshold used in the literature. Finally, a subject is
classified as amyloid positive if this subject is positive either by PiB-PET or CSF A3y 45.
Data used for the analyses presented here were accessed on May 11, 2013 and comprise data
from 50 NC and 168 MCI subjects for which blood proteomics data and Aj status were
available.

Of the 146 blood-based markers, the decision tree algorithm automatically identified 5
blood-based markers that are predictive to the amyloid pathology. These five markers are
apolipoprotein E (APOE), prostatic acid phosphatase (PAP), transthyretin (TTR), matrix
metalloproteinase-10 (MMP10), and myoglobin (MYOGLOBN). It also identified two homo-
geneous subgroups, Node 3 (the majority is amyloid negative) and a merge of Nodes 10
and 11 (the majority is amyloid positive). These two subgroups are characterized by two
rules, M2_Rulel: APOE > 1.785 AND TTR > 2.569 and M2_Rule2: APOE < 1.785 AND
PAP < —-0.638 AND MMP10 > —1.481, respectively. The tree structure is shown in Figure 4.

This model identified effective prediction models for detecting subjects with elevated
amyloid burden. Simple rules are found to be predictive of brain amyloid level. These rules
use cost-effective measurements and also permit some individuals to be classified on the
basis of only one measurement, or at most a few. For example, as shown in Figure 4, 43%
of the 216 subjects have an APOE plasma value >1.785, and only 33% of this group are
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amyloid positive. By contrast, 57% of the 216 subjects have an APOE plasma value < 1.785,
and 67% of this group are amyloid positive. This implies that by implementing the decision
rule, APOE < 1.785, the amyloid-positive population will be enriched twofold. Therefore, as
long as these rules can be clinically validated, we believe that these simple decision rules can
be naturally translated into clinical settings, such as enrichment screening for Alzheimer’s
prevention trials of anti-amyloid treatments.

4.2. Selecting Brain Biomarkers in Attention Deficit Hyperactivity
Disorder

Current diagnosis of attention deficit hyperactivity disorder (ADHD) predominantly relies
on a series of subjective tests/evaluations and parental surveys that are in turn coupled with
the personal experience of attending physicians. An accurate biomarker for objective diag-
nosis of ADHD remains a challenging task for researchers and clinicians. Recent advances in
neuroimaging have enabled neuroscientists to search for both structural (e.g., cortical thick-
ness, brain volume) and functional (functional connectivity) abnormalities in the brain that
can potentially be used as new biomarkers of ADHD. However, structural and functional
characteristics of neuroimaging data, especially MRI, usually generate a large number of
features (e.g., cortical regions, regions of interest). With a limited sample size, traditional
machine learning techniques can be problematic for discovering the true diagnostic features
of ADHD as a result of overfitting, computational burden, and the interpretability of the
model. This paper presents an example of how optimization and statistics methods for reg-
ularization and classification can be applied to this ADHD differential diagnosis problem
(i.e., classifying ADHD versus control). Based on MRI scans, the features of our interest are
normalized brain cortical thicknesses of the gray matter in standard cortical regions of inter-
est (ROIs), which were generated by an automated labeling system based on gyral regions
(Desikan et al. [8]). Cortical thickness features are thought to provide specific information
about neuronal loss or degradation indicated by thinning of the cortex, which might serve
as a robust biomarker of ADHD. We developed a new computational framework based on
an integration of the stepwise feature selection using an information-theoretic criterion and
regularization using the LASSO method. Our framework can optimize a sparse prediction
model while ensuring that the most informative features are included in the model.

The framework operates in two main steps. The first step is to quantify and rank individual
features based on their mutual information (MI) scores. Generally speaking, MI is a measure
of the inherent dependence expressed in the joint distribution of X and Y relative to the
joint distribution of X and Y under the assumption of independence. It can be expressed by
I(X,Y) =% cy > vex P(@,y)log(p(z,y)/(p(z)p(y))). In our case, MI measures how much
information a feature X contains about the class (or response value) Y without making
any assumptions about the nature of their underlying relationships. After all features are
ranked in a descending order of their MI values, a subset of high-ranked redundant features
is removed. Redundant features are identified based on pairwise correlation between the
features, and they are removed to prevent multicollinearity. In the second step, we use a
generalized LASSO model by setting the nonredundant top MI features to be penalty-free.
A generalized LASSO model is in the form of mingegs ||y — X33 + A||DB||1, where D is
a p X p matrix representing penalties of features and joint penalties between feature pairs.
The generalized LASSO model can be reduced as an adaptive LASSO and solved as the
standard LASSO using any convex optimization algorithm. For the penalty-free features,
we can simply set the diagonal elements associated with those features to be 0 in the D
matrix. We note that our LASSO model explores the full feature space of all other features
that are not penalty-free; that is, we allow other features that do not have high MI values
to be selected if their contributions to the prediction model are deemed to improve the
model accuracy. One main parameter of our framework is the number of nonredundant top
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TABLE 1. Classification results of five different feature selection methods.

Feature selection Training No. of selected Testing
method accuracy (%) features accuracy (%)
Our framework 87 4 81
MRMR 78 5 76
CMIM 76 5 74
Floating search 76 7 66
PCA 74 14 70

MI features to be set as penalty-free. In our empirical investigation, we iteratively set the
number of penalty-free features to be 1, 2, and 3.

In our study, we tested our classification framework on a data set of 47 right-handed
subjects matched on gender, socioeconomic status, and ethnicity. In the data set, there
were 32 ADHD subjects and 15 healthy control subjects. All ADHD subjects in this study
had less than 15 standard score point differences between general conceptual ability and all
achievement measures, and they were matched on severity of symptoms based on Conners’
Ratings Scale. In addition, all ADHD subjects met the Diagnostic and Statistical Manual of
Mental Disorders criterion for ADHD and did not meet all other psychiatric or psychological
disorders including learning disorders, anxiety disorders, mood disorders, or oppositional
defiant disorders. Healthy control subjects did not meet any criteria for a psychiatric or
learning diagnosis nor had a history of medication treatment. All MRI images were acquired
at the University of Texas Health Science Center at San Antonio using three-dimensional
gradient recalled acquisitions in the study state with a repetition time (TR)of 33 ms, echo
time (TE) of 12 ms, and a flip angle of 60° to obtain a 256 x 192 x 192 volume of data with a
spatial resolution of 1 mm X 1 mm x 1 mm. Subsequently, all MRI images were processed and
normalized using the FreeSurfer image analysis suite (Dale et al. [7]). All 45 cortical ROIs
were extracted and their cortical thicknesses measured using the FreeSurfer suite. Cortical
thickness can be measured in a two-step process. The first step is to find surfaces between
white matter (WM) and gray matter (GM) and GM and CSF by segmenting brain volume
data. The second step is to calculate the distance between the WM-GM surface and the
GM-CSF surface.

In this study, we employed a leave-one-out cross-validation procedure to train and test
our prediction framework. As mentioned above, our framework iteratively searched for dif-
ferent numbers of penalty-free features. It was found that the optimal number of penalty-
free features was four. The classification performance of our framework achieved a testing
accuracy of 81%, as shown in Table 1. We also implemented and compared the classifica-
tion performance of other state-of-the-art feature selection algorithms including minimal-
redundancy-maximal-relevance (MRMR) (Peng et al. [27]), conditional mutual information
maximization (CMIM) (Fleuret [9]), as well as the popular Pudil’s floating search method
(Pudil et al. [28]) and the principle component analysis (PCA)-based approach with 95%
data variance. As shown in Table 1, compared with the state-of-the-art feature selection
approaches, our prediction framework yields the highest testing prediction accuracy while
using the minimum number of features in the final prediction model. The selected regions
of interest in our model were consistent with recent neurological studies of ADHD and thus
confirmed the interpretability of the selected features by the proposed approach.

5. Conclusion

In this tutorial we give an overview of computational optimization and statistical methods
for big data analytics that includes a range of techniques developed in machine learning,
data mining, knowledge discovery, artificial intelligence, and statistical learning. As data-
driven methods, these techniques provide a powerful data analysis capability to “learn”
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information directly from data without assuming a predetermined model of the data. We
review some classification and regression models such as support vector machine, regression
models, decision tree, Bayesian learning, and nearest neighbor. We also introduce feature
selection and recently developed sparse learning methods. As a demonstration of real-life
applications of these analytics techniques, we present results of studies in neuroimaging data
analysis and show how knowledge discovery and predictive models can be achieved using
data analytics. In addition to medicine, big data is becoming a ubiquitous challenge in many
disciplines and sectors, calling for intellectual innovations in analytics techniques to cope
with the challenge and convert all kinds of big data into values.
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